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Preface 


This  book  is  offered  in  the  hope  that  it  will  allow  the  reader  to  obtain,  more 
directly  than  would  otherwise  be  possible,  a cohesive  view  of  the  evolution 
of  mathematics  education  in  the  United  States.  While  names,  dates,  facts, 
and  general  conclusions  are  readily  available  in  secondary  sources,  original 
statements  give  a more  incisive  view  of  the  era  when  they  were  made  than 
resumes,  which  are  necessarily  condensed  and  indirect.  Two  noteworthy 
examples  of  primary ‘sources  that  illuminate  their  times  are  an  address  by 
John  Perry  in  England,  which  is  said  to  be  the  origin  of  general  mathematics 
courses  in  this  country,  and  Warren  Colburn’s  discussion  of  discovery  teach- 
ing. If  one  attempts  to  broaden  his  knowledge  of  the  evolution  of  mathe- 
matics education  by  investigating  even  the  more  commonly  cited  sources, 
the  delays  encountered  in  locating  them  unavoidably  detract  from  the  con- 
tinuity of  the  study.  Furthermore,  libraries  of  new  and  developing  institu- 
tions may  lack  sources  of  significance  for  this  purpose.  By  offering  this 
book,  then,  we  hope  to  make  the  lessons  of  history  more  readily  accessible. 

In  selecting  the  readings  we  have  focused  on  mathematics  education  in 
public  schools  in  the  United  States,  grades  K-12.  We  have  been  guided  by 
several  criteria : 

First,  we  have  included  large  portions  of  major  committee  and  commis- 
sion reports.  These  describe  existing  conditions  and  make  recommendations 
for  improvement.  Notable  among  these  reports  is  The  Reorganization  of 
Mathematics  in  Secondary  Education , published  in  1923  and  commonly 
known  as  “the  1923  Report.”  Because  of  the  importance  of  this  report,  the 
entire  first  part  of  it  has  been  included  in  this  book. 

Second,  we  have  given  priority  to  sources  that  are  less  likely  than  others 
to  be  currently  available.  As  a consequence,  the  present  cycle  of  reform  is 
given  less  attention  than  it  might  otherwise  have  been  given.  This  de- 
emphasis of  modern  developments  is  dictated  also  by  their  profusion  and 
by  the  lack  of  historical  perspective. 

Third,  in  addition  to  sources  generally  accepted  as  landmarks,  we  have 
included  less  well  known  sources  in  an  attempt  to  elucidate  further  the 
methods  of  teaching  mathematics  used  or  advocated  in  various  periods, 
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and  to  examine  more  closely  differences  and  similarities  of  approach,  as 
well  as  for  the  intrinsic  interest  of  this  material.  For  example,  Edward 
Brooks  s statement  of  faculty  psychology  puts  later  objections  to  the  theory 
in  clearer  perspective.  In  the  selection  of  readings  from  such  sources,  of 
couise,  the  interests  and  knowledge  of  the  editors  are  paramount  factors; 
someone  else  would  no  doubt  make  other  selections  and  stress  other  themes. 

It  has  not  been  our  purpose  to  be  exhaustive  but  rather  to  bring  ideas 
into  sharper  focus  and  to  emphasize  historical  continuity.  For  the  period 
before  1900,  which  may  be  less  familiar  to  the  reader  than  the  present 
century,  brief  biographical  sketches  of  some  men  prominent  in  school 
mathematics  are  given.  Because  of  the  lack  of  comprehensive  reports  for 
this  era,  selections  from  textbooks  and  from  advice  to  teachers  are  included 
along  with  more  philosophical  statements.  We  hope  that  this  will  clarify 
the  intended  application  of  the  theory,  which  is  expounded  in  sometimes 
rather  abstruse  prose. 

To  indicate  the  context  from  which  selections  from  larger  works  were 
made,  title  pages  and  tables  of  contents  are  included.  The  original  typo- 
graphic styles,  reflecting  the  tastes  of  different  periods,  have  been  followed 
whenever  it  was  feasible  to  show  such  variety;  but  only  title  pages,  contents 
pages,  and  an  occasional  listing  ol  names  are  given  as  photographic  repro- 
ductions. 

When  a selection  is  not  quoted  in  its  entirety,  omissions  are  indicated 
by  editorial  explanation  or  by  ellipses  vertically  displayed. 

The  arrangement  of  the  readings  is  primarily  chronological.  Another 
arrangement  would  have  involved  a classification  scheme  and  assignment 
of  wide-ranging  selections  to  the  proper  classes.  The  difficulties  of  agree- 
ment on  any  such  arrangement  accounts  for  the  chronological  plan.  How- 
ever, since  this  arrangement  can  obscure  evolution  in  a particular  area,  we 
have  interspersed  some  connective  commentary.  We  trust  that  this  com- 
mentary will  not  detract  from  the  main  purpose,  which  is  to  offer  historical 
statements  concerning  mathematics  education,  and  even  to  approximate 
their  original  form. 

We  wish  to  express  to  Arthur  F.  Coxford,  Jr.,  of  the  Publications  Com- 
mittee of  the  National  Council  of  Teachers  of  Mathematics,  our  apprecia- 
tion for  his  suggestions  and  assistance.  We  extend  our  thanks  also  to  the 
National  Counpil  for  its  willingness  to  publish  this  book  as  a service  to 
the  mathematics  education  community. 

J.  K.  B. 

R.  G.  C. 
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PART  ONE:  1828-1890 

Beginnings  of  the 
Art  of  Teaching  Mathematics 


The  first  group  of  readings  traces  American  mathematics  education 
from  a time  when  the  main  concern  was  arithmetic  for  business 
applications  through  a stage  characterized  by  an  upsurge  in  the 
concern  with  pedagogy  to  a period  when  mathematics  was  taught 
for  mental  discipline.  The  first  selection,  from  an  arithmetic  text 
written  before  Warren  Colburn’s  ideas  had  become  broadly  influ- 
ential, illustrates  the  “rule  method,”  which  was  the  primary  ap- 
proach to  arithmetic  teaching  in  colonial  times.  As  the  difficulty 
level  suggests,  arithmetic  was  not  a subject  for  young  children. 

The  appearance  in  1821  of  the  first  edition  of  Colburn’s  First 
Lessons  in  Arithmetic  on  the  Plan  of  Pestalozzi,  with  Some  Im- 
provements marked  the  beginning  of  widespread  concern  with 
pedagogy  in  arithmetic  teaching.  The  contrast  to  earlier  methods 
is  evident  in  the  second  selection  here,  Colburn’s  1830  address  to 
the  American  Institute  of  Instruction. 

In  the  mathematics  teaching  of  the  mid-nineteenth  century, 
three  developments  can  be  singled  out  to  characterize  some  aspects 
of  the  evolution.  First,  the  mental-discipline  theme,  recognized  by 
Colburn,  was  expanded  and  formalized.  Charles  Davies  spoke  of 
strengthening  different  faculties  by  studying  mathematics,  and 
Edward  Brooks  offered  a detailed  analysis  of  these  mental  com- 
ponents and  the  way  each  was  to  be  * 1 cultivated.  ’ ’ Second,  arith- 
metic was  increasingly  formalized  into  a logical  system  complete 
with  definitions,  principles,  and  theorems — a contrast  to'  the  pre- 
Colburn  rule  method  and  Colburn’s  discovery  approach.  This 
recognition  of  the  importance  of  logical  structure  has  its  modern 
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counterpart;  however,  the  mathematical  structure  of  Davies  and 
Brooks  differs  from  modern  structure  in  the  physical  nature  of 
the  basis.  In  the  mid-nineteenth  century  school  mathematics  was 
still  the  science  of  quantity  and  geometry  the  science  of  space. 
Basing  mathematics  on  quantity  allowed  mathematical  and  psycho- 
logical theory  to  mesh  better  then  than  at  any  later  time:  one 
initially  learned  mathematics  from  quantitative  reality  through 
the  faculties  of  perception  and  intuition,  then  extended  the  knowl- 
edge through  such  faculties  as  reasoning  and  imagination.  A third 
and  related  point  in  the  development  of  mathematics  teaching 
from  Colburn’s  time  to  the  late  nineteenth  century  was  extension 
of  the  use  of  manipulative  objects  in  early  number  work.  The  em- 
phasis on  using  physical  things  (cubes,  beans,  corn,  buttons,  etc., 
were  suggested)  was  as  great  as,  or  greater  than,  this  emphasis  in 
any  more  recent  widely  used  approach.  Thus,  although  we  may 
consider  the  old  faculty  theory  archaic,  at  least  in  primary  grades 
the  application  of  the  theory  was  not  far  from  current  practice. 

The  final  selection  of  this  section  is  from  William  James’s  The 
Principles  of  Psychology.  It  marks  the  beginning  of  the  impact 
of  the  “new”  psychology  on  mathematics  teaching,  a psychology 
that  eventually  evolved  into  a theory  that  destroyed  the  faculty 
hypotheses  and  caused  extensive  reevaluation  of  what  mathematics 
should  be  taught  and  why.  In  the  selection  included  here  James 
argued  that  number  is  psychological  rather  than  real  in  nature — 
in  the  words  of  a cliche  that  developed  shortly  afterward : “Number 
is  not  got  from  things ; it  is  put  into  them.  ’ ’ This  was  in  keeping 
with  the  evolving  pragmatic  philosophy:  number  is  created  by 
man  to  serve  him;  that  is,  mathematics  is  a tool.  John  Dewey’s 
pedagogical  application  of  this  point  of  view  is  included  in  Part 
Two  of  this  book. 

The  opening  selection  in  this  first  group  of  readings  is  from 
The  American  Calculator , first  published  in  1828.  The  approach 
is  reasonably  typical  of  the  colonial  period.  This  text  was  used 
with  older  students  (beginning  at  about  the  age  of  eleven).  It  was 
complete  in  itself,  not  one  book  of  a series  such  as  the  texts  that 
evolved  in  later  years.  The  indication  in  the  preface  that  the  rules 
should  be  understood  suggests  some  influence  of  a newer  pedagogy ; 
but  the  fundamental  position  of  the  rule  is  evident,  as  is  well  illus- 
trated by  the  rule  for  addition  that  is  included  here. 
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PREFACE. 


In  offering  the  following  pages  to  the  public,  the  author  feels  it  incumbent 
on  him  to  state  some  of  the  reasons,  which  have  induced  him  to  add  another, 
to  the  numerous  treatises  on  Arithmetic  now  in  use. 

Having  been  engaged,  for  more  than  twenty  years,  in  the  business  of 
teaching,  I have  found  it  of  great  importance,  that  every  thing  relating  to  the 
science  of  Arithmetic,  should  be  presented  to  the  mind  of  the  young  learner, 
in  as  simple  and  concise  a manner  as  possible,  unencumbered  with  terms  not 
readily  understood  by  him ; and  that  the  principles  embraced  under  each  rule, 
should,  as  far  as  practicable,  be  at  once  presented  to  the  mind  in  a plain, 
familiar  manner,  instead  of  being  divided  into  a number  of  Cases,  tending 
rather  to  confuse  than  enlarge  the  understanding.  For  this  purpose,  many  of 
the  rules  found  in  this  work  were  written  for  the  benefit  of  my  own  pupils, 
without  the  most  distant  idea,  at  the  time,  of  .their  ever  being  published.  The 
questions  also  which  are  inserted  at  the  close  of  each  rule,  are  such  as  I have 
long  been  in  the  practice  of  asking  my  scholars,  or  requiring  them  to  put  to 
each  other,  in  a class  formed  for  the  purpose,  and  from  which  much  good  has 
resulted,  in  rendering  the  principles  contained  in  the  rules  familiar  to  the 
mind.  These  questions  should  be  repeated,  till  the  learner  is  able  to  answer 
them  readily,  not  only  in  the  natural  order  in  which  they  stand,  but  also 
when  put  promiscuously,  embracing  several  rules  in  the  same  lesson. 

We  find  in  all  the  Arithmetics  now  in  use,  a large  proportion  of  the  ques- 
tions stated  in  English  Money,  and  consequently  much  of  the  time  of  the 
pupil  is  wasted,  without  adding  scarcely  any  thing  to  his  stock  of  useful 
knowledge.  The  time  has  arrived,  when  accounts  in  our  country  should  no 
longer  be  kept  in  that  currency.  In  this  work,  therefore,  the  whole  of  the  cal- 
culations are  in  Federal  Money,  except  in  the  Compound  Rules  where  English 
Money  is  introduced  with  the  weights  and  measures,  and  in  a few  other  cases 

where  it  seemed  necessary,  as  in  Practice,  &c. 

The  several  rules  are  arranged  in  that  order  in  which  they  seemed  best 
calculated  to  reflect  light  on  each  other,  and  so  as  not  to  require  a large  and 
separate  explanation.  The  previous  rules  open  the  way  to  those  which  fol- 
low in  so  plain  and  easy  a manner,  that  the  pupil  may  proceed  without  much 
obstruction,  and  gradually  acquire  a connected  and  enlarged  view  of  the 

whole  science.  ... 

In  the  whole  of  this  work,  two  things  have  been  kept  constantly  m view: 
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viz.  to  furnish  our  schools  with  a plain  and  easy  system  of  Arithmetic,  unen- 
cumbered by  useless  questions,  or  such  as  would  have  a tendency  to  puzzle, 
rather  than  improve  the  learner:  and  also,  to  put  into  the  hands  of  those 
young  men,  who,  from  their  peculiar  situation  in  a new  country,  could  not, 
at  the  proper  age,  enjoy  the  advantages  of  a common  school  education,  the 
means  of  acquiring,  without  the  aid  of  a teacher,  such  a knowledge  of  this 
useful  science,  as  to  be  able,  without  embarrassment,  to  transact  the  common 
business  of  life.  For  the  purpose  of  enabling  them  to  do  this  with  greater 
facility,  an  explanation  of  the  first  example  under  each  rule,  will  be  found 
generally  through  the  work. 

If  I might  be  allowed  to  invite  the  attention  of  the  reader  to  any  par- 
ticular portion  of  this  treatise,  I would  mention  the  method  of  calculating 
Interest , the  rule  of  Practice,  the  Illustration  of  the  reason  and  nature  of  the 
Roots,  the  Application  under  the  rules  generally,  and  the  Promiscuous  Ques- 
tions at  the  close  of  the  work.  Of  these,  a large  number  is  inserted  as  a kind 
of  supplement  to  the  foregoing  rules,  for  the  purpose  of  affording  the  learner 
an  opportunity  for  exercising  his  judgment,  in  the  method  of  operation,  with- 
out having  any  particular  rule  before  him.  Every  teacher  who  has  had  even 
but  little  practice,  must  have  seen  the  great  importance  of  such  a course. 

The  work  is,  with  diffidence,  submitted  to  the  public.  That  it  is  perfect, 
is  not  pretended ; but  it  is  hoped  but  few  errors  will  be  found  in  it,  as  every 
question  has  been  carefully  wrought  by  myself,  and  also  by  one  of  my  most 
accurate  pupils.  Should  it  help  to  facilitate  the  progress  of  youth  in  acquir- 
ing a knowledge  of  Arithmetic,  my  object  is  attained.  I have  only  to  request 
that  it  may  not  be  condemned  unexamined. 

WM.  SLOCOMB. 


NOTICE  TO  THE  SECOND  EDITION. 

The  very  favorable  reception,  and  rapid  sale,  of  the  first  edition  of  this 
work,  have  induced  the  author  carefully  to  revise,  and  somewhat  to  enlarge 
it  for  a second,  and,  if  possible,  to  render  it  still  more  deserving  of  public 
patronage. 

He  has  now  the  satisfaction  of  saying,  that  in  every  instance,  so  far  as 
his  knowledge  extends,  where  the  work  has  been  introduced,  it  has  met  the 
approbation  of  teachers,  and  others  interested  in  the  education  of  youth, 
many  testimonials  of  which  have,  unsolicited,  been  kindly  forwarded  to  him. 

The  greatest  care  has  been  taken  to  prevent  errors  from  appearing  in  this 
edition;  yet  some  may  have  escaped  notice.  Should  any  be  discovered,  the 
author  will  be  under  obligations  to  any  one  who  will  point  them  out  to  him,' 
that  they  may  be  corrected  in  future  editions. 

Marietta,  Ohio,  May,  1830. 
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A WORD  OF  ADVICE  TO  LEARNERS. 

Never  take  your  slate  in  hand  till  you  understand  the  rule  by  which  your 
question  is  to  be  wrought;  nor  call  on  your  teacher  for  assistance  till  you 
have  made  a thorough  trial  by  yourself,  remembering  that  the  most  useful 
knowledge  is  that  which  is  gained  by  your  own  study  and  reflection. 

Never  leave  a rule,  and  the  operations  under  it,  till  you  thoroughly  under- 
stand it;  and  not  only  see  that  the  answers  are  produced,  but  also  know  the 
reasons  ivhy  they  are. 

Remember  that  idleness  and  sloth  are  great  enemies  to  improvement, 
therefore  drive  them  far  from  you.  The  season  of  youth  will  soon  pass,  and 
with  it  the  best,  and  usually  the  only  opportunity  for  preparing  yourself  for 
a useful  and  respectable  station  in  society. 
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Arithmetic. 


INTRODU  CTION . 


a Arithmetic  is  the  Art,  or  Science,  which  treats  of  numbers,  and  consists 
of  and  quality  ot  nurabers’ 
andc" "~S^rmXd^orking  by  numbers,  so 
as  of  the is 


numeration, 


With  which  he  should  be  well  acquainted,  before  entering  upon  the  study 

of  the  fundamental  rules  of  Antlmietic  . their  different 

d Numeration  teaches  the  Afferent  vatue  of  ^ 

places,  and  to  read  or  wme  any  sum  ^ ^ figureSi  each  of 

l^’s^ 

but  in  a combination  of  J then^atthe  left  of  another 

thus,  5 standing  by  itself  signifies  five >,tm  w t>  rtion;  thus  50 

figure,  or  0,  it  e]  “ ^ (e„  times  fifty,  or  /iw  hundred, 

signifies  ten  trines  />**<  " ™ '*!  d , ; obvious.  When  standing  alone 

**  - "■  — * 

it  increases  that  figure  in  a ten-fold  P1^®1  ^ sum  0r  number, 

figures  is  large,  the  following  ire®  at  the  right  hand,  calling  the 

into  periods  of  six  figures  each,  wtfKon  period,  after 

six  right  hand  figures  the  mU  Ua«  grinds.  The 

which  billion,  trillion,  &c.  ex  billion.  two  hundred  and 

above  figures  may  then  be  easily  read,  thus-One  billion, 
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TABLE. 


sixty-four  thousand  and  seventy  nine  million,  four  hundred  and  ninety-eight 
thousand,  three  hundred  and  forty-five. 

Thus  by  the  use  of  ten  characters  the  whole  operation  in  Arithmetic  is 
performed,  and  every  thing  may  be  reckoned  which  can  be  numbered. 

After  the  foregoing  table  has  been  carefully  studied,  and  is  well  under- 
stood, the  learner  will  do  well  to  write  a few  figures  upon  his  slate,  and 
enumerate  themK  without  looking  at  the  table,  gradually  increasing  the 
number  till*  he  is  able  to  read  at  least  ten  or  twelve  figures.  He  may  then 
write  the  following  numbers  in  figures: — 


Six  hundred  and  twenty  five. 

Three  thousand  two  hundred  and  forty  nine. 

One  hundred  and  twenty  thousand  eight  hundred  and  forty. 

| Two  millions,  three  hundred  and  twenty-seven  thousand,  six  hundred 

"I  and  thirty-four.  ' 

(Seven  hundred  and  sixty-nine  thousand,  four  hundred  twenty-four 
/ millions,  two  hundred  and  three  thousand,  five  hundred  and  twenty- 
( eight. 

(Two  billions,  three  hundred  twenty-one  thousand,  nine  hundred  and 
i three  millions,  sixty-five  thousand,  one  hundred  and  forty-three. 


Explanation  of  the  Characters  made  use  of  in  this  Work. 

— The  sign  of  equality;  as  100  cts.  = to  1 dollar 

-f-  The  sign  of  addition;  as  4 + 5 — to  9.  That  is,  four  added  to  five  are 
equal  to  nine. 

— The  sign  of  subtraction;  as  9 — 5 = 4.  That  is,  five  taken  from  nine 

leaves  four. 

X The  sign  of  multiplication;  as  5 X 4 = 20.  That  is,  four  times  five 
are  equal  to  twenty. 

— r-  or  ) ( The  sign  of  division;  as  4)20(5,  or  20  — 4 = 5.  That  is,  twenty 
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divided  by  four,  the  quotient  is  five. 

: : : : The  sign  of  proportion ; or  2 : 4 : : 6 : 12.  That  is,  as  two  is  to  four, 
so  is  six  to  twelve. 


FUNDAMENTAL  RULES  OF  ARITHMETIC. 

g.  These  are  four,  Addition , Subtraction,  Multiplication,  and  Division; 
they  may  be  either  simple  or  compound. 

h They  are  called  principal,  or  fundamental  rules,  because  all  other  rules 
and  operations  in  arithmetic,  are  the  various  uses  and  repetitions  of  these 
four  rules. 


QUESTIONS. 

a What  is  Arithmetic? 

6 What  is  the  theory  of  Arithmetic? 
c What  is  practical  Arithmetic? 
d What  is  Numeration? 

e How  are  figures  increased  in  value  by  being  placed  at  the  left  hand  of 
another  figure  or  cipher? 

/ What  directions  are  given  to  facilitate  the  reading  of  figures? 
g What  are  the  fundamental  rules  of  Arithmetic? 
h Why  are  they  called  principal  or  fundamental  rules? 
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SIMPLE  ADDITION. 

a Simple  Addition  is  the  putting  together  of  two  or  more  numbers  of  the 
same  denomination,  so  as  to  make  them  one  whole  number,  called  sum,  or 
amount. 

RULE. 

b Place  the  numbers  to  be  added  one  under  another,  with  units  under 
units,  tens  under  tens,  &c.  and  draw  a line  below  them. 

c Begin  the  addition  with  the  unit  column,  and  having  added  all  the 
figures,  consider  how  many  tens  are  contained  d ] in  their  sum,  and  placing 
the  excess  under  the  unit  column,  carry  as  many  to  the  next  column  as  there 
are  tens  in  the  one  added.  Proceed  in  like  manner  to  add  the  other  columns, 
carrying  as  before,  and  set  down  the  full  sum  of  the  last  column. 

PROOF 

e Reckon  the  figures  from  the  top  downwards,  and  if  the  work  be  right, 
the  amount  of  the  last  addition  will  correspond  with  the  first. 

/ Note. — The  reason  for  carrying  for  ten  in  all  simple  numbers,  will  be 
evident  from  what  has  been  taught  in  Numeration.  It  is  because  1 in  a 
superior  column,  is  equal  to  10  in  the  inferior:  thus,  1,  by  itself,  is  one,  but 
place  it  in  a superior  column,  or,  which  is  the  same  thing,  place  a cipher  at 
the  right  hand  of  it,  thus  10,  and  it  is  ten. 

ADDITION  AND  SUBTRACTION  TABLE. 

1|  2|  3|  4|  5|  6|  7|  8|  9|10|11|12 
2|  4|  5|  6|  7|  8|  9|10|11|12|13|14 
3|  5|  8 1 7|  8|  9|J0|11|12|13|14|15 
4|  6|  7|  8|  9|10|11|12|13|14|15|16 
5|  7 j 8|  9|10|11|12|13|14|15|16|17 
6|  8|  9|10|11|12|13|14|15|16|17|18 
7|  ..9|10|ll|12jl3jl4ll5|16|17|18|ig 
8|10|11|12|13|14|15|16|17|18|19|20 
9 1 11 1 12|  13 1 14 1 15|  16|  17 1 18|  19|20 121 
10|12ll3|14|15|16|17ll8ll9l20l2r[22 

When  you  would  add  two  numbers,  look  for  one  of  them  in  the  left  hand 
column,  and  the  other  at  top;  and  under  the  top  number  you  will  find  their 
sum:  as  6 and  4 are  10. 
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When  you  would  subtract,  find  the  number  to  be  subtracted  in  the  left 
hand  column;  in  the  same  line  to  the  right,  find  the  number  from  which  it  is 

will  find  the  difference;  as  6 


to  be  taken,  and  directly  over  it  at  top,  you 
taken  from  10,  leaves  4. 


EXAMPLES. 


(1) 

(2) 

4635 

429764 

2463 

343043 

1650 

976436 

6784 

637580 

15532 

2386823 

15532 

2386823 

(4) 

(5) 

947634 

6879476 

765427 

4035204 

231032 

7694346 

421543 

5960465 

634689 

2347653 

724576 

4600764 

(7) 

(8) 

5434275 

64 

640350 

245 

24766 

4357 

3453 

27564 

646 

154034 

34 

4734565 

1 

26785630 

(3) 

65420276 

35067543 

76424675 

34647890 


211560384  Sum  or  ain’t.  j 


211560384  Proof. 


(6) 

3754589465 

7436062741 

3567453587 

9432785043 

4763241635 

5037856342 


(9) 

6407564 

54367 

540374 

796 

3547 

24345 

9427654 


APPLICATION. 

1.  Suppose  a farm  to  produce  340  bushels  of  wheat,  1746  bushels  of  corn, 
239  bushels  of  oats:  what  is  the  whole  product  of  the  farm?  Ans.  2325. 

2.  Suppose  you  freight  a boat  with  143  barrels  of  flour,  75  barrels  of 
potatoes,  106  barrels  of  pork,  and  56  barrels  of  beans:  how  many  barrels 

would  you  then  have  on  board?  -^ns-  ^80- 

3.  A gentleman  left  his  sons  3600  dollars,  his  daughters  1375  dollais,  his 
grand-children  570  dollars,  the  American  Bible  Society  4600  dollars,  the 

Orphan  Asylum  500  dollars:  what  was  the  amount  of  his  estate? 

Ans.  $10645. 


ERIC 
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WARREN  COLBURN 


Warren  Colburn  (1793-1833)  was  raised  on  a farm  in  Massachu- 
setts.1 In  1810  his  family  moved  to  Pawtucket,  where  he  worked 
five  years  in  factories  to  gain  experience  with  machinery.  From 
1816  to  1820  he  attended  Harvard,  where  he  excelled  at  mathe- 
matics, and  taught  school  during  the  winter  months.  After  leaving 
Harvard  he  continued  teaching  for  two  and  a half  years  in  Boston. 
For  the  remainder  of  his  life  he  was  superintendent  successively 
at  two  different  manufacturing  companies  and  lectured  widely 
on  scientific  subjects. 

Colburn’s  mental  processes  were  described  as  not  rapid;  he 
reached  conclusions  only  after  patient  and  painstaking  effort. 
Possibly  this  accounts  in  part  for  his  understanding  of  children’s 
difficulties  and  for  the  teachability  of  his  First  Lessons  in  Arith- 
metic on  the  Plan  of  Pestalozzi , with  Some  Improvements  (1821). 
This  book  in  its  many  editions  and  revisions  is  credited  with  being 
the  most  popular  arithmetic  text  ever  published.  In  1913  it  was 
still  selling  several  thousand  copies  a year. 

The  first  Colburn  selection  is  from  the  1825  edition  of  First 
Lessons.  This  is  followed  by  the  reprinting  of  a lecture  he  gave 
in  1830  on  the  teaching  of  arithmetic. 


1.  Walter  S.  Monroe,  Development  of  Arithmetic  as  a School  Subject,  U.S.  Bureau 
of  Education  Bulletin  no.  10  (Washington,  D.C.,  1917),  pp.  51-56. 
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PREFACE. 


<&^==^<^=g=o&> 

As  soon  as  a child  begins  to  use  his  senses,  nature  continually  presents  to 
his  eyes  a variety  of  objects;  and  one  of  the  first  properties  which  he  dis- 
covers, is  the  relation  of  number.  He  intuitively  fixes  upon  unity  as  a meas- 
ure, and  from  this  he  forms  the  idea  of  more  and  less;  which  is  the  idea  of 
quantity. 

The  names  of  a few  of  the  first  numbers  are  usually  learned  very  early; 
and  children  frequently  learn  to  count  as  far  as  a hundred  before  they  learn 
their  letters. 

As  soon  as  children  have  the  idea  of  xnore  and  less,  and  the  names  of  a 
few  of  the  first  numbers,  they  are  able  to  make  small  calculations.  And  this 
we  see  them  do  every  day  about  their  playthings,  and  about  the  little  affairs 
which  they  are  called  upon  to  attend  to.  The  idea  of  more  and  less  implies 
addition;  hence  they  will  often  perform  these  operations  without  any  pre- 
vious instruction.  If,  for  example,  one  child  has  three  apples,  and  another 
five,  they  will  readily  tell  how  many  they  both  have ; and  how  many  one  has 
more  than  the  other.  If  a child  be  requested  to  bring  three  apples  for  each 
person  in  the  room,  he  will  calculate  very  readily  how  many  to  bring,  if  the 
number  does  not  exceed  those  he  has  learnt.  Again,  if  a child  be  requested 
to  divide  a number  of  apples  among  a certain  number  of  persons,  he  will 
contrive  a way  to  do  it,  and  will  tell  how  many  each  must  have.  The  method 
which  children  take  to  do  these  things,  though  always  correct,  is  not  always 
the  most  expeditious. 

The  fondness  which  children  usually  manifest  for  these  exercises,  and  the 
facility  with  which  they  perform  them;  seem  to  indicate  that  the  science  of 
numbers,  to  a certain  extent,  should  be  among  the  first  lessons  taught  to 
them.1 

To  succeed  in  this,  however,  it  is  necessary  rather  to  furnish  occasions  for 
them  to  exercise  their  own  skill  in  performing  examples,  than  to  give  them 
rules.  They  should  be  allowed  to  pursue  their  own  method  first,  and  then 
they  should  be  made  to  observe  and  explain  it,  and  if  it  was  not  the  best, 
some  improvement  should  be  suggested.  By  following  this  mode,  and 
making  the  examples  gradually  increase  in  difficulty;  experience  proves, 
that,  at  an  early  age,  children  may  be  taught  a great  variety  of  the  most 

1.  See  on  this  subject  two  essays,  entitled  Juvenile  Studies,  in  the  Prize  Book  of  the 
Latin  school,  Nos.  I and  II.  Published  by  Cummings  & Hilliard,  1820  and  1821. 
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useful  combinations  of  numbers. 

Few  exercises  strengthen  and  mature  the  mind  so  much  as  arithmetical 
calculations,  if  the  examples  are  made  sufficiently  simple  to  be  understood 
by  the  pupil;  because  a regular,  though  simple  process  of  reasoning  is 
requisite  to  perform  them,  and  the  results  are  attended  with  certainty. 

The  idea  of  number  is  first  acquired  by  observing  sensible  objects.  Hav- 
ing observed  that  this  quality  is  common  to  all  things  with  which  we  are 
acquainted,  we  obtain  an  abstract  idea  of  number.  We  first  make  calcula- 
tions about  sensible  objects;  and  we  soon  observe,  that  the  same  calculations 
will  apply  to  things  very  dissimilar;  and  finally,  that  they  may  be  made 
without  reference  to  any  particular  things.  Hence  from  particulars,  we 
establish  general  principles,  which  serve  as  the  basis  of  our  reasonings,  and 
enable  us  to  proceed  step  by  step,  from  the  most  simple  to  the  more  com- 
plex operations.  It  appears,  therefore,  that  mathematical  reasoning  pro- 
ceeds as  much  upon  the  principle  of  analytic  induction,  as  that  of  any  other 
science. 

Examples  of  any  kind  upon  abstract  numbers,  are  of  very  little  use,  until 
the  learner  has  discovered  the  principle  from  practical  examples.  They  are 
more  difficult  in  themselves,  for  the  learner  does  not  see  their  use;  and 
therefore  does  not  so  readily  understand  the  question.  But  questions  of  a 
practical  kind,  if  judiciously  chosen,  show  at  once  what  the  combination  is, 
and  what  i3  to  be  effected  by  it.  Hence  the  pupil  will  much  more  readily 
discover  the  means  by  which  the  result  is  to  be  obtained.  The  mind  is  also 
greatly  assisted  in  the  operations  by  reference  to  sensible  objects.  When 
the  pupil  learns  a new  combination  by  means  of  abstract  examples,  it  very 
seldom  happens  that  he  understands  practical  examples  more  easily  for  it, 
because  he  does  not  discover  the  connexion,  until  he  has  performed  several 
practical  examples  and  begins  to  generalize  them. 

After  the  pupil  comprehends  an  operation,  abstract  examples  are  useful, 
to  exercise  him,  and  make  him  familiar  with  it.  And  they  serve  better  to  fix 
the  principle,  because  they  teach  the  learner  to  generalize. 

From  the  above  observations,  and  from  his  own  experience,  the  author 
has  been  induced  to  publish  this  treatise;  in  which  he  has  pursued  the  fol- 
lowing plan,  which  seemed  to  him  the  most  agreeable  to  the  natural  progress 
of  the  mind. 


GENERAL  VIEW  OF  THE  PLAN. 

Every  combination  commences  with  practical  examples.  Care  has  been 
taken  to  select  such  as  will  aptly  illustrate  the  combination,  and  assist  the 
imagination  of  the  pupil  in  performing  it.  In  most  instances,  immediately 
after  the  practical,  abstract  examples  are  placed,  conta;ning  the  same  num- 
bers and  the  same  operations,  that  the  pupil  may  then  more  easily  observe 
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the  connexion.  The  instructer  should  be  careful  to  make  the  pupil  observe 
the  connexion.  After  these  are  a few  abstract  examples,  and  then  practical 
questions  again. 

The  numbers  are  small,  and  the  questions  so  simple,  that  almost  any 
child  of  five  or  six  years  old  is  capable  of  understanding  more  than  half  the 
book,  and  those  of  seven  or  eight  years  old  can  understand  the  whole  of  it. 

The  examples  are  to  be  performed  in  the  mind,  or  by  means  of  sensible 
objects,  such  as  beans,  nuts,  &c.  or  by  means  of  the  plate  at  the  end  of  the 
book.  The  pupil  should  first  perform  the  examples  in  his  own  way,  and  then 
be  made  to  observe  and  tell  how  he  did  them,  and  why  he  did  them  so.2 

The  use  of  the  plates  is  explained  in  the  Key  at  the  end  of  the  book. 
Several  examples  in  each  section  are  performed  in  the  Key,  to  show  the 
method  of  solving  them.  No  answers  are  given  in  the  book,  except  where  it 
is  necessary  to  explain  something  to  the  pupil.  Most  of  the  explanations  are 
given  in  the  Key ; because  pupils  generally  will  not  understand  any  explana- 
tion given  in  a book,  especially  at  so  early  an  age.  The  instructer  must, 
therefore,  give  the  explanation  viva  voce.  These,  however,  will  occupy  the 
instructer  but  a very  short  time. 

The  first  section  contains  addition  and  subtraction,  the  second  multiplica- 
tion. The  third  section  contains  division.  In  this  section  the  pupil  learns  the 
first  principles  of  fractions  and  the  terms  which  are  applied  to  them.  This  is 
done  by  making  him  observe  that  one  is  the  half  of  two,  the  third  of  three, 
the  fourth  of  fotir,  &c.  and  that  two  is  two  thirds  of  three,  two  fourths  of  four, 
two  fifths  of  five,  &c. 

The  fourth  section  commences  with  multiplication.  In  this  the  pupil  is 
taught  to  repeat  a number  a certain  number  of  times,  and  a part  of  another 

2.  It  is  remarkable,  that  a child,  although  he  is  able  to  perform  a variety  of  examples 
which  involve  addition,  subtraction,  multiplication,  and  division,  recognises  no  operation 
but  addition.  Indeed,  if  we  analyze  these  operations  when  we  perform  them  in  our 
minds,  we  shall  find  that  they  all  reduce  themselves  to  addition.  They  are  only  different 
ways  of  applying  the  same  principle.  And  it  is  only  when  we  use  an  artificial  method 
of  performing  them,  that  they  take  a different  form. 

If  the  following  questions  were  proposed  to  a child,  his  answers  would  be,  in  substance, 
like  those  annexed  to  the  questions.  How  much  is  five  less  than  eight?  Ans.  Three. 
Why?  because  five  and  three  are  eight.  What  is  the  difference  between  five  and  eight? 
Ans.  Three.  Why?  because  five  and  three  are  eight.  If  you  divide  eight  into  two 
parts,  suqh  that  one  of  the  parts  may  be  five,  what  will  the  other  be?  Ans.  Three. 
Why?  because  five  and  three  are  eight. 

How  much  must  you  give  for  four  apples  at  two  ceiits  apiece?  Ans.  Eight  cents. 
Why  ? because  two  and  two  are  four,  and  two  are  six,  and  two  are  eight. 

How  many  apples,  at  two  cents  apiece,  can  you  buy  for  eight  cents?  Ans.  Four. 
Why?  because  two  and  two  are  four,  and  two  are  six,  and  two  are  eight. 

We  shall  be  further  convinced  of  this  if  we  observe  that  the  same  table  serves  for 
addition  and  subtraction;  and  another  table  which  is  formed  by  addition,  serves  both 
for  multiplication  and  division.  In  this  treatise  the  same  plate  serves  for  the  four 
operations. 

This  remark  shows  the  necessity  of  making  the  pupil  attend  to  his  manner  of  per- 
forming the  examples  and  of  explaining  to  him  the  difference  between  them. 
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time.  In  the  second  part  of  this  section  the  pupil  is  taught  to  change  a cer- 
tain number  of  twos  into  threes,  threes  into  fours,  &c. 

In  the  fifth  section  the  pupil  is  taught  to  find  V2,  14,  !4,  &c.  and  %,  %,  %, 
&c.  of  numbers,  which  are  exactly  divisible  into  these  parts.  This  is  only  an 
extension  of  the  principle  of  fractions,  which  is  contained  in  the  third  section. 

In  the  sixth  section  the  pupil  learns  to  tell  of  what  number  any  number, 
as  2,  3,  4,  &c.  is  one  half,  one  third,  one  fourth,  &c.;  and  also,  knowing  %, 
%,  %,  &c.  of  a number,  to  find  that  number. 

These  combinations  contain  all  the  most  common  and  most  useful  opera- 
tions of  vulgar  fractions.  But  being  applied  only  to  numbers  which  are 
exactly  divisible  into  these  fractional  parts,  the  pupil  will  observe  no  prin- 
ciples but  multiplication  and  division,  rnless  he  is  told  of  it.  In  fact,  frac- 
tions contain  no  other  principle.  The  examples  are  so  arranged,  that  almost 
any  child  of  six  or  seven  years  old  will  readily  comprehend  them.  And  the 
questions  are  asked  in  such  a manner,  that,  if  the  instructer  pursues  the 
method  explained  in  the  Key,  it  will  be  almost  impossible  for  the  pupil  to 
perform  any  example  without  understanding  the  reason  of  it.  Indeed,  in 
every  example  which  he  performs,  he  is  obliged  to  go  through  a complete 
demonstration  of  the  principle  by  which  he  does  it ; and  at  tho  same  timo  he 
does  it  in  the  simplest  way  possible.  These  observations  apply  to  the  remain- 
ing part  of  the  book. 

These  principles  are  sufficient  to  enable  the  pupil  to  perform  almost  all 
kinds  of  examples  that  ever  occur.  He  will  not,  however,  be  able  to  solve 
questions  in  which  it  is  necessary  to  take  fractional  parts  of  unity,  though 
the  principles  are  the  same. 

After  section  sixth,  there  is  a collection  of  miscellaneous  examples,  in 
which  are  contained  almost  all  the  kinds  that  usually  occur.  There  are 
none,  however,  which  the  principles  explained  are  not  sufficient  to  solve. 

In  section  eight  and  the  following,  fractions  of  unity  are  explained,  and, 
it  is  believed,  so  simply  as  to  be  intelligible  to  most  pupils  of  seven  or  eight 
years  of  age.  The  operations  do  not  differ  materially  from  those  in  the  pre- 
ceding sections.  There  are  some  operations,  however,  peculiar  to  fractions. 
The  two  last  plates  are  used  to  illustrate  fractions. 

When  the  pupil  is  made  familiar  with  all  the  principles  contained  in  this 
book,  he  will  be  able  to  perform  all  examples,  in  which  the  numbers  are  so 
small,  that  the  operations  may  be  performed  in  the  mind.  Afterwards  he  has 
only  to  learn  the  application  of  figures  to  these  operations,  and  his  knowl- 
edge of  arithmetic  will  be  complete. 

The  Rule  of  Three,  and  all  the  other  rules  which  are  usually  'jontained 
in  our  arithmetics,  will  be  found  useless.  The  examples  undei  these  rules  will 
be  performed  upon  general  principles  with  much  greater  facility,  and  with  a 
greater  degree  of  certainty. 

The  following  are  some  of  the  principal  difficulties  which  a child  has  to 
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encounter  in  learning  arithmetic,  in  the  usual  way,  and  which  are  seldom 
overcome.  First,  the  examples  are  so  large,  that  the  pupil  can  form  no 
conception  of  the  numbers  themselves;  therefore  it  is  impossible  for  him  to 
comprehend  the  reasoning  upon  them.  Secondly,  the  first  examples  are 
usually  abstract  numbers.  This  increases  the  difficulty  very  much,  for  even 
if  the  numbers  were  so  small,  that  the  pupil  could  comprehend  them,  he 
would  discover  but  very  little  connexion  between  them,  and  practical  exam- 
ples. Abstract  numbers,  and  the  operations  upon  them,  must  be  learned 
from  practical  examples;  there  is  no  such  thing  as  deriving  practical  exam- 
ples from  those  which  are  abstract,  unless  the  abstract  have  been  first  derived 
from  those  which  are  practical.  Thirdly,  the  numbers  are  expressed  by  fig- 
ures, which,  if  they  were  used  only  as  a contracted  way  of  writing  numbers, 
would  be  much  more  difficult  to  be  understood  at  first,  than  the  numbers 
written  at  length  in  words.  But  they  are  not  used  merely  as  words,  they 
require  operations  peculiar  to  themselves.  They  are,  in  fact,  a new  language, 
which  the  pupil  has  to  learn.  The  pupil,  therefore,  when  he  commences 
arithmetic  is  presented  with  a set  of  abstract  numbers,  written  with  figures, 
and  so  large  that  he  has  not  the  least  conception  of  them  even  when  ex- 
pressed in  words.  From  these  he  is  expected  to  learn  what  the  figures  signify, 
and  what  is  meant  by  addition,  subtraction,  multiplication,  and  division; 
and  at  the  same  time  how  to  perform  these  operations  with  figures.  The 
consequence  is,  that  he  learns  only  one  of  all  these  things,  and  that  is,  how 
) to  perform  these  operations  on  figures.  He  can  perhaps  translate  the  figures 

I into  words,  but  this  is  useless  since  he  does  not  understand  the  words  them- 

selves. Of  the  effect  produced  by  the  four  fundamental  operations  he  has  not 
the  least  conception. 

j After  the  abstract  examples  a few  practical  examples  are  usually  given, 

| but  these  again  are  so  large  that  the  pupil  cannot  reason  upon  them,  and 

j consequently  he  could  not  tell  whether  he  must  add,  subtract,  multiply,  or 

J divide,  even  if  he  had  an  adequate  idea  of  what  these  operations  are. 

! The  common  method,  therefore,  entirely  reverses  the  natural  process; 

| for  the  pupil  is  expected  to  learn  general  principles,  before  he  has  obtained 

the  particular  ideas  of  which  they  are  composed. 

The  usual  mode  of  proceeding  is  as  follows.  The  pupil  learns  a rule, 
which,  to  the  man  that  made  it,  was  a general  principle ; but  with  respect  to 
him,  and  often  times  to  the  instructer  himself,  it  is  so  far  from  it,  that  it 
hardly  deserves  to  be  called  even  a mechanical  principle.  He  performs  the 
examples,  and  makes  the  answers  agree  with  those  in  the  book,  and  so  pre- 
sumes they  are  right.  He  is  soon  able  to  do  this  with  considerable  facility, 
and  is  then  supposed  to  be  master  of  the  rule.  He  is  next  to  apply  his  rule  to 
practical  examples,  but  if  he  did  not  find  the  examples  under  the  rule,  he 
would  never  so  much  as  mistrust  they  belonged  to  it.  But  finding  them 
there,  he  applies  his  rule  to  them,  and  obtains  the  answers,  which  are  in  the 


19 


r 


mmm 


The  Art  of  Teaching  Mathematics  (1828-90) 

book,  and  this  satisfies  him  that  they  are  right.  In  this  manner  he  proceeds 
from  rule  to  rule  through  the  book. 

When  an  example  is  proposed  to  him,  which  is  not  in  the  book,  his 
sagacity  is  exercised,  not  in  discovering  the  operations  necessary  to  solve  it; 
but  in  comparing  it  with  the  examples  which  he  has  performed  before,  and 
endeavoring  to  discover  some  analogy  between  it  and  them,  either  in  the 
sound,  or  in  something  else.  If  he  is  fortunate  enough  to  discover  any  such 
analogy,  he  finds  what  rule  to  apply,  and  if  he  has  not  been  deceived  in 
tracing  the  analogy,  he  will  probably  solve  the  question.  His  knowledge  of 
the  principles  of  his  rules,  is  so  imperfect,  that  he  would  never  discover  to 
which  of  them  the  example  belongs  if  he  did  not  trace  it  by  some  analogy,  to 
the  examples  which  he  had  found  under  it. 

These  observations  do  not  apply  equally  to  all;  for  some  will  find  the 
right  course  themselves,  whatever  obstacles  be  thrown  in  their  way.  But 
they  apply  to  the  greater  part;  and  it  is  p <r>bable  that  there  are  very  few 
who  have  not  experienced  more  or  less  inconvenience  from  this  mode  of  pro- 
ceeding. Almost  all,  who  have  ever  fully  understood  arithmetic,  have  been 
obliged  to  learn  it  over  again  in  their  own  way.  And  it  is  not  too  bold  an 
assertion  to  say,  that  no  man  ever  actually  learned  mathematics  in  any  other 
method,  than  by  analytic  induction;  that  is,  by  learning  the  principles  by 
the  examples  he  performs ; and  not  by  learning  principles  first,  and  then  dis- 
covering by  them  how  the  examples  are  to  be  performed. 

In  forming  and  arranging  the  several  combinations  the  author  has  re- 
ceived considerable  assistance  from  the  system  of  Pestalozzi.  He  has  not 
! however  had  an  opportunity  of  seeing  Pestalozzi’s  own  work  on  this  subject, 

I but  only  a brief  outline  of  it  by  another.  The  plates  also  are  from  Pestalozzi. 

j In  selecting  and  arranging  the  examples  to  illustrate  these  combinations, 

and  in  the  manner  of  solving  questions  generally,  he  has  received  no  assist- 
ance from  Pestalozzi. 
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Part  I. 

SECTION  I. 

A.1  1.  How  many  thumbs  have  you  on  your  right  hand?  how  many  on 
your  left?  how  many  on  both  together? 

2.  How  many  hands  have  you? 

3.  If  you  have  two  nuts  in  one  hand  and  one  in  the  other,  how  many  have 
you  in  both? 

4.  How  many  fingers  have  you  on  one  hand? 

5.  If  you  eount  the  thumb  with  the  fingers,  how  many  will  it  make? 

6.  If  you  shut  your  thumb  and  one  finger  and  leave  the  rest  open,  how 
many  will  be  open? 

7.  If  you  have  two  cents  in  one  hand,  and  two  in  the  other,  how  many 
have  you  in  both? 

8.  James  has  two  apples,  and  William  has  three;  if  James  gives  his 
apples  to  William,  how  many  will  William  have? 

9.  If  you  count  all  the  fingers  on  one  hand,  and  two  on  the  other,  how 
many  will  there  be? 

10.  George  has  three  cents,  and  Joseph  has  four;  how  many  have  they 
both  together? 

11.  Robert  gave  five  cents  for  an  orange,  and  two  for  an  apple,  how  many 
did  he  give  for  both? 

12.  If  a custard  cost  six  cents,  and  an  apple  two  cents;  how  many  cents 
will  it  take  to  buy  an  apple  and  a custard? 

13.  If  you  buy  a pint  of  nuts  for  five  cents,  and  an  orange  for  three  cents, 
how  many  cents  would  you  give  for  both?  how  many  more  for  the  nuts  than 
for  the  orange? 

14.  If  an  ounce  of  figs  is  worth  six  cents,  and  a half  a pint  of  cherries 
is  worth  three  cents;  how  much  are  they  both  worth? 

15.  Dick  had  five  plums,  and  John  gave  him  four  more;  how  many  had 
he  then? 

1.  For  the  manner  of  solving  questions,  and  the  explanation  of  the  plates,  see  the  key 
at  the  end  of  the  book.  The  first  questions  in  this  section  are  intended  for  very  young 
children.  It  will  be  well  for  the  instructer  to  give  a great  many  more  of  this  kind. 
— Older  pupils  may  omit  these. 
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16.  How  many  fingers  have  you  on  both  hands? 

17.  How  many  fingers  and  thumbs  have  you  on  both  hands? 

18.  If  you  had  six  marbles  in  one  hand,  and  four  in  the  other;  how  many 
would  you  have  in  the  one,  more  than  in  the  other?  how  many  would  you 
have  in  both  hands? 

19.  David  had  seven  nuts,  and  gave  three  of  them  to  George,  how  many 
had  he  left? 

20.  Two  boys,  James  and  Robert,  played  at  marbles;  when  they  began, 
they  had  seven  apiece,  and  when  they  had  done,  James  had  won  four;  how 
many  had  each  then? 

21.  A boy,  having  eleven  nuts,  gave  away  three  of  them,  how  many  had 
he  left? 

22.  If  you  had  eight  cents,  and  your  papa  should  give  you  five  more, 
how  many  would  you  have? 

23.  A man  bought  a sheep  for  eight  dollars,  and  a calf  for  seven  dollars, 
what  did  he  give  for  both  ? 

24.  A man  bought  a barrel  of  flour  for  eight  dollars,  and  sold  it  for  four 
dollars  more  then  he  gave  for  it;  how  much  did  he  sell  it  for? 

25.  A man  bought  a hundred  weight  of  sugar  for  nine  dollars,  and  a 
barrel  of  flour  for  seven  dollars,  how  much  did  he  give  for  the  whole? 

26.  A man  bought  three  barrels  of  cider  for  eight  dollars,  and  ten  bushels 
of  apples  for  nine  dollars;  how  much  did  he  give  for  the  whole? 

27.  A man  bought  a firkin  of  butter  for  twelve  dollars,  but,  being  dam- 
aged, he  sold  it  again  for  eight  dollars;  how  much  did  he  lose? 

28.  A man  bought  three  sheep  for  fifteen  dollars,  but  could  not  sell  them 
again  for  so  much  by  eight  dollars;  how  much  did  he  sell  them  for? 

29.  A man  bought  sixteen  pounds  of  coffee,  and  lost  seven  pounds  of  it 
as  he  was  carrying  it  home,  how  much  had  he  left? 

30.  A man  bought  nineteen  pounds  of  sugar,  and  having  lost  a part  of 
it,  he  found  he  had  nine  pounds  left;  how  much  had  he  lost? 

31.  A man  owing  fifteen  dollars,  paid  nine  dollars  of  it,  how  much  did  he 

then  owe? 

32.  A man  owing  seventeen  dollars,  paid  all  but  seven  dollars;  how  much 
did  he  pay? 

B.  1.  Two  and  one  are  how  many? 

2.  Two  and  two  are  how  many? 

3.  Three  and  two  are  how  many? 

4.  Four  and  two  are  how  many? 

5.  Five  and  two  are  how  many? 

6.  Six  and  two  are  how  many? 

7.  Seven  and  two  are  how  many? 

8.  Eight  and  two  are  how  many? 

9.  Nine  and  two  are  how  many? 
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SECTION  I. 

A.1  1.  How  many  thumbs  have  you  on  your  right  hand?  how  many  on 
your  left?  how  many  on  both  together? 

2.  How  many  hands  have  you? 

3.  If  you  have  two  nuts  in  one  hand  and  one  in  the  other,  how  many  have 
you  in  both? 

4.  How  many  fingers  have  you  on  one  hand? 

5.  If  you  count  the  thumb  with  the  fingers,  how  many  will  it  make? 

6.  If  you  shut  your  thumb  and  one  finger  and  leave  the  rest  open,  how 
many  will  be  open? 

7.  If  you  have  two  cents  in  one  hand,  and  two  in  the  other,  how  many 
have  you  in  both? 

8.  James  has  two  apples,  and  William  has  three;  if  James  gives  his 
apples  to  William,  how  many  will  William  have? 

9.  If  you  count  all  the  fingers  on  one  hand,  and  two  on  the  other,  how 
many  will  there  be? 

10.  George  has  three  cents,  and  Joseph  has  four;  how  many  have  they 
both  together? 

11.  Robert  gave  five  cents  for  an  orange,  and  two  for  an  apple,  how  many 
did  he  give  for  both? 

12.  If  a custard  cost  six  cents,  and  an  apple  two  cents;  how  many  cents 
will  it  take  to  buy  an  apple  and  a custard? 

13.  If  you  buy  a pint  of  nuts  for  five  cents,  and  an  orange  for  three  cents, 
how  many  cents  would  you  give  for  both?  how  many  more  for  the  nuts  than 
for  the  orange? 

14.  If  an  ounce  of  figs  is  worth  six  cents,  and  a half  a pint  of  cherries 
is  worth  three  cents;  how  much  are  they  both  worth? 

15.  Dick  had  five  plums,  and  John  gave  him  four  more;  how  many  had 
he  then? 

1.  For  the  manner  of  solving  questions,  and  the  explanation  of  the  plates,  see  the  key 
at  the  end  of  the  book.  The  first  questions  in  this  section  are  intended  for  very  young 
children.  It  will  be  well  for  the  instructer  to  give  a great  many  more  of  this  kind. 
— Older  pupils  may  omit  these. 
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10.  Ten  and  two  are  how  many? 

11.  Two  and  three  are  how  many? 

12.  Three  and  three  are  how  many? 

13.  Four  and  three  are  how  many? 

14.  Five  and  three  are  how  many? 

15.  Six  and  three  are  how  many? 

16.  Seven  and  three  are  how  many? 

17.  Eight  and  three  are  how  many? 

18.  Nine  and  three  are  how  many? 

19.  Ten  and  three  are  how  many? 

20.  Two  and  four  are  how  many? 

; 21.  Three  and  four  are  how  many? 

i 22.  Four  and  four  are  how  many? 

I 23.  Five  and  four  are  how  many? 

| 24.  Six  and  four  are  how  many? 

j 25.  Seven  and  four  are  how  many? 

t 26.  Eight  and  four  are  how  many? 

\ 27.  Nine  and  four  are  how  many? 

' AO-  Ten  ana  iour  are  how  many? 

■ 29.  Two  and  five  are  how  many? 

I 30.  Three  and  five  are  how  many? 

| 31.  Four  and  five  are  how  many? 

| 32.  Five  and  five  are  how  many? 

33.  Six  and  five  are  how  many? 
j 34.  Seven  and  five  are  how  many? 

1 35.  Eight  and  five  are  how  many? 

| 36.  Nine  and  five  are  how  many? 

> 37.  Ten  and  five  are  how  many? 

38.  Two  and  six  are  how  many? 
i 39.  Three  and  six  are  how  many? 

| 40.  Four  and  six  are  how  many? 

j 41.  Five  and  six  are  how  many? 

' 42.  Six  and  six  are  how  many? 

| 43.  Seven  and  six  are  how  many? 

| 44.  Eight  and  six  are  how  many? 

45.  Nine  and  six  are  how  many? 
j 46.  Ten  and  six  are  how  many? 

47.  Two  and  seven  are  how  many? 

48.  Three  and  seven  are  how  many? 

I 49.  Four  and  seven  are  how  many? 

| 30.  Five  and  seven  are  how  many? 

51.  Six  and  seven  are  how  many? 

• 
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Teaching  of  Arithmetic 

By  Warren  Colburn 


I have  been  requested  to  address  the  convention  on  the  subject  of  teach- 
ing arithmetic.  I have  accepted  the  invitation  with  extreme  diffidence,  be- 
lieving there  would  be  many  gentlemen  present  much  more  competent  to 
this  task  than  myself.  The  subject  is  certainly  an  important  one  in  every 
point  of  view,  whether  we  consider  its  application  to  the  affairs  of  life,  or 
its  effect  as  a discipline  of  the  mind,  or  the  time  which  is  usually  devoted  to 
it. 

With  regard  to  its  application,  there  are  very  few  persons,  either  male 
or  female,  arrived  at  years  of  discretion,  who  have  not  occasions  daily  to 
make  use  of  arithmetic  in  some  form  or  other  in  the  ordinary  routine  of 
business.  And  the  person  the  most  ready  in  calculation  is  much  the  most 
likely  to  succeed  in  business  of  any  kind.  As  our  country  becomes  more 
thickly  peopled,  and  competition  in  the  various  branches  of  business  becomes 
greater,  and  further  progress  is  made  in  the  arts,  and  new  arts  are  discovered, 
knowledge  of  all  kinds  is  brought  into  requisition;  and  none  more  so  than 
that  of  arithmetic,  and  the  higher  branches  of  mathematics,  of  which  arith- 
metic is  the  foundation. 

Arithmetic,  when  properly  taught,  is  acknowledged  by  all  to  be  very 
important  as  a discipline  of  the  mind;  eo  much  sa  that  even  if  it  had  no 
practical  application  which  should  render  it  valuable  on  its  own  account, 
it  would  still  be  well  worth  while  to  bestow  a considerable  portion  of  time 
on  it  for  this  purpose  alone.  This  is  a very  important  consideration,  though 
a secondary  one  compared  with  its  practical  utility. 

The  fact  that  the  study  of  arithmetic  is  allowed  to  occupy  so  large  a 
portion  of  time  in  all  our  schools  shows  sufficiently  the  degree  of  importance 
attached  to  the  subject  by  all  classes  of  people.  And  that  it  does  occupy  so 
large  a portion  of  time  is  another  very  strong  reason  for  attention  to  the 
mode  of  teaching  it,  that  the  time  may  be  employed  to  the  best  advantage. 


This  is  the  text  of  an  address  delivered  by  Warren  Colburn  before  the 
American  Institute  of  Instruction  in  Boston,  August  1830.  It  is  reprinted  here 
from  the  Elementary  School  Teacher  12  (June  1912) : 463-80. 
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As  the  demand  for  all  kinds  of  knowledge  is  increasing,  and  new  branches 
of  learning  are  almost  daily  brought  within  the  compass  of  the  ordinary 
means  of  education,  it  becomes  highly  important  that  those  kinds  which 
require  considerable  labor  for  their  acquirement  should  be  made  to  occupy 
as  little  time  as  may  be  consistently  without  sacrificing  the  advantage  of 
learning  them  well. 

It  may  not  seem  improper  here  to  introduce  a few  remarks  concerning 
the  relative  advantages  of  the  old  and  new  systems  of  teaching  arithmetic. 
For  though  most  teachers  at  the  present  time  prefer  the  new  system,  and  the 
majority  of  the  community  are  decidedly  in  favor  of  it,  yet  there  are  persons, 
and  some  whose  opinions  are  entitled  to  high  respect,  who  strongly  object  to 
the  new  system  and  give  a decided  preference  to  the  old.  To  such  we  ought 
at  least  to  be  able  to  give  a reason  why  we  prefer  the  new  system. 

For  this  we  shall  appeal  to  facts;  they  are  stubborn  things,  and  the  side 
which  they  favor  must  prevail.  It  must  be  allowed  by  all  that  previous  to 
the  introduction  of  the  new  system  fewer  persons  learned  arithmetic  than 
at  present.  At  least,  fewer  made  any  considerable  progress  in  it.  Very  few 
females  pretended  to  study  it  at  all,  and  the  number  of  either  sex  that  ad- 
vanced much  beyond  the  four  primary  rules  was  very  inconsiderable.  And 
the  learner  was  very  seldom  found  who  could  give  a satisfactory  reason  for 
any  operation  which  he  performed.  The  study  of  it  used  to  be  put  off  to  a 
very  late  period.  Scholars  under  twelve  or  thirteen  years  of  age  were  not 
considered  capable  of  learning  it,  and  generally  they  were  not  capable. 
Many  persons  were  obliged  to  leave  school  before  they  were  old  enough  to 
commence  the  study  of  it. 

At  present  the  study  of  arithmetic  is  very  general  with  both  sexes  and 
among  all  classes.  It  is  taught  to  advantage  even  to  the  very  youngest 
scholars  in  school  and  made  to  fill  a portion  of  time  which  used  to  be  left 
unoccupied.  And  most  scholars  now  have  a thorough  knowledge  of  arith- 
metic at  an  earlier  age  than  it  used  formerly  to  be  commenced.  And  scholars 
who  cannot  give  a satisfactory  reason  for  their  operations  are  now  as  rare 
as  were  formerly  those  who  could. 

But  perhaps  the  advocate  for  the  old  system  will  say,  “I  grant  that  it 
was  a little  more  difficult,  and  on  that  very  account  it  was  a better  exercise 
for  the  mind,  and  when  it  was  learned,  it  was  learned  more  thoroughly.” 
But  in  this  we  shall  again  find  the  facts  on  our  side.  It  cannot  be  pretended 
that  those  who  did  not  study  it  at  all  had  their  minds  exercised  by  it;  nor 
can  much  more  be  claimed  for  those  who  pretended  to  learn  it.  In  those  two 
classes,  we  have  seen,  was  comprehended  a very  large  proportion  of  the 
scholars.  And  with  regard  to  the  remainder,  a very  little  observation  will 
show  that  the  advantage  is  in  favor  of  the  new  system.  I believe  most 
teachers  who  have  understood  and  taught  well  the  new  system  will  give  it 
as  their  opinion  that  most  scholars  who  have  studied  arithmetic  well  have 
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learned  more  of  other  things,  and  learned  them  better,  than  they  would 
have  done  if  they  had  not  studied  arithmetic  at  all  or  had  studied  it  the  old 
way.  And  in  this  class  of  teachers  we  shall  find  a great  number  who  have 
been  successful  both  on  the  old  and  new  systems.  It  will  pass  for  no  argu- 
ment at  all,  at  the  present  time,  for  a man,  however  well  skilled  in  arith- 
metic he  may  be  himself,  to  come  forward  and  say,  "I  have  tried  your 
system,  and  could  not  succeed  with  it  at  all;  therefore  it  is  good  for  nothing.” 
The  reply  to  such  a one  is,  “You  have  not  taken  the  trouble  to  understand 
the  system;  therefore  you  have  not  given  it  a fair  trial.”  And  we  are  sure 
that  a sufficient  number  of  successful  teachers  on  the  new  system  can  be 
produced  to  justify  such  an  answer.  Those  who  do  not  believe  that  pupils 
taught  by  the  new  system  are  as  ready  and  expert  in  the  use  of  figures  and 
in  calculation  generally  as  those  taught  in  the  old  way  have  only  to  go  into 
the  best  schools  taught  on  the  two  systems  and  examine  for  themselves. 
Unless  they  will  do  this,  they  will  not  be  convinced;  and  if  they  do,  we  do 
not  fear  for  the  result. 

We  believe  also  that  we  have  reason  on  our  side  as  well  as  facts.  By  the 
old  system  the  learner  was  presented  with  a rule  which  told  him  how  to 
perform  certain  operations  on  figures,  and  when  these  were  done  he  would 
have  the  proper  result.  But  no  reason  was  given  for  a single  step.  His  first 
application  of  his  rule  was  on  a set  of  abstract  numbers,  so  large  that  he 
could  not  reason  on  them  if  he  had  been  disposed  to  do  so.  And  when  he 
had  got  through  and  obtained  the  result,  he  understood  neither  what  it  was 
nor  the  use  of  it.  Neither  did  he  know  that  it  was  the  proper  result,  but  was 
obliged  to  rely  wholly  on  the  book,  or  more  frequently  on  the  teacher.  As 
he  began  in  the  dark,  so  he  continued;  and  the  results  of  his  calculation 
seemed  to  be  obtained  by  some  magical  operation  rather  than  by  the  induc- 
tions of  reason. 

By  the  new  system  the  learner  commences  with  practical  examples  on 
which  the  numbers  are  so  small  that  he  can  easily  reason  upon  them.  And 
the  reference  to  sensible  objects  gives  him  an  idea  at  once  of  the  kind  of 
result  which  he  ought  to  produce  and  suggests  to  him  the  method  of  proceed- 
ing necessary  to  obtain  it.  By  this  he  is  thrown  immediately  upon  his  own 
resources,  and  is  compelled  to  exert  his  own  powers.  At  the  same  time  he 
meets  with  no  greater  difficulty  than  he  feels  himself  confident  tr  overcome. 
In  this  way  every  step  is  accompanied  with  complete  demonstration.  Every 
new  example  increases  his  powers  and  his  confidence.  And  most  scholars 
soon  acquire  such  a habit  of  thinking  and  reasoning  for  themselves  that 
they  will  not  be  satisfied  with  anything  which  they  do  not  understand  in 
any  of  their  studies. 

Instead  of  studying  rules  in  the  book,  the  reason  of  which  he  does  not 
understand,  the  scholar  makes  his  own  rules;  and  his  rules  are  a general- 
ization of  his  own  reasoning,  and  in  a way  agreeable  to  his  own  associations. 
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We  conclude,  then,  that  the  new  system  is  preferable  to  the  old.  We  now 
come  to  the  question,  What  is  the  best  mode  of  teaching  the  new  system? 
i his  is  a question  frequently  asked  and  frequently  discussed.  In  the  way 
that  the  question  is  usually  considered,  it  does  not  admit  of  an  answer.  It 
may  be  briefly  stated  to  be  his  who  teaches  the  best.  But  then  it  will  be 
found  to  be  the  best  only  in  his  hands.  For  any  other  teacher,  another 
method  would  be  better;  so  that  the  method  must  be  suited  to  the  teacher; 
and  the  teacher  again,  to  be  successful,  must  adapt  his  method  to  the 
scholar.  For  until  mankind  are  all  made  to  think  alike,  and  act  alike,  and 
look  alike,  it  will  be  worse  than  useless— it  will  be  absolutely  injurious— 
to  endeavor  to  make  them  teach  alike  or  learn  alike:  I mean  in  the  detail. 
For  there  are  a few  general  principles,  some  of  which  I shall  endeavor  by 
and  by  to  explain,  which  are  applicable  to  all  and  must  be  attended  to  by 
all  who  wish  to  be  successful  in  teaching.  The  best  method  for  any  par- 
ticular instructor  is  that  by  which  he  can  teach  the  best.  It  is  that  which  is 
suited  to  his  particular  mode  of  thinking,  to  his  manners,  to  his  temper  and 
disposition;  and  generally,  also,  it  will  be  modified  by  the  character  of  his 
school.  So  that  if  I am  to  give  an  instructor  particular  directions  with 
regard  to  teaching,  I must  see  him  in  his  school  and  see  him  teach.  Then 

my  instructions  would  not  tend  to  change  his  manner,  but  to  improve  it  if  it 
were  faulty. 

Teachers  are  very  apt  to  pride  themselves  upon  some  plan  which  they 
have  discovered  for  keeping  up  the  attention  of  the  scholars,  or  of  directing 
their  attention  to  some  important  point,  or  of  making  them  remember  certain 
t lings,  01  of  explaining  certain  difficult  subjects,  or  of  exciting  emulation 
among  their  pupils,  and  many  other  things  of  the  like  kind— which,  they 
suppose,  if  it  were  generally  known  and  adopted,  would  be  a great  improve- 
ment,  not  being  aware  that  the  thing  is  peculiarly  adapted  to  themselves, 
an  to  themselves  only,  and  that  if  another  person  were  to  attempt  the 
same  thing  he  would  fail.  Many  have  felt  so  much  confidence  in  improve- 
ments of  this  kind,  mistaking  a particular  case  in  which  they  have  been 
successful  for  a general  principle,  that  they  have  been  at  the  pains  to  pre- 
pare books  adapted  to  those  particular  modes,  with  the  greatest  expectations 
of  success.  But  such  books  always  fail  of  general  success,  not  because  the 
methods  were  not  good  and  successful  in  the  authors’  hands,  but  because 
others  cannot  enter  into  the  spirit  of  them.  Such  books,  if  they  are  not  used 
in  precisely  the  way  that  the  authors  intended,  cannot  be  used  at  all. 

By  these  remarks,  however,  I would  by  no  means  discourage  any  teacher 
from  communicating  his  method  to  others.  On  the  contrary,  I would  encour- 
age everyone  to  do  it,  whatever  his  methods  may  be.  For  though  others 
should  not  think  proper  to  adopt  them  exactly,  yet  they  may  frequently 
draw  hints  from  them  to  improve  their  own.  And  the  very  fact  of  a teacher’s 
giving  so  much  attention  to  his  own  methods  as  to  be  able  to  explain  them 
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to  others  will  be  very  useful  to  himself,  and  often  the  cause  of  improvement 
in  them.  But  no  one  should  feel  disappointed  because  others  do  not  adopt 
his  plans;  neither  should  he  despise  the  plans  of  others,  though  he  does  not 
choose  to  adopt  them  himself. 

Without  giving  any  very  particular  directions  with  regard  to  modes  of 
teaching,  I will  state  a few  general  principles  that  will  apply  to  almost  all 
modes;  and  whoever  will  pursue  his  own  mode  according  to  them,  will  teach 
successfully.  Most  of  them  are  applicable  to  all  other  subjects  as  well  as  to 
arithmetic.  And,  if  in  the  course  of  the  lectures,  you  may  have  heard  them 
from  others,  or  may  hear  them  hereafter — which  I dare  say  will  be  the  case 
— they  will  not  be  injured  by  the  repetition. 

The  first  precept  which  I shall  enjoin  upon  you  is  to  teach  but  one  thing 
at  a time.  This  is  a grand  point  in  arithmetic  and  in  all  other  branches. 
Select  the  principle  which  you  intend  to  teach  the  pupil,  and  apply  yourself 
strictly  and  exclusively  to  that,  until  he  is  master  of  it.  For  as  certainly  as 
you  endeavor  to  fix  upon  his  mind  two  or  more  things  at  once,  you  distract 
his  attention  and  blend  the  things  together  in  his  mind,  so  that  he  does  not 
get  a distinct  idea  of  either;  and  neither  of  them  will  be  learned  well.  In 
teaching  any  one  point,  therefore,  all  others  should  be  kept  entirely  out  of 
sight,  except  those  which  he  already  knows.  These  may  be  referred  to  at 
any  time  for  illustration,  pr  for  showing  the  connection.  Be  sure  that  the 
pupil  is  master  of  the  principle  before  he  is  allowed  to  leave  it,  let  it  require 
what  time  it  will,  unless  he  becomes  weary  of  it  and  his  mind  gets  confused; 
in  which  case,  leave  it  entirely  for  the  present,  and  take  it  up  afresh  at  some 
other  time.  If  the  learner  is  allowed  to  pass  from  one  point  to  another  when 
the  first  is  but  partially  learned,  he  soon  acquires  a habit  of  learning  things 
imperfectly,  which  it  is  very  difficult  afterward  to  break  up.  It  begets  habits 
of  inattention,  of  thinking  loosely  and  carelessly,  and  of  not  fixing  anything 
in  his  mind  as  it  should  be.  And  if  the  teacher  thinks  to  remedy  this  evil 
by  constantly  calling  up  those  things  which  have  been  poorly  learned,  he 
will  find  himself  disappointed;  for  he  will  only  confirm  the  habit  instead  of 
curing  it. 

Almost  every  instructor  succeeds  in  teaching  some  things,  and  almost 
everyone  partially  fails  in  some  things;  that  is,  there  are  some  things  which 
he  does  not  teach  to  his  own  satisfaction.  If  he  will  refer  to  them,  he  will 
perceive  that  in  those  things  in  whi'ch  he  does  succeed,  his  scholars  are  made 
thorough  as  they  proceed ; and  that  he  is  in  the  habit  of  seizing  the  important 
points,  and  keeping  them  distinct,  both  in  his  own  mind  and  in  the  minds 
of  his  pupils.  But  in  those  things  in  which  he  does  not  succeed,  he  lets  them 
pass  from  step  to  step,  without  becoming  perfect  in  any  of  them,  and  he  is 
probably  endeavoring  to  make  up  the  deficiency  by  a constant  repetition  of 
the  things  which  they  have  so  passed.  With  many  teachers,  English  gram- 
mar would  be  a familiar  illustration  of  the  latter  mode  of  proceeding.  The 
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old  method  of  teaching  grammar  was  very  faulty  in  this  respect.  The  learner 
was  first  required  to  commit  the  grammar  to  memory,  without  understanding 
it  at  all,  or  being  expected  to  understand  it.  And  then  he  was  put  to  parsing 
all  parts  of  speech  at  once.  Of  the  success  of  that  mode  many  of  you,  I dare 
say,  are  able  to  judge  from  experience  in  learning,  if  not  in  teaching  by  it. 
Many  persons  still  find  the  subject  a difficult  one  to  teach,  and  the  difficulty 
will  generally  be  found  to  arise  chiefly  from  the  fault  I have  been  speaking 
of;  that  is,  of  endeavoring  to  teach  too  many  things  at  once. 

In  arithmetic  this  difficulty  does  not  happen  exactly  in  the  same  way, 
though  in  this  it  is  very  likely  to  happen.  In  grammar,  teachers  frequently 
endeavor  purposely  to  teach  several  things  at  once;  but  in  arithmetic  they 
do  not  do  it  intentionally.  They  endeavor  to  teach  only  one  thing  at  a time ; 
but  they  are  in  too  great  haste  to  get  along,  and  they  do  not  make  their 
scholars  perfect  in  one  thing  before  they  let  them  pass  to  another.  Hence 
there  is  necessarily  a reference  to  what  is  past  while  what  is  past  is  still 
imperfectly  understood,  and  the  scholar  is  kept  in  continual  confusion. 

I repeat,  therefore,  Teach  but  one  thing  at  a time,  and  be  sure  that  that 
one  thing  be  learned  before  another  is  attempted.  If  by  mistake  the  scholar 
is  found  to  have  passed  some  essential  point  without  learning  it,  he  should 
be  put  back  to  it  again  and  be  made  to  learn  it;  but  on  no  account  should 
he  try  to  learn  it  by  reference.  When  such  a case  has  taken  place,  the  scholar 
will  show  it  by  failing  to  get  his  lessons,  by  getting  into  difficulties  too  often, 
and  requiring  too  many  explanations.  If  it  cannot  readily  be  discovered 
what  it  is  that  he  has  neglected,  he  should  be  examined  backward,  until  a 
place  is  found  where  he  meets  with  no  difficulty,  and  then  let  him  proceed 
from  that.  But  it  is  by  far  the  best  way  that  the  scholar  should  be  made 
thorough  as  he  goes,  and  it  is  the  only  way  to  be  successful.  It  is  also  the 
easiest  and  most  expeditious. 

By  teaching  one  thing  at  a time  I would  not  be  understood  to  mean  that 
the  scholar  should  not  study  different  subjects  on  the  same  day.  It  is  neces- 
sary for  most  scholars  to  be  attending  to  several  subjects  at  the  same  time; 
for  young  persons  cannot  well  be  made  to  apply  themselves  to  the  same  thing 
long  at  a time.  A change,  therefore,  is  necessary  as  a relief  to  the  mind,  and 
a judicious  teacher  will  not  keep  his  pupils  upon  any  one  exercise  longer  than 
he  can  keep  their  attention  upon  it. 

Whatever  subject  you  are  teaching,  keep  this  precept  in  view:  to  teach 
only  one  point  of  it  at  once,  and  apply  yourself  strictly  to  that,  until  the 
learner  is  master  of  it,  and  then  give  him  another.  He  careful,  in  the  selec- 
tion, to  choose  the  easiest  first,  and  then  the  next  easiest,  and  so  on.  And 
where  one  thing  depends  on  another,  make  them  follow  each  other  as  much 
as  possible  in  the  order  of  dependence.  You  cannot  always  decide,  by  your 
own  judgment,  what  is  the  easiest.  This  must  be  discovered  by  trial  on  the 
scholars.  It  will  often  be  found  that  the  thing  which  one  scholar  will  learn 
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the  easiest  first  will  not  be  the  same  for  another.  Also,  what  is  easiest  with 
one  teacher  will  not  always  be  so  with  another.  Each  teacher  should  satisfy 
himself,  by  experiment,  what  order  he  succeeds  best  with,  and  then  pursue 
it  as  nearly  as  he  can,  varying  only  when  the  learner  requires  it.  It  is  not 
always  necessary  to  pursue  the  precise  order  of  the  textbook.  The  order  of 
the  book  should  be  followed  in  preference  to  any  other,  unless  the  teacher 
feels  very  sure  that  some  other  order  succeeds  better  with  him. 

The  learner  should  never  be  told  directly  how  to  perform  any  operation 
in  arithmetic.  Much  less  should  he  have  the  operation  performed  for  him. 

I know  it  is  generally  much  easier  for  the  teacher,  when  a scholar  finds  a 
question  a little  too  difficult  and  comes  for  assistance,  either  to  solve  the 
question  for  him,  or  tell  him  directly  how  to  do  it.  In  the  old  method  this 
generally  was  done.  Not  infrequently  the  teacher  took  the  question  a,nd 
solved  it  at  home  in  the  evening  if  he  could  and  gave  the  scholar  the  solution 
the  next  day  to  copy  into  his  book.  Now  by  this  generally  no  effect  was 
produced  on  the  scholar,  except  admiration  of  the  master’s  skill  in  ciphering. 

He  himself  was  none  the  wiser  for  it.  . , 

If  the  learner  meets  with  a difficulty,  the  teacher,  instead  of  telling  him 
directly  how  to  go  on,  should  examine  him  and  endeavor  to  discover  in 
what  the  difficulty  consists ; and  then,  if  possible,  remove  it.  Perhaps  he  does 
not  fully  understand  the  question.  Then  it  should  be  explained  to  him. 
Perhaps  it  depends  on  some  former  principle  which  he  has  learned  but  does 
not  readily  call  to  mind.  Then  he  should  be  put  in  mind  of  it.  Perhaps  it 
is  a little  too  difficult.  Then  it  should  be  simplified.  This  may  be  done  by 
substituting  smaller  numbers,  or  by  separating  it  into  parts  and  making  a 
distinct  question  of  each  of  the  parts.  Suppose  the  question  were  this:  If 
8 men  can  do  a piece  of  work  in  12  days,  how  long  would  it  take  15  men  to 
do  it?  It  might  be  simplified  by  putting  in  smaller  numbers,  thus:  If  2 
men  can  do  a piece  of  work  in  3 days,  how  long  would  it  take  5 men  to  do  it? 
If  this  should  still  be  found  too  difficult,  say,  If  2 men  can  do  a piece  of  work 
in  3 days,  how  long  will  it  take  1 man  to  do  it?  This  being  answered,  say, 
If  1 man  will  do  it  in  6 days,  how  long  will  it  take  3 men  to  do  it?  In  what 
time  would  4 men  do  it?  In  what  time  would  five  men  do  it?  By  degrees,  in 
some  such  way  as  this,  lead  him  to  the  original  question.  Some  mode  of  this 
kind  should  always  be  practiced;  and  by  no  means  should  the  learner  be 
told  directly  how  to  do  it,  for  then  the  question  is  lost  to  him.  For  when  the 
question  is  thus  solved  for  him,  he  is  perfectly  satisfied^with  it,  and  he  will 
give  himself  no  further  trouble  about  the  mode  in  which  it  is  done. 

When  the  learner  begins  to  require  assistance  too  often,  it  is  an  indica- 
tion that  something  has  not  been  learned  thoroughly.  He  should  then  go 
back  to  some  place  that  he  does  perfectly  understand,  and  review. 

All  illustrations  should  be  given  by  practical  examples  having  reference 
to  sensible  objects.  Most  people  use  the  reverse  of  this  principle  and  think 
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to  simplify  practical  examples  by  means  of  abstract  ones.  For  instance,  if 
you  propose  to  a child  this  simple  question:  George  had  five  cents , and  his 
father  gave  him  three  more,  how  many  had  he  then?  I have  found  that  most 
persons  think  to  simplify  such  practical  examples  by  putting  them  into  an 
abstract  form  and  saying,  How  many  are  five  and  three?  But  this  question 
is  already  in  the  simplest  form  that  it  can  be.  The  only  way  that  it  can  be 
made  easier  is  to  put  in  smaller  numbers.  If  the  child  can  count,  this  will 
hardly  be  necessary.  No  explanation  more  simple  than  the  question  itself 
can  be  given,  and  none  is  required.  The  reference  to  sensible  objects,  and  to 
the  action  of  giving,  assists  the  mind  of  the  child  in  thinking  of  it,  and  sug- 
gests immediately  what  operation  he  must  perform;  and  he  sets  himself  to 
calculate  it.  He  has  not  yet  learned  what  the  sum  of  those  two  numbers  is ; 
he  is  therefore  obliged  to  calculate  it  in  order  to  answer  the  question;  and 
he  will  require  some  little  time  to  do  it.  Most  persons,  when  such  a question 
is  proposed,  do  not  observe  the  process  going  on  in  the  child’s  mind;  but 
because  he  does  not  answer  immediately,  they  think  that  he  does  not  under- 
stand it,  and  they  begin  to  assist  him,  as  they  suppose,  and  say,  How  many 
are  five  and  three?  Cannot  you  tell  how  many  five  and  three  are?  Now 
this  latter  question  is  very  much  more  difficult  for  the  child  than  the  original 
one.  Besides,  the  child  would  not  probably  perceive  any  connection  between 
them.  He  can  very  easily  understand,  and  the  question  itself  suggests  it  to 
him  better  than  any  explanation,  that  the  five  cents  and  three  cents  are  to 
be  counted  together;  but  he  does  not  easily  perceive  what  the  abstract  num- 
bers five  and  three  have  to  do  with  it.  This  is  a process  of  generalization 
which  it  takes  children  some  time  to  learn. 

In  all  cases,  then,  especially  in  the  early  stages,  it  will  be  perplexing  and 
rather  injurious  to  refer  the  learner  from  a practical  to  an  abstract  questibii 
for  the  purpose  of  explanation.  And  it  is  still  worse  to  tell  him  the  result, 
and  not  make  him  find  it  himself.  If  the  question  is  sufficiently  simple,  he 
will  solve  it.  And  he  should  be  allowed  time  to  do  it  and  not  be  perplexed 
with  questions  or  interruptions  until  he  has  done  it.  But  if  he  does  not  solve 
the  question,  it  will  be  because  he  does  not  fully  comprehend  it.  And  if  he 
cannot  be  made  to  comprehend  it,  the  question  should  be  varied,  either  by 
varying  the  numbers,  or  the  objects,  or  both,  until  a question  is  made  that 
he  can  answer.  One  being  found  that  he  can  answer,  another  should  be  made 
a little  varied,  and  then  another,  and  so  on,  till  he  is  brought  back  to  the  one 
first  proposed.  It  will  be  better  that  the  question  remain  unanswered  than 
that  the  child  be  told  the  answer,  or  assisted  in  the  operation  any  further 
than  may  be  necessary  to  make  him  fully  understand  the  question. 

Some  children,  when  a question  is  proposed,  instead  of  thinking  of  it, 
and  trying  to  solve  it,  will  endeavor  to  guess  at  the  result.  This  should  be 
checked  immediately. 

It  has  often  been  asked  whether  the  plates  which  sometimes  accompany 
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Colburn’s  Intellectual  Arithmetic,  or  anything  else  of  a similar  nature,  are 
of  any  use  to  the  learner.  I think  myself  that  they  have  very  little  effect 
upon  his  progress.  At  first,  before  he  is  familiar  with  the  addition  and  multi- 
plication tables,  some  kind  of  counters  seem  to  be  necessary;  but  it  is  not 
important  what  they  are.  The  plates  are  very  convenient,  but  I believe  the 
fingers  do  about  as  well  as  anything.  If  the  scholar  is  allowed  any  helps  of 
this  kind,  he  should  be  left  to  manage  them  entirely  by  himself,  and  in  his 
own  way.  Any  helps  by  which  the  work  is  partly  done  for  the  scholar  are 
certainly  injurious.  It  is  by  his  own  efforts,  that  a child  is  to  learn  if  he 
learns  at  all.  The  teacher  cannot  learn  for  him.  Neither  will  he  labor  him- 
self, if  the  teacher  will  endeavor  to  do  the  work  for  him.  You  might,  with  as 
much  propriety,  expect  that  his  muscles  would  be  strengthened  by  seeing 
others  exercise  in  the  gymnasium  as  to  expect  a child’s  mind  to  be  strength- 
ened and  improved  when  the  teacher  does  the  work  for  him.  The  teacher 
may  assist  him  in  understanding  the  question,  but  not  in  the  operation 
not  even  in  arranging  his  counters ; for  to  do  this,  is  to  do  for  him  the  most 
important  part  of  the  solution. 

It  is  best  that  the  learner  should  be  exercised  for  some  time  in  solving 
..practical  questions  involving  addition  and  multiplication  before  he  commits 
to  memory  the  addition  and  multiplication  tables.  He  should  understand 
the  use  of  them,  and  be  able  to  make  them,  before  he  is  required  to  learn 
them,  and  then  he  should  be  made  to  learn  them  thoroughly.  It  is  not  well 
for  a child  to  commit  anything  to  memory  that  he  does  not  understand,  for 
he  thereby  acquires  a habit  of  repeating  it  without  attending  to  the  sense; 
and  it  is  more  difficult  to  make  him  attend  to  the  sense  afterward,  when  he 
repeats  it,  than  if  he  had  not  seen  it  before.  At  least,  this  is  generally  the 
case.  There  may  be  exceptions.  I might  refer  again  to  the  subject  of  gram- 
mar as  furnishing  the  most  familiar  instance  of  this.  For  example,  it  is  very 
easy  for  a scholar,  when  properly  taught,  to  learn  the  distinction  of  cases 
in  the  pronouns.  And  yet  I have  had  scholars  who  had  learned  their  gram- 
mar before  they  came  under  my  care,  so  as  to  repeat  it  by  heart,  in  parsing 
the  word  him,  call  it  in  the  nominative  case;  and  still  persist  in  calling  it  so, 
after  being  required  to  decline  it  five  or  six  times  in  succession.  Arithmetic, 
or  any  other  subject,  would  furnish  examples  enough  of  the  difficulty  of 
making  the  scholars  attend  to  the  sense  sufficiently  to  understand  a rule  or 
principle  when  they  have  first  committed  it  without  understanding  it.  But 
grammar,  perhaps,  affords  the  most  striking  instances  of  it. 

I shall  now  endeavor  to  explain  a principle  which  I consider  to  be  a very 
important  one.  It  is  one  less  generally  understood  than  any  that  I have  men- 
tioned or  shall  mention.  Many  teachers  have  practiced  upon  it  very  well 
without  having  particularly  thought  of  it.  Many  of  you,  I presume,  have 
both  thought  of  it  and  practiced  upon  it.  But  there  are  many  who  do  not 
observe  it,  either  in  theory  or  practice.  This  principle  depends  on  the  asso- 
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ciation  of  ideas.  I shall  not  enter  here  into  a discussion  of  the  principle  of 
association.  I leave  it  to  the  metaphysician  to  determine  whether  there  are 
any  general  laws  which  regulate  it  or  not.  I shall  confine  myself  to  one 
simple  matter  of  fact  concerning  it  and  the  practical  consequences  to  be 
derived  from  it. 

The  fact  is  this,  that  two  persons  never  have  exactly  the  same  associa- 
tions of  ideas.  I mean,  they  never  associate  their  ideas  in  exactly  the  same 
order.  The  consequence  is  that  no  two  persons  think  of  the  same  proposition 
alike.  Hence  a proposition  expressed  in  certain  terms  may  be  very  clear  and 
intelligible  to  one  person  and  very  obscure  or  altogether  unintelligible  to 
another.  And  perhaps,  with  a very  slight  change  of  terms,  the  case  would  be 
entirely  changed.  It  would  be  intelligible  to  the  latter  and  unintelligible  to 
the  former.  An  explanation  which  is  very  clear  and  lucid  to  one  will  often 
convey  no  idea  at  all  to  another.  When  a proposition  is  made  for  two  per- 
sons to  reason  upon,  they  will  often  take  it  up  and  manage  it  very  differently 
in  their  minds.  When  the  subject  is  such  as  to  admit  of  demonstration,  as 
is  the  case  with  mathematics,  they  will  generally  come  to  the  same  con- 
clusions. But  on  other  subjects  their  conclusions  will  sometimes  agree  and 
sometimes  not. 

There  are  several  practical  results  to  be  derived  from  this.  First,  it  is 
very  important  that  a teacher  should  be  able  readily  to  trace,  not  only  his 
own  associations,  but  those  of  all  his  pupils,  when  he  hears  them  recite  their 
lessons.  When  a proposition  or  question  is  made  to  a scholar,  he  ought  to 
be  able  to  discover  at  once  whether  the  scholar  understands  it  or  not.  If  he 
does  not  understand  it,  the  teacher  should  be  able  to  discover  the  reason 
why,  and  then  he  can  apply  the  remedy.  This  is  to  be  done  only  by  question- 
ing the  scholar,  and  tracing  his  associations,  and  finding  what  he  is  thinking 
about,  and  how  he  is  thinking  about  it.  Without  doing  this,  the  teacher  is 
as  likely  to  perplex  the  scholar  as  to  assist  him  by  his  explanations.  And  it 
is  a very  common  thing  to  see  scholars  perplexed  in  this  way. 

Secondly,  when  the  scholar  docs  not  understand  the  question  or  ’proposi- 
tion, he  should  be  allowed  to  reason  upon  it  in  his  own  way,  and  agreeably 
to  his  own  associations.  Whether  his  way  is  the  best  or  not,  on  the  whole, 
it  is  the  best  way  for  him  at  first,  and  he  ought  by  no  means  to  be  interrupted 
in  it  or  forced  out  of  it.  The  judicious  teacher  will  leave  him  to  manage  it 
entirely  by  himself,  and  in  his  own  way,  if  he  can.  Or  if  he  meets  with  a 
little  difficulty,  but  is  still  in  a way  that  will  lead  to  a proper  result,  he  will 
apply  his  aid  so  as  to  keep  him  in  his  own  way.  When  the  scholar  has  been 
through  the  process  in  his  own  way,  he  should  be  made  to  explain  how  he 
has  done  it;  and  if  lie  has  not  proceeded  by  the  best  way,  he  should  be  led 
by  degrees  into  the  best  way.  Many  teachers  seem  not  to  know  that  there 
is  more  than  one  way  to  do  a thing,  or  think  of  a thing;  and  if  they  find  a 
scholar  pursuing  a method  different  from  their  own,  they  suppose  of  course 
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he  must  be  wrong,  and  they  check  him  at  once,  and  endeavor  to  force 
into  their  way,  whether  he  understands  it  or  not.  If  such  teachers  would 
have  patience  to  listen  to  their  scholars  and  examine  their  operations,  t y 
would  frequently  discover  very  good  ways  that  had  never  occurred  to  them 
before  Nothing  is  more  discouraging  to  scholars  than  to  mtenup  lem 
when  they  are  proceeding  by  a method  which  they  perfectly  comprehend 
and  which  they  know  to  be  right;  and  to  endeavor  to  orcc  iem  m o n 
which  they  do  not  understand,  and  which  is  not  agreeable  to  their  way  of 
thinking.  And  nothing  gives  scholars  so  much  confidence  in  t leir  own  powcis 
and  stimulates  them  so  much  to  use  their  own  efforts  as  to  allow  them  to 
pursue  their  own  methods  and  to  encourage  them  in  them.  ^ 

It  is  very  important  for  teachers  to  lead  their  scholars  into  uie  habit  of 
attending  to  the  process  going  on  in  their  own  nunds  while  solving  que^ons, 
and  of  explaining  how  they  solve  them.  Unless  the  teacher  possesses  the 
faculty  of  tracing  the  associations  of  others,  he  cannot  ma  e em 
effectually.  But  the  teacher  who  does  possess  this  faculty  perfectly  will  get 
an  explanation  out  of  anybody  that  has  any  thoughts  and  can  be  made  to 
speak  on  the  subject  upon  which  he  is  questioned.  He  can  take  one  of  his 
scholars,  or  any  other  person,  and  make  him  trace  out  and  explain  a pio  e 
of  reasoning  which  has  passed  in  his  mind,  but  of  which  he  was  not  at  all 
aware,  and  concerning  which,  if  left  to  himself  he  could  give  no W 
He  seems  to  have  the  thoughts  of  his  scholars  under  his  control  He  will  not 
only  find  out  what  they  are  thinking  about,  and  how  they  are  thinking  of  it, 
but  he  is  able  to  turn  their  thoughts  into  almost  any  channel  he  leases  And 
it  is  next  to  impossible  for  one  person  to  direct  the  current  of  anothei  s 
thoughts  on  any  subject,  unless  he  knows  the  channel  in  which  they  aie 

This  subject  also  suggests  a hint  with  regard  to  mak mg  1 books  “d  espe- 
cially those  for  children.  The  author  should  endeavor  to  instruct,  by  furnish- 
ing the  learner  with  occasions  for  thinking  and  exercising  his  own  reasoning 
powers,  and  he  should  not  endeavor  to  think  and  reason  for  him  It  * often 
+w  tbe™  should  be  a regular  course  of  reasoning  in  the  booh  on 

“ought  "*  t0  b?rPti  endure  to 
if  it  can  possibly  be  avoided,  until  he  has  examined  the  subject  and  come  to 

a conch, sion  in  his  own  way.  Then  it  is  well  for  him  to  follow  the  reasoning 

of  others,  and  see  how  they  think  of  it. 

I will  now  say  a few  words  concerning  recitations.  They  are  of  very  great 

importance  in  instruction  in  a great  many  points  of  view;  and  it  is  very 
essential  that  they  be  well  conducted.  They  arc  the  principal  means  which 
the  teacher  has  to  know  what  progress  the  scholars  are  making.  It  is  chiefly 
at  recitations  that  one  scholar  can  compare  himself  with  another;  conse- 
quently they  furnish  the  most  effectual  means  of  promoting  emulation.  They 
are  an  excellent  exercise  for  the  scholar,  for  forming  the  habit  of  expressing 
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his  ideas  properly  and  readily.  The  scholar  will  be  likely  to  learn  his  lesson  j 

more  thoroughly  when  he  knows  he  shall  be  called  upon  to  explain  it.  They 
give  him  an  opportunity  to  discover  whether  he  understands  his  subject  fully 
or  not,  which  he  will  not  always  be  sure  of,  until  he  is  called  upon  to  give 
an  account  of  it.  Recitations  in  arithmetic,  when  properly  conducted,  pro- 
duce a habit  of  quick  and  ready  reckoning  on  the  spur  of  the  occasion,  which 
can  be  produced  in  no  other  way  except  in  the  business  of  life;  and  then  only 
when  the  business  is  of  a kind  to  require  constant  practice.  They  are  there- 
fore a great  help  in  preparing  scholars  for  business.  I 

Directions  concerning  recitations  must  be  general.  Each  teacher  must 
manage  the  detail  of  them  in  his  own  way.  j 

i. 

In  the  first  place,  the  scholar  should  be  thoroughly  prepared  before  he  j 

attempts  to  recite.  No  lessons  should  be  received  by  the  teacher  that  are  j 

not  well  learned.  If  this  is  not  insisted  on,  the  scholar  will  soon  become  care-  1 

’ I 

less  and  inattentive. 

» j: 

It  is  best  that  the  recitations,  both  in  intellectual  and  written  arithmetic, 

should  be  in  classes,  when  practicable.  It  is  best  that  they  should  be  without 
the  book,  and  that  the  scholar  should  perform  the  examples  from  hearing 
them  read  by  the  teacher.  Questions  that  are  put  out  to  be  solved  at  the 
recitation  should  be  solved  at  the  recitation,  and  not  answered  from  mem- 
ory. The  scholars  should  frequently  be  required  to  explain  fully  and  clearly 
the  steps  by  which  they  solve  a question  and  the  reasons  for  them.  Recita- 
tions should  be  conducted  briskly  and  not  suffered  to  lag  and  become  dull. 

The  attention  of  every  scholar  should  be  kept  on  the  subject,  if  possible, 
so  that  all  shall  hear  everything  that  is  said.  For  this  it  is  necessary  that 
the  questions  pass  around  quickly,  and  that  no  scholar  be  allowed  a longer  j 

time  to  think  than  is  absolutely  necessary.  If  the  lesson  is  prepared  as  it  I 

should  be,  it  will  not  take  the  scholar  long  to  give  his  answer.  It  is  not  well  j 

to  ask  one  scholar  too  many  questions  at  a time ; for  by  that  there  is  danger  j 

of  losing  the  attention  of  the  rest.  It  is  a good  plan,  when  practicable,  so  to 
manage  the  recitation  that  every  scholar  shall  endeavor  to  solve  each  ques-  i 

tion  that  is  proposed  for  solution  at  the  time  of  recitation.  This  may  some-  * 

times  be  done  by  proposing  the  question  without  letting  it  be  known  who  is 
to  answer  it  until  all  have  had  time  to  solve  it,  and  then  calling  upon  some- 
one for  the  answer.  No  further  time  should  be  allowed  for  the  solution;  buit 
if  the  scholar  so  called  on  is  not  ready,  the  question  should  be  immediately 
put  to  another  in  the  same  manner. 

There  is  one  point  more  which  I shall  urge,  and  it  is  one  which  I consider 
the  most  important  of  all.  It  is  to  make  the  scholars  study.  I can  give  no 
directions  how  to  do  it.  Each  teacher  must  do  it  in  his  own  way,  if  he  does 
it  at  all.  He  who  succeeds  in  making  his  scholars  study  will  succeed  in  mak- 
ing them  learn,  whether  he  does  it  by  punishing,  or  hiring,  or  persuading, 
or  by  exciting  emulation,  or  by  making  the  studies  so  interesting  that  they 
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do  it  for  the  love  of  it.  It  is  useless  for  me  to  say  which  will  produce  the  best 
effects  upon  the  scholars;  each  of  you  may  judge  of  that  for  yourselves.  But 
this  I say,  that  he  who  makes  his  scholars  study  will  make  them  learn ; and 
he  who  does  not  will  not  make  them  learn  much  or  well.  There  never  has 
been  found  a royal  road  to  learning  of  any  kind,  and  I presume  there  nevei 
will  be.  Or  if  there  should  be,  I may  venture  to  say  that  learning  so  obtained 
will  not  be  worth  the  having.  It  is  a law  of  our  nature,  and  a.  wise  one  too, 
that  nothing  truly  valuable  can  be  obtained  without  labor. 

There  are  some  facilities  for  learning  at  the  present  day,  perhaps,  which 
were  not  formerly  known.  These  serve  to  render  study  less  irksome,  but  they 
do  not  render  it  less  necessary.  They  enable  the  scholar  to  obtain  more 
knowledge  with  an  equal  quantity  of  labor,  but  they  do  not  enable  him  to 
obtain  any  valuable  knowledge  without  labor.  If  scholars  were  to  learn 
wholly  by  the  assistance  of  the  teacher,  without  any  efforts  of  their  own,  they 
would  acquire  habits  of  idleness  and  inactivity  which  would  be  more  in- 
jurious to  them  than  their  learning  would  be  beneficial;  and  they  would  be 
little  able  to  make  any  progress  in  learning  after  leaving  school.  But  the 
scholar  who  is  made  to  apply  himself  closely,  and  to  learn  by  his  own  efforts, 
acquires  habits  of  diligence  and  perseverance  which  will  be  useful  to  him 
through  life.  And  he  learns  (which  is  of  more  advantage  than  the  imme- 
diate subject  of  his  studies)  how  to  learn  by  his  own  efforts,  without  the  aid 
of  a teacher. 

I have  now  briefly  noticed  what  I consider  the  essential  points  to  be 
attended  to  in  teaching  arithmetic.  Many  of  them,  as  I observed  before,  are 
not  peculiar  to  arithmetic  but  apply  equally  to  all  subjects.  And  I dare  say 
you  will  hear  some  of  them  much  more  ably  discussed  during  the  course. 
But  there  are  many  essential  points  of  a good  instructor  that  cannot  be 
taught  by  lecture.  This  I will  not  undertake  to  describe.  One  point  moie, 
however,  I will  remark:  that  to  teach  a subject  well,  it  is  necessary  for  the 
teacher  to  understand  it  well  himself,  and  to  take  an  interest  in  it;  otherwise 
he  will  not  make  it  interesting  to  his  scholars. 

A_llow  me  to  close  with  a few  remarks,  expressing,  though  imperfectly, 
the  interest  I feel  in  the  occasion  that  has  brought  us  together.  There  have 
been,  in  every  age,  a few  persons  who  have  felt  the  importance  of  the  sub- 
ject of  education.  But  generally  the  numbers  have  been  few.  The  business 
of  teaching,  except  in  great  seminaries,  has  not  been  considered  as  one  of  the 
most  honorable  occupations,  but  rather  degraded;  so  that  few  persons  of 
talents  would  engage  in  it.  Even  in  our  own  country  and  age,  it  has  been 
too  much  the  case  that  persons  with  a little  learning,  and  unwilling  to  work 
and  unfit  for  anything  else,  have  turned  schoolmasters,  and  have  been  en- 
couraged in  it.  They  have  been  encouraged  in  it  because  ihe  pay  of  school 
teachers,  in  most  instances,  has  been  just  sufficient  to  obtain  that  class  of 
persons,  and  no  other  but  one,  which,  with  few  exceptions,  is  not  much  bet- 
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ter.  I mean  such  as  engage  in  the  business  of  teaching  for  a short  time,  in 
order  to  discharge  a few  debts  previous  to  entering  on  a profession. 

But  a new  era,  I trust,  is  now  opened  upon  us.  The  community  at  large 
is  beginning  to  feel  the  importance  of  the  subject,  and  to  show  an  interest 
in  it.  The  fact  of  there  being  so  many  persons,  both  teachers  and  others,  and 
many  of  them  from  distant  parts  of  the  country,  collected  here  on  this  occa- 
sion, is  a sufficient  proof  that  the  interest  is  neither  small  nor  confined  to 
one  section  of  the  country.  A few  years  ago  it  would  have  been  impossible 
to  assemble  such  a number  of  persons  for  such  a purpose.  It  seems  now  to 
be  generally  agreed  that  the  business  of  teaching  ought  to  be  considered  as 
a profession ; and  that  the  persons  engaging  in  it  ought  to  be  instructed  ex- 
pressly for  it,  as  for  a profession.  And  institutions  are  getting  up  for  that 
purpose.  Your  assembling  here  in  this  way,  for  mutual  instruction  on  this 
important  subject,  though  it  will  not  supply  the  place  of  regular  institutions 
for  it,  will  greatly  promote  the  general  object  and  hasten  on  the  period  of 
their  adoption.  I rejoice,  therefore,  to  see  this  meeting.  Though  at  present 
engaged  in  a pursuit  very  different  from  yours,  I cheerfully  accepted  the  pro- 
posals to  deliver  a lecture  before  you ; not  because  I felt  that  I could  do  the 
subject  justice,  but  because  I was  glad  of  the  opportunity  of  contributing 
my  mite,  however  small,  to  the  promotion  of  so  great  a cause.  I hope,  there- 
fore, that  you  will  improve  the  opportunity  you  now  have  of  receiving  and 
communicating  information,  and  that  you  will  lay  the  foundation  of  a great 
work  of  which  not  only  your  own  immediate  neighborhoods,  but  our  country 
at  large,  and  not  our  country  only,  but  the  whole  world,  shall  fee!  the  influ- 
ence. 


? 
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CHARLES  DAVIES 


Charles  Davies  (1798-1876)  taught  mathematics  at  the  United 
States  Military  Academy  at  West  Point,  at  Trinity  College  in 
Connecticut,  and  at  Columbia  College.  He  is  credited  with  the  first 
American  book  on  mathematics  teaching  methods,  The  Logic  and 
Utility  of  Mathematics  with  the  Best  Methods  of  Instruction  Ex- 
plained and  Illustrated  (1850),  from  which  the  first  selections  be- 
low are  taken.  He  also  wrote  or  translated  from  the  French  mathe- 
matics texts  ranging  from  primary  arithmetic  through  the  calculus. 
Some  of  his  books  were  in  print  well  into  the  twentieth  century. 

Also  included  here  are  the  preface  and  first  page  of  Davies’s 
University  Arithmetic.  The  preface  contains  a description  of  a rea- 
sonably typical  graded  series  of  arithmetic  texts  of  the  era.  While 
we  may  now  consider  arithmetic  a rather  mundane  subject  for  the 
university,  this  book  is  more  sophisticated  than  the  word  arithmetic 
suggests.  It  contains  a more  thorough  section  on  repeating  deci- 
mals than  most  modern  texts  for  teacher  training,  and  it  also  has 
a section  on  continued  fractions. 
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CHAPTER  III. 
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GEOMETRY 

§ 237.  Geometry  treats  of  space,  and  com- 
pares portions  of  space  with  each  other,  for  the 
purpose  of  pointing  out  their  properties  and  mu- 
tual relations.  The  science  consists  in  the  de- 
velopment of  all  the  laws  relating  to  space,  and 
is  made  up  of  the  processes  and  rules,  by  means 
of  which  portions  of  space  can  be  best  compared 
with  each  other.  The  truths  of  Geometry  are  a 
series  of  dependent  propositions,  and  may  be  di- 
vided into  three  classes: 

1st.  Truths  implied  in  the  definitions,  viz.  that 
things  do  exist,  or  may  exist,  corresponding  to 
the  words  defined.  For  example:  when  we  say, 
<4A  quadrilateral  is  a rectilinear  figure  having 
four  sides/'  we  imply  the  existence  of  such  a 
figure. 

2d.  Self-evident,  or  intuitive  truths,  embodied 
in  the  axioms;  and, 

3d.  Truths  inferred  from  the  definitions  and 
axioms,  called  Demonstrative  Truths.  We  say 
that  a truth  or  proposition  is  proved  or  demon- 
strated, when,  by  a course  of  reasoning,  it  is 
shown  to  be  included  under  some  other  truth  or 
proposition,  previously  known,  and  from  which 
is  said  to  follow;  hence, 

A Demonstration  is  a series  of  logical  argu- 


Geometry. 


Its  science. 


Its  truths. 

Of  three  kinds. 

1st.  Those  implied  in 
the  definitions. 


2d.  Axioms. 

3d.  Demonstrative 
truths. 

When  demonstrated. 
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ments,  brought  to  a conclusion,  in  which  the 
major  premises  are  definitions,  axioms,  or  prop- 
ositions already  established. 


§ 238.  Before  we  can  understand  the  proofs 
or  demonstrations  of  Geometry,  we  must  under- 
stand what  that  is  to  which  demonstration  is 

", Subjects  of  Geometry. 

applicable:  hence,  the  first  thing  necessary  is 
to  form  a clear  conception  of  space,  the  subject 
of  all  geometrical  reasoning. 

The  next  step  is  to  give  names  to  particular 
forms  or  limited  portions  of  space,  and  to  define 
these  names  accurately.  The  definitions  of  these 
names  are  the  definitions  of  Geometry,  and  the 
portions  of  space  corresponding  to  them  are 

Names  of  forms. 

called  Figures,  or  Geometrical  Magnitudes;  of 
which  there  are  three  general  classes: 

1st.  Lines; 

2d.  Surfaces; 

3d.  Solids. 

Figures. 

Three  kinds. 

First. 

Second. 

Third. 

§ 239.  Lines  embrace  only  one  dimension  of 
space,  viz.  length,  without  breadth  or  thickness. 
The  extremities,  or  limits  of  a line,  are  called 
points. 

Lines. 

There  are  two  general  classes  of  lines — straight 
lines  and  curved  lines.  A straight  line  is  one 
which  lies  in  the  same  direction  between  any 
two  of  its  points ; and  a curved  line  is  one  which 
constantly  changes  its  direction  at  every  point. 

Two  classes:  Straight 
and  Curved. 

There  is  but  one  kind  of  straight  line,  and  that  is 
fully  characterized  by  the  definition.  From  the 
definition  we  may  infer  the  following  axiom:  “A 
straight  line  is  the  shortest  distance  between  two 

One  kind  of  straight 
line : 

points.”  There  are  many  kinds  of  curves,  of 
which  the  circumference  of  the  circle  is  the  sim- 
plest and  the  most  easily  described. 

many  of  curves. 

§ 240.  Surfaces  embrace  two  dimensions  of 
space,  viz.  length  and  breadth,  but  not  thickness. 

Surfaces: 

Surfaces,  like  lines,  are  also  divided  into  two 
general  classes,  viz.  plane  surfaces  and  curved 
surfaces. 

Plane  and  Curved. 
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A plane  surface  is  that  with  which  a straight 
line,  any  how  placed,  and  having  two  points 
common  with  the  surface,  will  coincide  through- 
out its  entire  extent.  Such  a surface  is  per- 
fectly even,  and  is  commonly  designated  by  the 
term  “A  plane.”  A large  class  of  the  figures 
of  Geometry  are  but  portions  of  a plane,  and  all 
such  are  called  plane  figures. 

§ 241.  A portion  of  a plane,  bounded  by  three 
straight  lines,  is  called  a triangle,  and  this  is  the 
simplest  of  the  plane  figures.  There  are  several 
kinds  of  triangles,  differing  from  each  other, 
however,  only  in  the  relative  values  of  their 
sides  and  angles.  For  example:  when  the  sides 
are  all  equal  to  each  other,  the  triangle  is  called 
equilateral;  when  two  of  the  sides  are  equal,  it 
is  called  isosceles;  and4 scalene,  when  the  three 
sides  are  all  unequal.  If  one  of  the  angles  is  a 
right  angle,  the  triangle  is  called  a right-angled 
triangle. 

§ 242.  The  next  simplest  class  of  plane  figures 
comprises  all  those  which  are  bounded  by  four 
straight  lines,  and  are  called  quadrilaterals. 
There  are  several  varieties  of  this  class: 

1st.  The  mere  quadrilateral,  which  has  no 
mark,  except  that  of  having  four  sides; 

2d.  The  trapezoid,  which  has  two  sides  par- 
allel and  two  not  parallel ; 

3d.  The  parallelogram,  which  has  its  opposite 
sides  parallel  and  its  angles  oblique  ; 

4th.  The  rectangle,  which  has  all  its  angles 
right  angles  and  its  opposite  sides  parallel;  and, 

5th.  The  square,  which  has  its  four  sides  equal 
to  each  other,  each  to  each,  and  its  four  angles 
right  angles. 

§ 243.  Plane  figures,  bounded  by  straight 
lines,  having  a number  of  sides  greater  than  four, 
take  names  corresponding  to  the  number  of 
sides,  viz.  Pentagons,  Hexagons,  Heptagons,  &c. 
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A plane  surface: 

Perfectly  even. 
Plane  Figures. 

A triangle , the  most 
simple  figure. 

Kinds  of  triangles. 


Quadrilaterals. 
1st  sp&des. 

2d  species. 

3d  species-. 

4th  species. 

5th  species. 

Other  Polygons. 
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§ 244,  A portion  of  a plane  bounded  by  a 
cui\cd  line,  all  the  points  of  which  are  equally 
distant  from  a certain  point  within  called  the 
cenue,  is  called  a circle,  and  the  bounding  line 
is  called  the  circumference.  This  is  the  only  curve 
usually  treated  of  in  Elementary  Geometry. 

§ 245.  A curved  surface,  like  a plane,  em- 
braces the  two  dimensions  of  length  and  breadth. 
It  is  not  even,  like  the  plane,  throughout  its 
whole  extent,  and  therefore  a straight  line  may 
have  two  points  in  common,  and  yet  not  coincide 
with  it.  The  surface  of  the  cone,  of  the  sphere, 
and  cylinder,  are  the  curved  surfaces  treated  of 
in  Elementary  Geometry, 

§ 246.  A solid  is  a portion  of  space,  combin- 
ing the  three  dimensions  of  length,  breadth,  and 
thickness.  Solids  are  divided  into  three  classes: 

1st.  Those  bounded  by  planes; 

2d.  Those  bounded  by  plane  and  curved  sur- 
faces; and, 

3d.  Those  bounded  only  by  curved  surfaces. 

The  first  class  .embraces  the  pyramid  and 
prism  with  their  several  varieties;  the  second 
class  embraces  the  cylinder  and  cone;  and  the 
third  class  the  sphere,  together  with  others  not 
generally  treated  of  in  Elementary  Geometry. 

§ 247.  A e have  now  named  all  the  geomet- 
lical  magnitudes  treated  of  in  elementary  Ge- 
ometry. They  are  merely  limited  portions  of 
space,  and  do  not,  necessarily , involve  the  idea 
of  matter.  A sphere,  for  example,  fulfills  all  the 
conditions  imposed  by  its  definitions,  without  any 
lefeience  to  what  may  be  within  the  space  en- 
closed by  its  surface.  That  space  may  be  oc- 
cupied by  lead,  iron,  or  air,  or  may  be  a vacuum, 
without  at  all  changing  the  nature  of  the  sphere,' 
as  a geometrical  magnitude. 

It  should  be  observed  that  the  boundary  or 
limit  of  a geometrical  magnitude,  is  another  geo- 
metrical magnitude,  having  one  dimension  less. 
For  example:  the  boundary  or  limit  of  a solid, 
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which  has  three  dimensions,  is  always  a surface 
which  has  but  two:  the  limits  or  boundaries  of 
all  surfaces  are  lines,  straight  or  curved;  and  the 
extremities  or  limits  of  lines  are  points. 

§ 248.  We  have  now  named  and  shown  the 
nature  of  the  things  which  are  the  subjects  of 
Elementary  Geometry.  The  science  of  Ge- 
ometry is  a collection  of  those  connected  pro- 
cesses by  which  we  determine  the  measures, 
properties,  and  relations  of  these  magnitudes. 


COMPARISON  OF  FIGURES  WITH  UNITS 

§ 249.  We  have  seen  that  the  term  measure 
implies  a comparison  of  the  thing  measured  with 
some  known  thing  of  the  same  kind,  regarded 
as  a standard;  and  that  such  standard  is  called 
the  unit  of  measure.  The  unit  of  measure  forlines 
must,  therefore,  be  a line  of  a known  length: 
a foot,  a yard,  a rod,  a mile,  or  any  other  known 
unit.  For  surfaces,  it  is  a ' square  constructed 
on  the  linear  unit  as  a side:  that  is,  a square 
foot,  a square  yard,  a square  rod,  a square  mile ; 
that  is,  a square  described  on  any  known  unit 
of  length. 

The  unit  of  measure,  for  solidity,  is  a solid, 
and  therefore  has  three  dimensions.  It  is  a cube 
constructed  on  a linear  unit  as  an  edge,  or  on 
the  superficial  unit  as  a base.  It  is,  therefore, 
a cubic  foot,  a cubic  yard,  a cubic  rod,  &c. 
Hence,  there  are  three  units  of  measure,  each 
differing  in  kind  from  the  other  two,  viz.  a known 
length  for  the  measurement  of  lines;  a known 
square  for  the  measurement  of  surfaces;  and  a 
known  cube  for  the  measurement  of  solids.  The 
measure  or  contents  of  any  magnitude,  belong- 
ing to  either  class,  is  ascertained  by  finding  how 
many  times  that  magnitude  contains  its  unit  of 
measure. 

§ 250.  There  is  yet  another  class  of  magni- 
tudes with  which  Geometry  is  conversant,  called 
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Angles.  They  are  not,  however,  elementary 
magnitudes,  but  arise  from  the  relative  positions 
of  those  already  described.  The  unit  of  this 
class  is  the  right  angle;  and  with  this  as  a stand- 
ard, all  other  angles  are  compared. 

§ 251.  We  have  dwelt  with  much  detail  on 
the  unit  of  measure,  because  it  furnishes  the 
only  basis  of  estimating  quantity.  The  con- 
ception of  number  and  space  merely  opens  to 
the  intellectual  vision  an  unmeasured  field  of 
investigation  and  thought,  as  the  ascent  to  the 
summit  of  a mountain  presents  to  the  eye  a 
wide  and  unsurveyed  horizon.  To  ascertain  the 
tr'ght  of  the  point  of  view,  the  diameter  of  the 
•>  arrounding  circular  area  and  the  distance  to 
any  point  which  may  be  seen,  some  standard  or 
unity  must  be  known,  and  its  value  distinctly 
apprehended.  So,  also,  number  and  space,  which 
at  first  fill  the  mind  with  vague  and  indefinite 
conceptions,  are  to  be  finally  measured  by  units 
of  ascertained  value. 

§ 252.  It  is  found,  on  careful  analysis,  that 
every  number  may  be  referred  to  the  unit  one, 
as  a standard,  and  when  the  signification  of  the 
term  one  is  clearly  apprehended,  that  any  num- 
ber, whether  large  or  small,  whether  integer  or 
fractional,  may  be  deduced  from  the  standard 
by  an  easy  and  known  process. 

In  space,  also,  which  is  indefinite  in  extent, 
and  exactly  similar  in  all  its  parts,  the  faculties 
of  the  mind  have  established  ideal  boundaries. 
These  boundaries  give  rise  to  the  geometrical 
magnitudes,  each  of  which  has  its  own  unit  of 
measure;  and  by  these  simple  contrivances,  we 
measure  space,  even  to  the  stars,  as  with  a yard- 
stick. 

§ 253.  We  have,  thus  far,  not  alluded  to  the 
difficulty  of  detennining  the  exact  length  of  that 
which  we  regard  as  a standard.  We  are  pre- 
sented with  a given  length,  and  told  that  it  is 


Angles: 
Their  unit. 


Importance  of  the  unit 
of  measure: 


Space  indefinite  with- 
out it: 


and  always  measured 
by  it. 


Every  number  may  be 
referred  to  the  unit  one. 


Space : 

Its  ideal  boundaries. 


Conception  of  the  unit 
of  measure: 


47 


The  ■ of  Teaching  Mathematics  (1828-90) 

called  a foot  or  a yard,  and  this  being  usually 
done  at  period  of  life  when  the  mind  is  satis- 
fied witn  mere  facts,  we  adopt  the  conception 
of  a distance  corresponding  to  a name,  and  then 
by  multiplying  and  dividing  that  distance  we 
are  enabled  to  apprehend  other  distances.  But 
this  by  no  means  answers  the  inquiry,  What  is 
the  standard  for  measurement? 

Under  the  supposition  that  the  laws  of  phys- 
ical nature  operate  uniformly,  the  unit  of  meas- 
ure in  England  and  the  United  States  has  been 
fixed  by  ascertaining  the  length  of  a pendulum 
which  will  vibrate  seconds,  and  to  this  length 
the  Imperial  yard,  which  we  have  also  adopted 
as  a standard,  is  referred.  Hence,  the  unit  of 
measure  is  referred  to  a natural  standard,  viz.  to 
the  distance  between  the  axis  of  suspension  and 
the  centre  of  oscillation  of  a pendulum  which 
shall  vibrate  seconds  in  vacuo,  in  London,  at  the 
level  of  the  sea.  This  distance  is  declared  to 
be  39.1393  imperial  inches;  that  is,  3 imperial 
feet  and  3.1393  inches.  Thus,  the  determina- 
tion of  the  unit  of  length  demands  the  applica- 
tion of  the  most  abstruse  science,  combined  with 
accurate  observation  and  delicate  experiment. 

Could  this  distance,  or  unit,  have  been  exactly 
ascertained  before  the  measures  of  the  world 
were  fixed,  and  in  general  use,  it  would  have 
afforded  a standard  at  once  certain  and  conve- 
nient, and  all  distances  would  then  have  been 
expressed  in  numbers  arising  from  its  multipli- 
cation or  exact  division.  But  as  the  measures 
of  the  world  (and  consequently  their  units)  were 
fixed  antecedently  to  the  determination  of  this 
distance,  it  was  expressed  in  measures  already 
known;  and  hence,  instead  of  being  represented 
by  1,  which  had  already  been  appropriated  to 
the  foot,  it  was  expressed  in  terms  of  the  foot, 
viz.  39.1393  inches,  and  this  is  now  the  standard 
to  which  all  units  of  measure  are  referred. 


§ 254.  The  unit  of  measure  is  not  only  im- 
portant as  affording  a basis  for  all  measurement, 
but  is  also  the  element  from  which  we  deduce 
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the  unit  of  weight.  The  weight  of  27.7015  cubic 
inches  of  distilled  water  is  taken  as  the  standard, 
weighing  exactly  one  pound  avoirdupois,  and 
this  quantity  of  water  is  determined  from  the 
unit  of  length;  that  is,  the  determination  of  it 
reaches  back  to  the  length  of  a pendulum  which 
will  vibrate  seconds  in  the  latitude  of  London. 

§ 255.  Two  geometrical  figures  are  said  to  be 
equivalent,  when  they  contain  the  same  unit  of 
measure  an  equal  number  of  times.  Two  figures 
are  said  to  be  equal  when  they  can  be  so  applied 
to  each  other  as  to  coincide  throughout  their 
whole  extent.  Hence,  equivalency  refers  to 
measure,  and  equality  to  coincidence.  Indeed, 
coincidence  is  the  only  test  of  geometrical  equal- 
ity. All  equal  figures  are  of  course  equivalent, 
though  equivalent  figures  are  by  no  means  equal. 
Equality  is  equivalency,  with  the  further  mark 
of  coincidence. 


SUGGESTIONS  FOR  THOSE  WHO  TEACH 

1.  Be  sure  that  your  pupils  have  a clear  ap- 
prehension of  space,  and  of  the  notion  that  Ge- 
ometry is  conversant  about  space  only. 

2.  Be  sure  that  they  understand  the  significa- 
tion of  the  terms,  lines,  surfaces,  and  solids,  and 
that  these  names  indicate  certain  portions  of 
space  corresponding  to  them. 

3.  See  that  they  understand  the  distinction  be- 
tween a straight  line  and  a curve;  between  a 
plane  surface  and  a curved  surface;  between  a 
solid  bounded  by  planes  and  a solid  bounded  by 
curved  surfaces. 

4.  Be  careful  to  have  them  note  the  charac- 
teristics of  the  different  species  of  plane  figures, 
such  as  triangles,  quadrilaterals,  pentagons,  hex- 
agons, &e.;  and  then  the  characteristic  of  each 
class  or  subspecies,  so  that  the  name  shall  recall, 
at  once,  the  characteristic  properties  of  each 
figure. 
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5.  Be  careful,  also,  to  have  them  note  the 
characteristic  differences  of  the  solids.  Let 
them  often  name  and  distinguish  those  which 
are  bounded  by  planes,  those  bounded  by  plane 
and  curved  surfaces,  and  those  bounded  by 
curved  surfaces  only.  Regarding  Solids  as  a 
genus,  let  them  give  the  species  and  subspecies 
into  which  the  solid  bodies  may  be  divided. 

6.  Having  thus  made  them  familiar  with  the 
things  which  are  the  subjects  of  the  reasoning, 
explain  carefully  the  nature  of  the  definitions; 
then  of  the  axioms,  the  grounds  of  our  belief  in 
them,  and  the  information  from  which  those 
self-evident  truths  are  inferred. 

7.  Then  explain  to  them,  that  the  definitions 
and  axioms  are  the  basis  of  all  geometrical  rea- 
soning: that  every  proposition  must  be  deduced 
from  them,  and  that  they  afford  the  tests  of  all 
the  truths  which  the  reasonings  establish. 

8.  Let  every  figure,  used  in  a demonstration, 
be  accurately  drawn,  by  the  pupil  himself,  on  a 
blackboard.  This  will  establish  a connection  be- 
tween the  eye  and  the  hand,  and  give,  at  the  same 
time,  a clear  perception  of  the  figure  and  a dis- 
tinct apprehension  of  the  relations  of  its  parts. 

9.  Let  the  pupil,  in  every  demonstration,  first 
enunciate,  in  general  terms,  that  is,  without  the 
aid  of  a diagram,  or  any  reference  to  one,  the 
proposition  to  be  proved;  and  then  state  the 
principles  previously  established,  which  are  to 
be  employed  in  making  out  the  proof. 

10.  When  in  the  course  of  a demonstration, 
any  truth  is  inferred  from  its  connection  with 
one  before  known,  let  the  truth  so  referred  to  be 
fully  and  accurately  stated,  even  though  the 
number  of  the  proposition  in  which  it  is  proved, 
be  also  required.  This  is  deemed  important. 

11.  Let  the  pupil  be  made  to  understand  that 
a demonstration  is  but  a series  of  logical  argu- 
ments arising  from  comparison,  and  that  the 
result  of  every  comparison,  in  respect  to  quan- 
tity, contains  the  mark  either  of  equality  or 
inequality. 
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12.  Let  the  distinction  between  a positive 
and  negative  demonstration  be  fully  explained 
and  clearly  apprehended. 

13.  In  the  comparison  of  quantities  with  each 
other,  great  care  should  be  taken  to  impress  the 
fact  that  proportion  exists  only  between  quan- 
tities of  the  same  kind,  and  that  ratio  is  the 
measure  of  proportion. 

14.  Do  not  fail  to  give  much  importance  to 
the  kind  of  quantity  under  consideration.  Let 
the  question  be  often  put,  What  kind  of  quantity 
are  you  considering?  Is  it  a line,  a surface,  or 
a solid?  And  what  kind  of  a line  surface,  or 
solid? 

15.  In  all  cases  of  measurement,  the  unit  of 
measure  should  receive  special  attention.  If 
lines  are  measured,  or  compared  by  means  of  a 
common  unit,  see  that  the  pupil  perceives  that 
unit  clearly,  and  apprehends  distinctly  its  rela- 
tions to  the  lines  which  it  measures.  In  sur- 
faces, take  much  pains  to  mark  out  on  the 
blackboard  the  particular  square  which  forms 
the  unit  of  measure,  and  write  unit,  or  unit  of 
measure,  over  it.  So  in  the  measurement  of 
solidity,  let  the  unit  or  measuring  cube  be  ex- 
hibited, and  the  conception  of  its  size  clearly 
formed  in  the  mind;  and  then  impress  the  im- 
portant fact,  that,  all  measurement  consists  in 
merely  comparing  a unit  of  measure  with  the 
quantity  measured;  and  that  the  number  which 
expresses  the  ratio  is  the  numerical  expression 
for  that  measure. 

16.  Be  careful  to  explain  the  difference  of  the 
terms  Equal  and  Equivalent,  and  never  permit 
the  pupil  to  use  them  as  synonymous.  An  ac- 
curate use  of  words  leads  to  nice  discriminations 
of  thought. 
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CHAPTER  IV. 


Analysis — Algebra — Analytical  Geometry 
Differential  and  Integral  Calculus 


SUGGESTIONS  FOR  THOSE  WHO  TEACH  ALGEBRA. 


1.  Be  careful  to  explain  that  the  letters  em- 
ployed, are  the  mere  symbols  of  quantity.  That 
of,  and  in  themselves,  they  have  no  meaning  or 
signification  whatever,  but  are  used  merely  as 
the  signs  or  representatives  of  such  quantities 
as  they  may  be  employed  to  denote. 

2.  Be  careful  to  explain  that  the  signs  which 
are  used  are  employed  merely  for  the  purpose 
of  indicating  the  five  operations  which  may  be 
performed  on  quantity)  and  that  they  indicate 
operations  merely,  without  at  all  affecting  the 
nature  of  the  quantities  before  which  they  are 
placed. 

3.  Explain  that  the  letters  and  signs  are  the 
elements  of  the  algebraic  language,  and  that  the 
language  itself  arises  from  the  combination  of 
these  elements. 

4.  Explain  that  the  finding  of  an  algebraic 
formula  is  but  the  translation  of  certain  ideas, 
first  expressed  in  our  common  language,  into 
the  language  of  Algebra;  and  that  the  interpre- 
tation of  an  algebraic  formula  is  merely  trans- 
lating its  various  significations  into  common 
language. 

5.  Let  the  language  of  Algebra  be  carefully 
studied,  so  that  its  construction  and  significa- 
tions may  be  clearly  apprehended. 

6.  Let  the  difference  between  a coefficient 
and  an  exponent  be  carefully  noted,  and  the 
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office  of  each  often  explained;  and  illustrate  fre- 
quently the  signification  of  the  language  by  at- 
tributing numerical  values  to  letters  in  various 
algebraic  expressions. 

7.  Point  out  often  the  characteristics  of  sim- 
ilar and  dissimilar  quantities,  and  explain  which 
may  be  incorporated  and  which  cannot. 

8.  Explain  the  power  of  the  minus  sign,  as 
shown  in  the  four  ground  rules,  but  very  par- 
ticularly as  it  is  illustrated  in  subtraction  and 
multiplication. 

9.  Point  out  and  illustrate  the  correspondence 
between  the  four  ground  rules  of  Arithmetic 
and  Algebra;  and  impress  the  fact,  that  their 
differences,  wherever  they  appear,  arise  merely 
from  differences  in  notation  and  language:  the 
prin:iples  which  govern  the  operations  being 
the  same  in  both. 

10.  Explain  with  great  minuteness  and  par- 
ticularity all  the  characteristic  properties  of  the 
equation;  the  manner  of  forming  it;  the  differ- 
ent kinds  of  quantity  which  enter  into  its  com- 
position; its  examination  or  discussion;  and 
the  different  methods  of  elimination. 

11.  In  the  equation  of  the  second  degree,  be 
careful  to  dwell  on  the  four  forms  which  em- 
brace all  the  cases,  and  illustrate  by  many  ex- 
amples that  every  equation  of  the  second  de- 
gree may  be  reduced  to  one  or  other  of  them. 
Explain  very  particularly  the  meaning  of  the 
term  root;  and  then  show,  why  every  equation 
of  the  first  degree  has  one,  and  every  equation 
of  the  second  degree  two.  Dwell  on  the  prop- 
erties of  these  roots  in  the  equation  of  the  sec- 
ond degree.  Show  why  their  sum,  in  all  the 
forms,  is  equal  to  the  coefficient  of  the  second 
term,  taken  with  a contrary  sign;  and  why  their 
product  is  equal  to  the  absolute  term  with  a 
contrary  sign.  Explain  when  and  why  the  roots 
are  imaginary. 

12.  In  fine,  remember  that  every  operation 
and  rule  is  based  on  a principle  of  science,  and 
that  an  intelligible  reason  may  be  given  for  it. 
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Find  that  reason,  and  impress  it  on  the  mind 
of  your  pupil  in  plain  and  simple  language,  and 
by  familiar  and  appropriate  illustrations.  You 
will  thus  impress  right  habits  of  investigation 
and  study,  and  he  will  grow  in  knowledge.  The 
broad  field  of  analytical  investigation  will  be 
opened  to  his  intellectual  vision,  and  he  will 
have  made  the  first  steps  in  that  sublime  science 
which  discovers  the  laws  of  nature  in  their  most 
secret  hiding-places,  and  follows  them,  as  they 
reach  out,  in  omnipotent  power,  to  control  the 
motions  of  matter  through  the  entire  regions  of 
occupied  space. 
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Utility  of  Mathematics. 

CHAPTER  I. 

The  Utility  of  Mathematics  Considered  as  a Means  of 
Intellectual  Training  and  Culture. 


§ 316.  The  first  efforts  in  mathematical  sci- 
ence are  made  by  the  child  in  the  process  of 
counting.  He  counts  his  fingers,  and  repeats 
the  words  one,  two,  three,  four,  five,  six,  seven, 
eight,  nine,  ten,  until  he  associates  with  these 
words  the  ideas  of  one  or  more,  and  thus  ac- 
quires his  first  notions  of  number.  Hence,  the 
idea  of  number  is  first  presented  to  the  mind  by 
means  of  sensible  objects;  but  when  once  clear- 
ly apprehended,  the  perception  of  the  sensible 
objects  fades  away,  and  the  mind  retains  only 
the  abstract  idea.  Thus,  the  child,  after  count- 
ing for  a time  with  the  aid  of  his  fingers  or  his 
marbles,  dispenses  with  these  cumbrous  helps, 
and  employs  only  the  abstract  ideas,  which  his 
mind  embraces  with  clearness  and  uses  with 
facility. 

§ 317.  In  the  first  stages  of  the  analytical 
methods,  where  the  quantities  considered  are 
represented  by  the  letters  of  the  alphabet,  sen- 
sible objects  again  lend  their  aid  to  enable  the 
mind  to  gain  exact  and  distinct  ideas  of  the 
things  considered;  but  no  sooner  are  these  ideas 
obtained  than  the  mind  loses  sight  of  the  things 
themselves,  and  operates  entirely  through  the 
instrumentality  of  symbols. 

§ 318.  So,  also,  in  Geometry.  The  right  line 
may  first  be  presented  to  the  mind,  as  a black 
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mark  on  paper,  or  a chalk  mark  on  a black- 
board, to  impress  the  geometrical  definition,  that 
“A  straight  line  does  not  change  its  direction 
between  any  two  of  its  points.”  When  this  defi- 
nition is  clearly  apprehended,  the  mind  needs 
no  further  aid  from  the  eye,  for  the  image  is 
forever  imprinted. 

§ 319.  The  idea  of  a plane  surface  may  be 
impressed  by  exhibiting  the  surface  of  a polished 
mirror;  and  thus  the  mind  may  be  aided  in 
apprehending  the  definition,  that  “a  plane  sur- 
face is  one  in  which,  if  any  two  points  be  taken, 
the  straight  line  which  joins  them  will  lie  wholly 
in  the  surface.”  But  when  the  definition  is 
understood,  the  mind  requires  no  sensible  object 
to  aid  its  conception.  The  ideal  alone  fills  the 
mind,  and  the  image  lives  there  without  any 
connection  with  sensible  objects. 

§ 320.  Space  is  indefinite  extension,  in  which 
all  bodies  are  situated.  A solid  or  body  is  any 
portion  of  space  embracing  the  three  dimensions 
of  length,  breadth,  and  thickness.  To  give  to 
the  mind  the  true  conception  of  a solid,  the  aid 
of  the  eye  may  at  first  be  necessary;  but  the 
idea  being  once  impressed,  that  a solid,  in  a 
strictly  mathematical  sense,  means  only  a por- 
tion of  space,  and  has  no  reference  to  the  mat- 
ter with  which  the  space  may  be  filled,  the  mind 
turns  away  from  the  material  object,  and  dwells 
alone  on  the  ideal. 


§ 321.  Although  quantity,  in  its  general  sense, 
is  the  subject  of  mathematical  inquiry,  yet  the 
language  of  mathematics  is  so  constructed,  that 
the  investigations  are  pursued  without  the  slight- 
est reference  to  quantity  as  a material  substance. 
We  have  seen  that  a system  of  symbols,  by 
which  quantities  may  be  represented,  has  been 
adopted,  forming  a language  for  the  expression 
of  ideas  entirely  disconnected  from  material  ob- 
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jects,  and  yet  capable  of  expressing  and  repre- 
senting such  objects.  This  symbolical  language, 
at  once  copious  and  exact,  not  only  enables  us 
to  express  our  known  thoughts,  in  every  depart- 
ment of  mathematical  science,  but  is  a potent 
means  of  pushing  our  inquiries  into  unexplored 
regions,  and  conducting  the  mind  with  certainty 
to  new  and  valuable  truths. 

§ 322.  The  nature  of  that  culture,  which  the 
mind  undergoes  by  being  trained  in  the  use  of 
an  exact  language,  in  which  the  connection  be- 
tween the  sign  and  the  thing  signified  is  unmis- 
takable, has  been  well  set  forth  by  a living 
author,  greatly  distinguished  for  his  scientific 
attainments.1  Of  the  pure  sciences,  he  says: 

“Their  objects  are  so  definite,  and  our  no- 
tions of  them  so  distinct,  that  we  can  reason 
about  them  with  an  assurance  that  the  words 
and  signs  of  our  reasonings  are  full  and  true  rep- 
resentatives of  the  things  signified;  and,  conse- 
quently, that  when  we  use  language  or  signs  in 
argument,  we  neither  by  their  use  introduce 
extraneous  notions,  nor  exclude  any  part  of  the 
case  before  us  from  consideration.  For  exam- 
ple: the  words  space,  square,  circle,  a hundred, 
&c.,  convey  to  the  mind  notions  so  complete 
in  themselves,  and  so  distinct  from  every  thing 
else,  that  we  are  sure  when  we  use  them  we 
know  and  have  in  view  the  whole  of  our  own 
meaning.  It  is  widely  different  with  words  ex- 
pressing natural  objects  and  mixed  relations. 
Take,  for  instance,  Iron.  Different  persons  at- 
tach very  different  ideas  to  this  word.  One  who 
has  never  heard  of  magnetism  has  a widely  dif- 
ferent notion  of  iron  from  one  in  the  contrary 
predicament.  The  vulgar  who  regard  this  metal 
as  incombustible,  and  the  chemist,  who  sees  it 
burn  with  the  utmost  fury,  and  who  has  other 
reasons  for  regarding  it  as  one  of  the  most  com- 
bustible bodies  in  nature;  the  poet,  who  uses 

1.  Sii*  John  Herschel.  Discourse  on  the  study  of 
Natural  Philosophy. 
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it  as  an  emblem  of  rigidity;  and  the  smith  and 
engineer,  in  whose  hands  it  is  plastic,  and  mould- 
ed like  wax  into  every  form;  the  jailer,  who  prizes 
it  as  an  obstruction,  and  the  electrician,  who 
sees  in  it  only  a channel  of  open  communication 
by  which  that  most  impassable  of  obstacles,  the 
air,  may  be  traversed  by  his  imprisoned  fluid, — 
have  all  different,  and  all  imperfect  notions  of 
the  same  word.  The  meaning  of  such  a term 
is  like  the  rainbow — everybody  sees  a different 
one,  and  all  maintain  it  to  be  the  same.” 

“It  is,  in  fact,  in  this  double  or  incomplete 
sense  of  words,  that  we  must  look  for  the  origin 
of  a very  large  portion  of  the  errors  into  which 
vve  fall.  Now,  the  study  of  the  abstract  sciences, 
such  as  Arithmetic,  Geometry,  Algebra,  &c., 
while  they  afford  scope  for  the  exercise  of  rea- 
soning about  objects  that  are,  or,  at  least,  may 
be  conceived  to  be,  external  to  us;  yet,  being 
free  from  these  sources  of  error  and  mistake, 
accustom  us  to  the  strict  use  of  language  as 
an  instrument  of  reason,  and  by  familiarizing  us 
in  our  progress  towards  truth,  to  walk  uprightly 
and  straightforward,  on  firm  ground,  give  us 
that  proper  and  dignified  carriage  of  mind  which 
could  never  be  acquired  by  having  always  to 
pick  our  steps  among  obstructions  and  loose 
fragments,  or  to  steady  them  in  the  reeling  tem- 
pests of  conflicting  meanings.” 

§ 323.  Mr.  Locke  lays  down  two  ways  of  in- 
creasing our  knowledge: 

1st.  “Clear  and  distinct  ideas  with  settled 

names;  and, 

2d.  “The  finding  of  those  which  show  their 
agreement  or  disagreement;”  that  is,  the  search- 
ing out  of  new  ideas  which  result  from  the  com- 
bination of  those  that  are  known. 

In  regard  to  the  first  of  these  ways,  Mr.  Locke 
says:  “The  first  is  to  get  and  settle  in  our  minds 
determined  ideas  of  those  things,  whereof  we 
have  general  or  specific  names;  at  least,  of  so 
many  of  them  as  we  would  consider  and  im- 
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prove  our  knowledge  in,  or  reason  about.”  * * 
"For,  it  being  evident,  that  our  knowledge  can- 
not exceed  our  ideas,  as  far  as  they  are  either  im- 
perfect, confused,  or  obscure,  we  cannot  expect 
to  have  certain,  perfect,  or  clear  knowledge.” 

§ 324.  Now,  the  ideas  which  make  up  our 
knowledge  of  mathematical  science,  fulfil  ex- 
actly these  requirements.  They  are  all  im- 
pressed on  the  mind  by  a fixed,  definite,  and 
certain  language,  and  the  mind  embraces  them 
as  so  many  images  or  pictures,  clear  and  dis- 
tinct in  their  outlines,  with  names  which  sug- 
gest at  once  their  characteristics  and  properties. 

§ 325.  In  the  second  method  of  increasing 
our  knowledge,  pointed  out  by  Mr.  Locke,  math- 
ematical science  offers  the  most  ample  and  the 
surest  means.  The  reasonings  are  all  based  on 
self-evident  truths,  and  are  conducted  by  means 
of  the  most  striking  relations  between  the  known 
and  the  unknown.  The  things  reasoned  about, 
and  the  methods  of  reasoning,  are  so  clearly 
apprehended,  that  the  mind  never  hesitates  or 
doubts.  It  comprehends,  or  it  does  not  compre- 
hend, and  the  line  which  separates  the  known 
from  the  unknown,  is  always  well  defined.  These 
characteristics  give  to  this  system  of  reasoning 
a superiority  over  every  other,  arising,  not  from 
any  difference  in  the  logic,  but  from  a difference 
in  the  things  to  which  the  logic  is  applied.  Ob- 
servation may  deceive,  experiment  may  fail,  and 
experience  prove  treacherous,  but  demonstration 
never. 

"If  it  be  true,  then,  that  mathematics  include 
a perfect  system  of  reasoning,  whose  premises 
are  self-evident,  and  whose  conclusions  are  irre- 
sistible, can  there  be  any  branch  of  science  or 
knowledge  better  adapted  to  the  improvement 
of  the  understanding?  It  is  in  this  capacity, 
as  a strong  and  natural  adjunct  and  instrument 
of  reason,  that  this  science  becomes  the  fit  sub- 
ject of  education  with  all  condition^  of  society, 
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whatever  may  be  their  ultimate  pursuits.  Most 
sciences,  as,  indeed,  most  branches  of  knowledge, 
address  themselves  to  some  particular  taste,  or 
subsequent  avocation;  but  this,  while  it  is  be- 
fore all,  as  a useful  attainment,  especially  adapts 
itself  to  the  cultivation  and  improvement  of  the 
thinking  faculty,  and  is  alike  necessary  to  all 
who  would  be  governed  by  reason,  or  live  for 
usefulness.”2 

§ 326.  The  following,  among  other  consider- 
ations, may  serve  to  point  out  and  illustrate  the 
value  of  mathematical  studies,  as  a means  of 
mental  improvement  and  development. 

1.  We  readily  conceive  and  clearly  apprehend 
the  things  of  which  the  science  treats;  they 
being  things  simple  in  themselves  and  read- 
ily presented  to  the  mind  by  plain  and  familiar 
language.  For  example:  the  idea  of  number,  of 
one  or  more,  is  among  the  first  ideas  implanted 
in  the  mind;  and  the  child  who  counts  h?s  fin- 
gers or  his  marbles,  understands  the  art  of  num- 
bering them  as  perfectly  as  he  can  know  any 
thing.  So,  likewise,  w'hen  he  leavns  the  definition 
of  a straight  line,  of  a triang.e,  of  a square,  of 
a circle,  or  of  a parallelogram,  he  conceives  the 
idea  of  each  perfectly,  and  the  name  and  the 
image  are  inseparably  connected.  These  ideas, 
so  distinct  and  satisfactory,  are  expressed  in  the 
simplest  and  fewest  terms,  and  may,  if  neces- 
sary, be  illustrated  by  the  aid  of  sensible  objects. 

2.  The  words  employed  in  the  definitions 
are  always  used  in  the  same  sense — each  ex- 
pressing at  all  times  the  same  idea;  so  that 
when  a definition  is  apprehended,  the  concep- 
tion of  the  thing,  whose  name  is  defined,  is  per- 
fect in  the  mind. 

There  is,  therefore,  no  doubt  or  ambiguity 
either  in  the  language,  or  in  regard  to  what  is 
affirmed  or  denied  of  the  things  spoken  of ; but 
all  is  certainty,  both  in  the  language  employed 
and  in  the  ideas  which  it  expresses. 

2.  Mansfield’s  Discourse  on  the  Mathematics. 
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3.  The  science  of  mathematics  employs  no 
definition  which  may  not  be  clearly  compre- 
hended— lays  down  no  axioms  not  universally 
true,  and  to  which  the  mind,  by  the  very  laws 
of  its  nature,  readily  assents;  and  because,  also, 
in  the  process  of  the  reasoning,  no  principle  or 
truth  is  taken  for  granted,  but  every  link  in 
the  chain  of  the  argument  is  immediately  con- 
nected with  a definition  or  axiom,  or  with  some 
principle  previously  established. 

4.  The  order  established  in  presenting  the 
subject  to  the  mind,  aids  the  memory  at  the 
same  time  that  it  strengthens  and  improves  the 
reasoning  powers.  For  example:  first,  their 
are  the  definitions  of  the  names  of  the  things 
which  are  the  subjects  of  the  reasoning,  then 
the  axioms,  or  self-evident  truths,  which,  to- 
gether with  the  definitions,  form  the  basis  of  the 
science.  From  these  the  simplest  propositions 
are  deduced,  and  then  follow  others  of  greater 
difficulty;  the  whole  connected  together  by  rig- 
orous logic— each  part  receiving  strength  and 
light  from  all  the  others.  Whence,  it  follows, 
that  any  proposition  may  be  traced  to  first  prin- 
ciples ; its  dependence  upon  and  connection  with 
those  principles  made  obvious;  and  its  truth 
established  by  certain  and  infallible  argument. 

5.  The  demonstrative  argument  of  mathe- 
matics produces  the  most  certain  knowledge 
of  which  the  mind  is  susceptible.  It  estab- 
lishes truth  so  clearly,  that  none  can  doubt  or 
deny.  For,  if  the  premises  are  certain — that  is, 
such  that  all  minds  admit  their  truth  without 
hesitation  or  doubt,  and  if  the  method  of  draw- 
ing the  conclusions  be  lawful — that  is,  in  accord- 
ance with  the  infallible  rules  of  logic,  the  infer- 
ences must  also  be  true.  Truths  thus  established 
may  be  relied  on  for  their  verity ; and  the  knowl- 
edge thus  gained  may  well  be  denominated 
Science. 
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PREFACE. 


Science,  in  its  popular  signification,  means  knowledge  reduced  to  order; 
that  is,  knowledge  so  classified  and  arranged  as  to  be  easily  remembered, 
readily  referred  to,  and  advantageously  applied.  More  strictly,  it  is  a 
knowledge  of  laws , relations,  and  principles. 

Arithmetic  is  the  science  of  numbers,  and  the  art  of  applying  numbers 
to  all  practical  purposes.  It  is  the  foundation  of  the  exact  and  mixed  sci- 
ences, and  an  accurate  knowledge  of  it  is  an  important  element  either  of 
a liberal  or  practical  education. 

It  is  the  first  subject,  in  a well-arranged  course  of  instruction,  to  which 
the  reasoning  faculties  of  the  mind  are  applied,  and  is  the  guide-book  of  the 
mechanic  and  man  of  business.  It  is  the  first  fountain  at  which  the  young 
votary  of  knowledge  drinks  the  pure  waters  of  intellectual  truth. 

It  has  seemed,  to  the  author,  of  the  first  importance  that  this  subject 
should  be  carefully  treated  in  our  Elementary  Textbooks.  In  the  hope  of 
contributing  something  to  so  desirable  an  end,  he  has  prepared  a series  of 
arithmetical  works,  embracing  four  books,  entitled,  Primary  Arithmetic; 
Intellectual  Arithmetic;  Practical  Arithmetic;  and  University  Arithmetic — 
the  latter  of  which  is  the  present  volume. 

Primary  Arithmetic.  This  first-book  is  adapted  to  the  capacities  and 
wants  of  young  children.  Sensible  objects  are  employed  to  illustrate  and 
make  familiar  the  simple  combinations  and  relations  of  numbers.  Each 
lesson  embraces  one  combination  of  numbers,  or  one  set  of  combinations. 

Intellectual  Arithmetic.  This  work  is  designed  to  present  a thorough 
analysis  of  the  science  of  numbers,  and  to  form  a complete  course  of  mental 
arithmetic,  I have  aimed  to  make  it  accessible  to  young  pupils  by  the 
simplicity  and  gradation  of  its  methods,  and  to  adapt  it  to  the  wants  of 
advanced  students  by  a scientific  arrangement  and  logical  connection,  in 
all  the  higher  processes  of  arithmetical  analysis. 

Practical  Arithmetic.  Great  pains  have  been  taken,  in  the  preparation 
of  this  book,  to  combine  theory  and  practice;  to  explain  and  illustrate 
principles,  and  to  apply  them  to  the  common  business  transactions  of  life — 
to  make  it  emphatically  a practical  tuork.  The  student  is  required  to  demon- 
strate every  principle  laid  down,  by  a course  of  mental  reasoning,  before 
deducing  a proposition  or  making  a practical  application  of  a rule  to 
examples.  He  is  required  to  fix  and  apprehend  the  unit  or  base  of  all  num- 
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bers,  whether  integral  or  fractional — to  reason  with  constant  reference  to 
this  base,  and  thus  make  it  the  key  to  the  solution  of  all  arithmetical  ques- 
tions. It  is  hoped,  that  the  language  used  in  the  statement  of  principles,  in 
the  definition  of  terms,  and  in  the  explanation  of  methods,  will  be  found 
to  be  clear,  exact,  brief,  and  comprehensive. 

University  Arithmetic.  This  work  is  designed  to  answer  another 
object.  Here,  the  entire  subject  is  treated  as  a science.  The  pupil  is  sup- 
posed to  be  familiar  with  the  simple  opeiations  in  the  four  ground  rules,  and 
with  the  first  principles  of  fractions,  these  being  now  taught  to  small  chil- 
dren, either  orally  or  from  elementary  treatises.  This  being  premised,  the 
language  of  figures,  which  are  the  representatives  of  numbers,  is  carefully 
taught,  and  the  different  significations  of  which  the  figures  themselves  are 
susceptible,  depending  on  the  manner  in  which  they  are  written,  are  fully 
explained.  It  is  shown,  for  example,  that  the  simple  numbers  in  which  the 
value  of  the  unit  increases  from  right  to  left  according  to  the  scale  of  tens, 
and  the  Denominate  or  Compound  numbers  in  which  it  increases  according 
to  a varying  scale,  belong  to  the  same  class  of  numbers,  and  that  both  may 
be  treated  under  the  same  rules.  Hence,  the  rules  for  Notation,  Addition, 
Subtraction,  Multiplication,  and  Division,  have  been  so  constructed  as  to 
apply  equally  to  all  numbers.  This  arrangement,  which  the  author  has  not 
seen  elsewhere,  is  deemed  an  essential  improvement  in  the  science  of 
Arithmetic. 

In  developing  the  properties  of  numbers,  from  their  elementary  to  their 
highest  combinations,  great  labor  has  been  bestowed  on  classification  and 
arrangement.  It  has  been  a leading  object  to  present  the  entire  subject  of 
arithmetic  as  forming  a series  of  dependent  and  connected  propositions: 
so  that  the  pupil,  while  acquiring  useful  and  practical  knowledge,  may  at 
the  same  time  be  introduced  to  those  beautiful  methods  of  reasoning  which 
science  alone  teaches. 

Great  care  has  been  taken  to  demonstrate  every  proposition — to  give  a 
complete  analysis  of  all  the  methods  employed,  from  the  simplest  to  the 
most  difficult,  and  to  explain  fully  the  reason  of  every  rule.  A full  analysis 
of  the  science  of  Numbers  has  developed  but  one  law;  viz.,  the  law  which 
connects  all  the  numbers  of  arithmetic  with  the  unit  one,  and  which  points 
out  the  relations  of  these  numbers  to  each  other. 

In  the  Appendix,  which  treats  of  Units,  Weights,  and  Measures,  &c., 
the  methods  of  determining  the  Arbitrary  Unit,  as  well  as  the  general  law 
which  prevails  in  the  formation  of  numbers,  are  fully  explained.  I cannot 
too  earnestly  recommend  this  part  of  the  work  to  the  special  attention  of 
Teachers  and  pupils. 

In  fine,  the  attention  of  Teachers  is  especially  invited  to  this  work, 
because  general  methods  and  general  rules  are  employed  to  abridge  the 
common  arithmetical  processes,  and  to  give  to  them  a more  scientific  and 
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practical  character.  In  the  present  edition,  the  matter  is  presented  in  a new 
form;  the  arrangement  of  the  subjects  is  more  natural  and  scientific;  the 
methods  have  been  carefully  considered;  the  illustrations  abridged  and 
simplified;  the  definitions  and  rules  thoroughly  revised  and  corrected;  and 
a very  large  number  and  variety  of  practical  examples  have  been  added. 
The  subjects  of  Fractions,  Proportion,  Interest,  Percentage,  Alligation, 
Analysis,  and  Weights  and  Measures,  present  many  new  and  valuable  fea- 
tures, which  are  not  found  in  other  works. 

A Key  to  the  present  work  has  also  been  published  for  the  use  of  such 
Teachers  as  may  desire  it, — prepared  with  great  care,  containing  not  only 
the  answers  and  solutions  of  all  the  examples,  but  a full  and  comprehensive 
analysis  of  the  more  difficult  ones. 

The  author  has  great  pleasure  in  acknowledging  the  interest  which 
Teachers  have  manifested  in  the  success  of  his  labors:  they  have  suggested 
many  improvements,  both  in  rules  and  methods,  not  only  in  his  elementary, 
but  also  in  his  advanced  works.  The  recitation-room  is  the  final  tribunal, 
and  the  intelligent  teacher  the  final  judge,  before  which  all  text-books  must 
stand  or  fall. 

Columbia  College,  \ 

May,  1864.  | 
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University  Arithmetic. 


DEFINITIONS. 

1.  A Unit  is  a single  thing,  or  one. 

2.  A Number  is  a unit,  or  a collection  of  units. 

3.  Science  treats  of  the  properties  and  relations  of  things:  Art  is  the 
practical  application  of  the  principles  of  Science. 

4.  Arithmetic  is  the  Science  of  Numbers,  and  also  the  Art  of  applying 
numbers  to  practical  purposes. 

5.  A Proposition  is  something  to  be  done,  or  demonstrated. 

6.  An  Analysis  is  an  examination  of  the  separate  parts  of  a proposition. 

7.  An  Operation  is  the  doing  of  something  with  numbers. 

8.  A Rule  is  the  direction  for  performing  an  operation. 

9.  An  Answer  is  the  result  of  a correct  operation. 


OPERATIONS  OF  ARITHMETIC. 

10.  There  are,  in  Arithmetic,  five  fundamental  operations:  Notation 
and  Numeration,  Addition,  Subtraction,  Multiplication,  and  Division. 


1.  What  is  a Unit? — 2.  What  is  a Number? — 3.  Of  what  does  Sciencp  treat?  What  is 
Art? — 4.  What  is  Arithmetic? — 5.  What  is  a Proposition? — 6.  What  is  an  Analysis? — 
7.  What  is  an  Operation? — 8.  What  is  a Rule? — 9.  What  is  an  Answer? — 10.  How  many 
fundamental  operations  are  there  in  Arithmetic?  What  are  they? 
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EDWARD  BROOKS 


Edward  Brooks  (1831-1912)  was  one  of  the  foremost  mathematics 
educators  of  the  second  half  of  the  nineteenth  century.  He  was 
president  of  tin  Normal  Department  of  the  National  Teachers’  As- 
sociation in  1876,  became  Philadelphia’s  superintendent  of  public 
schools  in  1891,  and  was  one  of  the  Committee  of  Fifteen  of  the  Na- 
tional Education  Association.  He  began  publishing  mathematics 
texts  in  1859,  and  his  texts  were  still  on  the  market  in  1923.  His 
Philosophy  of  Arithmetic  (1880)  is  credited  with  being  the  first 
arithmetic  methods  book  for  elementary  school  teachers ; his 
Mental  Science  and  Methods  of  Mental  Culture  (1883)  is  recognized 
as  one  of  five  pre-John  Dewey  works  dealing  with  educational 
psychology.1 

The  following  passages  are  from  these  two  books.  In  the  se- 
lection from  Philosophy  of  Arithmetic , Brooks  explained  that 
mathematical  structure  is  basic  to  arithmetic.  The  first  excerpts 
from  Mental  Science,  essentially  a text  dealing  with  psychology 
rather  than  mathematics  education,  are  included  as  background  for 
the  following  passages,  which  expound  implications  of  the  psycho- 
logical theory  for  mathematics  teaching  and  explain  why  mathe- 
matics should  be  a major  component  of  the  curriculum.  They  were 
selected  as  a statement  of  the  faculty  theory  and  its  relation  to 
mathematics  teaching. 


1.  Abraham  Roback,  History  of  American  Psychology  (New  York:  Library  Pub- 
lishers, 1952),  p.  378. 
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PART  I. — The  Nature  of  Arithmetic. 

Section  III. — Arithmetical  Reasoning. 

CHAPTER  L 

There  Is  Reasoning  in  Arithmetic. 

All  reasoning  is  a process  of  comparison ; it  consists  in  comparing  one 
idea  or  object  of  thought  with  another.  Comparison  requires  a standard, 
and  this  standard  is  the  old,  the  axiomatic,  the  known.  To  these  standards 
we  bring  the  new,  the  theoretic,  the  unknown,  and  compare  them  that  we 
may  understand  them1.  The  law  of  correct  reasoning,  therefore,  is  to  com- 
pare the  new  with  the  old,  the  theoretic  with  the  axiomatic,  the  unknown 
with  the  known. 

This  process,  simple  as  it  seems,  is  the  real  process  of  all  reasoning.  We 
pass  from  idea  to  truth,  and  from  lower  truth  to  higher  truth,  in  the  endless 
chain  of  science,  by  the  simple  process  of  comparison.  Thus  the  facts  and 
phenomena  of  the  material  world  are  understood,  the  laws  of  nature  inter- 
preted, and  the  principles  of  science  evolved.  Thus  we  pass  from  the  old 
to  the  new,  from  the  simple  to  the  complex,  from  the  known  to  the  unknown. 
Thus  we  discover  the  truths  and  principles  of  the  world  of  matter  and  mind, 
and  construct  the  various  sciences.  Comparison  is  the  science-builder;  it  is 
the  architect  which  erects  the  temples  of  truth,  vast,  symmetrical,  and 
beautiful. 

In  mathematics  this  process  is,  perhaps,  more  clearly  exhibited  than  in 
any  other  science.  In  geometry,  the  definitions  and  axioms  are  the  standards 
of  comparison;  beginning  in  these,  we  trace  our  way  from  the  simplest- 
primary  truth  to  the  profoundest  theorem.  In  arithmetic  we  have  the  same 
basis,  and  proceed  by  the  same  laws  of  logical  evolution.  Definitions,  as  a 
description  of  fundamental  ideas,  and  axioms,  as  the  statement  of  intuitive 
and  necessary  truths,  are  the  foundation  upon  which  we  rear  the  superstruc- 
ture of  the  science  of  numbers. 

These  views,  though  admitted  in  respect  of  geometry,  have  not  always 
been  fully  recognized  as  true  of  arithmetic.  The  science,  as  presented  in 
the  old  text-books,  was  simply  a collection  of  rules  for  numerical  operations. 
The  pupil  learned  the  rules  and  followed  them,  without  any  idea  of  the 
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reason  for  the  operation  dictated.  There  was  no  thought,  no  deduction  from 
principle;  the  pupil  plodded  on,  like  a beast  of  burden  or  an  unchinking 
machine.  There  was,  in  fact,  as  the  subject  was  presented,  no  science  of 
arithmetic.  We  had  a science  of  geometry,  pure,  exact,  and  beautiful,  as  it 
came  from  the  hand  of  the  great  masters.  Beginning  with  primary  con- 
ceptions and  intuitive  truths,  the  pupil  could  rise  step  by  step  from  the 
simplest  axiom  to  the  loftiest  theorem ; but  when  he  turned  his  attention  to 
numbers,  he  found  no  beautiful  relations,  no  interesting  logical  processes, 
nothing  but  a collection  of  rules  for  adding,  subtracting,  calculating  the  cost 
of  groceries,  reckoning  interest,  etc.  Indeed,  so  universal  was  this  darkness, 
that  the  metaphysicians  argued  that  there  could  be  no  reasoning  in  the 
science  of  numbers,  that  it  is  a science  of  intuition;  and  the  poor  pupil,  not 
possessing  the  requisite  intuitive  power,  was  obliged  to  plod  along  in  doubt, 
darkness,  and  disgust. 

Thus  things  continued  until  the  light  of  popular  education  began  to 
spread  over  the  land.  Men  of  thought  and  genius  began  to  teach  the  ele- 
ments of  arithmetic  to  young  pupils;  and  the  necessity  of  presenting  the 
processes  so  that  children  could  see  the  reason  for  them,  began  to  work  a 
change  in  the  science  of  numbers.  Then  came  the  method  of  arithmetical 
analysis,  in  that  little  gem  of  a book  by  Warren  Colburn.  It  touched  the 
subject  as  with  the  wand  of  an  enchantress,  and  it  began  to  glow  with 
interest  and  beauty.  What  before  was  dull  routine,  now  became  animated 
with  the  spirit  of  logic,  and  arithmetic  was  enabled  to  take  its  place  beside 
its  sister  branch,  geometry,  in  dignity  as  a science,  and  value  as  an 
educational  agency. 

Before  entering  into  an  explanation  of  the  character  of  arithmetical 
reasoning,  it  may  be  interesting  to  notice  the  views  of  some  metaphysicians 
who  have  touched  upon  this  subject.  It  has  been  maintained,  as  already 
indicated,  by  some  eminent  logicians,  that  there  is  no  reasoning  in  arith- 
metic. Mansel  says,  “There  is  no  demonstration  in  pure  arithmetic,”  and 
the  same  idea  is  held  by  quite  a large  number  of  metaphysicians.  This 
opinion  is  drawn  from  a very  superficial  view  of  the  subject  of  arithmetic, — 
a not  uncommon  fault  of  the  metaphysician  when  he  attempts  to  write  upon 
mathematical  science.  The  course  of  reasoning  which  led  to  this  conclusion, 
is  probably  as  follows: 

First,  addition  and  subtraction  were  considered  the  two  fundamental 
processes  of  arithmetic;  all  other  processes  were  regarded  as  the  outgrowth 
of  these,  and  as  contained  in  them.  Second,  there  is  no  reasoning  in  addition; 
that  the  sum  of  2 and  3 is  5,  says  Whewell,  is  seen  by  intuition;  hence 
subtraction,  which  is  the  reverse  of  addition,  is  pure  intuition  also;  and 
therefore  the  whole  science,  which  is  contained  in  these  two  processes,  is 
also  intuitive,  and  involves  no  reasoning.  This  inference  seems  plausible, 
and  by  the  metaphysicians  and  many  others  has  been  considered  conclusive. 
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That  this  conclusion  is  not  only  incorrect  but  absurd,  may  be  seen  by  a 
reference  to  the  more  difficult  processes  of  the  science.  Surely,  no  one  can 
maintain  that  there  is  no  reasoning  in  the  processes  of  greatest  common 
divisor,  least  common  multiple,  reduction  and  division  of  fi  actions,  ratio 
and  proportion,  et".  If  these  are  intuitive  with  the  logicians,  it  is  very 
certain  that  they  require  a great  deal  of  thinking  on  the  part  of  the  leainei. 
These  considerations  are  sufficient  to  disprove  their  conclusions,  but  do  not 
answer  their  arguments;  it  becomes  necessary,  therefore,  to  examine  the 
matter  a little  more  closely. 

Whether  the  uniting  of  two  small  numbers,  as  three  and  two,  involves  a 
process  of  masoning,  is  a point  upon  which  it  is  admitted  there  may  be  some 
difference  of  opinion.  The  difference  of  two  numbers,  however,  may  be 
obtained  by  an  inference  from  the  results  of  addition,  and,  as  such,  involves 
a process  of  reasoning.  The  elementary  products  of  the  multiplication  table 
are  not  intuitive  truths;  they  are,  as  will  be  shown  in  the  next  article, 
derived,  as  a logical  inference,  from  the  elementary  sums  of  addition.  The 
same  is  also  true  in  the  case  of  the  elementary  quotients  in  division.  Even 
admitting,  then,  that  there  is  no  reasoning  in  addition  or  subtraction,  it  can 
clearly  be  shown  that  the  derivation  of  the  elementary  results  in  multipli- 
cation and  division  does  require  a process  of  reasoning.  Passing  from  small 
numbers,  which  may  be  treated  independently  of  any  notation,  to  laige 
numbers  expressed  by  the  Arabic  system,  we  see  that  we  are  required  to 
reduce  from  one  form  to  another,  as  from  units  to  tens,  etc.,  which  can  be 
done  only  by  a comparison,  and  also  that  the  methods  are  based  upon,  and 
derived  from  such  general  principles,  as  “the  sum  of  two  numbers  is  equal 
to  the  sum  of  all  their  parts,”  etc. 

The  great  mistake,  however,  in  their  reasoning,  is  in  assuming  that  all 
arithmetic  is  included  in  addition  and  subtraction.  If  it  could  be  proved 
that  addition  and  subtraction,  and  the  processes  growing  immediately  out 
of  them,  contain  no  reasoning,  a large  portion  of  the  science  remains  which 
does  not  find  its  root  in  these  primary  processes.  Several  divisions  of  arith- 
metic have  their  origin  in  and  grow  out  of  comparison,  and  not  out  of 
addition  or  subtraction;  and  since  comparison  is  reasoning,  the  divisions 
of  arithmetic  growing  out  of  it,  it  is  natural  to  suppose,  involve  reasoning 
processes.  Ratio,  the  cqmparison  of  numbers;  proportion,  the  comparison  of 
ratios;  the  progressions,  etc.,  certainly  present  pretty  good  examples  of 
reasoning.  These  belong  to  the  department  of  pure  arithmetic.  A proportion 
is  essentially  numerical,  as  is  shown  in  another  place,  and  belongs  to  arith- 
metic rather  than  to  geometry.  If,  in  geometry,  the  treatment  of  a propor- 
tion involves  a reasoning  process,  as  the  logicians  will  surely  admit,  it  must 
certainly  do  so  when  presented  in  arithmetic,  wheie  it  really  belongs.  It 
must,  therefore,  be  admitted  that  there  is  reasoning  in  pure  arithmetic. 

Again,  if  there  is  no  reasoning  in  arithmetic  there  is  no  science,  for 
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science  is  the  product  of  reasoning.  If  we  admit  that  there  is  a science  of 
numbers,  there  must  be  some  reasoning  in  the  science.  And  again,  arith- 
metic and  geometry  are  regarded  as  the  two  great  co-ordinate  branches  of 
mathematics.  Now  it  is  admitted  that  there  is  reasoning  in  geometry,  the 
science  of  extension;  would  it  not  be  absurd,  therefore,  to  suppose  that  there 
is  no  reasoning  in  arithmetic,  the  science  of  numbers? 

Mansel,  as  already  quoted,  says:  “Pure  arithmetic  contains  no  demon- 
strations.” If  by  this  he  means — and  I presume  he  does — that  pure  arith- 
metic contains  no  reasoning,  he  is  answered  by  the  previous  discussion.  If, 
however,  he  means  that  arithmetic  cannot  be  developed  in  the  demonstrative 
form  of  geometry — that  is,  by  definition,  axiom,  proposition,  and  demon- 
stration— he  is  also  in  error.  Though  arithmetic  has  never  been  developed 
in  this  way,  it  can  be  thus  developed.  The  science  of  number  will  admit  of 
as  rigid  and  systematic  a treatment  as  the  science  of  extension.  Some  parts 
of  the  science  are  even  now  presented  thus;  the  principles  of  ratio,  propor- 
tion, etc.,  are  examples.  I propose,  at  some  future  time,  to  give  a complete 
development  of  the  subject,  after  the  manner  of  geometry.  The  science, 
thus  presented,  would  be  a valuable  addition  to  our  academic  or  collegiate 
course,  as  a review  of  the  principles  of  numbers.  Assuming,  then,  that  there 
is  reasoning  in  arithmetic,  in  the  next  chapter  I shall  consider  the  nature  of 
reasoning,  as  employed  in  the  fundamental  operations  of  arithmetic. 
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Introduction. 

CHAPTER  III. 

The  Faculties  of  the  Mind. 

Tne  mind  is  that  which  thinks,  feels,  and  wills.  It  is  that  immaterial 
principle  which  we  call  the  soul,  the  spirit,  or  the  intelligence.  Of  its  essence 
or  substance,  nothing  is  known;  we  know  it  only  by  its  activities  and  its 
operations.  The  different  forms  of  activity  which  it  presents,  indicate 
different  mental  powers,  which  are  called  Faculties  of  the  mind. 

A Mental  Faculty. — A Mental  Faculty  is  a capacity  for  a distinct  form 
of  mental  activity.  It  is  the  mind’s  power  of  doing  something,  of  putting 
forth  some  energy,  of  manifesting  itself  in  some  particular  manner.  The 
mind  possesses  as  many  faculties  as  there  are  distinct  forms  of  mental 
activity.  In  order,  therefore,  to  ascertain  the  different  faculties  of  the  mind, 
we  must  notice  carefully  the  various  ways  in  which  the  mind  acts. 

General  Classification. — The  mind  embraces  three  general  classes  of 
faculties;  the  Intellect,  the  Sensibilities,  and  the  Will.  Every  capacity  or 
power  which  the  mind  possesses  falls  under  one  of  these  three  heads.  Every 
mental  act  is  an  act  of  the  Intellect,  the  Sensibilities,  or  the  Will.  Every 
product  of  the  mind  is  either  an  intellection , a feeling , or  a volition. 

The  Mind  Triune. — The  mind  is  thus  a tri-unity, — one  substance  with 
a trinity  of  powers.  The  doctrine  of  the  Trinity  is  as  evident  in  the  creature 
as  in  the  Creator.  Made  in  the  image  of  God,  the  mind  reflects  the  nature 
of  the  divine  pattern  after  which  it  was  fashioned.  As  in  God  we  have  the 
Father,  the  Son,  and  the  Holy  Spirit;  so  in  man  we  have  the  Intellect,  the 
Sensibilities,  and  the  Will. 

The  Intellect. — The  Intellect  is  the  power  by  which  we  think  and  know. 
Its  products  are  ideas  and  thoughts.  An  Idea  is  a mental  product,  which 
may  be  expressed  in  one  or  more  words,  not  forming  a proposition;  as,  a 
man,  an  animal,  etc.  A Thought  is  a mental  product  consisting  of  the  com- 
bination of  two  or  more  ideas,  which  when  expressed  in  words,  gives  us  a 
proposition;  as,  a man  is  an  animal.  Our  notions  of  the  different  figures  of 
geometry,  as  angles,  triangles,  squares,  etc.,  are  ideas;  while  our  conceptions 
of  axioms  and  theorems  are  thoughts. 

The  Sensibilities. — The  Sensibilities  are  the  powers  by  which  we  feel. 
Their  products  are  emotions,  affections,  and  desires.  An  emotion  is  a 
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simple  feeling,  as  the  emotion  of  joy,  sorrow,  etc.  An  affection  is  an  emotion 
that  goes  out  towards  an  object;  as  love,  hate , envy,  etc.  A desire  is  an 
emotion  that  goes  out  to  an  object  with  the  wish  of  possession;  as  the  desire 
of  wealth,  fame,  etc. 

The  Will. — The  Will  is  the  power  of  deciding  or  determining  what  to  do 
and  of  putting  forth  volitions  accordingly.  It  is  the  executive  power  of  the 
mind,  the  power  by  which  man  becomes  the  conscious  author  of  an  inten- 
tional act.  It  is  the  motive  power  of  the  mind;  by  it  we  put  the  other 
faculties  into  activity  and  control  their  action.  The  products  of  the  Will 
are  volitions  and  voluntary  actions.  It  is  in  the  domain  of  the  Will  that 
man  becomes  a moral  and  responsible  being. 

The  Intellect. — The  Intellect  embraces  several  distinct  faculties;  Per- 
ception, Memory,  Imagination,  Understanding . and  Intuition,  or  the  Reason. 
This  classification  of  the  Intellect  is  now  almost  universally  accepted, 
though  writers  occasionally  differ  in  the  terms  they  use  to  name  the  different 
powers. 

Perception. — Perception  is  the  power  by  which  we  gain  a knowledge  of 
external  objects  through  the  senses.  It  is  the  faculty  by  which  we  gain  a 
knowledge  of  objects  and  their  qualities.  Its  products  are  ideas  of  external 
objects  and  of  the  qualities  of  objects.  The  products  of  perception  are 
called  percepts.  The  ideas  which  we  possess  of  persons,  places,  things,  etc., 
are  mainly  given  by  perception. 

Memory. — Memory  is  the  power  by  which  we  retain  and  recall  knowl- 
edge. It  enables  us  to  hold  fast  to  the  knowledge  we  have  acquired,  and  also 
to  recall  it  when  we  wish  to  use  it.  These  two  offices  of  the  Memory  are 
distinguished  as  Retention  and  Recollection . By  some  writers  these  are 
regarded  as  separate  faculties;  and  others  again  discard  the  element  of 
retention.  Besides  these,  the  memory  also  gives  us  a representation  of  that 
which  it  recalls,  and  recognizes  it  as  something  of  our  past  experience. 

Imagination. — Imagination  is  the  power  by  which  we  form  ideal  con- 
ceptions. It  is  the  power  of  forming  mental  images  by  uniting  different 
parts  of  objects  given  by  perception,  and  also  of  creating  ideals  of  objects 
different  from  anything  we  have  perceived.  Thus,  I can  conceive  of  a flying 
horse  by  uniting  my  ideas  of  wings  and  a horse;  or  I can  imagine  a land- 
scape or  a strain  of  music  different  from  anything  I have  ever  seen  or  heard. 
Imagination  is  thus  the  power  of  ideal  creation. 

Understanding. — The  Understanding  is  the  power  by  which  we  compare 
objects  of  thought  and  derive  abstract  and  general  ideas  and  truths.  It  is 
the  elaborative  power  of  the  mind;  it  takes  the  materials  furnished  by  the 
other  faculties  and  works  them  up  into  new  products.  Its  products  are 
abstract  and  general  ideas,  truths,  laws,  causes,  etc. 

Intuition. — Intuition,  or  the  Reason,  is  the  power  which  gives  us  ideas 
and  thoughts  not  furnished  by  the  senses  nor  elaborated  by  the  Understand- 
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ing.  Its  products  are  called  primary  ideas  and  primary  truths.  The  Primary 
Ideas  are  such  as  Space,  Time,  Cause,  Identity,  the  True,  the  Beautiful, 
and  the  Good.  The  Primary  Truths  are  all  self-evident  truths,  as  the  axioms 
of  mathematics  and  logic. 

The  Understanding. — The  Understanding  embraces  several  distinct 
faculties  or  forms  of  mental  activity.  These  are  Abstraction , Conception, 
Judgment,  and  Reasoning.  This  division  is  now  almost  universally  adopted, 
and  the  same  terms  are  employed  by  nearly  all  modern  writers. 

Abstraction. — Abstraction  is  the  power  of  forming  abstract  ideas.  It  is 
the  power  by  which  the  mind  draws  a quality  away  from  its  object,  and 
makes  of  it  a distinct  object  of  thought.  Its  products  are  abstract  ideas, 
such  as  hardness , softness , color,  etc.  The  naming  of  abstract  ideas  gives  us 
abstract  terms.  The  term  Abstraction  is  derived  from  ab,  from,  and  traho, 
I draw,  and  signifies  a drawing  from. 

Conception.  Conception  is  the  power  of  forming  general  ideas.  By  it 
we  take  several  particular  ideas,  and  unite  their  common  properties,  and 
thus  form  a general  idea  which  embraces  them  all.  The  products  of  Con- 
ception are  general  ideas,  or  ideas  of  classes;  as  horse,  bird,  man,  etc.  The 
naming  of  general  ideas  gives  us  common  terms.  This  faculty  is  often  called 
Generalization ; but  the  term  C onception  is  more  appropriate,  and  is  the 
one  generally  adopted  by  logicians.  The  term  Conception  is  derived  from 
con,  together,  and  capio,  I take,  and  signifies  a taking  together. 

Judgment.—  Judgment  is  the  power  of  perceiving  the  agreement  or  dis- 
agreement of  two  objects  of  thought.  It  is  the  power  of  comparison.  It 
compares  one  object  directly  with  another,  and  gives  us  a proposition.  A 
proposition  is  a judgment  expressed  in  words.  Thus,  a bird  is  an  animal, 
is  a judgment  expressed.  The  term  Judgment  is  applied  to  both  the  mental 
faculty  and  its  product. 

Reasoning.  Reasoning  is  the  power  of  comparing  two  ideas  through 
their  relation  to  a third.  It  is  a process  of  indirect  or  mediate  comparison. 
It  deals  with  three  objects  of  thought,  and  requires1  three  propositions. 
Thus,  suppose  I wish  to  compare  A and  B,  and  perceiving  no  relation  be- 
tween them,  see  that  A equals  C,  and  B equals  C,  and  thus  infer  that  A 
equals  B;  such  an  inference  is  an  act  of  reasoning. 

The  Syllogism. — The  form  in  which  reasoning  is  expressed  is  called  a 
Syllogism.  A Syllogism  consists  of  three  propositions  so  related  that  one  is 
an  inference  from  the  other  two.  Two  of  these  propositions  are  called  the 
premises  and  the  third  the  conclusion.  Thus,  in  the  above  example  the  two 
propositions,  “A  equals  C”  and  “B  equals  C,”  are  the  premises;  and  “A 
equals  B”  is  the  conclusion. 

Inductive  Reasoning . — Reasoning  is  of  two  kinds;  Inductive  Reasoning 
and  Deductive  Reasoning.  Inductive  Reasoning  is  the  process  of  deriving 
a general  truth  from  particular  truths.  Thus,  if  I find  that  heat  expands 
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several  metals,  as  zinc,  iron,  copper,  etc.,  I may  infer  that  heat  will  expand  1 

all  metals.  Such  an  inference  of  a general  truth  from  the  particular  facts  is  f 

called  Induction.  Inductive  Reasoning  proceeds  upon  the  principle  that  what 

is  true  of  the  many  is  true  of  the  whole.  .] 

Deductive  Reasoning. — Deductive  Reasoning  is  the  process  of  deriving  ] 

a particular  truth  from  a general  truth.  Thus,  from  the  general  proposition  ,j 

that  heat  expands  all  metals , I may  infer  by  Deduction  that  heat  will  expand  ! 

any  particular  metal,  as  silver.  Deduction  proceeds  upon  the  principle  that  ' 

what  is  true  of  the  whole  is  true  of  the  parts.  ? 

Other  Forms  of  Activity. — Besides  the  faculties  now  named,  two  other 
forms  of  mental  activity  or  mental  states  are  usually  described  by  writers 

on  mental  science;  namely,  Consciousness  and  Attention.  These  are  not  re-  i 

garded  as  specific  faculties  of  the  mind,  but  as  conditions  or  accompaniments  I 

of  these  faculties.  A term  very  frequently  used  in  mental  philosophy  also  1 

is  that  of  Conception,  which  also  requires  a few  words  of  explanation.  1 

Consciousness. — Consciousness  is  the  power  or  attribute  of  the  mind  1 

by  which  it  knows  its  own  states  and  actions.  The  term  is  derived  from  con,  ■ I 

with,  and  scio,  I know,  and  means  a knowing  with  the  mental  ; ets  or  states.  I 

It  is  a kind  of  inner  light  by  which  one  knows  what  is  going  on  within  his  1 

mind;  it  is  a revealer  of  the  internal  phenomena  of  thought,  feeling,  and  will.  1 

Consciousness  is  regarded  as  an  attribute  of  the  mind,  involved  in  the  very  1 

idea  of  mind,  and  not  as  a distinct  mental  faculty. 

Attention. — Attention  is  the  power  of  directing  the  mind  voluntarily  to 
any  object  of  thought  to  the  exclusion  of  others.  It  is  the  power  of  selecting 
one  of  several  objects,  and  concentrating  the  mental  energies  upon  it.  Atten- 
tion is  not  a distinct  form  of  mental  activity,  but  is  involved  in  and  under- 
lies the  activity  of  all  the  faculties.  The  voluntary  operation  of  any  of  the  j 

mental  powers,  as  Perception,  Memory,  etc.,  carries  with  it  an  act  of  atten-  j 

tion.  The  term  is  derived  from  ad,  to,  and  tendo,  I bend,  which  was  prob- 
ably suggested  by  the  attitude  of  the  body  in  listening  attentively  to  a sound.  j 

Conception.- — The  term  C onception  is  often  used  in  a general  and  popular 
sense,  meaning  that  power  which  the  mind  has  of  making  anything  a distinct  ■ 

object  of  thought.  In  this  sense  it  is  intimately  related  to  all  the  mental  i 

faculties.  Thus  I can  conceive  of  a tree  or  a horse  which  I have  seen,  a land- 
scape which  I may  not  have  seen,  a proposition  in  geometry,  a truth  in  nat-  ] 

ural  philosophy,  etc.  Some  writers  have  used  the  term  in  a more  specific 
sense,  as  the  power  of  forming  an  exact  transcript  of  a past  perception.  In 
Logic  the  term  is  restricted  to  the  power  of  forming  general  ideas,  as  we  have 
previously  defined  it. 

Hamilton’s  Classification. — Sir  Wui.  Hamilton,  one  of  the  most  eminent 
philosophers  of  modern  times,  presents  a classification  of  the  intellect  which 
has  been  much  admired  for  its  simplicity  and  the  suggestive  character  of  the 
terms  used.  He  divides  the  Intellect  into  the  Presentative,  Conservative, 
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Reproductive,  Representative,  Elaborative,  and  Regulative  powers. 

The  Presentative  power  is  that  which  presents  knowledge  to  the  mind; 
it  corresponds  to  Perception.  The  Conservative  power  is  that  which  retains 
or  preserves  knowledge  in  the  mind;  it  corresponds  to  the  retentive  element 
of  the  Memory.  The  Reproductive  power  is  that  which  reproduces  knowl- 
edge in  the  mind;  it  corresponds  to  the  recalling  element  of  the  Memory.  The 
Representative  power  is  that  which  represents  knowledge  to  the  mind;  it 
corresponds  to  the  Imagination.  The  Elaborative  power  is  that  which  works 
up  or  elaborates  the  knowledge  attained  by  the  other  faculties;  it  corre- 
sponds to  the  Understanding.  The  Regulative  power  is  that  which  regulates 
the  activities  of  the  other  faculties;  it  corresponds  to  the  Reason. 
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CHAPTER  IV. 

The  Culture  of  the  Mind. 

The  Science  of  Education  treats  of  the  developing  of  the  powers  of  man 
and  the  furnishing  of  his  mind  with  knowledge.  The  developing  of  the 
powers  is  called  culture,  and  the  furnishing  of  the  mind  with  knowledge  is 
called  instruction.  A formal  treatment  of  the  methods  of  cultivating  the 
mind  is  called  Methods  of  Culture;  a formal  treatment  of  the  methods  of 
instructing  the  mind  is  called  Methods  of  Instruction. 

Nature  of  Culture. — Methods  of  Culture  treats  of  the  nature  of  the 
powers  of  man  and  how  to  develop  them.  It  includes  several  branches,  such 
as  Physical  Culture,  Intellectual  Culture,  Aesthetic  Culture,  Moral  Culture, 
and  Religious  Culture.  The  present  work  treats  of  the  nature  of  the  mind  and 
the  methods  of  cultivating  it,  and  is  entitled  Mental  Science  and  Mental 
Culture.  Our  purpose,  therefore,  is'not  only  to  describe  the  different  facul- 
ties of  the  mind,  but  also  to  discuss  the  methods  of  cultivating  them.  Having 
given  an  idea  of  the  general  nature  of  the  mind,  we  now  present  a few  prin- 
ciples relating  to  its  culture.  These  may  be  called  the  fundamental  principles 
of  mental  culture. 

1.  The  object  of  mental  culture  is  the  fullest  development  and  highest 
activity  of  the  faculties  of  the  mind.  The  mind  is  developed  by  culture.  Its 
powers  are  strengthened  and  made  to  act  with  vigor  and  skill  by  judicious 
training.  Without  such  training  the  mind  may  either  remain  comparatively 
inert,  or  its  activities  may  conflict  with  the  normal  laws  of  mental  develop- 
ment and  fail  to  produce  the  best  fruits  of  culture  and  knowdedge.  In  this 
respect  the  mind  is  like  a field,  and  mental  culture  like  the  culture  of  the 
soil.  Left  to  itself,  a farm  may  be  overrun  with  weeds  and  briers,  while  if 
subjected  to  the  careful  culture  of  the  husbandman,  it  will  teem  with  golden 
harvests.  So  the  mind,  if  left  to  itself,  may  waste  its  energies  and  acquire 
incorrect  habits  of  activity;  while  if  subjected  to  the  guiding  hand  of  culture, 
it  may  develop  in  normal  strength  and  vigor,  and  bring  forth  rich  harvests 
of  precious  knowledge. 

2.  One  of  the  primary  conditions  of  mental  culture  is  a well-onjanized 
and  healthy  brain.  The  mind  acts  largely,  if  not  entirely,  through  or  by 
means  of  the  brain.  In  its  first  activities  of  sensation,  the  brain  and  nervous 
system  are  an  essential  condition  and  medium  of  mental  activity.  Impres- 
sions made  upon  the  nerves  are  transmitted  to  the  brain,  and  there  emerge 
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in  conscious  knowledge.  Subsequently  thought  becomes  abstract  and  seems 
to  be  independent  of  the  brain;  yet  experience  proves  that  the  power  of 
abstract  thought  depends  for  clearness  and  vigor  upon  the  condition  of  the 
physical  system.  Indeed,  it  is  not  certain  that  genius  and  hereditary  mental 
traits  may  not  depend  on  some  subtle  organic  peculiarity  of  the  brain.  It  is, 
therefore,  an  established  fact,  that  for  the  best  results  in  mental  culture  we 
must  endeavor  to  secure  the  best  condition  of  the  brain  and  nervous  system. 
“A  sound  mind  in  a sound  body”  is  a maxim  not  to  be  forgotten  in  mental 

culture.  . -mi  . i • 

3.  The  mind  is  cultivated  by  the  activity  oj  its  faculties.  The  mind  is  a 

spiritual  activity  and  grows  by  its  own  inherent  energies.  Mental  exercise 

is  thus  the  law  of  mental  development.  As  a muscle  grows  strong  by  use, 

so  any  faculty  of  the  mind  is  developed  by  its  proper  use  and  exercise.  An 

inactive  mind,  like  an  unused  muscle,  becomes  weak  and  unskillful.  Hang 

the  arm  in  a sling  and  the  muscle  becomes  flabby  and  loses  its  vigor  and 

skill;  let  the  mind  remain  inactive,  and  it  acquires  a mental  flabbiness,  that 

unfits  it  for  any  severe  or  prolonged  activity.  An  idle  mind  loses  its  tone 

and  strength,  like  an  unused  muscle;  the  mental  powers  go  to  rust  through 

idleness  and  inaction.  To  develop  the  faculties  of  the  mind  and  secure  their 

highest  activity  and  efficiency  there  must  be  a constant  and  judicious  exei- 

cise  of  these  faculties.  The  object  of  culture  is  to  stimulate  and  direct  the 

activity  of  the  mind. 

4.  The  activity  of  the  mind  requires  objective  realities  for  it  to  act  upon. 
The  mind  cannot  act  upon  itself ; there  must  be  material  for  it  to  act  upon. 
As  a power  to  know,  it  demands  an  external  world  of  knowledge  to  meet  the 
wants  of  the  internal  knowing  subject.  There  is  such  a world  of  knowledge 
suited  to  and  correlating  with  every  mental  activity.  The  material  world 
is  seen  to  be  an  embodiment  of  thought,  and  the  mind  begins  its  activities 
with  the  objects  of  the  material  world.  The  mind  itself  has  developed  knowl- 
edge by  its  powers  of  thought,  which  is  also  adapted  to  give  culture  to  each 
faculty  and  capacity.  This  adaptation  is  manifest,  since  knowledge,  as  the 
product  of  one  mind,  must  be  suited  to  the  different  capacities  of  all  minds. 
The  mind  begins  its  activity  with  the  knowledge  thus  furnished,  it  then 
passes  to  the  creation  of  knowledge  for  itself,  which  affords  it  its  highest 
and  best  activity.  It  is  thus  apparent  that  the  culture  of  the  mind  requires 
objective  realities,  and  that  these  realities  are  abundantly  furnished. 

5.  Each  facidty  of  the  mind  requires  a culture  adapted  to  itself.  The 
mind  possesses  a variety  of  powers,  and  each  one  of  these  powers  operates 
with  different  material,  and  has  an  activity  peculiar  to  itself.  Each  po'wer 
needs  different  materials  for  its  activity;  what  would  be  best  for  one  faculty 
would  not  be  the  appropriate  material  for  some  other  faculty.  We  need 
concrete  objects  for  perception,  facts  for  the  memory,  abstract  truth  for  the 
judgment  and  the  power  of  reasoning,  beauty  for  the  imagination,  moral 
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truth  for  the  conscience,  etc.  Besides  this  difference  of  material,  there  is  also 
a difference  in  the  activity  of  the  different  faculties;  the  memory  operates 
in  one  way,  the  understanding  in  another,  etc.  Both  of  these  things,  the 
material  and  the  methods  of  activity,  are  to  be  taken  into  consideration  in 
the  culture  of  the  mind.  Each  faculty,  therefore,  requires,  for  its  training 
and  development,  a culture  peculiar  to  itself. 

6.  The  culture  of  the  mind  should  be  adapted  to  the  order  of  the  develop- 
ment of  its  faculties.  The  different  faculties  do  not  develop  simultaneously. 
Though  all  are  active  from  the  earliest  dawn  of  intelligence,  yet  they  are 
active  in  different  degrees  at  different  periods.  Some  faculties  are  much  more 
active  in  childhood,  and  others  need  the  maturity  of  years  for  their  mature 
and  full  development.  The  natural  order  of  their  development  should  be 
understood  and  followed  in  culture.  To  endeavor  to  force  all  the  faculties 
to  equal  activity  in  childhood  would  be  a mistake  injurious  to  the  mind  and 
subversive  of  the  best  results  of  culture.  The  true  order  of  development 
should  be  carefully  studied  and  distinctly  understood,  and  the  work  of  cul- 
ture adapted  thereto. 

7.  The  culture  of  the  mind  should  aim  at  a harmonious  development  of 
all  the  faculties.  Man  possesses  a multiplicity  of  capacities  and  powers, 
all  of  which  contribute  to  his  well-being  and  his  dignity.  These  powers  are 
so  related  that  they  may  be  unfolded  in  very  nearly  equal  proportions,  and 
harmoniously  blend  in  the  final  results  of  culture.  For  the  attainment  of  a 
true  ideal  of  education  such  a development  is  required.  A perfectly  developed 
manhood  or  womanhood  implies  the  complete  development  of  every  capacity 
and  every  gift.  The  training  of  the  mind,  therefore,  should  reach  every  plbwer 
and  unfold  every  capacity.  The  high  aim  of  culture  should  be  the  full  and 
harmonious  development  of  all  the  faculties. 

8.  The  culture  of  the  mind  should  be  modified  by  the  different  tastes  and 
talents  of  a pupil.  While  all  minds  possess  the  same  general  powers,  these 
powers  are  often  possessed  in  different  degrees.  There  is  often  £tn  unusual 
gift  of  some  one  power  or  combination  of  powers  which  gives  us  what  we  call 
genius.  Tastes  or  dispositions  for  different  activities  or  pursuits  also  vary. 
Such  differences  are  not  to  be  overlooked  in  mental  culture.  While  we  should 
aim  to  give  a general  development  to  all  the  faculties,  we  should  Pot  forget 
these  special  gifts.  Genius  should  be  recognized,  and  an  opportunity  given 
for  its  highest  development  and  achievements. 
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The  Understanding. 

CHAPTER  IX. 

The  Culture  of  Reasoning. 

Reasoning  is  the  last  and  the  highest  operation  of  the  Understanding. 
There  are  two  distinct  forms  of  reasoning:  Deductive  Reasoning  and  Induc- 
tive Reasoning.  Each  of  these  two  forms  of  reasoning  may  be  cultivated 
by  appropriate  exercise.  We  shall  therefore  discuss  the  culture  of  reasoning- 
under  the  two  distinct  heads;  the  Culture  of  Deductive  Reasoning,  and  the 
Culture  of  Inductive  Reasoning. 

I.  The  Culture  of  Deductive  Reasoning. 

Deductive  Reasoning,  as  already  defined,  is  the  process  of  deriving  a 
particular  truth  from  a general  truth.  It  is  a form  of  mental  activity  which 
operates  early  in  the  mind  of  the  child ; and  is  to  be  trained  by  appropriate 
exercises.  Many  of  the  branches  of  the  school  course  are  especially  adapted 
to  give  exercise  and  culture  to  this  power.  The  teacher  should  understand 
the  relation  of  these  studies  to  the  mind,  that  he  may  give  this  culture  con- 
sciously and  intelligently.  Some  of  the  exercises  and  studies  particularly 
suited  to  the  culture  of  deductive  reasoning,  will  therefore  be  mentioned. 

I.  Study  of  Mathematics. — The  study,  par  excellence,  for  the  culture 
of  deductive  reasoning,  is  mathematics.  The  several  branches  of  mathe- 
matics present  the  purest  examples  of  deductive  reasoning;  they  are  there- 
fore pre-eminently  fitted  to  give  training  to  the  power  of  deductive  thought. 
They  are  also  adapted  to  every  stage  of  intellectual  development,  since  they 
range  from  the  simplest  processes  of  mental  arithmetic  to  the  profoundest 
generalizations  of  calculus.  The  pupil  should,  at  an  early  age,  begin  the 
simple  analyses  of  arithmetic;  from  this  he  should  pass  to  the  more  concise 
and  abstract  reasoning  of  algebra,  which,  in  its  first  steps,  is  similar  to  the 
reasoning  of  arithmetic.  Following  the  elements  of  algebra,  or  in  connection 
with  it,  he  should  take  up  the  science  of  geometry,  in  which  he  will  become 
acquainted  with  the  more  formal  methods  of  syllogistic  reasoning. 

Mental  Arithmetic. — Mental  arithmetic  is  especially  adapted  to  give 
culture  to  the  reasoning  power  of  the  young  mind.  By  mental  arithmetic,  we 
mean  not  the  mere  working  of  problems  without  slate  or  pencil,  but  that 
system  of  arithmetical  analysis  which  is  found  developed  in  a good  work  on 
the  subject.  Mental  arithmetic  is  a system  of  practical  logic  in  its  simplest 
form;  every  step  is  a judgment  direct  or  indirect,  and  the  entire  subject  is 
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permeated  with  the  spirit  of  logic.  Its  processes  are  purely  analytic,  and  it 
thus  trains  the  mind  to  the  most  rigid  analysis.  Every  truth  is  bound  to 
some  other  truth  by  the  thread  of  related  thought;  and  the  mind  of  the 
pupil  acquires  the  habit  of  following  a chain  of  logically-connected  judg- 
ments until  it  reaches  a satisfactory  conclusion.  To  give  exercise  to  the 
reasoning  powers  of  the  child,  mental  arithmetic  may  be  placed  at  the  head 
of  the  list  of  studies  of  the  primary  school. 

Sharpens  the  Mind. — Mental  arithmetic  sharpens  and  strengthens  the 
powers  of  thought.  The  system  of  rigid  analysis  gives  point  and  penetrating 
power  to  the  mind,  and  enables  it  to  pierce  a subject  to  its  core  and  discover 
its  elements.  In  this  respect,  mental  arithmetic  is  a sort  of  mental  whetstone, 
which  gives  edge  and  keenness  to  the  mind.  Old  Robert  Recorde  called  his 
work  on  arithmetic  the  "Whetstone  of  Witte;”  had  he  lived  until  the  era  of 
mental  arithmetic,  he  would  have  seen  the  full  meaning  of  his  words,  for  the 
method  of  analysis  found  in  mental  arithmetic  is  indeed  a whetstone  of  wit, 
a sharpener  of  the  mental  faculties.  Mental  arithmetic  is  a system  of  mental 
gymnastics;  through  it  the  mind  grows  strong  and  tough,  taking  hold  of 
difficulties  with  a will,  laughing  at  obstacles,  and  rejoicing  in  the  investiga- 
tion of  the  intricate  and  profound. 

Study  of  Written  Arithmetic. — The  study  of  written  arithmetic  leads 
the  mind  to  a higher  plane  of  deductive  thought.  AVhile  the  reasoning  in 
mental  arithmetic  is  purely  analytic,  the  reasoning  of  written  arithmetic  is 
more  synthetic  and  demonstrative  in  its  nature.  Thus  many  subjects  which 
in  mental  arithmetic  are  treated  by  pure  analysis,  in  written  arithmetic  are 
treated  by  demonstration.  In  mental  arithmetic  we  treat  all  the  various 
cases  of  Fractions  by  analysis;  while  in  written  arithmetic  we  may  first 
establish  a few  general  principles,  and  then  derive  all  the  rules  for  the  sev- 
eral cases  by  deduction  from  these  principles.  Many  subjects  in  written 
arithmetic  are  purely  deductive  and  demonstrative  in  their  nature,  as  Pro- 
portion, Progression,  Evolution,  etc.  The  study  of  written  arithmetic  thus 
lifts  the  mind  up  into  a higher  plane  of  deductive  thought,  and  gives  a 
culture  adapted  to  the  advancing  maturity  of  the  mind.  When  properly 
taught,  not  as  a collection  of  rules  for  arbitrary  results,  but  as  a system  of 
logical  processes,  it  affords  the  mind  a delightful  and  valuable  exercise  in 
deductive  thought. 

Study  of  Algebra. — Algebra  is  also  a valuable  study  in  training  the 
power  of  deductive  reasoning.  In  its  elementary  ideas  and  processes,  it  has 
its  origin  in  arithmetic,  and  flows  out  of  it;  and  its  spirit  and  methods  are 
essentially  deductive.  Its  methods  of  calculation  are  aralytic  and  demon- 
strative; and  it  rises  into  the  sphere  of  generalization,  which  gives  a breadth 
and  reach  of  mind  that  we  cannot  acquire  in  arithmetic.  This  spirit  of  gen- 
eralization lies  at  the  basis  of  the  science,  and  has  given  us  the  profound 
thinkers  in  astronomy  and  physics,  such  as  Newton  and  La  Place.  The  in- 
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terpretation  of  these  general  formulas,  as  applied  to  particular  cases,  so 
valuable  in  the  investigations  of  the  physical  sciences,  is  also  an  excellent 
exercise  for  the  development  of  the  thought-powers  of  the  student. 

Study  of  Geometry — In  giving  discipline  to  the  power  of  reasoning, 
geometry  has  been  placed  high  in  the  list  of  thought  studies.  Geometry  is 
purely  a deductive  science.  It  begins  with  definite  ideas  expressed  in  strictly 
logical  definitions,  has  its  fundamental  truths  or  axioms  given  by  intuition, 
and  with  these  as  a basis,  proceeds  by  the  logic  of  deduction  to  derive  all  the 
other  truths  of  the  science.  It  is  regarded  as  the  most  perfect  model  of  a 
deductive  science,  and  is  the  type  and  model  of  all  science. 

Invaluable  Discipline. — As  a study  for  the  discipline  of  the  power  of 
thought,  geometry  is  invaluable.  It  is  the  perfection  of  logic,  and  excels  in 
training  the  mind  to  logical  habits  of  thinking.  In  this  respect  it  is  superior 
to  the  study  of  logic  itself,  for  it  is  logic  embodied  in  the  science  of  tangible 
form.  While  logic  makes  us  familiar  with  the  principles  of  reasoning, 
geometry  trains  the  mind  to  die  habit  of  reasoning.  No  study  is  better 
adapted  to  make  close  and  accurate  thinkers.  Euclid  has  done  more  to  de- 
velop the.  logical  faculty  of  the  world  than  any  book  ever  written.  It  has 
been  the  inspiring  influence  of  scientific  thought  for  ages,  and  is  one  of  the 
corner-stones  of  modern  civilization. 

A Test  of  Power.— Geometry  not  only  gives  mental  power,  but  is  a test 
of  mental  power.  The  boy  who  cannot  readily  master  his  geometry  will  never 
attain  to  much  in  the  domain  of  thought.  He  may  have  a fine  poetic  sense 
that  will  make  a writer  or  an  orator;  but  he  can  never  reach  any  eminence 
in  scientific  thought  or  philosophic  opinion.  All  the  great  geniuses  in  the 
realm  of  science,  as  far  as  known,  had  fine  mathematical  abilities.  So  valu- 
able is  geometry  as  a discipline  that  many  lawyers  and  preachers  review 

their  geometry  every  year  in  order  to  keep  the  mind  drilled  to  logical  habits 
of  thinking. 

Subjects  for  Original  Thought — In  these  branches  of  mathematics, 
the  student  should  have  problems  and  theorems  for  original  thought.  Prob- 
lems for  solution  are  usually  given  in  arithmetic  and  algebra;  in  geometry, 
however,  the  practice  has  been  to  present  only  theorems  demonstrated  in 
the  text-book,  but  no  undemonstrated  theorems  to  train  the  student  to  rea- 
son independently  of  the  text-book.  This  is  regarded  as  a serious  defect  in 
the  methods  of  teaching  geometry.  There  should  be  a large  number  of 
theorems  for  original  thought;  and  the  student  should  be  required  to  dis- 
cover the  demonstrations  for  himself.  In  this  way  he  may  be  able  not  only, 
as  Cyril  said  of  the  girl-students,  to  “hunt  old  trails,”  but  also  “to  invent”’ 
processes  of  reasoning  for  himself.  He  will  become  an  original  thinker  in  the 
domain  of  quantity,  and  acquire  that  acuteness  of  insight  and  independence 
of  thought  that  characterize  the  profound  thinker. 
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II.  Culture  of  Inductive  Reasoning. 

Inductive  Reasoning  is  the  process  of  deriving  a general  truth  from  par- 
ticular truths.  It  is  one  of  the  earliest  forms  of  thinking  manifested  by  the 
young  mind'  and  is  developed  by  appropriate  exercise  and  training.  This 
exercise  and  training  may  be  given  in  four  different  ways;  by  the  inductive 
teaching  of  several  of  the  elementary  branches  of  study;  by  the  formal 
study  of  the  material  sciences;  by  original  investigations  in  these  sciences; 
and  by  being  careful  to  avoid  the  fallacies  of  induction. 

I.  Inductive  Method  of  Teaching. — The  power  of  inductive  reasoning 
may  be  cultivated  by  the  inductive  method  of  teaching  several  of  the  ele- 
mentary branches.  The  inductive  method  of  teaching  is  that  form  of  teach- 
ing which  passes  from  particulars  to  generals.  By  it  the  pupil  may  be  led 
from  particular  ideas  to  general  ideas,  or  from  particular  truths  to  general 
truths.  The  former  gives  culture  to  generalization,  which  is  in  the  spirit  of 
inductive  thought;  the  latter  requires  inductive  reasoning  on  the  part  of  the 
pupil,  which  gives  direct  culture  to  inductive  thinking.  The  principal  of  the 
school  branches  for  the  inductive  method,  are  Object  Lessons,  Geography, 
Grammar,  and  Arithmetic. 

In  Object  Lessons.— Object  Lessons  deal  with  objects  and  their  prop- 
erties, and  these  constitute  the  foundation  of  the  inductive  sciences.  A sys- 
tem of  object  lessons  is  especially  adapted  to  train  the  power  of  observation, 
which  lies  at  the  basis  of  the  development  of  the  inductive  sciences.  An 
object  lesson  requires  a pupil  to  analyze  an  object  into  its  parts,  to  look  at 
its  details;  and  thus  leads  him  to  acquire  the  habit  of  close,  accurate,  and 
analytical  perception.  The  pupil  may  also  be  led  to  classify  objects,  which 
is  a stage  of  inductive  science.  He  may  also  be  led  to  inquire  after  the 
causes  of  certain  facts  and  appearances  of  the  objects,  which  is  induction 
proper.  A system  of  object  lessons,  in  the  hands  of  an  intelligent  teacher, 
may  thus  lead  a pupil  in  the  first  steps  of  inductive  thought  and  science. 

In  Teaching  Geography. — Geography  is  a natural  science  and  is  devel- 
oped inductively;  and  when  properly  taught,  gives  exercise  in  inductive 
thought.  In  this  branch,  a pupil  should  first  see  particular  examples  of  the 
different  divisions  of  land  and  water, — continents,  capes,  peninsulas,  islands, 
oceans,  gulfs,  bays,  etc., — and  from  these  be  led  up  to  the  general  notion  of 
them  and  their  definitions.  So  also  the  particular  rivers  and  mountains 
should  be  first  presented,  and  the  pupil  be  led  to  unite  them  into  river- 
systems  and  mountain-chains,  thus  proceeding  from  the  particular  to  the 
general.  So  far  as  geography  treats  of  causes  and  laws,  they  should  follow 
the  facts  which  depend  upon  them.  Taught  in  this  way,  geography  cultivates 
inductive  thinking;  taught,  however,  by  the  ordinary  method  of  definition 
and  description,  very  little  thought  is  awakened,  and  what  there  is,  is  in  the 
spirit  of  deduction  rather  than  induction. 
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In  Teaching  Arithmetic . — Even  arithmetic,  which  is  a deductive  science, 
may  be  so  taught  as  to  train  the  faculty  of  inductive  thought.  The  earliest 
instruction  in  arithmetic  should  be  presented  concretely  and  inductively. 
The  mind  should  proceed  from  objects  to  numbers,'  from  ideas  of  processes 
to  their  formal  statement,  from  the  analysis  of  particular  examples  to  the 
general  rules,  from  the  use  of  a principle  in  some  special  case  that  gives  rise 
to  it,  to  its  formal  announcement  in  a general  proposition.  Thus  the  pupil 
may  be  made  familiar  with  the  process  of  uniting  and  separating  numbers 
before  he  learns  to  call  it  addition  and  subtraction;  he  may  analyze  special 
examples  in  the  different  cases  of  fractions,  and  then  derive  a rule  from  the 
steps  of  the  analysis;  and  this  is  inductive  in  its  character.  So,  in  common 
divisor,  common  multiple,  evolution,  etc.,  the  principle  may  be  first  presented 
in  the  special  case  of  a problem  being  solved,  from  which  the  mind  may  be 
led  to  its  formal  statement.  Subsequently,  the  principles  may  be  demon- 
strated by  deductive  processes,  and  the  rules  derived  from  general  principles. 

In  Teaching  Algebra. — Some  culture  of  inductive  thought  may  be  given, 
even  in  the  study  of  algebra.  We  may  pass  from  the  particular  solutions 
of  arithmetic  to  the  more  general  solutions  with  algebraic  symbols.  The 
transition  from  figures  to  letters,  from  numerical  exponents  to  literal  ex- 
ponents, and  the  generalization  of  particular  processes,  are  all  in  the  spirit 
of  inductive  thought.  Some  of  the  methods  of  operation  and  general  formu- 
las may  also  be  obtained  by  inductive  methods  of  reasoning.  Newton  dis- 
covered his  celebrated  “binomial  formula”  by  induction;  he  left  no  deductive 
demonstration  of  it  and  probably  never  discovered  one.  Fermat’s  for- 
mula for  prime  numbers,  2m  -f-  1,  when  m is  a term  in  the  series  1,  2,  4,  8,  etc., 
which  Euler  showed  is  incorrect  when  m equals  32,  was  derived  by  induc- 
tion. The  method  of  “mathematical  induction,”  often  used  in  algebra,  is 
more  deductive  in  its  nature  than  inductive,  and  does  not  afford  culture  to 
inductive  reasoning;  and  most  of  the  reasoning  of  algebra  trains  to  deductive 
rather  than  inductive  thought. 

In  Teaching  Grammar. — Grammar  is  largely  a deductive  science,  but 
its  elements  may  be  taught  inductively;  and  when  thus  taught,  will  give 
culture  to  inductive  reasoning.  Thus,  we  may  first  present  individual  ex- 
amples of  nouns,  and  then  lead  to  the  general  idea  of  a noun  and  to  its  defi- 
nition; and  so  with  all  the  parts  of  speech.  So  also  we  may  lead  the  pupil 
to  discover  the  properties  of  number,  case,  etc.,  from  language,  and  to  derive 
the  rules  of  inflection  from  individual  cases  of  inflection.  The  rules  of  syntax 
may  also  be  first  presented  in  special  cases,  and  the  mind  be  led  to  grasp 
the  general  from  the  particular.  Such  teaching  is  in  the  spirit  of  induction, 
and  trains  to  inductive  habits  of  thought.  Other  school  studies  may  be  pre- 
sented in  a like  manner,  and  when  so  taught  do  something  for  the  culture  of 
inductive  reasoning. 
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Tlio  following'  three  reading's  detail  the  oarly-g*rado  arithmetic 
methods  of  the  late  nineteenth  century.  The  first  is  from  an  1885 
prospectus  for  books  of  the  popular  Wentworth  series.  It  describes 
the  approach  used  in  First  Steps  in  Number,  copyright  1881,  which 
was  still  in  print  in  1921 — well  after  the  doctrine  of  incidental 
learning  gained  acceptance  for  early  number  work.  The  second 
selection  expounds  the  Grube  method  with  its  Pestalozzian  roots. 
Grube’s  Leitfaclen  fur  das  Rechnen  in  der  Element arschule  (1842) 
had  been  translated  earlier,  and  its  influence  is  noticeable  in  First 
Steps  in  Number  as  well  as  in  various  other  elementary  texts  of 
this  time.  The  third  selection  is  from  a “how  to  teach”  book  and 
is  included  as  an  example  of  a less  specialized  work. 

Biographical  information  about  Wentworth  precedes  these 
selections. 
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GEORGE  ALBERT  WENTWORTH 


George  Albert  Wentworth  (1835-1906)  was  educated  at  Exeter 
Academy  and  taught  there  for  more  than  half  his  life.1  His  texts 
are  credited  with  having  the  widest  circulation  of  any  used  in  the 
1880s.  Because  of  his  forceful  method  of  teaching  he  was  known 
by  his  students  as  “Bull”  Wentworth.  After  his  death  his  son 
George  (1868-1921),  who  also  taught  at  Exeter,  continued  his 
father’s  tradition  by  coauthoring  the  extremely  popular  Went- 
worth-Smith  Mathematical  Series  with  David  Eugene  Smith. 

Since  G.  A.  Wentworth’s  name  sometimes  appeared  on  texts 
written  mainly  by  others  and  his  primary  interest  was  in  second- 
ary school  mathematics,  we  may  surmise  that  First  Steps  in 
Number  is  largely  the  work  of  E.  M.  Reed,  the  coauthor.  The  popu- 
larity of  this  book  continued  well  into  the  period  when  extensive 
early  number  work  had  lost  support. 


1.  B.  F.  Finkel,  “Biography  of  George  Albert;  Wentworth,”  School  Science  and 
Mathematics  7 (June  1907):  485-88,  and  Harry  Gwinner,  “The  Two  Wentworths.” 
National  Mathematics  Magazine  9 (March  1935):  165. 

92 


m 


:’. M"* ■ ; . 

-f*-  - ■ * >1..  v 

vw?' ' >'  .■..«*  '**,-■  * . • f+  \*  • •>  '•  ' * 


•••  • • ’ 


T . ....  . - 


IfrV  *r  ■ 2K'-'  *f-  * ,:  * 

' S¥i3§l3^»;-lilr  OOTUHE  Of  THE  HETHOO  EMBODIED  IN 

%'^:i{Wi^~''%AV.^:..  . WENTWORTH  * REED’S 


|vj  • _ ■•  :\ • ,;  . 

n : * *****  : **  . .*.  • - . l.r  • . “ ;.  > • i 


^§lpj 

>V  v';'vi<  ’'  AAt*; 

;;T*  ■'«••'-> A'v  , v.;.  * 


in  Number, 


ymn 


ll 


* .£.  ••"  '■l&k-y--.,-  .ijm*  wo  *1 

--Wr*  .■■"■■? 

\W:,f  ’ ' 


fftfttKt*  PAGES  AND  A FULL  DESCRIPTION  OF 
M THIS  AND  THE  OTHER  BOOKS 


**  i-i  . * * A * .’•  > ■ 

r*\H%  J 


IK 


■..  Vi. ■ ,»' ; ' , , ' ‘V-.?'  > 

?'*  ;\'A^A\"',  .'^1' •-•i'1*'  * 


' *•'  w«  *-.  •••  A ••:•• 


WENTWORTH'S  MATHEMATICAL  SERIES. 


vfC  T*' T"l|v> ;', \ ‘ .A*  r *A>--';'.\-  *■  A;^: ' ' ;'>.A  ' V 

•/>  A* i S: A •'  - H .•.  I V.!''  »•*■' 

V*^v  v7,  ’ ;*  * *\ 

;•  <•,  :,&  }■  r *AV  • \>  •• 

: j A,v-,^- 

••,^- 


:A;  ><  ^;7 ^ V' + ■"•■  ■ • •■  ’ 

ZjM >•  •« .#.  ;:>:,  •*;  < • > ;V-i 

Tm*?:  ••  • '.  i ■£  .<  - , ..  • •■.•■« 


r 1-,-.fc^:...E-r: . . ;0*PI^A  '#«R^  *»  i , ;;;:.A 

pUBLISHBB8| 

;1'  ‘ r* 


V'' ■?^.;.i-  *.  '•'■'?/.  ■'■?'•  *5  .*  •'.'••  - I . . • • - ...  ' . : » • 

^ V' ' ^ ^ ^ ; ' ' ;' 


. \ / .;. 





vszm 


How  to  Teach  Number. 

In  the  primary  grades  Number-work  is  chiefly  constructive;  the  object 
is  knowledge  of  numbers,  and  so  the  teacher  should  begin  with  a number, 
and  take  all  processes  with  it. 

The  first  thing  to  do  is  to  find  out  what  the  children  know  of  number. 
For  this  purpose  the  teacher  may  call  them,  half  a dozen  at  a time,  about 
a table  on  which  are  objects  of  various  kinds,  and  holding  up  two  objects, 
say:— 

Edith,  find  so  many  blocks;  Harry,  find  so  many  buttons;  Walter,  find 
so  many  wheels;  Mabel,  find  so  many  spools. 

Come  and  tell  me  how  many  you  show  me. 

If  all  give  the  correct  answer,  she  may  continue  the  test  by  requiring 
each  child  to  draw  two  marks  on  the  board,  to  show  two  pegs,  to  show  two 
different  things,  to  name  two  different  things  in  the  room,  two  things  seen 
on  the  street,  two  things  at  home,  two  days  of  the  week. 

If  a child  does  not  stand  this  test,  the  teacher  should  excuse  him,  and 
proceed  with  the  rest  until  assured  that  they  know  two  under  all  ordinary 
conditions.  Then  she  may  test  for  three  in  the  same  way.  More  children 
will  have  to  be  excused  during  this  test.  She  should  proceed  in  the  same 
way  with  higher  numbers,  until  the  limit  of  the  children’s  knowledge  is 
reached. 

The  ability  to  count  by  ones  is  no  proof  of  the  perception  of  a number. 
The  child  may  know  the  succession  of  numbers  without  knowing  that  four 
is  different  from  one.  As  he  repeats  the  numbers,  each  is  only  one  to  him. 
The  fourth  one  is  four,  not  the  four  ones  taken  together. 

Two  is  usually  the  limit  of  the  child’s  knowledge.  About  one-fourth  of 
the  children  know  three  when  they  enter  school.  A few  know  four.  So  there 
will  be  three  groups  of  beginners,  namely,  those  whose  knowledge  of  num- 
bers is  confined  to  two,  those  who  know  three,  and  those  who  know  four. 
One  group,  therefore,  begins  with  three,  another  with  four,  and  the  other 
with  five. 

Suppose  that  the  number  four  is  to  be  taught.  Four  is  so  many  [things], 
not  a sign  which  we  call  a figure;  so  to  give  an  idea  of  four,  the  teacher  must 
present  things,  not  a sign.  Four  has  an  individuality  of  its  own,  and  is 
worthy  of  introduction  without  the  aid  of  its  smaller  sisters;  so  do  not  let 
the  child  arrive  at  four  by  counting. 
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There  is  no  call  at  any  time  for  any  teaching  of  counting  by  ones.  The 
pupil  learns  the  right  succession  of  numbers  unconsciously  as  numbers  are 
piesented  to  him  in  a logical  order.  The  teaching  of  each  number  may  be 
considered  under  four  heads: — 


1.  The  perception  of  the  number. 

2.  The  analysis  of  the  number. 

3.  Drill  to  fix  facts  discovered  by  analysis. 

4.  Comparison  with  smaller  numbers. 


To  give  the  child  an  opportunity  of  getting  this  knowledge,  the  teacher 
must  present  the  number  under  many  conditions,  or,  in  other  words,  cause 
it  to  be  applied  to  various  classes  of  objects.  Objects  most  convenient  for 
use  are  light  wooden  blocks,  checkers,  buttons,  card-board  disks,  and  rings 
of.  stiff  paper,  sticks,  spools,  paper  money,  geometric  figures  (cut  from 
bright  paper),  artificial  flowers,  and  paper  patterns  of  familiar  objects, 
hoises,  birds,  dogs,  cats,  mice,  fish,  butterflies,  bugs,  pails,  cups,  spoons, 
knives,  folks,  brooms,  dust-pans,  spades,  rakes,  scissors,  hats,  caps,  gloves, 
boots.  These  patterns  can  be  easily  cut  out  for  one’s  self,  and  are  specially 
recommended  as  being  very  suggestive  in  language  work  in  number. 

A table  is  almost  indispensable  in  the  objective  work  in  number.  It 
places  the  objects  within  convenient  reach  of  all,  and  brings  the  children 
into  the  most  favorable  position  for  giving  attention  to  the  work  in  hand. 
By  such  an  arrangement,  too,  the  teacher’s  effort  travels  over  the  smallest 
possible  amount  of  space,  and  is,  therefore,  utilized  to  its  utmost. 


Holding  up  four  blocks,  the  teacher  directs  each  child  to  show  so  many; 
saying,  I show  you  four  blocks.  How  many  buttons  do  you  show  me, 
Bessie,  when  you  show  me  so  many?  How  many  knives,  Henry?  How 
many  biooms,  Katie?  How  many  silver  dollars,  Mary?”  She  then  directs 
each  pupil  to  show  four,  mentioning  the  objects  she  wishes  him  to  take. 
'‘Ella,. show  me  four  pails.  Dolly,  four  birds.  Harry,  four  beetles.  Susie, 
foui  lings.  Annie,  four  flowers.  ’ This  is  not  difficult,  and  the  number  is 
almost  always  correctly  shown  the  first  time.  She  continues,  "Make  on  the 
board  four  straight  marks  up  and  down,  four  from  right  to  left.  Four  is  four 
dots,  four  crosses,  four  rings.  Show  me  four  things  unlike  each  other.  Tell 
me  how  many  things  I show  you,”  showing  a flower,  a stick,  a pair  of 
scissors,  and  a bird.  "Tell  me  how  many  flowers  I name:  a violet,  a daisy, 
a buttercup,  and  a dandelion.  How  many  trees:  an  oak,  a maple,  an  elm, 
and  a chestnut  tree.  How  many  animals:  a horse,  an  ox,  a sheep,  and  a dog. 
You  may  name  four  things  not  in  this  room,  four  kinds  of  food,  four  things 
you  can  do,  four  things  that  you  wear,  four  streets,  four  children.” 

Some  important  discoveries  will  be  made  here,  namely,  (1)  That  four 
laigc  objects,  as  blocks,  are  known  as  four,  when  the  same  number  of  pegs 
cannot  be  told.  (2)  That  four  things  of  the  same  color  are  recognized,  while 
four  things  of  different  colors  are  not.  (3)  That  four  things  of  a kind  are 
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recognized  when  four  things  of  different  kinds  arc  not.  (4)  That  four  things 
can  be  selected  when  four  cannot  be  created,  as  making  four  marks  on  the 
board.  (5)  That  to  carry  the  number  in  the  mind  while  four  different 
objects  not  visible  are  named,  is  quite  a difficult  feat,  and  equally  difficult 
is  it  for  the  child  to  name  four  different  things,  no  more,  no  less.  The  teach- 
ing of  number  should  follow  an  order  corresponding  to  these  discoveries; 
therefore  the  pupil  must  not  be  considered  ready  for  the  next  number  until 
he  has  fully  mastered  these  steps.  It  simply  requires  close  observation,  and 
if  the  pupil  has  not  this  power,  he  can  jt  advance  in  his  study  of  a number. 
This  is  the  test  of  his  ability  to  take  up  the  regular  work  of  the  school. 

When  a perception  of  the  number  has  been  gained,  then  comes  the 
analysis  of  it.  The  teacher  says:  W e shall  find  some  other  number  in  foui 

if  we  will  look  at  it.  Who  sees  it?”  Three  is  the  number  usually  found  at 
this  suggestion.  Take  it  away,  and  see  what  number  is  left.  Put  back  the 
three  with  the  one,  and  tell  what  number  you  see.  Who  finds  another  num- 
ber in  four?  Two  is  the  number  found  this  time.  Take  it  away,  and  tell  me 
what  is  left. 

Put  the  two  you  took  away  with  the  two  that  is  left;  what  number  is 
formed?  Take  away  the  smallest  number  you  see  in  four.  How  many  are 
left?  Put  the  one  with  three.  What  is  formed?  Take  four  away,  and  tell 
me  what  you  see.  Separate  the  one-blocks  from  one  another.  How  many 
one-blocks  do  you  find?  Separate  the  twos  from  each  other.  How  many 
twos  do  you  find?  Who  will  show  me  all  by  himself  one  thing  we  found  out 
about  four?  Who  will  show  me  another?  another? 

The  facts  in  the  number  having  been  found,  namely,  3 -f-  1,  4 —1,  4 3, 

2 -f-  2,  4 — 2,  2 X 2,  4 -i-  2,  4 — 4,  4 -j-  1,  4 X 1,  each  fad  must  be  repeated 
until  it  is  fixed  in  the  mind.  Seeing  the  fact  helps  to  fix  it.  Hearing  about 
the  fact  helps  to  fix  it.  Giving  for  one’s  self  problems  whose  conditions  fit 
the  fact  helps  to  fix  it:  so  all  these  ways  must  be  -employed  until  quick, 
bright,  and  accurate  answers  from  each  child  are  secured.  Example  making 
becomes  easy  when  the  child  has  before  him  the  objects  about  which  to  talk. 
One  tells  of  his  horses,  another  of  his  tops,  another  of  his  tubs,  another  of 
her  dolls.  When  the  child’s  imagination  suggests  objects  about  which  to 
talk,  give  him  blocks  and  let  him  call  them  what  he  wishes.  He  calls  them 
barrels,  elephants,  lions,  tigers,  torches,  guns,  banners,  and  tells  his  story  to 
fit  his  subject.  When  the  work  with  objects  has  been  carried  far  enough, 
remove  them  and  ask  for  a story. 

In  the  presentation  of  any  fact  the  first  questions  should  relate  to  the 
objects  before  the  children;  the  second  to  objects  represented  by  blocks, 
and  the  final  questions  to  objects  without  representation. 

When  one  fact  has  been  taught,  the  next  fact  in  order  should  be  taken 
and  presented  in  a similar  way.  One  fact  at  a time  and  only  one , not  a half 
dozen,  nor  even  two,  but  just  one  new  fact  together  with  review  at  each 
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lesson.  This  is  the  secret  of  success  in  teaching  facts.  It  does  not  lie  in  the 
first  presentation,  however  clear  that  may  be;  but  the  fact  must  be  recalled 
until  the  memory  can  call  it  up  at  any  time  without  effort.  Then  it  is  known. 

The  last  point  in  teaching  a single  number  is  to  compare  it  with  smaller 
numbers  for  relative  size.  This  comparison  must  not  be  made  by  division, 
but  by  placing  the  two  numbers  to  be  compared  side  by  side,  that  a visual 
measurement  may  be  taken  to  ascertain  how  many  more  in  one  than  in 
the  other. 

Place  four  blocks  in  a row  and  below  them  three  blocks.  “In  which  row 
is  there  the  more  blocks?  Howe  many  more?”  This  is  one  of  the  most 
difficult  questions  to  answer.  Children  who  have  worked  intelligently  up 
to  this  point  are  puzzled  by  the  “How  many  more?"  It  is  not  always  neces- 
sary to  help  them  out  of  their  perplexity.  Let  them  look  and  think,  and 
they  see  it.  When  it  is  necessary  to  give  help,  let  the  teacher  say:  “You 
may  take  one  from  the  three-row  at  the  same  time  that  I take  one  from  the 
four-row  until  you  have  taken  all  of  yours.”  The  teacher,  of  course,  has 
one  left,  and  to  the  question  “How  many  more  in  four  than  in  three?”  the 
child  is  now  ready  to  answer.  “One.”  Then  problems  relating  to  this  fact 
must  be  given  until  sufficient  repetition  has  been  made  to  impress  the  truth. 
The  comparison  of  four  with  two,  with  one,  and  with  none  is  made  in  like 
manner. 

All  numbers  to  ten  should  be  measured  in  the  same  way.  No  figures  or 
signs  of  operations  should  be  used  in  connection  with  the  first  numbers 
taught;  only  the  written  words  one,  two,  three,  four,  etc.,  and  the  expression 
of  facts  in  words.  The  children  have  their  board  work  in  number,  but  it  is 
expressed  in  words  instead  of  in  figures.  The  teacher  may  arrange  short 
lines  or  dots  in  groups  on  the  board  at  the  left  of  a long,  vertical  line,  and 
let  the  children  copy  and  put  the  result  in  one  group  at  the  right  of  the  line. 

Brown  paper  charts  with  groups  of  colored  triangles,  squares,  or  rings 
pasted  on  them  can  be  used  with  great  advantage  for  drill  in  quick  recogni- 
tion of  groups  of  numbers,  and  for  drill  in  making  rapid  combinations  and 
separations.  Thus:  the  teacher  points  to  any  group  not  larger  than  five, 
and  requires  instant  recognition  of  the  number,  or  points  to  two  groups  of 
numbers,  as  ° ° °,  0°0°0°0>  and  requires  the  answer,  five,  seven,  at  once. 
At  almost  every  recitation  there  should  be  a similar  exercise  at  the  number 
table.  Showing  a number  of  blocks,  ask,  “How  many?”  or  showing  one 
number  and  adding  another  to  it,  say,  “Read  what  I show  you.”  Facts  in 
subtraction,  multiplication,  and  division  are  shown  and  read.  It  is  wonder- 
ful what  quickness  of  sight  can  be  cultivated  by  this  simple  exercise.  The 
teacher  must  never  allow  hesitation  or  counting  by  ones,  and  must  treat  a 
mistake  as  a serious  thing,  saying  to  the  child,  “You  must  sit  here  by  me 
and  look  while  the  rest  answer,  for  you  do  not  see  well.”  She  must  never 
expect  mistakes  in  any  part  of  the  work,  nor  let  the  children.  She  must 
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take  great  care  to  cultivate  the  closest  attention  when  seeing,  hearing,  or 
doing,  and  thus  prepare  the  child  for  good  thinking. 

In  the  second  place,  she  must  know  just  what  each  child  is  able  to  do, 
and  suit  her  demands  to  his  knowledge,  so  that  he  may  always  expect  to 
know  and  not  to  guess,  haphazard.  He  thus  forms  the  habit  of  accuracy. 

Guessing  implies  lack  of  thinking;  it  establishes  a carelessness  as  to  the 
right  or  wrong  answer,  and  a wrong  answer  having  been  given,  the  impres- 
sion that  it  is  the  right  answer  is  just  as  liable  to  remain  in  the  mind  as  the 
required  correction  of  the  wrong  answer. 

Of  course  children  must  be  encouraged  to  think  for  themselves,  and 
they  cannot  be  expected  to  know  everything,  but  they  must  be  taught  to 
distinguish  between  mere  guessing  and  real  knowledge.  Lax  intellectual 
habits  lead  to  lax  moral  habits.  A boy  that  is  not  sensible  to  the  difference 
between  error  and  truth  in  his  arithmetic  is  very  apt  to  be  equally  insensible 
to  the  difference  between  error  and  truth  in  his  ordinary  statements  of  fact. 
Where  one  evil  prevails  the  other  prevails  also. 

Teachers  do  much  toward  encouraging  the  habit  of  inaccuracy  by  not 
knowing  what  to  demand.  They  expect  the  little  child  to  reason  about  the 
combination  4 3 when  he  is  only  just  able  to  see  the  truth  with  the 

objects  before  him.  They  require  him  to  reason  through  figures  when  the 
numbers  for  which  the  figures  stand  are  not  comprehended.  In  work  with 
fractions  there  is  much  guess-work  and  mere  memorizing  without  associa- 
tion unless  we  follow  the  new  education  loyally,  for  in  this  work  all  the 
figures  are  not  used  in  performing  an  operation;  for  example,  £ -j-  | is  not  f, 
as  the  child  who  works  with  figures  says,  nor  is  f-  — 2 equal  to  three.  Let  the 
fractions  be  shown  as  parts  of  some  tangible  wholes,  and  the  process  is 
readily  understood. 

The  child  should  be  taught  to  count  by  groups  in  getting  the  perception 
of  a number  larger  than  five.  Suppose  seven  is  presented.  It  will  be  seen 
as  two,  two,  two,  and  one;  or  as  three,  three,  and  one;  or,  more  unlikely, 
as  three  and  four. 

The  teacher  must  never  allow  counting  by  ones,  for  the  reason  that  it 
takes  more  time,  does  not  require  the  child  to  observe,  and  does  not  call  into 
exercise  his  knowledge  of  facts  in  number. 

It  is  very  important  to  make  a distinction  between  facts  of  a,  number  that 
must  be  recognized  instantly,  as,  4 + 3,  9 — 4,  4 X 2,  6 -r-  3,  of  4,  ^ of  6, 
etc.,  and  facts  that  may  be  found  by  calculation,  as,  4 -j-  2 -j-  3 ==  9, 
8 + 1 — 4 = 5. 

Teachers  who  do  not  make  this  distinction  give  as  much  energy  to  one 
set  of  facts  as  to  the  other,  and  the  result  is  that  owing  to  the  endless 
combinations  thus  given  few  are  fixed.  The  facts  to  be  known  are:  (1)  The 
combination  of  any  two  numbers,  neither  of  which  is  greater  than  ten. 
(2)  The  separation  of  a number  into  any  two  numbers,  neither  of  which  is 
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ten.  (3)  Products  of  entire  numbers,  neither  number  being  greater  than 
ten.  (4)  The  value  of  one  of  the  fractional  parts  of  a number  when  the 
value  is  not  more  than  ten.  All  others  grow  out  of  these,  and  can  be  readily 
found  if  these  are  known.  Exercise  in  rapid  calculation  should  be  given, 
but  not  to  the  exclusion  of  fixing  the  facts  just  described.  These  are  of  the 
first  importance.  Give  the  others  by  way  of  simply  testing  the  child’s 
knowledge  of  these. 

Board  work  should  be  mainly  single  combinations  and  separations,  and 
not  a string  of  them.  Time  will  be  gained  and  better  results  obtained  by 
adhering  to  this  rule. 

Certain  classes  of  facts  need  little  or  no  repetition  after  the  first  presen- 
tation. Of  this  class  are  combinations  with  one,  the  subtraction  of  one,  the 
doubling  of  numbers,  and  the  halving  of  numbers;  so  we  need  not  make  the 
mistake  of  drilling  upon  them. 

The  question  is  often  asked,  How  far  shall  the  teaching  of  number  be 
made  objective?  When  a perception  of  a number  is  to  be  gained,  objects 
are  indispensable.  When  it  is  possible  to  arrive  at  a correct  conclusion  by 
reasoning  from  data  already  stored  in  the  mind,  require  the  child  to  reason 
out  the  result.  Only  be  sure  that  the  facts  are  there.  We  are  apt  to  think 
the  child  has  data  from  which  to  reason  just  because  we  have.  The  presen- 
tation of  all  facts  from  one  to  ten  should  be  objective.  The  presentation  of 
each  number  from  one  to  twenty  should  be  objective.  Many  processes  with 
higher  numbers  should  be  objective.  Elementary  work  in  fractions  should 
be  objective. 

For  work  above  ten,  arrange  bundles  of  short  splints,  ten  in  each  bundle. 
Have  numbers  shown  with  these  bundles  plus  the  ones  required  to  make 
the  number.  These  bundles  are  a necessity  in  teaching  processes  in  which 
we  deal  with  ones  and  tens  separately;  for  example,  in  teaching  to  find  the 
sum  of  32,  24,  and  63,  or  the  difference  of  75  and  38,  the  product  of  37  by  5, 
or  the  quotient  of  86  by  2, 

The  board  work  should  be  the  simple  expression  of  what  has  been  done 
with  objects. 

It  is  not  necessary  that  drill  should  be  objective.  When  an  image  is  in 
the  mind,  it  needs  only  to  be  frequently  recalled  to  fix  it.  This  is  often 
more  effectively  done  without  objects  than  with.  And  in  every  case,  as  soon 
as  objects  have  done  their  work,  remove  them.  Do  not  forget  that  as  much 
depends  upon  drill  and  memorizing,  after  relations  have  been  seen,  as  upon 
the  clear  seeing  of  relations. 
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PREFACE. 


There  is  a widespread  feeling  among  American  teachers  that  there  is 
need  of  better  methods  of  teaching  Number,  especially  in  the  primary 
classes.  During  the  last  few  years,  the  Grube  System,  having  been  intro- 
duced into  a few  schools  and  discussed  at  teachers’  institutes  and  in  educa- 
tional journals,  has  attracted  the  attention  of  thoughtful  educators  in 
various  parts  of  our  land.  Many  of  the  later  Arithmetics  have  devoted  a 
few  pages  in  outlining  this  system  or  in  giving  a few  hints  in  regard  to  it. 
The  excellent  results  apparent  in  those  schools  that  have  tried  the  system, 
the  enthusiasm  of  its  adherents,  and  the  belief  that  it  is  based  on  sound 
philosophical  principles,  have  created  a desire  to  a better  understanding 
of  it.  The  design  of  this  little  book  is  to  give  a plain,  concise  exposition  of 
the  Grube  theory,  and,  at  the  same  time,  to  illustrate  the  method  of  teaching 
Number  in  accordance  with  it.  It  is  intended  to  be  a helpful  book  for  the 
primary  teacher. 

This  book  is  not  simply  a translation  of  Grube’s  treatise,  nor  is  it  the 
Grube  system  exclusively;  it  includes  all  of  that  system,  and  in  addition 
the  latest  and  best  ideas  oj  the  disciples  of  Grube  in  Germany,  whose  works 
were  studied  and  whose  personal  acquaintance  was  made  by  the  author  in 
their  school-rooms  and  in  their  educational  associations  during  a three 
years’  study  of  the  German  schools. 

In  the  preparation  of  this  book  I have  examined  with  care  the  following 
works:  Grube’s  “Leitfaden  fur  das  Rechnen  in  der  Elementarschule”  (the 
original  exposition  of  Grube’s  system) , German  works  on  Arithmetic  by 
Brautigam,  Gopfert,  Lincke,  Schellen,  Berthelt  und  Petermann,  Rein’s 
“Theorie  und  Praxis,”  Soldan’s  “Grube’s  Method,”  Indianapolis  School 
Manual  of  1876,  Quincy  (Mass.)  Course  of  Study  of  1879,  and  other 
treatises. 

Levi  Seeley. 


Lake  Forest,  III.,  1888. 
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SKETCH  OF  GRUBE. 


August  Wilhelm  Grubc  was  born  in  Wernigerode  at  the  foot  of  the 
Harz  .Mountains,  Germany,  on  the  16th  of  December,  1816.  His  father  was 
a tailor,  and  August  was  his  only  child.  He  commenced  school  when  four 
years  of  age,  and  very  early  decided  to  devote  himself  to  teaching.  Grube 
often  said  in  later  years  that  it  was  his  love  for  his  teacher  that  awakened 
in  him  the  wish  to  become  a teacher. 

When  eight  years  of  age  he  entered  the  Lyceum  of  his  native  city,  where 
he  remained  till  his  fifteenth  year,  after  which  he  entered  the  Teachers’ 
Seminary  at  Weissenfels  near  Leipzig,  In  1836,  when  twenty  years  of  age, 
he  completed  his  work  here,  and  obtained  a testimonial  which  stated  that 
Grube  was  well  fitted  to  teach  in  the  best  grade  of  schools.  After  teaching 
a short  time  in  a public  school,  he  took  the  position  of  family  teacher 
(Hauslehrer)  in  the  family  of  a count  in  the  province  of  Posen.  A like 
position  in  the  family  of  a wealthy  manufacturer  near  Bregenz  occupied  his 
time  until  he  gave  up  teaching  and  devoted  himself  to  authorship.  He  died 
January  27,  1884. 

“Grube  was  one  of  the  most  fruitful  and,  at  the  same  time,  most  impor- 
tant pedagogical  authors  of  the  present  time;  a man  endowed  with  philo- 
sophical penetration  and  sound  knowledge,  great  from  inclination  and  char- 
acter, likewise  rich  in  the  experiences  of  life  and  of  the  schoolroom.  He 
has  by  means  of  his  writings  exercised  an  extensive,  blessed  influence  upon 
the  educators  of  our  time.” 

His  works  cover  all  departments  of  pedagogics.  From  the  many  we 
name  “Pedagogical  Studies  and  Criticisms”  (Padagogische  Studien  und 
Kritiken),  in  one  part  of  which  he  discusses  “Darwinism  and  its  Conse- 
quences,” taking  a stand  against  Darwin.  Especially  has  Grube  rendered 
great  service  to  the  young  by  his  “Geographical  Character-pictures”  (Geo- 
graphischen  Charakterbilder) , “Biographies  from  Natural  Science”  (Bio- 
graphien  aus  der  Naturkunde),  “Character-pictures  from  History  and 
Tradition”  (Charakterbilder  aus  der  Gesehiehte  und  Sage).  Grube  was  the 
forerunner  of  new  methods  of  teaching  geography  in  Germany.  He  opposed 
the  practice  of  making  the  study  of  geography  a memorizing  of  numbers 
and  facts,  and  arranged  the  material  to  be  taught  so  that  it  could  be  used 
to  advantage.  He  connected  the  teaching  of  geography  with  pictures  of  the 
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landscape,  with  productions,  temperature  of  the  country,  and  would  show 
how  the  customs,  religion,  government,  history,  and  happiness  of  the  people 
are  related  to  and  dependent  upon  the  country. 

But  of  particular  interest  to  us  in  connection  with  this  work  is  Grube’s 
“Guide  for  Reckoning  in  the  Elementary  School,  according  to  the  Principles 
of  an  Inventive  Method”  (Leitfaden  fiir  das  Rechnen  in  der  Elementar- 
schule,  nach  den  Grundsatzen  einer  heuristischen  Methode) . This  book 
marked  an  epoch  in  the  teaching  of  Number  in  Germany  and  has  exerted 
a wide  influence  on  American  teaching. 
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INTRODUCTION. 


Pestalozzi  was  the  pioneer  who  broke  new  ground  in  elementary  instruc- 
tion and  led  the  way  from  mechanical,  abstract  methods  to  those  which  are 
more  natural  and  psychological.  He  laid  down  the  principle  that  all  mathe- 
matical knowledge  is  founded  upon  immediate  observation,  and  therefore 
must  proceed  from  the  concrete  to  the  general  or  abstract  by  means  of  in- 
numerable examples.  This  discovery  was  not  only  of  vast  importance  to 
pupils  in  the  schools,  but  it  opened  up  to  teachers  the  psychological  prin- 
ciples of  all  pedagogics. 

In  1842,  only  fifteen  years  after  Pestalozzi’s  death,  appeared  Grube’s 
“Leitfaden  fiir  das  Rechnen  in  der  Elementarschule.”  In  this  work  Grube 
gives  a thoroughly  developed  system  of  teaching  number.  Pestalozzi  was 
unfortunately  lacking  in  system.  While  he  brought  to  light  pedagogical 
principles,  he  developed  no  system  of  pedagogics.  He  taught  the  world  that 
the  proper  way  to  teach  the  child  is  to  go  directly  to  Nature,  let  her  operate 
on  the  mind  and  follow  her  harmonious  development.  Grube  found  the 
germ  of  his  system  in  Pestalozzi’s  teachings,  but  went  farther  than  his 
master  in  that  he  broke  away  from  the  idea  of  teaching  the  four  processes, 
addition,  subtraction,  multiplication,  and  division,  separately  and  in  the 
order  named.  This  is  one  of  the  great  and  most  important  features  of  the 
Grube  system.  Grube  held  that  the  four  simple  processes  of  arithmetic 
should  go  together  in  the  small  numbers,  believing  it  to  be  the  natural 
process  of  the  mind. 

By  the  use  of  objects  the  child  is  brought  to  see  the  relations  of  numbers 
until  he  is  able  to  reproduce  the  relations  without  the  objects.  As  the  ele- 
mentary work  properly  covers  the  period  from  the  sixth  to  the  tenth  year, 
the  period  of  observation,  and  as  the  method  is  purely  elementary,  Grube 
discusses  only  the  first  four  years’  work.  His  plan  provides  for  three  hours 
(full  hours)  per  week.  The  end  to  be  reached  is  a thorough  knowledge  of 
the  fundamental  rules  and  common  fractions.  His  work  is  divided  into 
three  parts  or  courses: 

I.  Whole  numbers  from  1 to  100,  employing  the  first  two  years. 

II.  Whole  numbers  above  100,  employing  the  third  school  year. 

III.  Fractions,  employing  the  fourth  year. 

He  lays  down  the  work  definitely  for  each  half-year,  which  we  shall  fully 
discuss  later. 
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ADVANTAGES  OF  GRUBE’S  METHOD. 


I.  It  recognizes  the  psychological  fact  that  nearly  all  the  knowledge 
obtained  by  the  child  in  its  earlier  years  is  by  means  of  the  senses. 

By  observation  and  not  by  reasoning  does  the  child  gain  his  first  knowl- 
edge of  number.  In  the  earlier  years  the  child’s  reasoning  powers  must  be 
brought  very  little  into  play.  He  is  not  yet  especially  ready  for  reasoning, 
and  Nature  did  not  intend  that  he  shall  gain  knowledge  at  this  early  period 
through  the  reason.  He  is  eager  for  knowledge,  but  such  knowledge  as  is 
obtainable  by  the  senses.  He  learns  mechanically?  He  comes  to  know  all 
the  combinations  and  manipulations  taught  him  so  as  to  give  them  with 
absolute  accuracy  and  great  rapidity  without  stopping  to  think. 

II.  As  it  makes  the  first  year’s  work  a study  of  the  numbers  1 to  10 
it  lays  a solid  foundation. 

The  knowledge  thus  obtained  becomes  an  acquirement  which  will  be  a 
methodical,  substantial  product.  According  to  our  usual  crude  methods  this 
may  seem  but  little  work  for  an  entire  year,  yet  by  this  scientific  study  the 
first  ten  numbers  will  be  found  to  furnish  ample  work.  They  are  the  foun- 
dation of  the  whole  number  system;  all  larger  numbers  are  only  a repetition, 
in  a sense,  of  the  first  orders.  The  more  thoroughly  the  numbers  from  one 
to  ten  are  known,  the  surer  and  more  rapid  will  be  all  later  work  in  arith- 
metic. Let  this  foundation  be  well  laid  and  the  structure  is  well  begun. 
Within  these  limits  there  is  so  much  rich  material  for  all-sided  practical 
applications  that  the  teacher  will  find  plenty  to  do  to  accomplish  the  teach- 
ing of  the  first  ten  numbers  in  one  year. 

III.  The  Grube  method  progresses  gradually  and  naturally  accord- 
ing to  the  ability  of  the  child. 

It  proceeds  from  the  knowdedge  already  gained  to  new  knowledge  by  a 
very  easy  step.  The  knowledge  possessed  is  utilized  in  mastering  new 
knowledge.  The  child  must  not  be  subjected  to  mental  over-exertion  at  any 
period.  This  is  especially  dangerous  during  the  first  years.  The  Grube 
method  does  not  require  too  much,  and  yet  it  gives  endless  and  suitable 
variety  so  that  the  child  does  not  tire  of  number. 

IV.  It  develops  the  mental  powers  evenly  and  in  all  directions. 

One-sided  teaching  should  always  be  avoided.  All  development  should 
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be  harmonious  and  natural.  Grube  considers  each  number  by  itself  as  an 
entirety  and  teaches  all  about  it  completely,  thus  building  the  mathematical 
structure  step  by  step. 

V.  Elementary  teaching  of  number  should  proceed  from  observa- 
tion, or.,  better,  it  should  proceed  from  things. 

Grube’s  system  calls  for  the  use  of  things — balls,  marbles,  cubes,  blocks. 
It  uses  objects  repeatedly  until  the  child  is  thorough  master  of  the  number 
and  can  make  the  combinations  abstractly.  After  a time  the  simple 
remembrance  of  the  objects  used  will  always  be  sufficient  to  recall  to  the 
consciousness  the  number  until  no  object  is  longer  necessary  and  the  pure 
relations  of  numbers  are  fixed.  Then  the  child  needs  no  object,  or  inter- 
mediate process,  to  help  him  to  know  the  number,  but  he  knows  it  instantly, 
and  the  simple,  fundamental  processes  are  mechanical.  So  wre  pass  from 
the  object  to  the  symbol,  from  this  to  the  comprehension  of  number,  and 
lead  in  this  way  the  interest  from  the  empire  of  objects  over  to  the  empire 
of  the  number  forms. 

VI.  The  Grube  method  makes  the  teaching  of  number  an  excellent 
language-lesson. 

The  answers  and  statements  are  to  be  complete  sentences;  and  as  the 
subject  is  always  kept  within  the  ability  of  the  child  to  comprehend,  the 
number-lesson  becomes  one  of  the  most  valuable  means  of  teaching  language. 

VII.  The  child  acquires  the  habit  of  close  observation. 

As  only  that  which  is  within  the  child’s  comprehension  is  brought  before 
him,  and  as  familiar  objects  are  placed  before  him  so  frequently  and  so 
systematically,  lie  acquires  the  habit  of  accurate  and  close  observation.  He 
learns  to  see  what  is  brought  to  his  notice,  and  to  see  all  about  it.  This  is 
one  of  the  most  important  features  of  the  Grube  method,  in  that  it  is 
thoroughly  psychological. 

VIII.  It  develops  and  trains  the  attention. 

As  the  child  can  understand  the  matter,  it  interests  him,  and  interest  is 
the  first  factor  of  attention.  Because  of  its  harmonious,  all-sided  develop- 
ment it  cultivates  the  power  of  attention  and  leads  the  child  to  the  habit 
of  commanding  and  fixing  the  attention  at  will. 

IX.  It  forms  the  habit  of  thoroughness  in  the  child. 

Mastering  each  number  in  all  its  details  and  possible  combinations,  it 
becomes,  like  a habit,  a part  of  the  very  being  of  the  child,  until  he  is  able 
to  use  it  exactly  as  he  uses  the  eye  or  the  hand,  without  conscious  thought. 
Beginning  thus  early  in  his  school  life  to  gain  a thorough  mastery  of  each 
step,  he  is  led  to  desire  mastery  in  other  departments  of  learning  and  of 
practical  life. 
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X.  The  Grube  method  gives  pleasure  and  awakens  a love  for  the 
study  of  number. 

If  the  pleasure  of  work  is  not  found  in  the  work  itself,  all  incentives  and 
threatenings  will  be  in  vain.  The  desire  to  know  a thing  must  be  pioduced 
in  the  child  himself.  The  impulse  can  begin  in  the  young  mind  only  when 
there  is  the  consciousness  of  continual  unity  in  the  development  of  his 
powers,  and  then  he  will  be  driven  by  this  impulse  to  fuithei  development 
by  his  self-activity.  This  method  contains  such  unity  and  thus  awakens 
in  the  child  a love  for  the  subject. 

XI.  It  makes  the  child  self-active  in  a proper  manner. 

Becoming  complete  master  of  a number,  he  is  able  to  combine  and 
operate  with  it  by  making  original  examples.  Thus  number  becomes  to  him 
from  the  first  a living,  practical  reality. 

XII.  The  Grube  method  is  a logical  one. 

It  proceeds  systematically  and  according  to  an  order  of  sequence;  it  is 
psychological  in  that  it  teaches  the  use  of  the  senses,  in  that  it  proceeds 
from  the  simple  to  the  more  difficult,  and  in  that  it  goes  out  from  the  known 
to  unknown  and  makes  constant  use  of  the  known;  it  is  practical  because  it 
gives  a sure  foundation  for  all  future  work  in  arithmetic,  and  because  it 
brings  the  child  immediately  to  measure  and  compare  numbers  and  to  make 
use  of  the  relations  of  the  same. 
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The  first  course  includes  whole  numbers  1 to  100.  Two  years  are  required 
for  this  work,  the  first  year  being  spent  on  1 to  10  and  the  second  on  the  rest, 
10  to  100. 

It  must  not  be  forgotten  that  the  number-lesson  must  at  the  same  time 
be  a language-lesson.  It  is  of  the  highest  importance  that  the  child  give  his 
answers  in  complete  sentences,  plainly  spoken,  with  clear  accent.  Great 
importance  must  be  attached  to  the  explanation  of  every  example  from  the 
outset.  So  long  as  the  child  is  not  master  of  the  language  necessary  to 
express  the  operations  performed  with  the  number,  he  is  not  master  of  the 
representation  or  idea  of  the  number  itself,  he  does  not  know  the  number. 

An  example  is  not  finished  when  the  answer  is  found,  but  when  it  has 
been  analyzed.  The  language  may  be  taken  as  a safe  test  that  a pupil  has 
completely  mastered  a step. 

So  far  as  possible  the  pupil  must  be  led  to  speak  for  himself  and  not  to 
depend  upon  half  the  answer  being  put  into  his  mouth  by  the  teacher.  Con- 
cert and  individual  answers  must  interchange  in  order  that  the  interest  of 
the  class  be  maintained. 

The  uniform  objects  to  be  used  are  the  fingers  and  blocks;  for  blackboard 
or  slate  use  simple  straight  lines.  Too  many  kinds  of  objects  must  not  be 
used.  The  child  has  only  a certain  amount  of  strength  and  mental  power 
which  he  can  apply,  and  his  interest  must  not  be  divided. 

The  mental  comprehension  of  number  is  disturbed  if  things  which  awaken 
other  ideas  or  desires  are  employed.  The  mind  is  capable  of  only  a certain 
amount  of  interest,  and  when  this  interest  is  wholly  or  partly  withdrawn  but 
little  can  be  expected  for  the  particular  thing  at  hand.  For  this  reason,  while 
teaching  the  abstract  number,  there  should  be  but  few  things  shown  the 
child,  and  these  should  be  simple  and  uniformly  the  same.  The  best  things 
are  blocks,  which  awaken  little  interest  in  themselves,  and  these  must  be 
the  chief  objects  used  throughout.  Other  objects  should  be  referred  to  after 
the  child  has  a number  well  fixed,  by  way  of  application,  but  should  seldom 
be  shown  him,  at  least  during  the  study  of  the  first  numbers.  Thus  apples, 
nuts,  etc.,  which  awaken  desire,  stimulate  the  appetite,  and  thus  divide  the 
attention,  must  not  be  used  as  objects  in  teaching  number.  All  the  interest 
which  the  child  gives  to  the  color,  taste,  etc.,  of  objects  is  just  so  much  lost 
to  number. 
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The  operations  in  any  step  consist  simply  of  comparing  and  measuring 
what  has  been  gained  in  the  preceding  steps  with  that  which  is  new.  jc 
child  proceeds  from  the  known  to  the  unknown,  from  the  easy  to  the  difficult, 
hence  the  method  must  follow  a psychological  law.  The  pure  number  is  rst 
learned,  and  then  it  is  applied  to  things  in  order  to  fix  it  and  make  its  prac- 
tical use  apparent.  . ^ 

The  work  of  teaching  a number  is  not  complete  until  the  child  has  bee 

taught  to  make  neatly  and  with  dispatch  the  figure  which  stands  for  the 
number.  This  makes  excellent  employment  for  the  children  at  their  sea  s, 
and  is  a good  preparation  for  written  arithmetic,  for  which  the  foundation 

Go  slowly— do  not  measure  the  ability  of  the  child  by  your  ability;  bring 
yourself  down  to  the  level  of  the  child’s  mind;  be  patient;  repeat  everything 
many  times;  review  daily;  use  many  examples  and  lead  the  children  to  make 

^Lastly,  do  not  expect  too  much  of  the  children;  give  them  the  kind  and 
quantity  of  food  that  they  can  digest,  remembering  that  real,  sound,  intel- 
lectual growth  is  slow,  especially  at  the  beginning. 
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THE  FIRST  YEAR:  I - I 0. 


The  work  of  the  first  year  embraces  a study  of  the  numbers,  1,  2,  3,  4, 
5,  6,  7,  8,  9,  10.  Each  number  is  taken  by  itself,  measured  by  those  that 
precede  it,  compared  and  studied  in  all  its  possible  operations. 

FIRST  STEP. 

THE  ONE.1 

The  one  can  only  be  measured  by  itself.  The  child  has  only  to  learn  the 
idea  of  unity. 


1.  Many  insist  that  the  child  already  knows  the  one,  and  that  it  is  folly  to  spend 
time  in  teaching  it,  But  it  must  not  be  forgotten  that  the  child  when  he  enters  school 
must  begin  the  study  of  number,  must  begin  to  form  habits  of  correct  speaking  and 
thinking,  must  learn  to  observe  carefully  what  is  done,  to  tell  what  he  sees  done,  and 
to  answer  in  complete  sentences.  Then,  too,  the  Grube  system  builds  step  by  step, 
always  making  use  of  the  knowledge  possessed.  The  one  is  the  first  step.  For  these 
reasons  and  for  these  purposes  a short  time  can  be  profitably  spent  with  the  one.  It 
may  be  further  added  that  the  fact  of  the  child’s  knowing  the  one  will  make  it  especially 
valuable  in  getting  him  to  feel  confidence  in  himself,  an  important  matter  for  the  child 
when  he  begins  school. 
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ARITHMETIC. 


Aim. — To  develop  the  reasoning  powers ; to  cause  pupils  to  think;  to  think 
clearly;  to  think  accurately ; to  think  quickly;  to  think  things 

THROUGH. 

NUMBERS. 

1.  Counting  should  begin  by  counting  objects — not  abstractly;  use  nu- 
meral frame,  pieces  of  chalk,  grains  of  corn,  books — any  objects.  Add  them, 
subtract  them,  multiply  them,  divide  them,  take  parts  of  each,  etc.  Spend 
a little  time  at  first  teaching  number  language,  as  "one  dog,”  "two  boys,” 
"three  hats,”  etc.;  then  using  objects,  as  blocks,  pegs,  toothpicks,  etc.,  add, 
subtract,  multiply  (in  groups),  divide,  etc.  By  cutting  out  pictures  of  birds, 
pigs,  dogs,  etc.,  from  magazines  and  journals,  the  teacher  can  furnish  First 
Grade  pupils  with  material  for  "number  stories.”  Pupils  can  easily  be  led 
to  talk  of  these  things  in  number  language,  to  group  them,  portion  them,  etc. 
Tables  can  be  made  with  pegs,  as  I + I + I + I = MI;  II  + 11  = HII, 
etc.,  the  pegs  being  laid  on  plates  instead  of  writing  marks.  Then  numbers 
of  objects  may  be  represented  by  figures.  Use  objects  until  the  child  can 
grasp  the  thought  without  the  aid  of  them.  They  have  a place  in  primary 
work,  but  there  is  a limit  to  their  vfsefulness. 

Take  five  minutes  each  day  in  lower  Grades  for  rapid  work  in  addition, 
subtraction,  multiplication  and  division  and  their  combinations.  It  is  sur- 
prising with  what  facility  pupils  will  handle  numbers  if  drilled  in  rapid  work 
daily. 

On  this  subject  read  Anna  Johnson’s  little  book  "Education  by  Doing,” 
published  by  E.  L.  Kellogg  & Company,  New  York,  N.  Y.  It  costs  but  thirty 
or  forty  cents. 

2.  Associate  this  idea  of  numbers  and  figures  with  the  objects  counted. 
Give  small  groups  of  objects  to  be  represented  by  figures  on  slates;  add  both 
objects  and  figures.  Do  not  allow  pupils  to  count  by  rote,  but  always  asso- 
ciate the  numbers  with  the  objects;  also  begin  at  other  numbers  than  unity, 
as  20,  35,  etc.,  and  count  upwards. 

3.  Add  single  columns  written  on  the  board.  Addition  and  subtraction 
should  be  taken  up  together;  in  fact,  the  four  fundamental  principles  of 
Arithmetic,  and  also  the  rudiments  of  fractions,  may  be  taught  together. 
Teachers  who  cannot  do  this  successfully  should  study  the  "Grube  method,” 
also  the  “Quincy  method.” 
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Any  teacher  can  do  this  work  successfully  by  following  the  plan  outlined 
in  Piper’s  "Seat  Work.”  Write  Prof.  J.  Piper,  149  Wabash  avenue,  Chicago, 
Ills,  and  get  a sample  copy  for  five  or  six  "ents,  or  Hailman’s  "Primary 

Helps”  (price  75  cents) . 

4.  In  beginning  notation  and  numeration,  the  names  of  the  first  three 
or  four  periods  should  be  taught  until  pupils,  can  call  each  period  readily 
telling  its  name  from  its  position.  Mark  three  or  four  spaces  on  the  board 
large  enough  for  three  figures  each.  Let  pupils  call  spaces  by  names,  i.  e., 
first  space,  units;  second,  thousands;  third,  millions,  etc.  Then  write  the 
required  numbers  in  each  space,  etc. 

5.  In  teaching  multiplication,  each  step  should  be  mastered  thoroughly. 
Various  exercises  may  be  adopted  both  on  the  board  and  orally.  In  sub- 
traction, "borrowing”  may  be  illustrated  by  dollars  and  cents,  eic. 

6.  In  Mental  Arithmetic,  answers  should  be  simple  and  concise;  avoid 
long  analysis  with  repetitions. 

ADVANCED  WORK. 


Mental  Arithmetic  should  precede  and  accompany  written  Arithmetic. 
Exercises  in  rapid  calculation  should  be  frequent.  When  the  divisor  is  less 
than  13,  long  divisions  should  not  be  permitted.  In  beginning  Fractions, 
great  pains  should  be  taken  to  lay  the  basis  thoroughly . Comprehension  of 
illustrations  and  readiness  to  perform  operations  should  precede  rules.  The 
relations  of  Decimals,  Common  Fractions  and  Percentage  should  be  illus- 
trated. Notation  and  numeration  of  Decimals  may  be  taken  up  with  that 
of  whole  numbers.  Decimals  should  precede  Common  Fractions.  Where  the 
text-book  places  Common  Fractions  first,  they  may  be  passed  over  until 
decimals  are  finished. 

After  canvassing  any  subject  as  laid  down  in  the  book , the  teacher  should 
furnish  supplementary  work  to  make  pupils  clearly  understand  the  prin- 
ciples canvassed  before  passing  on  to  the  next  subject.  The  importance  of 
this  work  to  supplement  the  text-book,  and  make  pupils  think  for  them - 
selves,  can  hardly  be  sufficiently  emphasized.  Pupils  are  usually  "at  sea” 
when  given  work  outside  the  book  and  not  under  a certain  case. 

7.  Exercises  for  drill  in  rapid  calculation  should  be  given  almost  daily. 
In  this  work  let  accuracy  and  rapidity  be  the  two  goals  to  be  reached.  The 
form  of  work  is  frequently  neglected.  Teachers  should  insist  on  having  the 
work  in  good  form,  whether  on  board,  or  paper,  slates,  etc.  It  will  take  time 
at  first,  but  will  be  a great  saving  of  time  and  labor  in  the  long  run.  To 
• this  end  the  pupils  should  be  drilled  in— 

I.  The  arrangement  of  work  on  the  board. 

II.  The  making  of  good, 'plain  figures. 

III.  Care  in  using  the  proper  signs  when  necessary. 
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The  work  should  be  so  plain  that  it  can  be  read  like  a sentence.  Pupils 
should  learn  that  there  is  a mathematical  language;  that  figures,  signs,  and 
symbols  largely  compose  it,  and  that  these  should  not  be  omitted  any  more 
than  the  words  of  a sentence. 

The  habit  of  doing  work  plainly,  clearly  and  systematically  is  of  great 
practical  importance.  The  habit  formed  during  school  life  goes  with  the 
pupil  into  business  and  is  not  easily  changed. 


117 


AMERICAN  SCIENCE  SERIES-ADVANCED  COURSE 


THE  PRINCIPLES 

of 

PSYCHOLOGY 

:•  B¥ 

WILLIAM  JAMES 

n^flUOR  OF  PSYCHOLOGY  IN  HAKYAKD  tTNTVEBSITY 

IN  TWO  VOLUMES 
VOL  n. 


NEW  YORK  ‘ 

HENRY  H^LT  AND  COMPANY 

f • » 


^OOOTK^10- 


OHAPTBB  XV®- 


i«a<e ' ® In*  *»w 

«“**"& 


iMkAWAWOM) 
. iw*  IttUL 


chapes®  xvnL 


. 4* 


„ * 

jrp  “n^w  ■ ^ »%• 

SK^T^rS-s^^r** 

chatter  wx.  ,8 

•«wwi«oo*  c»  "&“*«£  • 

fnotj"00  *“aJ*’,“wto«*' w ,'^!C^tap«2S“on’ 1M; 

nirtt**1*  *2i  n»  n»oi»l  j’Occm  lnt«i**c«t  a 

C-oorfW- « u^l0° 

Tw»°,Pkf'l„.  iu.  ^h,0,u^  h^Twi. 
iSrH»nocta*'to^'«»-  •T«c*ptK»,klm*> 

• »fc 

V . OBUkPCR®  XX*  . : . .'  < . \ . W 

■ .1g^^ 


«n 


®03>s,*»Ja 


^£”1“^" h^srs"«  %.-«- 
2 s^psfear  sSS'S^S' 

EaSi  a*? Sr*;-*  * ^ss«? 


ca^oo 


O' 

^^-•-saSsfffSSSS 


T"“P«o 


**S?w** 


L**d  it*  t 


0Sa*tm a 

STSttaSSf  - 

l 

vflf,  auof  f°  *'leo',ie«,  Sij 


XXi. 


«•+ 


’•"•'***  Mn*a?  bSs? « 


**«& 


«Ur0,. 


aa^pji g» 


s^-cSs?**' 

* x^mu^SSS 


3«J 


_ "««  it  « * 


ttle,^U b?*0D<n/ 

Sa5SfeS5SSi,sas‘ 


•A  3** 


38* 


5a«®®s 


UbIj 


"Rie 


*W 


^».p4 


'OOOl. 


^PpEa 

w,/ov*«*n 

'•  WJiola  « *' 

r3*nl«ni,  a?/*5,  ‘"'XMfe, 


auma 


CE*  **•»£?  ^ 

I?****, 


J»»nr, 


Placet 


>rtij 


37* 


M.I*£,t*>lUom  •«. 
J*  Tiro  Jj*’  39*, 

h*tt(*«b.P?“0.,W" 


xxtv. 


ijmta, 


*^ZsSz§£^ 


' ii  ^elr 


383 


ERIC 


rthiitui  1 1 


nt . n.  .■m>i^iiti«^nte(i«iriini 


CHAPTER  XXVIII. 


NECESSARY  TRUTHS  AND  THE 
EFFECTS  OF  EXPERIENCE. 


MATHEMATICAL  RELATIONS. 

So  much  for  the  a priori  necessities  called  systematic  classification  and 
logical  inference.  The  other  couplings  of  data  which  pass  for  a priori  neces- 
sities of  thought  are  the  mathematical  judgments,  and  certain  metaphysical 
propositions.  These  latter„we  shall  consider  farther  on.  As  regards  the 
mathematical  judgments,  they  afe  all  ‘rational  propositions’  in  the  sense 
defined  on  p.  644,  for  they  express  results  of  comparison  and  nothing  more. 
The  mathematical  sciences  deal  with  similarities  and  equalities  exclusively, 
and  not  with  coexistences  and  sequences.  'Hence  they  have,  in  the  first  in- 
stance, no  connection  with  the  order  of  experience.  The  comparisons  of 
mathematics  are  between  numbers  and  extensive  magnitudes,  giving  rise 
to  arithmetic  and  geometry  respectively. 

Number  seems  to  signify  primarily  the  strokes  of  our  attention  in  dis- 
criminating things.  These  strokes  remain  in  the  memory  in  groups,  large 
or  small,  and  the  groups  can  be  compared.  The  discrimination  is,  as  we 
know,  psychologically  facilitated  by  the  mobility  of  the  thing  as  a total. 
But  within  each  thing  we  discriminate  parts;  so  that  the  number  of  things 
which  any  one  given  phenomenon  may  be  depends  in  the  last  instance  on  our 
way  of  taking  it.  A globe  is  one,  if  undivided;  two,  if  composed  of  hemi- 
spheres. A sand-heap  is  one  thing,  or  twenty  thousand  things,  as  we  may 
choose  to  count  it.  We  amuse  ourselves  by  the  counting  of  mere  strokes,  to 
form  rhythms,  and  these  we  compare  and  name.  Little  by  little  in  our  minds 
\ the  number-series  is  formed.  This,  like  all  lists  of  terms  in  which  there  is 

a direction  of  serial  increase,  carries  with  it  the  sense  of  those  mediate 
relations  between  its  terms  which  we  expressed  by  the  axiom  “the  more  than 
the  more  is  more  than  the  less.”  That  axiom  seems,  in  fact,  only  a way  of 


121 


The  Art  cf  Teaching  Mathematics  (1828-90) 


stating  that  the  terms  do  form  an  increasing  series.  But,  in  addition  to  this, 
we  are  aware  of  certain  other  relations  among  our  strokes  of  counting.  We 
may  interrupt  them  where  we  like,  and  go  on  again.  All  the  while  we  feel 
that  the  interruption  does  not  alter  the  strokes  themselves.  We  may  count 
12  straight  through;  or  count  7 and  pause,  and  then  count  5,  but  still  the 
strokes  will  oe  the  same.  We  thus  distinguish  between  our  acts  of  counting 
and  those  of  interrupting  or  grouping,  as  between  an  unchanged  matter  and 
an  operation  of  mere  shuffling  performed  on  it.  The  matter  is  the  original 
units  or  strokes;  which  all  modes  of  grouping  or  combining  simply  give  us 
back  unchanged.  In  short,  combinations  of  numbers  are  combinations  o ; 
their  units,  which  is  the  fundamental  axiom  of  arithmetic,1 2  leading  to  such 
consequences  as  that  7 + 5 = 8 +4  because  both  = 12.  The  general  axiom 
of  mediate  equality,  that  equals  of  equals  are  equal,  comes  in  here.-  The  piin- 
ciple  of  constancy  in  our  meanings,  when  applied  to  strokes  of  counting,  also 
gives  rise  to  the  axiom  that  the  same  number,  operated  on  (interrupted, 
grouped)  in  the  same  way  will  always  give  the  same  result  or  be  the  same. 

How  shouldn’t  it?  Nothing  is  supposed  changed. 

Arithmetic  and  its  fundamental  principles  are  thus  independent  of  our 
experiences  or  of  the  order  of  the  world.  The  matter  of  arithmetic  is  mental 
matter;  its  principles  flow  from  the  fact  that  the  matter  forms  a series,  which 
can  be  cut  into  by  us  wherever  we  like  without  the  matter  changing.  The 
empiricist  school  has  strangely  tried  to  interpret  the  truths  of  number  as 
results  of  coexistences  among  outward  things.  John  Mill  calls  number  a 
physical  property  of'  things.  ‘One,’  according  to  Mill,  means  one  sort  of 
passive  sensation  which  we  receive,  ‘two’  another,  ‘three’  a third.  The  same 
things,  however,  can  give  us  different  number-sensations.  Three  things 
arranged  thus,  o o o , for  example,  impress  us  differently  from  three  things 
arranged  thus,  °0° . But  experience  tells  us  that  every  real  object-group 
which  can  be  arranged  in  one  of  these  ways  can  always  be  arranged  in  the 
other  also,  and  that  2 + 1 and  3 are  thus  modes  of  numbering  things  which 
‘coexist’  invariably  with  each  other.  The  indefeasibility  of  our  belief  in 
their  ‘coexistence’  (which  is  Mill’s  word  for  their  equivalence)  is  due  solely 
to  the  enormous  amount  of  experience  we  have  of  it.  For  all  things,  what- 
ever other  sensations  they  may  give  us,  give  us  at  any  rate  number-sensa- 
tions. Those  number-sensations  which  the  same  thing  may  be  co  ncessively 
made  to  arouse  are  the  numbers  which  we  deem  equal  to  each  other ; those 
which  the  same  thing  refuses  to  arous+are  those  which  we  deem  unequal. 


1.  Said  to  be  expressed  by  Grassman  in  the  fundamental  Axiom  of  Arithmetic  (a  + 
b)  + 1 = a + (b  + 1). 

2.  Compare  Helmholtz’s  more  technically  expressed  Essay  ‘Zahlen  u.  Messen,  in  the 
Philosophische  Aufsatze,  Ed.  Zeller  gewidmet  (Leipzig,  1887),  p.  17. 
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This  is  as  clear  a restatement  as  I can  make  of  Mill’s  doctrine,3  And  its 
failure  is  written  upon  its  front.  Woe  to  arithmetic,  were  such  the  only 
grounds  for  its  validity!  The  same  real  things  are  countable  in. numberless 
ways,  and  pass  from  one  numerical  form,  not  only  to  its  equivalent  (as  Mill 
implies),  but  to  its  other,  as  the  sport  of  physical  accidents  or  of  our  mode 
of  attending  may  decide.  How  could  our  notion  that  one  and  one  are 
eternally  and  necessarily  two  ever  maintain  itself  in  a world  where  every 
time  we  add  one  drop  of  water  to  another  we  get  not  two  but  one  again? 
in  a world  where  every  time  we  add  a drop  to  a crumb  of  quicklime  'we  get 
a dozen  or  more? — had  it  no  better  warrant  than  such  experiences?  At  most 
wd, could  then  say  that  one  and  one  are  usually  two.  Our  arithmetical  propo- 
sitions would  never  have  the  confident  tone  which  they  now  possess.  That 
confident  tone  is  due  to  the  fact  that  they  deal  with  abstract  and  ideal  num- 
bers exclusively.  What  we  mean  by  one  plus  one  is  two;  we  make  two  out 
of  if;  and  it  would  mean  two  still  even  inh  world  where  physically  (accord- 
ing to  a conceit  of  Mill’s)  a third  thing  was  engendered  every  time  one  thing 
came  together  with  another.  We  are  masters  of  our  meanings,  and  discrimi- 
nate between  the  things  we  mean  and  our  ways  of  taking  them,  between  our 
strokes  of  numeration  themselves,  -and  our  bundlings  and  separatings 
thereof.  ' 3 

Mill  ought  not  only  to  have  said,  "All  things  are  numbered.”  He  ought, 
in  order  to  prove  his  point,  to  have  shown  that  they  are  unequivocally  num- 
bered, which  they  notoriously  are  not.  Only  the  abstract  numbers  them- 
selves are  unequivocal,  only  those  which  we  create  mentally  and  hold  fast 
to  as  ideal  objects  always  the  same.  A concrete  natural  thing  can  always 
be  numbered  in  a great  variety  of  ways.  "We  need  only  conceive  a thing 
divided  into  four  equal  parts  (and  all  things  may  be  conceived  as  so  di- 
vided) ,”  as  Mill  is  himself  compelled  to  say,  to  find  the  number  four  in  it, 
and  so  on. 

The  relation  of  numbers  to  experience  is  just  like  that  of  ‘kinds’in  logic. 
So  long  as  an  experience  will  keep  its  kind  we  can  handle  it  by  logic.  So 
long  as  it  will  keep  its  number  we  can  deal  with  it  by  arithmetic.  Sensibly, 
however,  things  are  constantly  changing  their  numbers,  just  as  they  are 
changing  their  kinds.  They  are  forever  breaking  apart  and  fusing.  Com- 
pounds and  their  elements,  are  never  numerically  identical,  for  the  elements 
are  sensibly  many  and  the  compounds  sensibly  one.  Unless  our  arithmetic 
is^to  remain  without  application  to  life,  we  must  somehow  make  more  nu- 
merical continuity  than  we  spontaneously  find.  Accordingly  Lavoisier  dis- 
covers his  weight-units  which  remain  the  same  in  compounds  and  elements, 
though  volume-units  and  quality-units  all  have  changed.  A great  discovery ! 
And  modern  science  outdoes  it  by  denying  that  compounds  exist  at  all. 

3.  For  the  original  statements,  cf.  J.  S.  Mill’s  Logic,  bk.  n.  chap  vi.  §§  2,  3;  and 
bk.  hi.  chap.  xxiv.  § 5. 
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There  is  no  such  thing  as  'water’  for  'science;’  that  is’only  a handy  name  for 
H2  and  0 When  they  have  got  into  the  position  H-O-H,  and  then  affect  our 
senses  in  a novel  way.  The  modern  theories  of  atoms,  of  heat,  and  of  gases 
are,  in  fact,  only  intensely  artificial  devices  for  gaining  that  constancy  in 
the*  numbers  of  things  which  sensible  experience  will  not  show. . "Sensible.- 
things  are  not  the  things  for  me,”  says  Science,  "because  m their  changes 
they  will  not  keep  their  numbers  the  same.  Sensible  qualities  are  not  the 
qualities  for  me,  because  they  can  with  difficulty  be  numbered  at  all.  These 
hypothetic  atoms,  however,  are  the  things,  these  hypothetic  masses  and 
velocities  are  the  qualities  for, me;  they  will  stay  numbered  all  theTime 

By  such  elaborate  inventions,  and  at  such  a cost  to  the  imagination,  do 
men  succeed  in  making  for  themselves  a world  in  which  real  things  shall  be 
coerced  per  fas. aut  nefas  under  arithmetical  law . 

The  other  branch  of  mathematics  is  geometry.  Its  objects  are  also' ideal 
creations.  Whether  nature  contain  circles  or  not,  I can  know  what  I mean 
by  a circle  and  can  stick  to  my  meaning;  and  when  I mean  two  circles  I mean 
two  things  of  an  identical  kind.  The  axiom  of  constant  results  holds  in 
geometry.  The  same  forms,  treated  in  the  same  way  (added,  subtracted,  or 
compared),  give  the  same  results— how  shouldn’t  they?.  The  axioms  o 
mediate  comparison,  of  logic,  and  of  number  all  apply  to  the  forms  which  we 
imagine  in  space,  inasmuch  as  these  resemble  or  differ  from  each  other,  form 
kinds,  and  are  numerable  things.  But  in  addition  to  these  general  prin- 
ciples, which  are  true  of  space-forms  only  as  they  are  of  other  mental  con- 
ceptions, there  are  certain  axioms  relative  to  space-forms  exclusively,  whic 

we  must  briefly  consider.  . , 

Three  of  them  give  marks  of  identity  among  straight  lines,  planes,  and 

parallels.  Straight  lines  which  have  two  points,  planes  which  have  three 
points,  parallels  to  a given  line  which  have  one  point,  m common,  coalesce 
throughout.  Some  say  that  the  certainty  of  our  belief  in  these  axioms  is 
due  to  repeated  experiences  of  their  truth ; ; others  that  it  is  due  to  an  intui- 
tive acquaintance  with  the  properties  of  space.  It  is  neither.  We  experience 
lines  enough  which  pass  through  two  points  only  to  separate  again,  only  we 
won’t  call  them  straight.-  Similarly  of  planes  and  parallels.  We  have  a 
definite  idea  of  what  we  mean  by  each  of  these  words;  and  when  something 
different  is  offered  us,  we  see  the  difference.  Straight  lines,  planes,  and 
parallels,  as  they  figure  in  geometry,  are  mere  inventions  of  our  faculty  lor 
apprehending  serial  increase. v-TKe  farther  continuations  of  tnese  forms,  we 
say,  shall  bear  the  same  relation  to  their  last  visible  parts  which  these  did 
to  still  earlier  parts.  It  thus  follows  (from  that  axiom  of  skipped  intermedi- 
aries which  obtains  in  all  regular  series)  that  parts  of  these  figures  separated 
by  other  parts  must  agree  in  direction,  just  as  contiguous  parts  do.  This 
uniformity  of  direction  throughout  is,  in  fact,  all  that  makes  us  care  for 


124 


James  / The  Principles  of  Psychology 

these  forms,  gives  them  their  beauty,  and  stamps  them  into  fixed  concep- 
tions in  our  mind.  But  obviously  if  two  lines,  or  two  planes,  with  a common 
segment,  were  to  part  company  beyond  the  segment,  it  could  only  be  because 
the  direction  of  at  least  one  of  them  had  changed.  Parting  company  'in 
lines  and  planes  means  changing  direction,  means  assuming  a new  relation 
to  the  parts  that  pre-exist;  and  assuming  a new  relation  means  ceasing  to 
be  straight  or  plane.  If  we  mean  by  a parallel  a line  thgt  will  never  meet  a 
second  line;  and  if  we  have  one  such  line  drawn  through  a point,  any  new 
line  drawn  through  that  point  which  does  not  coalesce  with  the  first  must 
be  inclined  to  it,  and  if  inclined  to  it  must  approach  the  second,  i.e.,  cease 
to  be  parallel  with  it.  No  properties  of  outlying  space  need  come  in  here: 
only  a definite  conception  of  uniform  direction,  and  constancy  in  sticking  to 
one’s  point. 

The  other  two  axioms  peculiar  to  geometry  are  that  figures  can  be  moved 
in  space  without  change,  and  that  no  variation  in  the  way  of  subdividing 
a given  amount  of  space  alters  its  total  quantity.4  This  last  axiom  is  similar 
to  what  we  found  to  obtain  in  numbers.  ‘The  whole  is  equal  to  its  parts’ 
is  an  abridged  way  of  expressing  it.  A man  is  not  the  same  biological  whole 
if  we  cut  him  in  two  at  the  neck  as  if  we  divide  him  at  the  ankles ; but  geo- 
metrically he  is  the  same  whole,  no  matter  in  which  place  we  cut  him.  The 
axiom  about  figures  being  movable  in  space  is  rather  a postulate  than  an 
axiom.  So  far  as  they  are  so  movahle,  then  certain  fixed  equalities  and  dif- 
ferences obtain  between  forms,  no  matter  where  placed.  But  if  translation 
through  space  warped  or  magnified  forms,  then  the  relations  of  equality, 
etc.,  would  always  have  to  be  expressed  with  a position-qualification  added. 
A geometry  as  absolutely  certain  as  purs  could  be  invented  on  the  suppo- 
sition of  such  a space,  if  the  l$ws  of  its  warping  and  deformation  were  fixed. 
It  would,  however,  be  much  mqre  complicated  than  our  geometry,  which 
makes  the  simplest  possible  supposition;  and  finds,  luckily  enough,  that  it 
is  a supposition  with  which  the  space  of  our  experience  seems  to  agree. 

By  means  of  these  principles,  ail  playing  into  each  other’s  hands,  the 
mutual  equivalences  of  an  immense  number  of  forms  can  be  traced,  even  of 
such  as  at  first  sight  bear  hardly  any  resemblance  to  each  other.  We  move 
and  turn  them  mentally,  and  find  that  parts  of  them  will  superpose.  We  add 
imaginary  lines  which  subdivide  or  enlarge  them,  and  find  that  the  new 
figures  resemble  each  other  }n  ways  which  show  us  that  the  old  ones  are 
equivalent  too.  We  thus  end  by  expressing  all  sorts  of  forms  in  terms  of 
other  forms,  enlarging  our  knowledge  of  the  kinds  of  things  which  certain 
other  kinds  of  things  aie,  or  to  which  they  are  equivalent. 

4.  The  subdivision  itself  consumes  none  of  the  space.  In  all  practical  experience  our 
subdivisions  do  consume  space.  They  consume  it  in  our  geometrical  figures.  But  for 
simplicity’s  sake,  jn  geometry  we  postulate  subdivisions  which  violate  experience  and 
consume  none  of  it. 
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The  result  is  a new  system  of  mental  objects  which  can  be  treated  as 
identical  for  certain  purposes,  a new  series  of  is’ s almost  indefinitely  pro- 
longed, just  like  the  series  of  equivalencies  among  numbers,  part  of  which 
the  multiplication-table  expresses.  And  all  this  is  in  the  first  instance  re- 
gardless of  the  coexistences  and  sequences  of.,  nature,  and  regardless  of 
whether  the  figures  we  speak  of  have  ever  been  outwardly  experienced  or  not. 
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PART  TWO:  1891-1919 

Emergence  of  National  Organizations  as  a 
Force  in  Mathematics  Education 

i? 


During  the  period  from  1891  through  1919,  national  and  interna- 
tional organizations  began  to  study  the  mathematics  curriculum 
and  to  make  recommendations  for  reform.  Initial  examples  in  the 
1890s  are  the  reports  of  the  National  Education  Association’s  Com- 
mittee of  Ten  on  Secondary  School  Studies  and  Committee  of  Fif- 
teen on  Elementary  Education.  These  reports  and  later  ones  by 
other  organizations  offer  a more  comprehensive  view  of  the  mathe- 
matics taught  and  the  general  direction  of  change  than  do  the  writ- 
ings of  individuals. 

The  mathematics  subcommittee  of  the  Committee  of  Ten  offered 
specific  reforms,  one  of  which  was  the  introduction  of  concrete 
geometry  and  algebra  into  the  arithmetic  program.  This  com- 
mittee, as  well  as  others  of  the  period,  was  dominated  by  college 
professors  and  school  administrators.  Only  later  were  secondary 
teachers  invited  to  participate  in  committee  work,  notably  in  the 
case,  of  the  National  Committee  on  Mathematical  Requirements, 
which  reported  in  1923. 

The  report  of  the  Committee  on  College  Entrance  Require- 
ments of  the  National  Education  Association  in  1899  marked  the 
beginning  of  concerted  efforts  to  stabilize  the  secondary  school  cur- 
riculum for  college  entrance.  The  College  Entrance  Examination 
Board,  which  has  had  great  influence  in  curriculum  reform,  was 
founded  in  1900.  The  extensive  report  of  the  Committee  of  the 
Chicago  Section  of  the  American  Mathematical  Society  is  of  special 
interest  because  its  chairman  was  J.  W.  A.  Young,  one  of  the 
early  professional  mathematics  educators  in  the  modern  sense  of 
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the  term.  The  reports,  in  1911,  of  the  International  Commission 
on  the  Teaching  of  Mathematics  offer  a clear  picture  of  the  school 
practices  of  the  period.  We  find  in  them  the  basic  outline  of  many 
current  curriculum  practices. 

Of  main  concern  near  the  turn  of  the  century  was  the  utility 
of  mathematics.  Although  mental  discipline  was  still  not  totally 
discredited,  reformers  increasingly  advocated  pruning  obsolete 
material,  including  difficult  hypothetical  problems  that  were  origi- 
nally introduced  for  the  purpose  Of  mental  exercise.  In  keeping 
with  the  trend  toward  practicality  was  John  Perry’s  reform  plat- 
form of  integrating  science  and  mathematics  and  of  using  the 
laboratory  method.  Also  consistent  With  the  move  toward  utility 
were  the  pragmatic  philosophy  and  functional  psychology  ex- 
pounded by  William  James  and  John  Dewey. 

An  earmark  of  the  arithmetic  at  the  turn  of  the  century  was 
the  popularity  of  teaching  “ methods”  in  the  narrow  sense  of 
limited  key  approaches  on  which  the  remainder  of  the  subject  was 
to  be  made  dependent.  Besides  the  subsiding  Grube  method,  the 
ratio  (or  Speer)  method  and  the  measurement  method  that  Can  be 
associated  with  the  pragmatism  of  James  A.  McLellan  and  John 
Dewey  gained  prominence.1  By  1910,  however,  this  emphasis  on 
methods  had  lost  support,  as  is  evident  in  the  selections  on  arith- 
metic from  David  Eugene  Smith  arid  the  reports  of  the  Interna- 
tional Commission. 

Two  items  receiving  brief  consideration  in  the  International 
Commission  reports  are  worthy  of  note  as  indicating  movements 
that  gained  prominence  in  later  yearSi  The  scientific  comparison 
of  teaching  methods  made  at  Columbia  University  foreshadowed 
the  development  of  research  in  mathematics  education ; the  habitua- 
tion extreme  of  the  habituation-rationalization  continuum  Was  an 
augury  of  the  influence  of  connectionistic  psychology,  which  is  de- 
tailed in  the  readings  of  Part  Thriee. 


1.  Ratio  was  also  given  play  by  McLellan  and  Dewey,  but  not  to  the  same  extent 
nor  in  the  same  spirit  as  by  Speer.  The  degree  to  which  the  various  methods  were 
bound  to  a single  theme  varied  considerably.  Later  critics  tended  to  Overemphasize  the 
one-sidedness  of  these  methods. 
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• MATHEMATICS. 

March,  180:3. 

To  Phksidknt  Cuarucs  W.  Eliot,  Chairman  Committee  ok  Ten, 
National  Council  ok  Education  : — 

Sir,  — The  undersigned,  having  been  appointed  by  your  Committee 
to  hold  a Conference  on  the  subject  of  secondary  instruction  in  Mathe- 
matics, have  the  honor  lo  report  that  such  Conference  was  held  on 
the  23th,  29th,  and  30th  of  December,  1392,  in  Cambridge,  Mass. 

On  mapping*  out  its  work,  the  Conference  found  that  the  general 
subject  of  secondary  mathematics  might  be  conveniently  considered 
under  four  different  heads.  It  is  deemed  advisable  to  preface  the 
separato  reports  on  each  of  these  heads  with  a general  statement  of 
the  conclusions  reached  by  the  Conference.  The  following  five 
reports  are  therefore  submitted  : s 

I.  General  statement  of  conclusions. 

II.  Special  report  on  the  teaching  of  arithmetic. 

III.  Special  report  on  the  teaching  of  concrete  geometry.  * . 

IV.  Special  report  on  the  teaching  of  algebra. 

V.  Special  report  on  the  teaching  of  formal  geometry. 


Very  respectfully, 
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I.  GENERAL  STATEMENT  OF  CONCLUSIONS. 

The  Conference  was,  from  the  beginning  of  its  deliberations,  unanimously 
of  opinion  that  a radical  change  in  the  teaching  of  arithmetic  was  necessary. 
Referring  to  the  special  report  on  that  subject  for  a statement  of  the  reasons 
on  which  its  conclusion  is  based,  the  conference  recommends  that  the  course 
in  arithmetic  be  at  the  same  time  abridged  and  enriched ; abridged  by  omit- 
ting entirely  those  subjects  which  perplex  and  exhaust  the  pupil  without  af- 
fording any  really  valuable  mental  discipline,  and  enriched  by  a greater 
number  of  exercises  in  simple  calculation  and  in  the  solution  of  concrete 
problems. 

Among  the  subjects  which  should  be  curtailed,  <?r  entirely  omitted,  are 
compound  proportion,  cube  root,  abstract  mensuration,  obsolete  denominate 
quantities,  and  the  greater  part  of  commercial  arithmetic.  Percentage  should 
be  rigidly  reduced  to  the  needs  of  actual  life.  In  such  subjects  as  profit  and 
loss,  bank  discount,  and  simple  and  compound  interest,  examples  not  easily 
made  intelligible  to  the  pupil  should  be  omitted.  Such  complications  as  re- 
sult from  fractional  periods  of  time  in  compound  interest  are  useless  and 
undesirable.  The  metric  system  should  be  taught  in  applications  to  actual 
measurements  to  be  executed  by  the  pupil  himself ; the  measures  and  weights 
being  actually  shown  to,  and  handled  by,  the  pupil.  This  system  finds  its 
proper  application  in  the  course  which  the  Conference  recommends  in  con- 
crete geometry. 

The  method  of  teaching  should  be  throughout  objective,  and  such  as  to 
call  into  exercise  the  pupil’s  mental  activity.  The  text-books  should  be  sub- 
ordinate to  the  living  teacher.  The  illustrations  and  problems  should,  so  far 
as  possible,  be  drawn  from  familiar  objects;  and  the  scholar  himself  should 
be  encouraged  to  devise  as  many  as  he  can.  So  far  as  possible,  rules  should 
be  derived  inductively,  instead  of  being  stated  dogmatically.  On  this  system 
the  rules  will  come  at  the  end,  rather  than  at  the  beginning,  of  a subject. 

The  Conference  at  the  same  time  insists  upon  the  importance  of  practice  ^ 
in  quick  and  accurate  reckoning.  The  scholar  should  be  thoroughly  trained  in 
performing  - correctly  and  rapidly  the  four  fundamental  operations  with 
integers,  vulgar  fractions  and  decimals. 

The  course  in  arithmetic  thus  mapped  out  should  begin  about  the  age  of 


[The  entire  mathematics  report  is  included.  This  was  one  of  many  reports 
on  secondary  school  subjects  contained  in  the  report  of.  the  Committee  of  Ten.] 
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six  years,  and  be  completed  at  the  end  of  the  grammar  school  course,  say 
about  the  thirteenth  year  of  age.  The  conference  does  not  feel  competent  to 
decide  how  many  hours  a week  should  be  devoted  to  it,  and  therefore  leaves 
this  question  to  teachers  and  other  school  authorities. 

The  second  recommendation  of  the  Conference  is  that  a course  of  instruc- 
tion in  concrete  geometry,  with  numerous  exercises,  be  introduced  into  the 
grammar  school.  The  object  of  this  course  would  be  to  familiarize  the  pupil 
with  the  facts  of  plane  and  solid  geometry,  and  with  those  geometrical  con- 
ceptions to  be  subsequently  employed  in  abstract  reasoning.  During  the 
early  years  the  instruction  might  be  given  informally,  in  connection  with 
drawing,  and  without  a separate  appointment  in  the  school  calendar;  after 
the  age  of  ten  years,  one  hour  per  week  should  be  devoted  to  it. 

While  the  systematic  study  of  algebra  should  not  begin  until  the  comple- 
tion of  the  course  in  arithmetic,  the  Conference  deems  its  necessary  that  some 
familiarity  with  algebraic  expressions  and  symbols,  including  the  methods 
of  solving  simple  equations,  should  be  acquired  in  connection  with  the  course 
in  arithmetic.  From  the  age  of  fourteen,  systematic  algebra  should  be  com- 
menced, and  should  be  studied  for  five  hours  a week  during  the  first  year, 
and  for  about  two  hours  and  a half  a week  during  the  two  years  next  suc- 
ceeding. 

The  Conference  is  of  opinion  that  the  subject  of  reckoning  in  algebra 
should  receive  more  attention  than  it  actually  does,  and  that  the  same  skill 
and  accuracy  should  be  required  in  dealing  with  literal  as  with  numerical 
coefficients  and  exponents.  It  strongly  urges  that  when,  as  must  sometimes 
be  the  case,  the  scholar  has  occasion  to  learn  and  use  propositions  before  he 
is  prepared  to  understand  their  rigorous  demonstration,  he  should  be  con- 
vinced of  their  truth  by  abundant  concrete  illustrations  and  examples,  in- 
stead of  being  allowed  to  accept  them  as  empirical  conclusions,  or  to  found 
them  on  demonstrations  that  lack  rigor. 

The  Conference  believes  that  the  study  of  demonstrative  geometry 
should  begin  at  the  end  of  the  first  year’s  study  of  algebra,  and  be  carried 
on  by  the  side  of  algebra  for  the  next  two  years,  occupying  about  two  hours 
and  a half  a week.  It  believes  that  if  the  introductory  course  in  geometry 
has  been  well  taught,  both  plane  and  solid  geometry  can  be  mastered  at  this 
time. 

Exercises  in  constructing  demonstrations  of  theorems  in  plane  geometry 
will  naturally  occupy  much  of  the  attention  of  teacher  and  pupil.  The  Con- 
ference deems  it  very  important  that  great  stress  be  laid  by  the  teacher 
upon  accuracy  of  statement  and  elegance  of  form  in  such  demonstrations, 
as  well  as  on  clear  and  rigorous  reasoning.  Special  attention  should  be  given 
to  the  oral  statement  of  demonstrations. 

It  is  very  desirable  that  colleges  should  supplement  their  written  admis- 
sion, examinations  in  geometry  by  oral  ones ; and  a substantial  part  of  the 
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examination,  whether  written  or  oral,  should  be  devoted  to  testing  the  ability 
of  the  candidate  to  construct  original  demonstrations. 

Finally,  the  Conference  is  of  opinion  that  up  to  the  completion  of  the 
first  year’s  work  in  algebra,  the  course  should  be  the  same,  whether  the  pupils 
are  preparing  for  college,  for  scientific  schools,  or  intend  their  systematic 
education  to  end  with  the  high  school.  In  the  case  of  those  who  do  not  in- 
tend to  go  to  college,  but  to  pursue  a business  career,  the  remainder  of  the 
term  which  has  been  allotted  to  algebra  might  well  be  devoted  to  book- 
keeping, and  the  technical  parts  of  commercial  arithmetic.  Boys  going  to  a 
scientific  school  might  profitably  spend  a year  on  trigonometry  and  some  of 
the  higher  parts  of  algebra,  after  completing  the  regular  course  in  algebra 
and  geometry. 


II.  SPECIAL  REPORT  ON  ARITHMETIC. 

Among  the  branches  of  this  subject  which  it  is  proposed  to  omit,  are  some 
which  have  survived  from  an  epoch  when  more  advanced  mathematics  was 
scarcely  known  in  our  schools,  so  that  the  course  in  arithmetic  was  expected 
to  include  all  that  the  pupil  would  ever  know  of  mathematics.  Examples  of 
these  subjects  are  cube  root,  duo  decimals,  and  compound  proportion.  Their 
teaching  serves  no  useful  purpose  at  the  present  time.  So  far  as  any  useful 
principles  are  embodied  in  them,  they  belong  to  algebra,  and  can  be  taught 
by  algebraic  methods  with  such  facility  that  there  is  no  longer  any  sound  rea- 
son for  their  retention  in  the  arithmetical  course. 

The  case  is  different  with  commercial  arithmetic.  The  subjects  taught 
under  this  head  have  been  greatly  multiplied  and  enlarged  in  recent  years, 
in  consequence  of  the  popular  demand  for  a system  of  education  which 
should  be  more  practical  and  better  suited  to  the  demands  of  modern  com- 
mercial and  business  life,  than  the  old  one  was  supposed  to  be.  It  may  be 
well  that  those  pupils  of  our  business  colleges  who  are  mature  enough  to 
understand  such  subjects  as  banking,  insurance,  discount,  partial  payments, 
equation  of  payments,  and  the  other  branches  commonly  included  under  the 
term  commercial  arithmetic,  and  who  have  no  expectation  of  taking  any 
other  mathematical  course  than  this,  should  study  these  subjects  exhaus- 
tively. But  the  case  is  different  with  pupils  who  are  going  through  the  courses 
of  our  regular  graded  schools.  For  them  the  subjects  in  question  have  no 
practical  value,  for  the  reason  that  they  are  too  young  and  inexperienced  to 
understand  the  principles  on  which  business  is  conducted,  and  therefore 
waste  valuable  mental  energy  in  fruitless  struggles  with  problems  which  they 
cannot  comprehend.  In  the  text-books  we  find  the  subjects  in  question 
prefaced  by  very  excellent  definitions.  The  pupil  who  masters  them  will  be 
able  to  state  on  examination  that  “the  market  value  of  stock  is  what  the 

stock  brings  per  share  when  sold  for  cash”;  that  “stock  is  at  a discount  when 
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its  market  value  is  less  than  its  par  value”;  that  “its  par  value  is  that  named 
in  the  certificate" ; that  “the  payee  of  a bill  of  exchange  is  the  person  to  whom 
the  money  is  ordered  to  be  paid”;  in  fine,  to  state  in  brief  sentences  the  first 

principles  of  commercial  law.  He  may  also,  after  much  conjecturing,  ea  e 

to  solve  /many  questions  in  banking,  exchange,  insurance,  and  custom-house 
business.  But  until  he  is  brought  into  actual  contact  with  the  business  itself, 
he  can  form  no  clear  conception  of  what  it  all  means,  or  what  are  the  uses 
or  applications  of  the  problems  he  is  solving.  On  the  other  band  when  he  is 
once  brought  face  to  face  with  business  as  an  actuality;  when  for  the  hrs 
time  he  becomes  a depositor  in  a savings  bank,  or  a purchaser  of  shares  m a 
corporation,  he  will  find  all  the  arithmetic  .ni^ssary  for  his  purposes  to  be 
interest,  discount,  and  percentage.  The  conceptions  which  he  vainly  endeav- 
ored to  master  by  recitations  from  a text-book  take  their  places  in  ms  mm 

with  hardly  the  necessity  of  an  effort  on  his  part. 

The  opinion  is  widely  prevalent  that  even  if  the  subjects  are  totally  for- 
gotten, a valuable  mental  discipline  is  acquired  by  the  efforts  made  to  master 
them.  While  the  Conference  admits  that,  considered  in  itself,  this  discipline 
has  a certain  value,  it  feels  that  such  a discipline  is  greatly  inferior  to  t 
which  may  be  gained  by  a different  class  of  exercises,  and  bears  the  same 
relation  to  a really  improving  discipline  that  lifting  exercises  in  an  1 - 
X ventilated  room  bear  to  games  in  the  open  air.  The  movements  of  a race 
N horse  afford  a better  model  of  improving  exercise  than  those  of  the  ox  m a 
'*  tread-mill.  The  pupil  who  solves  a difficult  problem  in  brokerage  may  have 
the  pleasant  consciousness  of  having  'overcome  a difficulty,  but  he  cannot 
feel  that  he  is  mentally  improved  by  the  efforts  he  has  made.  To  attain  this 
end  he  must  feel  at  every  step  that  he  has  a new  command  of  principles  to 
be  applied  to  future  problems.  This  end  can  be  best  gained  by  comparative  y 

easy  problems,  involving  interesting  combinations  of  ideas. 

Most  of  the  improvements  which  the  Conference  has  to  suggest  m teach- 
ing can  be  summed  up  under  the  two  heads  of  giving  the  teaching  a more 
concrete  form,  and  paying  more  attention  to  facility  and  correctness  m *vor  . 
The  relations  of  magnitudes  should,  so  far  as  possible,  be  represented  o e 
eye.  The  fundamental  operations  of  arithmetic  should  not  only  be  performed 
symbolically  by  numbers,  but  practically,  by  joining  lines  together,  dividing 
them  into  parts,  and  combining  the  parts  in  such  a way  as  to  illustrate  one 
fundamental  rules  for  multiplication  and  division  of  fractions. -A  pupil  can 
learn  to  divide  a line  into  parts  more  easily  than  he  can  master  definitions, 
and  when  this  is  done  he  has  a conception  of  fractions  which  he  cannot  gain 
in  any  other  way.  The  visible  figures  by  which  principles  are  illustrated 
should,  so.  far  as  possible,  have  no  accessories.  They  should  be  magm  udes 
pure  and  simple,  so  that  the  thought  of  the  pupil  may  not  be  distracted  and 
that  he  may  know  what  feature  of  the  thing  represented  he  is  to.  pay  atten- 


134 


Committee  of  Ten  / “ Report  of  Mathematics  Conference  t 

tion  to.  The  elementary  theorems  of  arithmetic  should  be  enforced  and  il- 
lustrated in  the  same  way,  without  an  attempt  at  formal  demonstration,  the 
generalization  being  reached  inductively.  Thus,  when  the  pupil  comprehends 
clearly,  by  means  of  dots  arranged  in  a rectangle,  that  three  fives  contain 
the  same  number  of  units  as  five  threes,  that  is,  when  he  sees  that  the  com- 
mutative law  is  true,  then  it  may  be  expressed  to  him  in  the  general  form, 
a X b = b X «• 

The  concrete  system  should  not  be  confined  to  principles,  but  be  extended 
to  practical  applications  in  mensuration  and  physics.  Measurements  of  the 
room,  the  house,  and  the  yard;  the  calculation  of  the  weights  of  visible  ob- 
jects, or  of  the  number  of  articles  that  a given  receptacle  will  hold;  the  com- 
putation of  distances  and  areas  in  the  town,  by  measures  on  a map  of  known 
scale,  of  the  number  of  cubic  feet  in  a room,  and  of  the  weight  of  the  air 
which  fills  the  room,  are  examples  of  problems  which  can  be  extended  by 
the  teacher  indefinitely.  The  simple  operations  of  arithmetic  can  be  better 
exemplified  by  problems  set  on  the  spur  of  the  moment,  and  springing 
naturally  from  the  environment  of  teacher  and  pupil,  than  by  those  given  in 
a printed  book;  and  have  the  inestimable  advantage  of  exciting  the  interest 
of  the  pupil. 

When  such  a system  of  teaching  is  once  introduced,  the  teacher  will 
probably  be  surprised  to  find  to  what  seemingly  abstruse  problems  the  sim- 
plest principles  of  arithmetic  can  be  applied.  The  problem  of  computing  the 
quantity  of  coal  which  would  have  to  be  burned  in  order  to  heat  the  air  of 
a room  from  the  freezing  point  to  70°  would  probably  be  beyond  the  powers 
of  all  our  college  graduates,  except  those  who  have  made  physics  one  of  their 
specialties.  Yet  there  is  nothing  in  its  elements  above  the  powers  of  a boy 
of  twelve.  At  this  age  the  child  could,  by  a few  very  simple  experiments,  gain 
the  idea  of  a quantity  of  heat  much  more  easily  than  the  idea  of  stock  in  a 
corporation.  Having  gained  this,  the  elements  which  enter  into  the  problem 
in  question  could  be  measured  one  by  one. 

HI.  SPECIAL  REPORT  ON  CONCRETE  GEOMETRY. 

The  Conference  recommends  that  the  child’s  geometrical  education  should 
begin  as  early  as  possible;  in  the  kindergarten,  if  he  attends  a kindergarten, 
or  if  not,  in  the  primary  school.  He  should  at  first  gain  familiarity  through 
the  senses  with  simple  geometrical  figures  and  forms,  plane  and  solid;  should 
handle,  draw,  measure,  and  model  them;  and  should  gradually  learn  some  of 
their  simpler  properties  and  relations.  It  is  the  opinion  of  the  Conference 
that  in  the  early  years  of  the  primary  school  this  work  could  be  done  in 
connection  with  the  regular  courses  in  drawing  and  modelling  without  requir- 
ing any  important  modification  of  the  school  curriculum. 
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At  about  the  age  of  ten  for  the  average  child,  systematic  instruction  in 
concrete  or  experimental  geometry  should  begin,  and  should  occupy  about 
one  school  hour  per  week  for  at  least  three  years.  During  this  period  the 
main  facts  of  plane  and  solid  geometry  should  be  taught,  not  as  an  exercise 
in  logical  deduction  and  exact  demonstration,  but  in  as  concrete  and  objec- 
tive a form  as  possible.  For  example,  the  simple  properties  of  similar  plane? 
figures  and  similar  solids  should  not  be  proved,  but  should  be  illustrated 
and  confirmed  by  cutting  up  and  re-arranging  drawings  or  models. 

This  course  should  include  among  other  things  the  careful  construction 
of  plane  figures,  both  by  the  unaided  eye  and  by  the  aid  of  ruler,  compasses 
and  protractor;  the  indirect  measurement  of  heights  and  distances  by  the 
aid  of  figures  carefully  drawn  to  scale;  and  elementary  mensuration,  plane 
and  solid. 

The  child  should  learn  to  estimate  by  the  eye  and  to  measure  with  some 
degree  of  accuracy  the  lengths  of  lines,  the  magnitudes  of  angles,  and  the 
areas  of  simple  plane  figures;  to  make  accurate  plans  and  maps  from  his 
own  actual  measurements  and  estimates;  and  to  make  models  of  simple 
geometrical  solids  in  pasteboard  and  in  clay. 

Of.  course,  while  no  attempt  should  be  made  to  build  up  a complete 
logical  system  of  geometry,  the  child  should  be  thoroughly  convinced  of, the 
correctness  of  his  constructions  and  the  truth  of  his  propositions  by  abun- 
dant concrete  illustrations  and  by  frequent  experimental  tests ; and  from  the 
beginning  of  the  systematic  work  he  should  be  encouraged  to  draw  easy 
inferences,  and  to  follow  short  chains  of  reasoning. 

From  the  outset  the  pupil  should  be  required  to  express  himself  verbally 
as  well  as  by  drawing  and  modelling,  and  the  language  employed  should  be, 
as  far  as  possible,  the  language  of  the  science,  and  not  a temporary  phrase- 
ology to  be  unlearned  later. 

It  is  the  belief  of  the  Conference  that  the  course  here  suggested,  if  skil- 
fully taught,  will  not  only  be  of  great  educational  value  to  all  children,  but 
will  also  be  a most  desirable  preparation  for  later  mathematical  work. 

Then,  too,  while  it  will  on  one  side  supplement  and  aid  the  work  in  arith- 
metic, it  will  on  the  other  side  fit  in  with  and  help  the  elementary  instruction 
in  physics,  if  such  instruction  is  to  be  given. 


IV.  SPECIAL  REPORT  ON  ALGEBRA. 

It  is  desirable,  ’uring  the  study  of  arithmetic,  to  familiarize  the  pupil 
with  the  use  of  literal  expressions  and  of  algebraic  language  in  general.  The 
teacher  may  advantageously  introduce  the  simple  equation  in  the  study  of 
proportion,  of  the  more  difficult  problems  in  analysis,  and  of  percentage  and 
its  applications.  The  designation  of - positive  integral  powers  by  exponents 
may  also  be  taught.  • 
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Avoiding  the  introduction  of  negative  numbers,  the  pupil  should  be 
drilled  in  easy  problems  like  the  following: 

If  one  stone  weighs  p pounds  and  another  weighs  q pounds,  what  is  the 
weight  of  both  together? 

If  a square  table  is  a feet  long,  what  is  its  area? 

If  a yards  of  cloth  cost  b dollars,  what  will  c yards  cost? 

Such  exercises  should  grow  out  of  similar  ones  involving  numerical  data. 

The  average  pupil  should  be  prepared  to  undertake  the  study  of  formal 
algebra  at  the  beginning  of  the  fourteenth  year.  For  students  preparing  to 
enter  college,  the  time  assigned  to  this  study  in  the  high  school  should  be 
about  the  equivalent  of  five  hours  per  week  during  the  first  year,  and  an 
average  of  two  hours  and  a half  per  week  during  the  two  following  years. 
This  affords  ample  time  for  the  thorough  mastery  of  algebra  through  quad- 
ratic equations  and  equations  of  quadratic  form.  The  course  should  include 
radicals,  but  exclude  the  progressions,  series,  and  logarithms,  although  a 
familiarity  with  logarithmic  tables  is  desirable  for  those  who  expect  to  take 
a technical  course  in  any  department. 

There  are  certain  propositions  in  algebra  the  rigorous  demonstration  of 
which  is  unintelligible  to  pupils  at  the6time  when  these  propositions  are  first 
encountered.  Such  is  usually  the  ease  with  the  rule  of  signs  in  multiplication 
and  with  the  binomial  formula.  In  cases  of  this  kind  the  proof  should  be  at 
first  omitted,  but  always  introduced  at  a later  period  in  school  or  college. 
When  such  omissions  are  made,  the  pupil  must  be  convinced  of  the  truth  of 
the  propositions  by  illustration  or  induction.  In  many  qf  our  text-books  the 
proofs  of  the  theorems  above  referred  to  are  not  rigorous.  The  truth  of  the 
binomial  formula  for  fractional  or  negative  exponents  had  best  be  reserved 
for  the  more  advanced  courses  in  college  or  the  scientific  school.  In  case  of 
positive  integral  exponents  the  pupil  should  arrive  at  the  mode  of  expansion 
through  the  examination  of  products  obtained  by  actual  multiplication. 

Oral  exercises  in  algebra,  similar  to  those  in  what  is  called  “mental  arith- 
metic,” are  recommended.  Such  exercises  are  particularly  helpful  in  con- 
ducting brief  and  rapid  reviews.  Quickness  and  accuracy  in  both  oral  and 
written  work  should  be  rigidly  enforced.  The  same  facility  should  be 
attained  in  dealing  with  expressions  containirfg  coefficients  and  exponents 
that  are  literal  as  with  expressions  in  which  they  are  numerical.  Radicals 
and  fractional  and  negative  exponents  need  more  attention  than  they  com- 
monly receive.  Especial  emphasis  should  be  laid  upon  the  fundamental 
nature  of  the  equation.  The  distinction  should  be  clearly  and  repeatedly 
drawn  between  the  ordinary  algebraic  equation  and  the  identities  with 
which  the  pupil  has  grown  familiar  in  his  study  of  arithmetic.  He  should  also 
be  given  drill  in  the  solution  of  an  ordinary  equation  with  reference  to  any 
letter  that  it  may  contain. 
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V.  SPECIAL  REPORT  ON  DEMONSTRATIVE  GEOMETRY. 

In  regard  to  the  teaching  of  formal  geometry  the  Conference  invites 
attention  to  the  following  considerations: 

1.  A course  of  study  in  demonstrative  geometry  properly  begins  with  a 
careful  and  exhaustive  enumeration  of  those  properties  of  space  which  do  not 
admit  of  being  deduced  from  still  simpler  properties ; that  space  is  continuous 
and  of  three  dimensions;  that  figures  may  be  moved  about  in  it  without 
change  of  size  or  shape;  that  straight  lines  and  planes  may  exist  in  space, 
determined  by  two  and  three  points  respectively  ; that  of  two  intersecting 
straight  lines  but  one  can  be  parallel  to  a given  straight  line — the  so-called 
geometric  axioms. 

It  is  of  the  first  importance  that  the  role  which  these  axioms — or  better, 
postulates — play  in  the  demonstrative  geometry  be  correctly  understood: 
together  they  constitute  a definition  of  space , from  which — with  certain 
formal  definitions  of  figures1 — it  is  the  business  of  demonstrative  geometry  to 
deduce  all  other  facts  regarding  space  with  which  it  may  concern  itself. 

2.  The  function  of  the  construction  postulates  also,  by  which  the  ele- 
mentary geometry  is  restricted  in  its  constructions  to  the  use  of  the  com- 
passes and  ungraduated  straight-edge,  merits  careful  exposition,  inasmuch 

..  as  these  postulates  define  the  province  of  the  elementary  as  distinguished 
from  higher  geometry.  That  it  is  not  always  understood  is  obvious  from 
conceptions  which  are  current  as  to  what  is  and  what  is  not  allowable  in  the 
elementary  geometry. 

3.  There  are  two  methods  employed  in  geometry  for  dealing  with  size- 
relations  among  the  geometric  magnitudes,  the  methods  of  immediate  com- 
parison of  the  magnitudes,  and  of  comparison  by  means  of  their  numerical 
measure.  Thus  the  theorem,  “the  square  on  the  sum  of  two  lines  is  equal  to 
the  sum  of  the  squares  on  those  lines  plus  twice  their  rectangle,”  is  demon- 
strated after  the  first  method  by  showing  that  the  square  on  the  sum  may  be 
actually  divided  into  these  four  parts;  after  the  second,  by  deducing  it  from 

\ the  algebraic  theorem  that  the  square  of  the  sum  of  two  quantities  is  equal 
to  the  sum  of  the  squares  of  those  quantities  plus  twice  their  product. 

The  first  method  is  purely  geometrical.  None  of  its  notions  are  arith- 
metical. Magnitudes  are  defined  as  equal  when  they  can  be  made  to  coincide, 
they  ar(  added  and  substracted  geometrically — by  juxtaposition  and  sepa- 
ration— and  their  ratios  are  not  expressed  numerically  but,,  like  the  magni- 
tudes themselves,  compared  directly.  The  second  method,  on  the  other  hand, 
is  essentially  arithmetical.  Replacing  the  magnitudes  by  their  measures,  it 
at  the  same  time  replaces  geometric  equality,  addition  and  substraction  by 
the  equality,  addition  and  substraction  of  irrational  numbers. 

Opinions  differ  as  to  what  the  relative  prominence  of  these  two  methods 
should  be  in  elementary  geometry.  But,  the  first  method  being  pure  and  thor- 
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oughly  elementary  and  involving  no  abstraction,  is  surely  better  suited  to  the 
beginner.  Indeed  the  student  is  most  likely  to  become  a sound  geometer  who 
is  not  introduced  to  the  notion  of  numerical  measures  until  he  has  learned 
that  geometry  can  be  developed  independently  of  it  altogether.  For  this 
notion  is  subtle,  and  highly  artificial  from  a purely  geometrical  point  of 
view  and  its  rigorous  treatment  is  difficult.  The  student  generally  only  half 
comprehends  it,  so  that  for  him  demonstrations  lose  more  in  rigor  as  well  as 
in  vividness  and  objectivity  by  its  use  than  they  gain  in  apparent  simplicity. 
Moreover  the  constant  association  of  number  with  the  geometric  magnitudes 
as  one  of  their  properties  tends  to  obscure  the  fundamental  characteristic  of 
these  magnitudes — their  continuity. 

The  numerical  method  is  of  course  to  be  taught — with  due  attention  to 
its  rigorous  presentation — for  its  own  sake  and  for  the  sake  of  the  mensura- 
tion to  which  it  leads;  but  serious  harm  is  done  by  allowing  it  to  entirely 
supplant  the  pure  method  at  as  early  a period  as  is  customary. 

4.  Many  students  who  can  reason  logically  cannot  present  a geometrical 
demonstration  orally  with  due  elegance  of  form.  Their  statement  of  the 
argument  is  incomplete  or  illogical,  or  they  express  themselves  in  an  awk- 
ward and  inexact  manner.  This  is.  a fault  which  may  render  the  recitation  of 
the  proofs  of  geometry  practically  valueless,  inasmuch  as  it  prevents  the 
discipline  for  which  this  exercise  is  chiefly  prized,  and  cultivates  instead  the 
vicious  habit  of  slovenly  expression.  It  is  due  in  part  to  the  willingness  of 
certain  teachers  to  accept  in  lieu  of  the  demonstration  of  a proposition  any 
kind  of  evidence  that  the  pupil  understands  it,  in  part  to  the  widespread 
practice  of  substituting  written  for  oral  demonstration.  The  remedy  is 
obvious:  abundance  of  oral  recitation — for  which  there  is  no  proper  sub- 
stitute— and  the  rejection  of  all  proofs  which  are  not  formally  perfect. 

5.  The  elementary  ideas  of  logic  may  be  introduced  early  in  the  course 
in  demonstrative  geometry  with  great  advantage.  One  need  only  explain 
that  if  a class  of  things  be  represented  by  a symbol,  say  A,  all  things  not 
belonging  to  this  class  may  also  be  thought  of  as  constituting  a class,  repre- 
sented by  the  symbol  not  A;  and  that  the  proposition  A is  B is  not  a declara- 
tion of  the  equivalence  of  A and  B,  but  that  every  individual  of  the  class  A 
belongs  to  the  class  B — to  make  it  easily  understood  why  the  converse 
proposition  B is  A is  not  a necessary  consequence  of  A is  B and  under  what 
conditions  it  becomes  such  a consequence;  and  why,  on  the  other  hand,  the 
“contrapositive”  not  B is  not  A is  the  logical  equivalent  of  A is  B and  the 
“obverse”  not  A is  not  B of  B is  A. 

Yet  this  little  knowledge  would  add  materially  to  the  student’s  equip- 
ment for  geometry.  The  contrapositive  of  a proposition  is  oftentimes  more 
readily  demonstrated  than  the  proposition  itself,  its  obverse  than  its  con- 
verse ; and  when  it  has  been  proven  that  A is  B it  is  often  easier  to  show  that 
there  is  but  one  B (when  such  is  the  case)  than  to.  show  directly  that  B is  A. 
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This  knowledge  furthermore,  is  seriously  needed  to  dispel  existing  con- 

rSo.  the  con  erse  of  a 

an  algebraic  relation  hy  showing  that  it 

leads  to  an  identity.  „»„«,o+rv  i<?  the  most  elaborate 

TTinallv  the  very  fact  that  demonstrative  geom  y -if  +Vip 
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dent.  In  particular  .t  .s  .mportant  that . the  rtudent  _ nstrations  the 

notwithstanding  the  mgorously  synthetic  form  is  essen. 

likely  to  be  found  by  assuming  it  accomplished  and  tracing 
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until  results  previously  established  have  been  deduced  from  it. 

By  wise  instruction  after  this  method,  the  inferior  student  can  at* least  be 
freed  from  slavish  dependence  on  his  text  book,  while  the  able  student  will 
gain  power  enough  in  large  part  to  construct  his  own  geometry.  But  what- 
ever the  training  may  accomplish  for  him  geometrically,  there  is  no  student 
whom  it  will  not  brighten  and  strengthen  intellectually  as  few  other  exercises 
can. 

7.  It  is  desirable,  if  feasible,  that  solid  as  well  as  plane  geometry  be 
studied  in  preparation  for  college. 

A place  should  also  be  found  either  in  the  school  or  college  course  for  at 
least  the  elements  of  the  modern  synthetic  or  projective  geometry.  It  is 
astonishing  that  this  subject  should  be  so  generally  ignored,  for  mathematics 
offers  nothing  more  attractive.  It  possesses  the  concreteness  of  the  ancient 
geometry  without  the  tedious  particularity,  and  the  power  of  analytical 
geometry  without  the  reckoning,  and  by  the  beauty  of  its  ideas  and  methods 
illustrates  the  esthetic  quality  which  is  the  charm  of  the  higher  mathematics, 
but  which  the  elementary  mathematics  in  general  lacks. 
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INTRODUCTION 


To  the  Department  of  Superintendence 

of  the  National  Educational  Association  : 

The  undersigned,  chairman  of  the  Committee  of  Fifteen,  appointed  at 
the  meeting  of  the  Department  of  Superintendence  held  in  Boston,  Mass., 
in  February,  1893,  would  respectfully  report: 

On  February  22,  18C3,  the  following  resolution  was  adopted  by  the  De- 
partment of  Superintendence,  on  motion  of  Superintendent  Maxwell,  of 
Brooklyn,  N.  Y. : 

Resolved,  That  a Committee  of  Ten  be  appointed  by  the  Committee  on  Nomina- 
tions, to  investigate  the  organization  of  school  systems,  the  coordination  of  studies  in 
primary  and  grammar  schools,  and  the  training  of  teachers,  with  power  to  organize 
subconferences  on  such  subdivisions  of  these  subjects  as  may  seem  appropriate,  and  to 
report  the  results  of  their  investigations  and  deliberations  at  the  next  meeting  of  the 
Department  of  Superintendence. 

Resolved,  That  the  officers  of  the  Department  of  Superintendence  be,  and  hereby 
are,  directed  to  make  application  to  the  Board  of  Directors  of  the  National  Educational 
Association  for  an  appropriation  of  twenty-five  hundred  dollars  to  defray  the  expenses 

ot  the  Committee  of  Ten  and  of  the  conferences  which  that  committee  is  empowered 
to  appoint. 

On  February  23  the  Committee  on  Nominations  appointed  the  following 
Committee  of  Ten: 

Superintendent  William  H.  Maxwell,  of  Brooklyn,  N.  Y.,  chairman;  Dr. 
William  T.  Harris,  United  States  Commissioner  of  Education;  Superin- 
tendent T.  M.  Balliet,  of  Springfield,  Mass.;  Superintendent  N.  C.  Dough- 
erty, of  Peoria,  111.;  Superintendent  W.  B.  Powell,  of  Washington,  D.  C.; 
Superintendent  H.  S.  Tarbell,  of  Providence,  R.  I.;  Superintendent  L.  H. 
Jones,  of  Indianapolis,  Ind.;  Superintendent  J.  M.  Greenwood,  of  Kansas 
City,  Mo. ; State  Superintendent  A.  B.  Poland,  of  New  Jersey;  Superintend- 
ent Edward  Brooks,  of  Philadelphia. 

On  motion  of  Superintendents  Maxwell,  the  members  of  the  Committee 
on  Nominations  were  added  to  the  Committee  of  Ten,  so  that  the  committee 
became  one  of  fifteen.  The  names  thus  added  to  the  committee  were  the 
following:  President  Andrew  S.  Draper,  of  the  University  of  Illinois;  Super- 
intendent E.  P.  Seaver,  of  Boston,  Mass.;  Superintendent  A.  G.  Lane,  of 
Chicago,  111. , Superintendent  Charles  B.  Gilbert,  of  St.  Paul,  Minn.;  Super- 
intendent Oscar  H.  Cooper,  of  Galveston,  Tex. 
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II.  THE  CORRELATION  OF  STUDIES  IN  ELEMENTARY  EDUCATION 


B.  ARITHMETIC. 

[The  entire'scction  on  arithmetic  is  given  here.] 

Side  by  side  with  language  study  is  the  study  of  mathematics  in  the 
schools,  claiming  the  second  place  in  importance  of  all  studies.  It  has  been 
pointed  out  that  mathematics  concerns  the  laws  of  time  and  space — their' 
structural  form,  so  to  speak — and  hence  that  it  formulates  the  logical  con- 
ditions of  all  matter  both  in  rest  and  in  motion.  Be  this  as  it  may,  the  high 
position  of  mathematics  as  the  science  of  all  quantity  is  universally  ac- 
knowledged. The  elementary  branch  of  mathematics  is  arithmetic,  and 
this  is  studied  in  the  primary  and  grammar  schools  from  six  to  eight  years, 
or  even  longer.  The  relation  of  arithmetic  to  the  whole  field  of  mathematics 
has  been  stated  (by  Comte,  Howison,  and  others)  to  be  that  of  the  final 
step  in  a process  of  calculation  in  which  results  are  stated  numerically. 
There  are  branches  that  develop  or  derive  quantitative  functions:  say 
geometry  for  spatial  forms,  and  mechanics  for  movement  and  rest  afid  the 
forces  producing  them.  Other  branches  transform  these  quantitative  func- 
tions into  such  forms  as  may  be  calculated  in  actual  numbers;  namely,  alge- 
bra in  its  common  or  lower  form,  and  in  its  higher  form  as  the  differential  and 
integral  calculus,  and  the  calculus  of  variations.  Arithmetic  evaluates  or 
finds  the  numerical  value  for  the  functions  thus  deduced  and  transformed. 
The  educational  value  of  arithmetic  is  thus  indicated  both  as  concerns  its 
> psychological  side  and  its  objective  practical  uses  in  correlating  man  with  the 
world  of  nature.  In  this  latter  respect  as  furnishing  the  key  to  the  outer 
world  in  so  far  as  the  objects  of  the  latter  are  a matter  of  direct  enumeration, 
-—capable  of  being  counted, — it  is  the  first  great  step  in  the  conquest  of 
nature.  It  is  the  first  tool  of  thought  that  man  invents  in  the  work  of  emanci- 
pating himself  from  thraldom, to  external  forces.  For  by  the  command  of 
number  he . learns  to  divide  and  conquer.  He  can  proportion  one  force  to 
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another,  and  concentrate  against  an  obstacle  precisely  what  is  needed  to 
overcome  it.  Number  also  makes  possible  all  the  other  sciences  of  nature 
which  depend  on  exact  measurement  and  exact  record  of  phenomena  as  to 
the  following  items:  order  of  succession,  date,  duration,  locality,  environ- 
ment, extent  of  sphere  of  influence,  number  of  manifestations,  number  of 
cases  of  intermittence.  All  these  can  be  defined  accurately  only  by  means  of 
number.  The  educational  value  of  a branch  of  study  that  furnishes  the  in- 
dispensable first  step  toward  all  science  of  nature  is  obvious.  But  psycho- 
logically its  importance  further  appears  in  this,  that  it  begins  with  an  im- 
portant step  in  analysis;  namely,  the  detachment  of  the  idea  of  quantity 
from  the  concrete  whole  which  includes  quality  as  well  as  quantity.  To  count, 
one  drops  the  qualitative' and  considers  only  the  quantitative  aspect.  So 
long  as  the  individual  differences  (which  are  qualitative  in  so  far  as  they  dis- 
tinguish one  object  from  another)  are  considered,  the  objects  cannot  be 
counted  together.  When  counted,  the  distinctions  are  dropped  out  of  sight 
as  indifferent.  As  counting  is  the  fundamental  operation  of  arithmetic, 
and  all  other  arithmetical  operations  are  simply  devices  for  speed  by  using 
remembered  countings  instead  of  going  through  the  detailed  work  again  each 
time,  the  hint  is  furnished  the  teacher  for  the  first  lessons  in  arithmetic.  This 
hint  has  been  generally  followed  out  and  the  child  set  at  work  at  first  upon 
the  counting  of  objects  so  much  alike  that  the  qualitative  difference  is  not 
suggested  to  him.  He  constructs  gradually  his  tables  of  addition,  subtraction, 
and  multiplication,  and  fixes  them  in  his  memory.  Then  he  takes  his  next 
higher  step,  namely  the  apprehension  of  the  fraction.  This  is  an  expressed 
ratio  of  two  numbers,  and  therefore  a much  more  complex  thought  than 
he  has  met  with  in  dealing  with  the  simple  numbers.  In  thinking  five-sixths 
he  first  thinks  five  and  then  six,  and  holding  these  two  in  mind  thinks  the 
result  of  the  first  modified  by  the  second.  Here  are  three  steps  instead  of 
one,  and  the  result  is  not  a simple  number  but  an  inference  resting  on  an 
unperformed  operation.  This  psychological  analysis  shows  the  reason  for 
the  embarrassment,  of  the  child  on  his  entrance  upon  the  study  of  fractions 
and  the  other  operations  that  imply  ratio.  The  teacher  finds  all  his  re- 
sources in  the  way  of  method  drawn  upon  to  invent  steps  and  half  steps, 
to  aid  the  pupil  to  make  continuous  progress  here.  All  these  devices  of 
method  consist  in  steps  by  which  the  pupil  descends  to  the  simple  number  and 
returns  to  the  complex.  He  turns  one  of  the  terms  into  a qualitative  unit  and 
thus  is  enabled  to  use  the  other  as  a simple  number.  The  pupil  takes  the  de- 
nominator, for  example,  and  makes  clear  his  conception  of  one-sixth  as  his 
qualitative  unit,  then  five-sixths  is  as  clear  to  him  as  five  oxen.  But  he  has 
to  repeat  this  return  from  ratio  to  simple  numbers  in  each  of  the  elementary 
operations — addition,  subtraction,  multiplication,  and  division,  and  in  the 
reduction  of  fractions — and  finds  the  road  long  and  tedious  at  best.  In  the 
case  of  decimal  fractions  the  psychological  process  is  more  complex  still ; for 
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the  pupil  has  given  him  one  of  the  terms,  the  numerator,  from  which  he  must 
mentally  deduce  the  denominator  from  the  position  of  the  decimal  point.  This 
doubles  the  work  of  reading  and  recognizing  the  fractional  number.  But  it 
makes  addition  and  subtraction  of  fractions  nearly  as  easy  as  that  of  simple 
numbers  and  assists  also  in  multiplication  of  fractions.  But  division  of  deci- 
mals is  a much  more  complex  operation  than  that  of  common  fractions. 

The  want  of  a psychological  analysis  of  these  processes  has  led  many 
good  teachers  to  attempt  decimal  fractions  with  their  pupils  before  taking 
up  common  fractions.  In  the  end  they  have  been  forced  to  make  introductory 
steps  to  aid  the  pupil  and  in  these  steps  to  introduce  the  theory  of  the  com- 
mon fraction.  They  have  by  this  refuted  their  own  theory. 

Besides  (a)  simple  numbers  and  the  four  operations  with  them,  (6) 
fractions  common  and  decimal,  there  is  (c)  a third  step  in  number,  namely 
the  theory  of  powers  and  roots.  It  is  a further  step  in  ratio,  nsunely  the  rela- 
tion of  a simple  number  to  itself  as  power  and  root.  The  mass  of  material 
which  fills  the  arithmetic  used  in  the  elementary  school  consists  of  two  kinds 
of  examples,  first,  those  wherein  there  is  a direct  application  of  simple  num- 
bers, fractions,  and  powers,  and  secondly  the  class  of  examples  involving 
operations  in  reaching  numerical  solutions  through  indirect  data  and  conse- 
quently involving  more  or  less  transformation  of  functions.  Of  this  character 
is  most  of  the  so-called  higher  arithmetic  and  such  problems  in  the  text-book 
used  in  the  elementary  schools  as  have,  not  inappropriately,  been  called  (by 
General  Francis  A.  Walker  in  his  criticism  on  common-school  arithmetic) 
numerical  “conundrums.”  Their  difficulty  is  not  found  in  the  strictly  arith- 
metical part  of  the  process  of  the  solution  (the  third  phase  above  described) , 
but  rather  in  the  transformation  of  the  quantitative  function  given  into  the 
function  that  can  readily  be  calculated  numerically.  The  transformation  of 
functions  belongs  strictly  to  algebra.  Teachers  who  love  arithmetic,  and  who 
have  themselves  success  in  working  out  the  so-called  numerical  conundrums, 
defend  with  much  earnestness  the  current  practice  which  uses  so  much  time 
for  arithmetic.  They  see  in  it  a valuable  training  for  ingenuity  and  logical 
-analysis,  and  believe  that  the  industry  which  discovers  arithmetical  ways  of 
transforming  the  functions  given  in  such  problems  into  plain  numerical 
operations  of  adding,  subtracting,  multiplying,  or  dividing  is  well  bestowed. 
On  the  other  hand  the  critics  of  “this  practice  contend  that  there  should  be 
no  merely  formal  drill  in  school  for  its  own  sake,  and  that  there  should  be, 
always,  a substantial  content  to  be  gained.  Theyucontend  that  the  work  of 
the  pupil  in  transforming  quantitative  functions  by  arithmetical  methods  is 
wasted,  because  the  pupil  needs  a more  adequate  expression  than  number 
for  this  purpose;  that  this  has  been  discovered  in  algebra,  which  enables  him 
to  perform  with  ease  such  quantitative  transformations  as  puzzle  the  pupil 
in  arithmetic.  They  hold,  therefore,  that  arithmetic  pure  and  simple  should 
be  abridged  and  elementary  algebra  introduced  after  the  numerical  opera- 
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tions  in  powers,  fractions,  and  simple  numbers  have  been  mastered,  together 
with  their  applications  to  the  tables  of  weights  and  measures  and  to  per- 
centage and  interest.  In  the  seventh  year  of  the  elementary  course  there 
would  be  taught  equations  of  the  first  degree  and  the  solution  of  arithmetical 
problems  that  fall  under  proportion  or  the  so-called  “rule  of.  three,”  to- 
gether with  other  problems  containing  complicated  conditions — those  in  part- 
nership for  example.  In  the  eighth  year  quadratic  equations  could  be  learned, 
and  other  problems  of  higher  arithmetic  solved  in  a more  satisfactory  man- 
ner than  by  numerical  methods.  It  is  contended  that  this  earlier  introduction 
of  algebra,  with  a sparing  use  of  letters  for  known  quantities,  would  secure 
far  more  mathematical  progress  than  is  obtained  at  present  on  the  part  of  all 
pupils,  and  that  it  would  enable  many  pupils  to  go  on  into  secondary  and 
higher  education  who  are ‘now  kept  back  on  the  plea  of  lack  of  preparation  in 
arithmetic,  the  real  difficulty  in  many  cases  being  a lack  of  ability  to  solve 
algebraic  problems  by  an  inferior  method. 

Your  Committee  would  report  that  the  practice  of  teaching  two  lessons 
daily  in  arithmetic,  one  styled  “mental”  or  “intellectual”  and  the  other 
“written”  arithmetic  (because  its  exercises  are  written  out  with  pencil  or 
pen)  is  still  continued  in  many  schools.  By  this  device  the  pupil  is  made  to 
give  twice  as  much  time  to  arithmetic  as  to  any  other  branch.  It  is  con- 
tended by  the  opponents  of  this  practice,  with  some  show  of  reason,  that  two 
lessons  a day  in  the  study  of  quantity  have  a tendency  to  give  the  mind  a 
bent  or  set  in  the  direction  of  thinking  quantitatively  with  a corresponding 
neglect  of  the  power  to  observe,  and  to  reflect  upon,  qualitative  and  causal 
"aspects.  For  mathematics  does  not  take  account  of  causes,  but  only  of 
equality  and  difference  in  magnitude.  It  is  further  objected  that  the  at- 
tempt to  secure  what  is  called  thoroughness  in  the  branches  taught  in  the 
elementary  schools  is  often  carried  too  far,  in  fact,  to  such  an  extent  as  to 
produce  arrested  development  (a  sort  of  mental  paralysis)  in  the  mechanical 
and  formal  stages  of  growth.  The  mind  in  that  case  loses  its  appetite  for 
higher  methods  and  wider  generalizations.  The  law  of  apperception,  we  are 
told,  proves  that  temporary  methods  of  solving  problems  should  not  be  so 
thoroughly  mastered  as  to  be  used  involuntarily  or  as  a matter  of  uncon- 
scious habit,  for  the  reason  that  a higher  and  a more  adequate  method  of 
solution  will  then  be  found  more  difficult  to  acquire.  The  more  thoroughly  a 
method  is  learned,  the  more  it  becomes  part  of  the  mind  and  the  greater  the 
repugnance  of  the  mind  toward  a new  method.  For  this  reason  parents  and 
teachers  discourage  young  children  from  the  practice  of  counting  on  the  fin- 
gers, believing  that  it  will  cause  much  trouble  later  to  root  out  this  vicious 
habit  and  replace  it  by  purely  mental  processes.  Teachers  should  be  careful, 
especially  with  precocious  children,  not  to  continue  too  long  in  the  use  of  a 
process  that  is  becoming  mechanical ; for  it  is  already  growing  into  a second 
nature,  and  becoming  a part  of  the  unconscious  apperceptive  process  by  which 
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the  mind  reacts  against  the  environment,  recognizes  its  presence,  and  explains 
it  to  itself.  The  child  that  has  been  overtrained  in  arithmetic  reacts  ap- 
perceptively  against  his  environment  chiefly  by  noticing  its  numerical  re- 
lations— he  counts  and  adds;  his  other  apperceptive  reactions  being  feeble, 
he  neglects  qualities  and  causal  relations.  Another  child  who  has  been  drilled 
in  recognizing  colors  apperceives  the  shades  of  color  to  the  neglect  of  all  else. 
A third  child,  excessively  trained  in  form  studies  by  the  constant  use  of  geo- 
metric solids  and  much  practice  in  looking  for  the  fundamental  geometric 
forms  lying  at  the  basis  of  the  multifarious  objects  that  exist  in  the  world, 
will  as  a matter  of  course  apperceive  geometric  forms,  ignoring  the  other 
phases  of  objects. 

It  is,  certainly,  an  advance  on  immediate  sense-perception  to  be  able  to 
separate  or  analyze  the  concrete,  whole  impression,  and  consider  the  quantity 
apart  by  itself.  But  if  arrested  mental  growth  takes  place  here  the  result  is 
deplorable.  That  such  arrest  may  be  caused  by  too  exclusive  training  in 
recognizing  numerical  relations  is  beyond  a doubt. 

Your  Committee  believes  that,  with  the  right  methods,  and  a wise  use  of 
time  in  preparing  the  arithmetic  lesson  in  and  out  of  school,  five  years  are 
sufficient  for  the  study  of  mere  arithmetic — the  five  years  beginning  with  the 
second  school  year  and  ending  with  toe  close  of  the  sixth  year;  and  that  the 
seventh  and  eighth  years  should  be  given  to  the  algebraic  method  of  dealing 
with  those  problems  that  involve  difficulties  in  the  transformation  of  quanti- 
tative indirect  functions  into  numerical  or  direct  quantitative  data. 

Your  Committee,  however,  does  hot  wish  to  be  understood  as  recommend- 
ing the  transfer  of  algebra,  as  it  is  understood  and  taught  in  most  secondary 
schools,  to  the  seventh  year  or  even  to  the  eighth  year  of  the  elementary 
school.  The  algebra  course  in  the  secondary  school,  as  taught  to  pupils  in 
their  fifteenth  year  of  age,  very  properly  begins  with  severe  exercises  with  a 
view  to  discipline  the  pupil  in  analyzing  complex  literate  expressions  at  sight 
and  to  make  him  able  to  recognize  at  once  the  factors  that  are  contained  in 
such  combinations  of  quantities.  The  proposed  seventh-grade  algebra  must 
use  letters  for  the  unknown  quantities  and  retain  the  numerical  form  of  the 
known  quantities,  using  letters  for  these  very  rarely,  except  to  exhibit  the 
general  form  of  solution  or  what,  if  stated  in  words,  becomes  a so-called 
“rule”  in  arithmetic.  This  species  of  Algebra  has  the  character  of  an  intro- 
duction or  transitional  step  to  algebra  proper.  The  latter  should  be  taught 
thoroughly  in  the  secondary  school.  Formerly  it  was  a common  practice  to 
teach  elementary  algebra  of  this  sort  in  the  preparatory  schools  and  reserve 
for  the  college  a study  of  algebra  proper.  But  in  this  case  there  was  often  a 
neglect  of  sufficient  practice  in  factoring  literate  quantities,  and  as  a conse- 
quence the  pupil  suffered  embarrassment  in  his  more  advanced  mathematics, 
for  example  in  analytical  geometry,  the  differential  calculus,  and  mechanics. 
The  proposition  of  your  Committee  is  intended  to  remedy  the  two  evils  al- 
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ready  named:  first  to  aid  the  pupils  in  the  elementary  school  to  solve,  by  a 
higher  method,  the  more  difficult  problems  that  now  find  place  in  advanced 
arithmetic ; and  secondly,  to  prepare  the  pupil  for  a thorough  course  in  pure 

algebra  in  the  secondary  school.  * 

Your  Committee  is  of  the  opinion  that  the  so-called  mental  arithmetic 

should  be  made  to  alternate  with  written  arithmetic  for  two  years  and  that  - 

there  should  not  be  two  daily  lessons  in  this  subject. 
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JAMES  A.  McLELLAN 


James  A.  McLellan  (1832-1907)  was  a Canadian  high  school  in- 
spector, principal  of  the  Ontario  School  of  Pedagogy,  and  presi- 
dent of  the  Ontario  Association  of  Teachers  of  Mathematics  • and 
Physics.  He  had  a formative  influence  on  Canadian  mathematics 
education  in  the  nineteenth  century.  He  believed  in  the  value  of 
mental  arithmetic,  a segment  of  mathematics  given  great  credit 
for  its  value  as  mental  discipline.  Among  other  texts,  he  published 
Mental  Arithmetic,  Fundamental  Rules,  Fractions,  Analysis  (1878). 

Later,  in  1395,  McLellan  coauthored  with  John  Dewey  a classic 
in  mathematics  education,  The  Psychology  of  Number  and  Its  Ap- 
plication to  Methods  of  Teaching  Arithmetic,  a chapter  of  which 
is  included  here.  He  also  coauthored,  with  A.  F.  Ames,  a three- 
book  arithmetic  series  applying  the  theory  expounded  m Ihe 
Psychology  of  Number.  These  arithmetics  are  an  interesting  union 
of  nineteenth-century  approaches  to  arithmetic  and  new,  reform- 
inspired  ideas.  As  the  first  pages  of  the  grammar-grades  text  in- 
cluded here  indicate,  the  idea  of  the  practicality  of  measurement 
permeates  the  series.  However,  the  old  structure  is  evident  in  that 
(1)  this  text  begins  with  a section  of  definitions  and  (2)  one  oi  the 
other  books  of  the  series  was  a separate  mental  arithmetic,  though 
thepinclusion  of  mental  arithmetic  had  already  become  uncommon. 


! 

i 


151 


( 

V 


I 


INTERNATIONAL  EDUCATION  SERIES 


T?*^ 


THE 


PSYCHOLOGY  OF  NUMBER 


AND  ITS  APPLICATIONS  TO 
METHODS  OF  TEACHING  ARITHMETIC 


:ir:H 


. >/•  S" * 

4 : * '*  * : . . . i 


BY 


* V v<  > ■ ? 


JAMES  JT  McLELLAN,  A.  M.,  LL.  D. 


wuacuPAt  or  thr  Ontario  school  or  pedagogy,  Toronto 


AND 

JOHN  DEWEY,  Ph.D. 


a bad  ritonssoit  or  rHiLosoriiY  in  tub  universitt  or  Chicago 


•/  yv-V''  ? 


\ ■ 


“The  art  of  measuring  brings  the  world  Into  subjection  to  man ; the  art 
of  writing  prevents  his  knowledge  from  perishing  along  with  himself : to- 
gether they  make  man— what  Nature  has  not  made'  him— all-powerful  aad 

eternal."— Mohnssn. 


1 S'4mS-' 


NEW  YORK 

D.  APPLETON  AND  COMPANY 
1895  - 


,mm- 


"'«* .. 


’ ,'v,;  • •• 


■■  ■ fs 


r 


<■ 


CONTENTS. 


Editor’s  Preface 
Author’s  Preface 


CHAPTER 

I.— What  Psychology  can  do  for  the  Teacher 
II. — The  Psychical  Nature  of  Number  . 


& 


L 


III. — The  Orioin  of  Number  : Dependence  of  Number  on 

Measurement,  and  of  Measurement  on  Adjust 
ment  of  Activity 

IV. — The  Origin  of  Number  : Summary  and  Applica- 

tions . . 

V. — The  Definition,  Aspects,  and  Factors  of  Numerical 

Ideas . . 

VI. — The  Development  of  Number;  or,  the  Arithmetical 
Operations  .... 

VII. — Numerical  Operations  as  External 

sic  to  Number 

VIII. — On  Primary  Number  Teaching  . 

IX.— On  Primary  Number  Teaching  . 

" X. — Notation,  Addition,  Subtraction 
XI. — Multiplication  and  Division 
XII.— Measures  and  Multiples  . 

XIII. — Fractions  . . ..  . , 

XIV. — Decimals  . . . . 

XV. — Percentage  and  its  Applications 

XVI. — Evolution  . . . . 


PAGE 

>'  V 

xi 


1 

23 


35 


52 


68 


03 


119 

144 

160 

190 

207 

227 

241 

261 

279 

297 


um  lawns 


i 


CHAPTER  IV. 


The  Origin  of  Number:  Summary  and  Applications. 

Summary:  Complete  Activity  and  Subordinate  Acts. — Through  the  fore- 
going illustrations — which  are  illustrations  of  one  and  the  same  principle 
regarded  from  different  points  of  view— we  are  now  prepared  for  thej  state- 
ment which  sums  up  this  preliminary  examination  of  quantity.  That  which 
fixes  the  magnitude  or  quantity  which,  in  any  given  case,  needs  to  be  meas- 
ured is  some  activity  or  movement,  internally  continuous,  but  externally 
limited .'  That  which  measures  this  whole  is  some  minor  or  partial  activity 
into  which  the  original  continuous  activity  may  be  broken  up  ( analysis ) , and 
which  repeated  a certain  number  of  times  gives  the  same  result  ( synthesis ) as 
the  original  continuous  activity. 

\ . . 

This  formula,  embodying  the  idea  that  number  is  to  be  traced  to  meas- 
urement, and  measurement  back  to  adjustment  of  activity,  is  the  key  to 
the  entire  treatment  of  number  as  presented  in  these  pages,  and  the  reader 
should  be  sure  he  understands  its  meaning  before  going  further.  In  order  to 
test  his  comprehension  of  it  he  may  ask  himself  such  questions  as  these: 
The  year  is  some  unified  activity — what  activity  does  it  represent?  At  first 
sight  simply  the  apparent  return  of  the  sun  to  the  same  point  in  the  heavens 
. — an  external  change;  yet  the  only  reason  for  attaching  so  much  importance 
to  this  rather  than  to  any  other  cyclical  change,  as  to  make  it  the  unit  of 
time  measurement,  is  that  the  movement  of  the  sun  controls  the  cycle  of 
human  activities — from  seedtime  to  seedtime,  from  harvest  to  harvest.  This 
is  illustrated  historically  in  the  fact  that  until  men  reached  the  agricultural 
stage,  or  else  a condition  of  nomadic  life  in  which  their  movements  were 
controlled  by  the  movement  ~of  the  sun,  they  did  not  take  the  sun’s  move- 
ment as  a measure  of  time.  So,  again,  the  day  represents  not  simply  an 
external  change,  a recurrent  movement  in  Nature,11  but  a rhythmic  cycle  of 
human  action.  Again,  what  activity  is  represented  by  the  pound,  by  the 
bushel,  by  the  foot?  1 What  is  the  connection  between  the  decimal  system 
and  the  ten  fingers  of  the  hands?  What  activity  does  the  dollar  stand  for? 
If  the  dollar  did  not  represent  certain  possible  activities  which  it  places  at 

1.  The  historical  origin  of  these  measures  will  throw  light  upon  the  psychological 

point. 
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our  control,  would  it  be  a measure  of  value?  Why  may  a child  value  a 
bright  penny  higher  than  a dull  dollar?  And  so  on. 

Illustrations : Stages  of  Measurement.— Suppose  we  wish  to  find  the 
quantity  of  land  in  a certain  field.  The  eye  runs  down  the  length  and  along 
the  breadth  of  the  field ; there  is  the  sense  of  a certain  amount  of  movement. 
This  activity,  limited  by  the  boundaries  of  the  field,  constitutes  the  original 
vague  muchness— the  quantity  to  be  measured— and  therefore  determines 
all  succeeding  processes.  Then  analysis  comes  in,  the  breaking  up  of  this 
original  continuous  activity  into  a series  of  minor,  discrete  acts.  The  eye 
runs  down  the  side  of  the  field  and  fixes  upon  a point  which  appears  to  mark 
half  the  length;  this  process  is  repeated  with  each  half  and  with  each  quarter, 
and  thus  the  length  is  divided  roughly  into  eight  parts,  each  roughly  esti- 
mated at  twenty  paces.  The  breadth  of  the  field  is  treated  in  the  same  way. 
The  eye  moves  along  till  it  has  measured,  as  nearly  as  we  can  judge,  just  as 
much  space  as  equals  one  of  the  smallest  divisions  on  the  other  side. 

The  process  is  repeated,  and  we  estimate  that  the  breadth  contains  six 
of  these  divisions.  Through  these  interrupted  or  discrete  movements  of  the 
eye  we  are  able  to  form  a crude  idea  of  the  length  and  breadth  of  the  field, 
and  thus  make  a rough  estimate  of  its  area.  The  separate  eye  movements 
constitute  the  analysis  which  gives  the  unit  of  measurement,  and  the  count- 
ing of  these  separate  movements  (units)  is  the  synthesis  giving  the  total 
numerical  value. 

But  the  breaking  up  of  the  original  continuous  movement  into  minor 
units  of  activity  is  obviously  crude  and  defective,  and  hence  the  resulting 
synthesis  is  imperfect  and  inadequate.  The  only  thing  we  are  certain  of  is 
the  number  of  times  the  minor  act  has  been  performed;  it  is  pure  assumption 
that  the  minor  act  measures  an  equal  length  every  time,  and  a mere  guess 
that  each  of  the  lengths  is  twenty  yards.  In  order,  therefore,  to  make  a 
closer  estimate  of  the  content  of  the  field,  we  may  mark  off  the  length  and 
breadth  by  pacing,  and  find  that  it  is  a hundred  and  seventy  paces  in  length 
and  a hundred  and  thirty  paces  in  breadth.  This  is  probably  a more  correct 
estimate,  because  (a)  we  can  be  much  more  certain  that  the  various  paces 
are  practically  equivalent  to  one  another  than  that  the  eye  movements  are 
equal,  and  ( b ) since  the  pace  is  a more  definite  and  controlled  movement, 
we  have  a much  clearer  idea  of  how  much  the  pace  or  unit  of  measurement 
really  is. 

But  it  is  still  an  assumption  that  the  various  paces  are  equal  to  one  an- 
other. In  other  words,  this  unit  of  measure  is  not  itself  a constant  and  meas- 
ured thing,  and  the  required  measurement  is  therefore  still  imperfect.  Hence 
the  substitution  for  the  pace  of  some  measuring  unit,  say  the  chain,  which  is 
itself  defined;  the  chain  is  applied,  laid  down  and  taken  up,  a certain  num- 
ber of  times  to  both  the  length  and  the  breadth  of  the  field.  Now  the  minor 
act  is  uniform;  it  is  controlled  by  the  measuring  instrument,  and  hence 
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marks  off  exactly  the  same  space  every  time.2  The  partial  activity  being 
defined,  the  resulting  numerical  value — say,  eight  chains  by  six  chains — is 
equally  definite.  Besides,  the  chain  itself  may  be  measured  off  into  a cer- 
tain number  of  equal  portions;  we  may  apply  a minor  unit  of  measure — 
e.g.,  the  link — until  we  have  determined  how  many  links  make  up  the  chain. 
By  means  of  this  analysis  into  still  smaller  acts,  the  meaning  of  the  unit 
is  brought  more  definitely  home  to  consciousness.3 

But  this  mathematical  measurement,  this  analysis-synthesis,  is  still  in- 
sufficient for  complete  adjustment  of  activity.  What,  after  all,  is  the  value 
of  this  measured  quality?  What  is  it  good  for?  Until  this  question  is  an- 
swered there  can  not  be  perfect  adjustment  of  activities.  To  answer  this 
brings  us  to  the  third  and  final  stage  of  number  measurement.  This  field 
will  produce,  say,  only  so  many  bushels  of  corn  at  a given  price  per  bushel; 
it  is,  therefore,  not  worth  so  much  as  a smaller  field  which  will  produce  as 
much  wheat  at  a larger  price  per  bushel.  Or,  in  addition  to  the  mere  size 
of  the  field,  it  may  be  necessary  to  take  into  account  not  only  the  value  of 
the  crop  it  will  raise,  but  also  the  cost  of  tilling  it.  Here  there  must  be  a 
much  more  complete  adjustment  of  activities.  The  analysis  concerns  not 
only  so  many  square  rods;  it  includes  also  the  money  value  of  the  crop 
and  the  cost  of  its  production.  The  synthesis  compares  the  result  of  this 
complex  measurement  with  the  results  of  other  possible  distributions  of 
energy.  Analytically  the  conditions  are  completely  defined;  synthetically 
there  can  be  a complete  and  economical  adjustment  of  the  conditions  to 
secure  the  best  possible  results. 

The  measured  quantity  representing  the  unified  (or  continuous)  activity 
is  the  whole  or  unity;  the  measuring  parts,  representing  the  minor  or  partial 
activities,  are  the  components  or  units,  which  make  up  the  unified  whole. 
In  all  measurement  each  of  these  measuring  parts  in  itself  is  a whole  act — 
as  a pace,  a day’s  journey,  etc.  But  in  its  function  of  measuring  unit  it  is  at 
once  reduced  to  a mere  means  of  constructing  the  more  comprehensive  act., 
-The  end  or  whole  is  one , and  yet  made  up  of  many  parts. 

Summary. — All  numerical  concepts  and  processes  arise  in  the  process  of 
fitting  together  a number  of  minor  acts  in  such  a way  as  to  constitute  a 
complete  and  more  comprehensive  act. 

1.  This  fitting  together,  or  adjusting,  or  balancing,  will  be  accurate  and 
economical  just  in  the  degree  in  which  the  minor  acts  are  the  same  in  kind 
as  the  major.  If,  for  example,  one  is  going  to  build  a stone  wall,  the  use  of 

2.  Note  how  the  two  factors  of  space  and  time  appear  in  all  measurement,  space  rep- 
resenting concrete  value,  time  the  abstract  number,  and  both,  the  measured  magnitude. 

3.  If  it  be  noted  that  all  we  have  done  here  is  to  make  the  original  activity  of 
running  the  eye  along  length  and  breadth  first  continuously  and  then  in  an  interrupted 
series  of  minor  movements,  more  controlled  and  hence  more  precise,  the  meaning  of  the 
proposition  (page  52)  regarding  the  origin  of  measurement  in  the  adjustment  of  minor 
acts  to  constitute  a comprehensive  activity  will  be  apparent  once  more. 
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the  means— the  minor  activities— will  not  be  accurate  until  one  can  find 
« common  measure  for  both  the  means,  the  use  of  the  particular  stones,  and 
the  end,  the  wall.  Size,  or  amount  of  space  occupied,  is  this  common  element. 
Hence,  to  define  the  process  in  terms  of  just  so  many  cubic  feet  required  is 
economical;  to  describe  it  in  terms  of  so  many  stones  would  be  impossible 
unless  one  had  first  found  the  volumes  of  the  stones.  Hence,  once  more,  the 
abstraction  and  the  generalization  involved  in  all  numerical  processes  the 
special  qualities  of  the  stone  are  neglected,  and  the  only  thing  considered 
is  the  number  of  cubic  feet  in  the  stone— abstraction.  But  through  this  factor 
of  so  much  size  the  stone  is  referred  at  once  to  its  place  in  the  whole  wall 

and  to  the  other  stones — generalization. 

2.  An  end,  or  whole  of  a certain  quality,  furnishes  the  limit  within  which 
the  magnitude  lies.  Quantity  is  limited  quality,  and  there  is  no  quantity  save 
where  there  is  a certain  qualitative  whole  or  limitation. 

3.  Number  arises  through  the  use  of  means,  or  minor  units  of  activity, 
to  construct  an  activity  equal  in  value  to  the  given  magnitude.  This  process 
of  constructing  an  equivalent  value  is  numbering — evaluation.  Hence,  there 
are  no  numerical  distinctions  (psychologically)  except  in  the  process  of 

measuring  some  qualitative  whole.4  , . 

4.  This  measuring  or  valuation  (defining  the  original  vague  qualitative 
whole.)  will  transform  the  vague  quantity  into  precise  numerical  value ; it 
will  accomplish  this  successfully  in  just  the  degree  iA  which  the  minor 
activity  or  unity  of  construction  is  itself  measured,  or  is  also  a numenca 
value.  Unless  it  is  itself  a numerical  quantity,  a unity  measured  by  being 
counted  out  into  so  many  parts,  the  minor  and  the  comprehensive  activity 
can  not  be  made  precisely  of  the  same  kind.  (Principle  1.) 

5.  Hence  the  purely  correlative  character  of  much  and  many,  of  meas- 
ured whole  and  measuring  part,  of  value  and  number,  of  unity  and  units, 
of  end  and  means. 

Educational  Applications. 

We  have  now  to  apply  the' principle  concerning  the  psychological  origin 
of  quantity  and  number  to  education.  We  have  seen  (a)  the  need  in  life, 
the  demand  in  actual  experience  of  the  race  and  the  individual,  which  brings 
the  numerical  operations;  the  process  of  measuring,  into  existence.  We  have 
seen  (b)  what  forms  number  is  required  to  assume  in  order  to  meet  the  need, 
fulfill  the  demand.  We  have  now  to  inquire  how  far  these  ideas  and  prin- 
ciples have  a practical  application  in  educational  processes. 

The  school  and  its  operations  must  be  either  a natural  or  an  artificial 
thing.  Every  one  will  admit  that  if  it  is  artificial,  if  it  abandons  or  distorts 
the  normal  processes  of  gaining  and  using  experience,  it  is  false  to  its  aim 

4.  The  pedagogical  consequences  of  neglecting  this  principle  will  be  seen  in  dis- 
cussing  the  Grube  method,  or  use  of  the  fixed  unit. 
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and  inefficient  in  its  method.  The  development  of  number  in  the  schools 
should  therefore  follow  the  principle  of  its  normal  psychological  development 
in  life.  If  this  normal  origin  and  growth  have  been  correctly  described,  we 
have  a means  for  determining  the  true  place  of  number  as  a means  of  edu- 
cation. It  will  require  further  development  of  the  idea  of  number  to  show 
the  educational  principles  corresponding  to  the  growth  of  numerical  con- 
cepts and  operations  in  themselves,  but  we  already  have  the  principle  for 
deciding  how  number  is  to  be  treated  as  regards  other  phases  of  experience. 

The  Two  Methods:  Things;  Symbols. — The  principle  corresponding 
with  the  psychological  law — the  translation  of  the  psychological  theory  into 
educational  practice — may  be  most  clearly  brought  out  by  contrasting  it 
with  two  methods  of  teaching,  opposed  to  each  other,  and  yet  both  at  vari- 
ance with  normal  psychological  growth.  These  two  methods  consist,  the  one 
in  teaching  number  merely  as  a set  of  symbol;  the  other  in  treating  it  as  a 
dirept  property  of  objects.  The  former  method,  that  of  symbols,  is  illustrated 
in  the  old-fashioned  ways — not,,  yet  quite  obsolete — of  teaching  addition, 
subtraction,  etc.,  as  something  to  be  done  with  “figures,”  and  giving  elabo- 
rate rules  which  might  guide  the  doer  to  certain  results  called  “answers.” 

It  is  little  more  than  a blind  manipulation  of  number  symbols.  The 
child  simply  takes,  for  example,  the  figures  3 and  12,  and  performs  certain 
“operations”  with  them,  which  are  dignified  by  the  names  addition,  sub- 
traction, multiplication,  etc.;  he  knows  very  little  of  what  the  figures  sig- 
nify, and  less  of  the  meaning  of  the  operations.  The  second  method,  the 
simple  perception  or  observation  method,  depends  almost  wholly  upon 
physical  operations  with  things.  Objects  of  various  kinds — beans,' shoe-pegs, 
splints,  chairs,  blocks — are  separated  and  combined  in  various  ways,  and 
true  ideas  of  number  and  of  numerical  operations  are  supposed  necessarily 
to  arise. 

Both  of  these  methods  are  vitiated  by  the  same  fundamental  psycho- 
logical error;  they  do  not  take  account  of  the  fact  that  number  arises  in  and 
through  the  activity  of  mind  in  dealing  with  objects.  The  first  method  leaves 
out  the  objects  entirely,  or  at  least  makes  no  reflective  and  systematic  use 
of  them;  it  lays  the  errlphasis  on  symbols,  never  showing  clearly  what  they 
symbolize,  but  leaving  it  to  the  chances  of  future  experience  to  put  some 
meaning  into  empty  abstractions.  The  second  method  brings  in  the  objects, 
but  so  far  as  it  emphasizes  the  objects  to  the  neglect  of  the  mental  activity 
which  uses  them,  it  also  makes  number  meaningless ; it  subordinates  thought 
(i.  e.,  mathematical  abstraction)  to  things.  Practically  it  may  be  considered 
an  improvement  on  the  first  method,  because  it  is  not  possible  to  suppress 
entirely  the  activity  which  uses  the  things  for  the  realization  of  some  end; 
but  whenever  this  activity  is  made  incidental  and  not.  important,  the  method 
comes  far  short  of  the  intelligence  and  skill  that  should  be  had  ftom  instruc- 
tion based  on  psychological  principles. 
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While  the  method  of  symbols  is  still  far  too  widely  used  in  practice,  no 
educationist  defends  it,  all  condemn  it.  It  is  not,  then,  necessary  to  dwell 
upon  it  longer  than  to  point  out  in  the  light  of  the  previous  discussion  why 
it  should  be  condemned.  It  treats  number  as  an  independent  entity — as 
something  apart  from  the  mental  activity  which  produces  it;  the  natural 
genesis  and  use  of  number  are  ignored,  and,  as  a result,  the  method  is  me- 
chanical and  artificial.  It  subordinates  sense  to  symbol. 

The  method  of  things  of  observing  objects  and  taking  vague  percepts 
for  definite  numerical  concepts— treats  number  as  if  it  were  an  inherent 
property  of  things  in  themselves,  simply  waiting  for  the  mind  to  grasp  it, 
to  “abstract”  it  from  the  things.  But  we  have  seen  th$t  number  is  in  reality 
a mode  of  measuring  value , and  that  it  does  not  belong  to  things  in  them- 
selves, but  arises  in  the  economical  adaptation  of  things  to  some  use  or  pur- 
pose. Number  is  not  (psychologically)  got  from  things,  it  is  put  into  them. 

It  is  then  almost  equally  absurd  to  attempt  to  teach  numerical  ideas  and 
process  without  things,  and  to  teach  them  simply  by  things.  Numerical  ideas 
can  be  normally  acquired,  and  numerical  operations  fully  mastered  only  by 
arrangements  of  things  that  is,  by  certain  acts  of  mental  construction,  which 
are  aided,  of  course,  by  acts  of  physical  construction;  it  is  not  the  mere  per- 
ception of  the  things  which  gives  us  the  idea,  but  the  employing  of  the  things 
in  a constructive  way.  • 

The  method  of  symbols  supposes  that  number  arises  wholly  as  a matter 
of  abstract  reasoning;  the  method  of  objects  supposes  that  it  arises  from 
mere  observation  by  the  senses — that  it  is  a property  of  things,  an  external 
energy  just  waiting  for  a chance  to  seize  upon  consciousness.  In  reality,  it 
arises  from  constructive  (psychical)  activity,  from  the  actual  use  of  certain 
things  in  reaching  a certain  end.  This  method  of  constructive  use  unites  in  ° 
itself  the  principles  of  both  abstract  reasoning  and  of  definite  sense  ob- 
servation. 

* the  mental  process,  small  cubical  blocks  are  used  to  build  a 

large  cube  with,  there  is  necessarily  continual  and  close  observation  of  the 
various  things  in  their  quantitative  aspects;  if  splints  are  used  to  inclose 
a surface  with,  the  particular  splints  must  be  noted.  Indeed,  this  observation 
is  likely  to  be  closer  and  more  accurate  than  tha't  in  which  the  mere  observa- 
tion's a*  i end  in  itself.  In  the  latter  case  there  is  no  interest,  no  purpose, 
and  attention  is  laboured  and  wandering;  there  is  no  aim  to  guide  and  direct 
the  observation.  The  observation  which  goes  with  constructive  activity  is  a 
part  of  the  activity;  it  has  all  the  intensity,  the  depth  of  excitation  of  the 
activity;  it  shares  in  the  interest  of  and  is  directed  by  the  activity.  In  the 
case  where  the  observation  is  made  the  whole  thing,  distinctions  have  to  be 
separately  noted  and  separately  memorized.  There  is  nothing  intrinsic  by 
which  to  carry  the  facts  noted;  that  the  two  blocks  here  and  the  two  there 
make  four  is  an  external  fact  to  be  carried  by  itself  in  memory.  But  when 
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the  two  sets  are  so  used  as  to  construct  a whole  of  a certain  value,  the  fact 
is  internal;  it  is  part  of  the  mind’s  way  of  acting,  of  seeing  a definite  whole 
through  seeing  its  definite  parts.  Repetition  in  one  case  means  simply  learn- 
ing by  rote;  in  the  other  case,  it  means  repetition  of  activity  and  formation 
of  an  intelligent  habit. 

The  rational  factor  is  found  in  the  fact  that  the  constructive  activity 
proceeds  upon  a principle;  the  construction  follows  a certain  regular  or 
orderly  method.  The  method  of  action,  the  way  of  combining  the  means 
to  reach  the  end,  the  parts  to  make  the  whole,  is  relation,'  acting  according 
to  this  relation  is  rational,  and  prepares  for  the  definite  recognition  of  rea- 
son, for  consciously  grasping  the  nature  of  the  operations.  Rational  action 
will  pass  over  of  itself  when  the  time  is  ripe  into  abstract  reasoning.  The 
habit  of  abstracting  and  generalizing  of  analysis  and  synthesis  grows  into 
definite  control  of  thinking. 

The  Factors  in  Rational  Method.— In  more  detail,  dealing  with  num- 
ber by  itself,  as  represented  by  symbols,  introduces  the  child  at  an  early 
stage  to  abstractions  without  showing  how  they  arise,  or  what  they  stand 
for;  and  makes  clear  no  reason,  no  necessity,  for  the  various  operations  per- 
formed, which  are  all  reducible  to  (a)  synthesis — addition,  multiplication, 
involution;  and  (b)  analysis — subtraction,  division,  evolution.  The  object 
or  observation  method  shows  the  relation  of  number  to  things,  but  does  not 
make  evident  why  it  .has  this  relation;  does  not  bring  out  its  value  or  meas- 
uring use,  and  leaves  the  operations  performed  purely  external  manipula- 
tions of  number,  or  rather  with  things  which  may  be  numbered,  not  internal 
developments  of  its  measuring  power.  The  method  which  develops  numerical 
ideas  in  connection  with  the  construction  of  some  definite  thing,  brings  out 
clearly  (a)  the  natural  unity,  the  limit  (the  magnitude)  to  which  all  number 
refers;  ( b ) the  unit  of  measurement  (the  particular  thing)  which  helps  to 
construct  the  whole;  and  (c)  the  process  of  measuring,  by  which  the  second 
of  these  factors  is  used  to  make  up  or  define  the  first — thus  determining  its 
numerical  value. 

(a)  Only  this  method  presents  naturally  the  idea  of  a magnitude  from 
which  to  set  out.'  The  end  to  be  reached,  the  object  to  be  measured,  supplies 
this  idea  of  a given  quantity,  and  thus  gives  a natural  basis  for  the  develop- 
ment and  use  of  ideas  of  number.  In  numbers  simply  as  objects,  or  in  things 
simply  as  observed  things,  there  is  no  principle' of  unity,  no  basis  for  natural 
generalization.  Only  using  the  various  things  for  a certain  end  brijigs  them 
together  into  one1;  we  count  anti  measure  some  quantitative  whple. 

(b)  While  every  object  is  a whole  in  itself,  a unity  in  so  far  as  it  repre- 
sents one  single  act,  no  object  simply  as  an  observed  object  is  a unit.  Ob- 
jects which  we  recognise  as  three  in  number  miay  be  before  the  child’s  senses, 
and  yet  there  may  be  no  consciousness  of  them  as  three  different  units,  or 
of  the  sum  three.  Some  writers  tell  us  that  each  object  is  one,  and  so  gives 
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the  natural  basis  for  the  evolution  of  number;  that  the  starting  point  is  one 
object,  to  which  another  object  is  “added,”  then  a third,  etc.  But  this  over- 
looks the  fact  that  each  object  is  one,  not  a unit  but  one  whole,  differing  from 
and  exclusive  of  every  other  whole.  That  is,  to  take  it  as  an  observed  object 
is  to  centre  attention  wholly  upon  the  thing  itself;  attention  would  discrimi- 
nate and  unify  the  qualities  which  make  the  thing  what  it  is— a qualitative 
whole;  but  there  would  be  little  room  for  the  abstracting  and  relating  action 
involved  in  all  number.  A numerical  unit  is  not  merely  a whole,  a unity  in 
itself,  but  is,  as  we  have  seen,  a unity  eitfployed.as  a means  for  constructing 
or  measuring  some  larger  whole.  Only  this  use,  then,  transforms  the  object 
from  a qualitative  unity  into  a numerical  unit.  The  sequence  therefore  is: 
first  the  vague  unity  or  whole,  then  discriminated  parts,  then  the  recognition 
of  these  parts  as  measuring  the  whole,  which  is  now  a defined  unity— a sum. 
Or,  briefly,  the  undefined  whole;  the  parts;  the  related  parts  ( now  units); 
the  sum. 

(c)  Beginning  with  the  numbers  in  themselves,  as  represented  by  mere 
symbols,  or  with  perceived  objects  in  themselves,  there  is  no  intrinsic  rea- 
son, no  reason  in  the  mind  itself,  for  performing  the  operations  of  putting 
together  parts  to  make  a whole  (using  the  unit  to  measure  the  magnitude) , 
or  of  breaking  up  a whole  into  units — discovering  the  standard  of  reference 
for  measuring  a given  unity.  These  operations,5 6  from  either  of  these  stand- 
points, are  purely  arbitrary;  we  may,  if  we  wish,  do  something  with  number, 
or  rather  with  number  symbols : the  operations  are  not  something  that  we 
must  do  from  the  very  nature  of  number  itself.  From  the  point  of  view  of 
the  constructive  (or  psychical)  use  of  objects,  this  is  reversed.  These  proc- 
esses are  simply  phases  of  the  act  of  construction.  Moreover,  the  operations 
of  addition,  multiplication,  division,  etc.,  in  the  method  of  perceived  objects, 
have  to  be  regarded  as  physical  heaping  up,  physical  increase,  physical  par- 
tition ; while  in  that  of  number  by  itself  they  are  purely  mental  and  abstract. 
From  the  standpoint  of  the  psychological  use  of  the  things,  these  processes 
are  not  performed  upon  physical  things,  but  with  reference  to  establishing 
definite  values;0  while  each  process  is  itself  concrete  and  actual.  It  is  not 
something  to  be  grasped  by  abstract  thought,  it  is  something  done. 

Finally,  to  teach  symbols  instead  of  number  as  the  instrument  of  meas- 
urement is  to  cut  across  all  the  existing  activities,  whether  impulsive  or 

5.  It  will  be  shown  in  a later  chapter  that  all  numerical  operations  grow  out  of  this 
fundamental  process. 

6.  The  complications  introduced  in  schools — e.  g.,  that  you  can  not  multiply  by  a 
fraction,  nor  increase  a number  by  division,  etc.,  because  multiplication  means  increase, 
etc.— result  from  conceiving  the  operations  as  physical  aggregation  or  separation  instead 
of  synthesis  and  ana&ds  of  values— mental  processes.  To  multiply  $10  by  one  third 
is  absurd  if  multiplication  means  a physical  increase;  if  it  means  a measurement  of 
value,  taking  a numerical  value  of  $10  (a  measured  quantity)  in  a certain  way  to  find 
the  resulting  numerical  value,  it  is  perfectly  rational. 
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The  following  extract,  giving  the  first  three  pages  of  an  upper- 
grade  text  by  McLellan  and  Ames,  illustrates  the  emphasis  on 
measurement  of  the  Dewey-McLellan  approach  to  arithmetic.  The 
appearance  of  definitions  as  the  first  order  of  business  is  also  of 
interest,  especially  when  compared  with  the  corresponding  first 
pages  of  the  texts  of  Sloeomb  and  Davies  included  in  Part  One.  The 
more  extensive  list  of  definitions  given  by  Davies  illustrates  the 
greater  concern  of  his  era  with  mathematical  structure.  After  1900 
the  use  of  such  definitions  became  less  common.  With  the  emer- 
gence of  connectionistic  psychology  as  a basis  for  arithmetic  teach- 
ing, they  disappeared  almost  entirely  from  texts  after  1920. 
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CHAPTER  I 
Definitions  and  Review 

1.  A unit  is  a quantity  used  to  measure  quantity  of  the  same  kind. 

Thus,  1 mi.  is  a unit  used  to  measure  distance,  1 A.  to  measure  the  size  of  a farm, 

and  1 doz.  eggs  to  measure  the  quantity  of  eggs.  If  a lady  wants  to  know  into  how  many 
hair  ribbons,  each  1 ft.  6 in.  long,  she  can  cut  a piece  of  ribbon  2 yd.  1 ft.  6 in.  long,  she 
must  use  1 ft.  6 in.  as  a unit  with  which  to  measure  the  length  2 yd.  1 ft.  6 in.  Cut  a 
piece  of  string  2 yd.  1 ft.  6 in.  long  and  divide  it  into  parts  each  1 ft.  6 in.  long.  How 
many? 

2.  As  a person  measures  a quantity  he  counts  the  Camber  of  units  in 
° the  quantity.  The  number  and  the  unit  measure  the  quantity . 

Draw  a line  74  in. .long  and  measure  it  with  a unit  2b  in.  How  many  24-in.  units 
in  7b  in.?  Measure  the  same  quantity  with  a unit  lb  in.  How  many  14-in.  units  in 
74  in.? 

3.  The  number  is  the  Rati©  of  the  quantity  to  the  unit. 

A line  15  in.  long  is  measured  5 times  by  the  unit  3 in.,  hence  5 is  the  ratio  of  15  in. 
to  3 in.  What  is  the  ratio  of  6 in.  to  2 in.?  12  qt.  to  3 qt.?  1 hr.  to  10  min.?  1 ft.  6 in. 
to  6 in.? 

Exercise  1 

1.  Mark  two  points  on  the  blackboard  6 yd.  apart.  Cut  a string  2 ft.  long, 
and  by  measuring  find  how  often  2 ft.  is  contained  in  6 yd. 

2.  Find,  without  actually  measuring,  how  often  2 ft.  is  contained  in  6 yd. 
Uow  many  widths  of  carpet  2 ft.  wide  are  needed  to  carpet  a room  6 yd. 
wide? 

3.  Draw  an  oblong  12  in.  long  and  8 in.  wide.  Cut  out  of  paper  an  oblong 
4 in.  long  and  3 in.  wide.  Using  this  as  a unit  of  measure,  find  how  often  it 
is  contained  in  the  larger  oblong. 

4.  Find,  without  actually  measuring,  how  many  oblongs  4 in.  by  3 in. 

can  be  cut  from  an  oblong  12  in.  by  8 in. 

5.  A piece  of  cardboard  18  in.  by  12  in.  is  cut  into  cards  6 in.  long  and  4 

in.  wide.  How  many  are  there? 

6.  Put  2 gal.  1 qt.  of  water  into  a pail  and  measure  it  with  a pint  measure. 
2 gal.  1 qt.  = ? pt. 

7.  Find,  without  actually  measuring,  how  many  pints  are  equal  to  2 gal. 

1 qt.  ; , 

8.  How  many  pint  jars  can  be  filled  with  4 gal.  2 qt.  of  maple  syrup? 

9.  Cut  out  a piece  of  cardboard  4 in.  long.  Measure  a distance  equal  to 
8 of  these  units.  Measure  this  distance  again  with  a foot  rule.  8 times  4 in. 
— ? ft.  ? in. 
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10.  Find,  without  actually  measuring*  how  many  feet  and  inches  a string 
is  that  can  be  cut  into  8 pieces  each  4 in.  long. 

11.  In  the  following  examples  what  number  expresses  the  measurement  of 
the  quantity  by  the  unit? 


Quantity 

Unit 

Quantity 

Unit 

2 ft.  6 in. 

3 in. 

3 bu. 

12  qt. 

11  qt.  2 pt. 

6 pt. 

$4.50 

1 dime 

3 wk.  4 da. 

5 da. 

24  sq. in. 

oblong  3 in.  X 2 in. 

1 hr.  30  min. 

18  min. 

CO 

O 

TS. 

30  -f-  20 

How  do  you  find  the  number  of 

units  in  a given  quantity? 

12.  In  the  preceding  example  what  is  the  ratio 

of  each  quantity  to  its 

own  unit?  What  is 

the  ratio  of  the  unit  to  the  quantity? 

13.  In  the  following  examples  find  the  quantities  measured  by  the  mum- 

bers  and  the  units : 

Number 

Unit 

Number 

Unit 

8 

2 qt. 

6 

3 for  100 

2y2 

60 

9 

2 pk. 

3' 

35  mi. 

40 

5 da. 

2 doz. 

20  apiece 

6 

3 mi.  -j-  4 mi. 

14.  How  do  you  find  the  quantity  containing  a given  number  of  units? 

Exercise  2 

1.  A boy  saves  $4  a month.  In  how  many  months  will  he  save  the  price 
of  a bicycle  worth  $32? 

2.  A man  earns  $18  a week  and  spends  $15.  In  how  many  weeks  will  he 
save  enough  to  pay  a debt  of  $24? 

3.  A family  uses  2y>  qt.  of  milk  at  60  a quart  daily.  What,  does  their 
milk  cost  per  day? 

What  do  they  pay  for  milk  in  a month  of  30  da.? 

4.  A family  uses  1 qt.  1 pt.  of  milk  at  60  a quart  daily.  What  is  their 
milk  bill  for  the  month  of  April?  May? 

5.  A family  uses  2 qt.  1 pt.  of  milk  at  60  a quart  daily.  What  do  they 
pay  for  milk  in  the  month  of  March,  if  they  get  8 qt.  extra? 

• 6.  A boy  riding  on  a bicycle  gains  3 mi.  an  hour  on  a man  who  is  driving. 
In  how  many  hours  after  passing  him  will  he  be  15  mi.  ahead? 

7.  Two  boats  travel  down  a “river  at  the  rate  of  14  and  9 mi.  an  hour  re- 
spectively. If  they  start  together,  when  will  the  faster  be  20  mi.  ahead? 

8.  Two  trains  travel,  one  east  and  the  othemwest,  at  the  respective  rates, 
of  35  and  23  mi.  an  hour.  How  far  apart  will  they  be  in  3 hr.? 
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THE  RATIO  METHOD 


The  approach  to  arithmetic  learning  advocated  by  William  W. 
Speer  and  embodied  in  the  texts  he  wrote  was  a radical  departure 
from  the  norm — the  most  radical  of  any  of  the  approaches  to  gain 
even  modest  acclaim  between  the  time  of  Colburn  and  the  present 
(including  the  changes  of  today’s  “new”  mathematics). 

His  texts,  written  from  1896  through  1899,  completely  abandoned 
the  structure  of  arithmetic  as  it  was  then  understood  and  relied 
instead  on  an  activity-centered  approach  based  on  comparison  of 
quantities.  The  books  lacked  not  only  the  old  topics  such  as  nota- 
tion and  numeration,  definitions,  and  analysis  but  also  such  familiar 
framework  as  sections  entitled  “Division”  and  “Multiplication  of 
Fractions.”  Immediately  after  the  1895  recommendation  of  the 
Committee  of  Ten  to  discard  all  but  incidental  arithmetic  in  the 
first  year  of  school,  Speer  suggested  a method  that  put  even  more 
stress  on  carefully  sequenced  primary  school  experiences  than  did 
earlier  approaches.  But  whereas  earlier  methods  such  as  that  of 
Grube  concentrated  on  the  number  of  small  collections,  Speer  made 
direct  comparison  of  quantities  (ratio,  as  Speer  used  the  term) 
fundamental.  The  ratio  concept  was  to  be  understood  without 
physically  or  mentally  subdividing  either  of  the  two  quantities 
compared.  The  ability  to  make  the  comparisons  required  was  to 
be  developed  by  extensive  and  continued  physical  contact  with  the 
things  compared:  by  seeing,  hearing,  touching,  building,  finding, 
cutting,  and  drawing.  Speer’s  primary  s.upport  for  basing  number 
in  comparison  was  Herbert  Spencer,  who  made  comparison  basic 
to  thought.  The  selection  here  includes  Speer’s  sequence  from  the 
beginning  lesson  involving  identification  and  large-small  compari- 
son to  his  comparison-based  introduction  of  equality. 
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PREFACE. 


This  book  is  one  of  a series  soon  to  be  issued.  The  point  of  view  from 
which  it  is  written  is  indicated  in  the  introduction. 

The  essence  of  the  theory  of  teaching  arithmetic  can  be  expressed  in  a 
few  sentences.  The  fundamental  thing  is  to  induce  judgments  of  relative 
magnitude.  The  presentation  regards  the  fact  that  it  is  the  relation  of  things 
that  makes  them  what  they  are.  The  one  of  mathematics  is  not  an  individual, 
separated  from  all  else,  but  the  union  of  two  like  impressions:  the  relation 
of  two  equal  magnitudes.  A child  does  not  perceive  this  one  until  he  sees  the 
equality  of  two  magnitudes.  He  will  not  become  sensitive  to  relations  of 
equality  by  handling  equal  units  with  the  attention  directed  to  something 
else,  as  the  color,  the  texture,  or  the  how  many ; nor  by  one  or  two  experiences 
in  comparing  magnitudes. 

To  aid  the  learner  in  seeing  a 1 as  the  relation  of  two  equal  units,  a 2 
as  the  relation  of  a unit  to  another  one  half  as  large,  a % as  the  relation  of 
a unit  to  another  twice  as.  large,  we  must  induce  the  repeated  acts  of  com- 
paring which  bring  these  relations  vividly  before  the  mind.  With  this  pur- 
pose the  child  is  not  required  to  build  out  of  parts  a whole  which  he  has 
never  seen,  nor  expected  to  discover  a relation  in  the  absence  of  one  of  the 
related  terms.  He  does  not  begin  with  elements.  He  is  not  prevented  from 
;•  ' seeing  things  as  they  are  by  pushing  elements  into  the  foreground.  The  mind 

grasps  something  vaguely  as  a whole,  moves  from  this  to  the  parts,  and 
gradually  advances  to  a clearer  and  fuller  idea  of  the  whole.  Whether  the 
object  of  study  be  a flower,  a picture,  a cubic  foot,  or  a six,  the  process  of 
learning  is  the  same.  If  we  promote  progress  in  the  discovery  of  relations  of 
magnitude,  we  will  make  it  possible  for  the  compared  wholes  to  be  pictured 
in  their  full  extent,  thus  affording  opportunity  for  comparing,  for  activity  in 
judging.  There  is  no  such  * opportunity  when  a child  who  has  no  idea  of  a 
thing  constructs  it  mechanically  from  given  parts.  Creation,  in  any  subject, 
requires  a basis  in  elementary  ideas. 

It  is  not  to  be  forgotten  that  there  is  a wide  difference  between  seeing  that 
the  relation  of  two  particular  things  is  8,  and  realizing  8 as  a relation,  realiz- 
ing it  in  such  a way  that  it  can  be  freely  used  without  misapplying  it. 

There  is  no  real  progress  unless  the  mind  is  gradually  gaining  power  to 
i think  of  things  not  present  to  sense,  and  to  think  of  a relation  apart  from  a 

particular  thing.  But  there  is  no  way  to  promote  this  progress  except  by  se- 
curing continued  activity  of  sense  and  mind.  The  child  grows  into  the  idea 
I 8,  slowly  and  unconsciously  but  surely,  under  right  conditions.  A cube  does 
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not  become  known  by  counting  surfaces,  edges,  etc.,  again  and  again,  but 
by  observing  other  forms  and  many  different  cubes.  Through  repeated  acts 
of  dissociating  and  relating,  what  is  particular  sinks  out  of  sight  and  the 
common  trait  stands  out.  This  principle  is  of  general  application. 

There  should  be  constant  calls  for  reperception,  for  judging  and  verifying.  ’ 
Only  by  multiplying  experiences  in  the  concrete,  by  noting  the  same  rela- 
tion in  many  different  things  and  in  many  different  conditions,  does  the  child 
come  to  know  a relation  as  it  is. 

The  slow  development  of  the  power  to  form  perfectly  quantitative  judg- 
ments is  considered.  Hence  the  earlier  work  makes  no  demand  for  close 
analysis.  It  provides  for  a gradual  advance  toward  exactness.  The  exercises 
are  only  suggestive.  The  condition  of  the  child  determines  what  he  should  do. 
But  in  any  case,  the  work  in  the  beginning  should  be  so  simple  that  it  can 
be  done  easily;  it  should  look  to  the  free  action  of  both  body  and  mind. 

The  child  interested  in  finding  colors  and  forms  wishes  to  move  about,  to 
touch  and  handle  things.  Out  of  school  he  combines  thinking  and  acting. 
Why  should  he  not  do  so  in  the  school?  Interest  will  lead  the  child  to  con- 
trol himself,  but  repression  from  without  induces  dullness,  indifference,  and 
antagonism.  Force  a child  to  preserve  a regulation  attitude,  to  keep  his 
nerves  tense,  and  you  destroy  the  foundation  of  healthful  mental  activity. 
In  the  transition  from  home  to  school  life,  careful  provision  should  be  made 
for  the  whole  child  to  express  himself. 

Attention  is  asked  to  the  remarks  upon  over-direction,  premature  ques- 
tioning, demands  for  analysis  beyond  the  inclination  and  power  of  the  pupil 
and  for  outward  forms  which  are  not  the  genuine  expression  of  the  child. 

Great  importance  is  attached  to  that  order  of  work  which  puts  things 
before  the  pupil  and  leaves  him  free  to  see  and  to  tell  all  he  can  before  inter- 
fering with  his  action  by  questioning  or  direction.  Questions  have  their  uses. 
They  serve  to  arouse  attention,  to  aid  in  testing  the  pupil’s  view,  and  may 
lead  to  the  correct  use  of  new  forms  of  expression.  But  there  are  effects  of 
questioning  which  are  too  often  overlooked.  Questions  do  for  the  child  what 
he  should  do  for  himself;  they  conceal  his  attitude  toward  the  work  and  pre- 
vent your  seeing  what  he  would  do  unaided.  They  call  attention  to  details 
for  which  the  mind  may  not  be  prepared,  and  present  a partial,  fragmentary 
view.  The  questioning  may  be  logical,  but  the  learner  connects  only  that 
which  he  himself  relates.  Questions  cause  the  teacher  to  suppose  that  the 
child  grasps  what  is  not  appreciable  by  him,  and  so  prevent  the  adaptation  of 
the  work.  To.  attempt  to  force  through  questions  what  you  see  in  a poem, 
picture,  or  problem,  instead  of  leaving  the  pupil  to  discover  what  he  is  pre- 
pared to  see,  is  to  ignore  the  true  basis  of  advance,  to  disregard  the  law  that 
the  mind  passes  from  vague  ideas  to  those  fuller  and  more  exact,  only  through 
its  own  acts  of  analysis  and  synthesis.  Free  work  reveals  the  pupil  and  makes 
it  possible  to  meet  his  needs. 
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This  view  furnishes  no  excuse  for  random,  desultory  work.  The  teacher 
must  carefully  select  the  means,  whether  the  ideas  into  which  he  wishes  to 
lead  the  child  are  mathematical,  biological,  or  historical.  , • 

In  conclusion  it  is  Urged  that  any  success  is  dangerous  which  lessens  the 
susceptibility  of  the  mind  to  new  impressions.  We  may  be  so  successful  in 
training  the  child  to  reproduce  as  to  destroy  his  power  to  produce.  Progress 
is  impossible  without  growing  power  to  do  unconsciously  what  was  at  first 
done  consciously;  but  accuracy  is  not  to  be  desired  at  the  expense  of  growth. 
The  purpose  of  automatic  action  in  education  is  not  to  restrict,  but  to  set 
force  free.  When  the  work  of  the  school'  is  mechanical  it  weakens  the  relating 
power,  the  power  to  act  in  new  circumstances,  and  thus  lowers  the  child  in  the 
scale  of  being. 

0 As  insight  into  the  subject  and  contact  with  the  child  enable  us  to  open 
right  channels  for  free  action,  there  will  be  little  occasion  for  drills.  The 
fresh,  vigorous  effort  of  involuntary  attention  carries  the  child  forward  with 
surprising  rapidity.  Out  of  seZ/-activity  comes  the  self-control  which  gives 
strength  to  persist.  ' 


0 


r> 

V 


o 


172 


FIRST  STEPS,  -r— SENSE  TRAINING. 

[This  section  follows  36  pages  devoted  to  preliminary  material  for  teachers.] 


Finding  solids.  Place  spheres,  cubes,  cylinders,  and  other  forms  of 
various  sizes  in  different  parts  of  the  room  where  the  children  can  find  them. 
Show  a sphere  to  the  pupils.  Ask:  5 ■ 

1.  What  is  this? 

Find  other  balls  or  spheres. 

Find  a larger  sphere  than  this.  Find  smaller  ones. 

-.  Name  objects  like  a sphere.  Example : An  orange  is  like  a 
sphere.,  <- 


3.  What  is  the  largest  sphere  that  yon  have  seen  ? 

What  is  one  of  the  smallest  spheres  that  you  have  seen? 

4.  To-morrow  tell  me  the  names  of  spheres  that  you  see  when 
going  from  school  and  at  home. 


Ask,  to-morrow,  for  the  names  of  the  objects  and  where  they  were  seen. 

5.  What  is  the  largest  sphere  you  found?  What  is  the  smallest? 

Review  and  work  in  a similar  way  with  other  solids. 

“He  should  at  first  gain  familiarity  through  the  senses  with  simple  geo- 
metrical figures  and  forms,  plane  and  solid;  should  handle,  draw,  measure, 
and  model  them;  and  should  gradually  leaip  some  of  their  simpler  prop- 
erties  and  relations.” — Committee  of  Ten. 
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Children  recognize  objects  similar  in  form,  color,  etc.,  before  they  desire 
or  have  the  ability  to  express  what  they  see. 

Until  a child  can  readily  select  a form  he  is  not  ready  to  make  a state- 
ment of  what  he  has  found.  Let  the  approach  to  telling  be  through  doing; 
through  the  activity  of  the  pupil  in  discriminating  and  relating'; 

The  teacher,  and  such  pupils  as  are  able,  should  use  the  proper  terms, 
so  that  pupils  who  have  not  heard  the  term?  may  learn  to  apply  them.  Chil- 
dren can  discover  likenesses  and  differences — relations — but  not  the  terms 
in  which  they  are  expressed.  They  should  learn  the  terms  unconsciously  by 
living  in  an  atmosphere  where  they  are  used.  Since  we  think  most  easily  in 
the  names  we  nave  first  and  most  familiarly  associated  with  a thing,  the 
right  term  should  be  used  from  the  beginning.  Providing  fitly  for  expressing 
is  an  important  means  of  arousing  self-activity. 

The  different  exercises  are  to  be  continued  from  day  to  day,  as  the  grow- 
ing interest  and  powers  of  the  child  suggest,  and  until  there  is  skill  in  per- 
forming and  ease  in  expressing.  ,The  teacher  should  know  the  condition  of 
the  pupil’s  mind.  His  expression  is  the  index  to  his  mental  state.  Avoid  any- 
thing which  will  tend  to  substitute  mechanical  expression  for  real  expres- 
sion. Any  form  .which  is  not  the  outgrowth  of  what  is  within,  which  is  not 
the  genuine  product  of  free  activity,  will  mislead  the  teacher  and  weaken 
the  child. 

“Forms  which  grow  round  a substance  will  be  true,  good;  forms  which 
are  consciously  put  round  a substance,  bad.  I invite  you  to  reflect  on  this.” 
— Carlyle. 

Finding  colors. — Tests  in  color  should  be  given  before  the  more  formal 
work  suggested  below.  For  example:  Group  cards  of  the’ same  color  and 
threads  of  worsted.1 

Provide  ribbons,  worsted,  cards,  etc.,  of  different  colors,  to  be  found 
by  pupils  when  looking  for  a particular  color. 

Pin  or  paste  squares  of  standard  red  and  orange  where  they  can  be  seen. 
Pin  the  red  above  the  orange. 

1.  Find  things  in  the  room  of  the  same  color  as  the  red  square. 

What  things  can  you  recall  that  are  red?  * , 

2.  Look  at  the  orange  square.  Find  the  same  color  elsewhere  in 
the  room.  Recall  objects  that  have  this  color. 

3.  Close  the  eyes,  and  picture  or  image  the  red  square.  Now  the 

orange  square.  ° 

4.  Which  square  is  above?  Which  below?  Name  the  two  colors. 

i 1.  These  exercises  are  not  to  teach  color,  but  are  to  train  pupils  to  visualize,  to 
j attend,  to  compare,  and  to  secure  greater  freedom  in  expressing  through  noting  different 
j relations.  All  pupils  need  such  work  before -beginning  the  usual  studies  of  the  primary 
j school.  They  lack  needful  elementary  ideas,  which  must  be  obtained  through  the  senses. 
J The  range  of  the  perceptions  needs  to  be  widened. 
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5.  To-morrow  bring  something  that  is  red  and  something  that 
is  orange.  Also  tell  the  names  of  orange  or  red  objects  that  you 
see  in  going  to  and  from  school. 

Pin  or  paste  a square  of  yellow  below  the  orange. 

1.  Look  at  the  yellow.  Find  the  same  color  in  the  room.  Recall 
objects  having  this  color. 

2.  Look  at  the  red,  then  the  orange,  then  the  yellow.  Close  the 
eyes  and  picture  the  colors  one  after  another  in  the  same  order. 

Cover  the  squares. 

3.  Which  color  is  at  the  top?  At  the  bottom?  In  the  middle? 

4.  Name  the  three,  beginning  at  the  top.  Name  from  the  bottom. 

5.  Which  color  is  third  from  the  top?  Second  from  the  top? 
Third  from  the  bottom  ? 

6.  To-morrow  bring  something  that  is  yellow  and  tell  me  the 
names  of  things  that  you  have  seen  that  are  yellow. 

Add  a square  of  green. 

1.  Find  green.  Recall  objects  that  are  green. 

2.  Try  to  see  the  green  square  with  the  eyes  closed. 

3.  Look  at  the  four  colors. 

4.  Think  of  the  four,  one  after  another,  with  the  eyes  closed. 

Cover  the  squares. 

5.  Think  the  colors  slowly  from  the  top  down.  From  the  bottom 
up. 

6.  Name  the  colors  from  the  top  down.  From  the  bottom  up.. 
Which  is  second  from  the  top?  Third  from  the  bottom?  Second 
from  the  bottom? 

7.  Which  color  do  you  like  best  ? 

Add  a square  of  blue  and'  work  in  the  same  manner  with  the  five  as 
with  the  four. 

Q 

Add  a square  of  purple. 

Work  for  a few  minutes  each  day  until  the  colors  can  easily  be  seen 
mentally  in  the  order  given. 

Show  a standard  color.  Have  pupils  find  tints  and  shades  of  this  color, 
and  tell  whether  they  are  lighter  or  darker  than  the  standard. 

Have  pupils  bring  things  that  are  shades  or  tints  of  standard  colors. 

Using  colored  crayon  or  water-colors,  have  pupils  combine  primary 
colors  and  tell  whether  the  result  is  darker  or  lighter  than  the  standard  sec- 
ondary color.  Example:  Mix  red  and  yellow!  Is  the  result  darker  or  lighter 
than  the  standard  orange? 

Why  is  it  one  of  the  first  duties  of  the  schools  to  test  the  senses  and  to 
devise  means  for  their  development? 
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Have  a pupil  handle  a solid.  Take  it  away. 

-•  Uncover  the  eyes.  Pupil  finds  a solid  like  the  one  handled. 

Cover  the  eyes. 

Give  a pupil  a solid.  Take  it  away.  Give  him  another. 

Are  the  solids  alike? 

Which  is  the  larger?  Which  is  the  heavier? 

Repeat  the  exercise  from  day  to  day. 

Judgment  and  memory  should  be  carefully  cultivated  through  the  sense 
of  touch  as  well  as  through  the  sense  of  sight.  Touch  and  motion  give  ideas 
of  form,  distance,  direction,  and  situation  of  bodies.  “All  handicrafts,  and 
after  them  the  higher  processes  of  production,  have  grown  out  of  that  manual 
dexterity  in  which  the  elaboration  of  the  motor  faculty  terminates.” 

Similar  solids. — Have  a pupil  select  a solid  and  think  of  some  object 
like  it.  Have  other  pupils  guess  the  name  of  the  object. 

Ex.:  I am  thinking  of  something  like  a sphere. 

Is  it  an  orange? 

No,  it  is  not  an  orange. 

Is  it  a ball  of  yarn?  /,  • 

It  is  not. 

Relative  magnitudes. — Place  a number  of  solids  on  the  table. 

1.  Find  the  largest  solid.  Find  the  smallest  solid. 

2.  Find  solids  that  are  larger  than  other  solids. 

Ex. : This  solid  is  larger  than  that  one. 

Find  solids  that  are  smaller. 

3.  Name  objects  in  the  room  larger  than  other  objects. 

Ex.:  That  eraser  is  larger  than  this  piece  of  chalk. 

Name  objects  less  than  other  objects. 

4.  Give  names  of  objects  at  home  that  are  smaller  than  other 

objects.  ! 

Ex. : A cup  is  smaller  than  a bowl. 

5.  Recall  objects  that  are  larger  than  other  objects. 
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Ex. : An  orange  is  larger  than  a peach.  Some  beetles  are  larger 
than  bees. 

6.  What  animals  are  larger  than  other  animals? 

7.  Recall  objects  that  are  smaller  than  other  objects. 

Ex. : A base  ball  is  smaller  than  a croquet  ball. 

8.  Find  the  largest  pupil  in  the  class.  The  smalle-st. 

9.  To-morrow  tell  me  the  names  of  objects  that  are  larger  than 
other  objects  and  the  names  of  others  that  are  smaller. 

1.  Find  things  that  are  higher  than  other  things  in  the  room. 

Ex. : The  door  is  higher  than  that  table. 

2.  Find  the  tallest  pupil.  The  shortest. 

Compare  heights  of  pupils. 

Ex. : Mary  is  taller  than  Harry. 

Compare  the  heights  of  other  objects. 

3.  Recall  objects  that  are  longer  than  other  objects. 

4.  What  leaves  are  longer  than  they  are  wide?  What  leaves  are 
wider  than  they  are  long? 

5.  To-morrow  tell  me  the  names  of  other  leaves  that  are  longer 
than  they  are  wide. 

Cutting.— Let  the  pupils  at  first  cut  and  draw  what  they  choose.  After 
a number  of  daily  exercises,  when  they  have  gained  some  command  of  the 
muscles,  let  them  try  to  cut  in  outline  objects  which  you  place  before  them 
or  which  they  have  seen.  Let  the  work  be  simple. 

The  drawing  and  cutting  should  be  done  freely,  without  the  restraint 
of  definiteness.  If  you  ask  more  than  the  pupil  can  easily  represent,  the 
strained,  unnatural  tension  interferes  with  iree  muscular  action.  In  the 
slow  and  painful  effort  to  represent  perfectly,  the  mind  is  absorbed  in  the 
parts  and  is  prevented  from  seeing  the  whole.  A 'premature  demand  for  defi- 
nite action  is  a fundamental  error,  in  that  it  separates  thought  from  expres- 
sion. 

“The  imperative  demand  for  finish  is  ruinous  because  it  refuses  bettei 
things  than  finish.” — Ruskin. 

“Of  course  one  cannot  understand  a child’s  picture-speech  at  once,  any 
more  than  one  can  his  other  utterances.  We  must  study  and  learn  it. 

H.  Courthope  Bowen. 

Building. — Have  pupils  build  prisms  equal  to  other  prisms. 

Teacher  shows  a prism  and  the  pupils  build. 

Hold  the  attention  to  the  relative  size.  This  is  the  mathematical  ele- 
ment. 

Avoid  the  analysis  of  solids  until  the  habit  of  recognizing  them  as  wholes 
is  formed.  Do  not  ask  for  number  of  surfaces,  lines,  corners,  etc.  Such  ques- 
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tions,  if  introduced  prematurely,  tend  to  destroy  self-activity,  to  interfere 
with 'judgments  of  relative  size  and  with  the  power  to  see  relations. 

“Analysis  is  dangerous  if  it  overrules  the  synthetic  faculty.  Decomposi- 
tion becomes  deadly  when  it  surpasses  in  strength  the  combining  and  con- 
structive energies  of  life,  and  the  separate  action  of  the  poweis  of  the  sou 
tends  to  mere  disintegration  and  destruction  as  soon  as  it  becomes  impossib  e 
to  bring  them  to  bear  as  one  undivided  force.”— Amiel. 

Ear  training. — Have  pupils  listen  and  tell  what  they  hear. 

Have  pupils  note  sounds  when  various  objects  are  struck. 

Pupils  close  eyes.  Teacher  strike  one  of  the  objects.  Pupils  tell  which 

was  struck. 

Teacher  strike  two  or  more  objects. 

Pupils  tell  by  the  sound  the  order  in  which  they  were  struck. 

Train  pupils  to  recognize  one  another,,  by  their  voices  and  by  the  sounds 

made  in  walking. 

Pupils  close  eyes  and  listen. 

Drop  a ball  or  marble  two  feet,  then  three. 

Pupils  tell  which  time  it  fell  the  farther. 

“There  are  two  ways,  and  can  be  only  two,  of  seeking  and  finding  truth. 

. These  two  ways  both  begin  from  sense  and  particulars;  but  their  dis- 
crepancy is  immense.  The  one  merely  skims  over  experience  and  particulars 
in  a cursory  transit;  the  other  deals  with  them  in  a due  and  orderly  manner. 

— Bacon.  . , 

“It  appears  to  me  that  by  far  the  most  extraordinary  parts  of  Bacon  s 

works  are  those  in  which,  with  extreme  earnestness,  he  insists  upon  a Qradu 
ated  and  successive  induction  as  opposed  to  a hasty  transit  from  special 
facts  to  the  highest  generalizations.”— Whewell.  , ... 


Touch  and  sight  training.— Pupils  handle  solids: 

1.  Find  one  of  the  largest  surfaces  of  each  solid. 

Ex. : This  is  one  of  the  largest  surfaces  of  this  solid. 

2.  Find  one  of  the  smallest  surfaces. 

3.  Find  surfaces  that  are  larger  than  other  surfaces. 
Ex. : This  surface  is  larger  than  that'' one. 
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4.  Find  surfaces  that  are  smaller  than  other  surfaces. 

5.  Compare  the  size  of  other  surfaces  in  the  room. 

6.  Find  the  largest  surface  or  one  of  the  largest  surfaces  in  the 
room. 

7.  Close  the  eyes,  handle  solids,  and  find  largest  and  smallest 
surfaces. 

8.  Cover  the  eyes ; handle  and  tell  names  of  blocks  and  of  other 
objects. 

The  exercises  for  mental  training  are  only  suggestive  of  many  others 
which  teachers  should  devise.  Be  sure  that  the  exercises  are  suited  to  the 
learner’s  mind,  and  to  his  physical  condition. 

Visualizing. — Place  on  the  table  three  objects,  for  example:  A box,  a 
book,  and  an  ink-bottle 


1.  What  can  you  tell  about  the  box'?  About  the  book?  About 
the  ink-bottle?  Which  is  the  heaviest?  Which  is  the  lightest? 
Which  is  the  largest? 

2.  Look  at  the  three  objects  carefully,  one  after  another. 

3.  Close  your  eyes  and  picture  one  after  another. 

Cover  the  objects. 

4.  Think  the  objects  from  right  to  left.  From  left  to  right. 

5.  Name  the  objects  from  right  to  left.  From  left  to  right. 

6.  Which  is  the  third  from  the  right?  The  second  from  the  left? 

“Our  bookish  and  wordy  education  tends  to  repress  this  valuable  gift 

of  nature, — visualizing.  A faculty  that  is  of  importance  in  all  technical  and 
artistic  occupations,  that  gives  accuracy  to  our  perceptions  and  justness  to 
our  generalizations,  is  starved  by  lazy  disuse,  instead  of  being  cultivated 
judiciously  in  such  a way  as  will,  on  the  whole,  bring  the  best  return.  I 
believe  that  a serious  study  of  the  best  method  of  developing  and  utilising 
this  faculty  without  prejudice  to  the  practice  of  abstract  thought  in  symbols 
is  one  of  the  many  pressing  desiderata  in  the  yet  unformed  science  of  educa- 
tion.”— Francis  Galton. 

When  the  position  of  every  object  in  the  group  can  easily  be  given  from 
memory,  place  another  object  at  the  left  or  right.  Add  not  more  than  one 
object  in  an  exercise  unless  the  work  is  very  easy  for  the  pupils. 
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When  a rov;  of  five  is  pictured  and  readily  named  in  any  order,  begin 
with  another  group  of  five.  Each  day  review  the  groups  learned,  so  as  to 
keep  them  vividly  in  the  mind. 

Questions  or  directions  similar  to  the  following  will  test  whether  the 
groups  are  distinctly  seen: 

Picture  each  group  from  the  right.  Name  objects  in  each  from  the  right. 

In  the  third  group,  what  is  the  second  object  from  the  left? 

What  is  the  middle  object  in  each  group?  What  is  the  largest  object  in 

each  group? 

When  four  or  five  groups  can  be  distinctly  imaged,  this  exercise  might 
give  place  to  some  other. 

Finding  circles. — Show  pupils  the  base  of  a cup,  a cylinder,  or  a cone, 
and  tell  them  that  it  is  a circle. 

Conduct  the  exercises  so  that  the  doing  will  call  forth^aTT^ty^eE^ixp]^^ 
sion  in  telling  what  is  done. 

The  correct  use  of  the  pronouns,  verbs,  etc.,  will  thus  be  secured  without 
waste  of  the  pupils’  energy.  What  the  pupils  see  and  do  should  lead  to  state- 
ments similar  to  the  following: 

That  circle  is  larger  than  this  one.  I have  found  a circle  that  is  laiger 
than  that  one.  Helen  has  found  a circle  larger  than  that  one.  He  has  found 
a circle  smaller  than  this  one.  They  have  found  circles  largei  than  this  one. 

1.  Find  circles. 

2.  Find  circles  that  are  larger  than  others.  Find  circles  that  are 
smaller. 

3.  Find  the  largest  circle  in  the  room. 

4.  Find  one  of  the  smallest. 

5.  Find  circles  in  going  to  and  from  school  and  at  home,  and 
tell  me  to-morrow  where  you  saw  them. 

Finding  forms  of  the  same  general  shape  as  those  taken  as  types  is  of 
the  highest  importance.  Unless  this  is  done  pupils  are  not  learning  to  pass 
from  the  particular  to  the  general.  They  are  not  taught  to  see  many  things 
through  the  one,  and  the  impression  they  gain  is  that  the  particulai  foims 
observed  are  the  only  forms  of  this  kind.  Unless  that  which  the  pupil  ob- 
serves aids  him  in  interpreting  something  else,  it  is  of  no  value  to  him. 
Teaching  is  leading  pupils  to  discover  the  unity  of  things. 

Finding  rectangles. — Show  pupils  rectangles  (faces  of  solids),  and  tell 
them  that  such  faces  are  rectangles. 

1.  Find  other  rectangles  in  the  room. 

Ex..:  This  blackboard  is  a rectangle. 

2.  Find  larger  and  smaller  rectangles  than  this  one. 

3.  Find  square  rectangles.  Find  oblong  rectangles. 

I* 
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Finding  triangles.— Show  the  pupils  the  base  of  a triangular  prism  or 
pyramid. 

The  base  of  this  solid  is  a triangle. 

1.  Find  triangles  in  the  room. 

2.  Find  triangles  that  are  larger  and  smaller  than  other  tri- 
angles. 

Finding  edges  or  lines. — Place  solids  where  they  can  be  handled. 


1.  Show  edges  of  different  solids. 

Show  one  of  the  longest2  edges  of  the  largest  solid. 

2.  Look  for  the  longest  edges  in  each  of  the  solids. 

3.  Show  the  longer  edges  of  other  objects  in  the  room. 

Ex. : This  and  that  are  the  longer  edges  of  the  blackboard. 

4.  Show  the  shorter  edges  of  different  objects. 

5.  Find  edges  of  different  solids  and  tell  whether  they  are  longer 
or  shorter  than  other  edges. 

Ex. : This  edge  of  this  solid  is  shorter  than  that  edge  of  that 
one. 

6.  Find  edges  of  objects  in  the  room  and  tell  whether  they  are 
longer  or  shorter  than  other  edges. 

Ex. : This  edge  of  the  table  is  longer  than  that  edge  of  the  desk. 

7.  Make  sentences  like  this : This  edge  is  longer  than  that  one 
and  shorter  than  this  one. 

“Vision  and  manipulation, — these,  in  their  countless  indirect  and  trans- 
figured forms,  are  the  two  cooperating  factors  in  all  intellectual  progress.” 
— JohnFiske. 

Relative  length. — Scatter  sticks  of  different  lengths  on  a table. 

Use  one  as  a standard.  Pupils  select  longer  and  shorter,  and  state  what 
they  have  selected. 


2.  The  form  of  the  solid  will,  of  course,  determine  the  adjective  to  use.  Every 
lesson  should  help  to  familiarize  the  child  with  correct  forms  of  speech. 
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After  pupil  selects  a stick  and  expresses  his  opinion,  let  1pm  compare 
the  sticks  by  placing  them  together.  This  will  aid  him  in  forming  his  next 

'"^Select  sticks  that  are  a little  longer  or  a little  shorter.  This  exercise  will 
demand  finer  discrimination  than  an  exercise  where  there  is  no  restriction 

as  to  comparative  lengths.  _ 

Direction  and  position. — Pupils  and  teacher  point 


recuon  anti  uuw uuu.  - A 

Teacher:  That  is  the  ceiling.  This  is  the  floor.  That  is  the 


| • J-  licit  XvD  VJUv  ’ ^ 

back  wall.  This  is  the  front  wall.  This  is  the  right  wall  That  is  the 
left  wall.  This  is  the  north  wall.  That  is  the  south  wall.  T is  is  e 

east  wall.  That  is  the  west  wall. 

2.  A pupil  points  and  teacher  tells  to  what  he  is  pointing.  A 
pupil  points  and  the  pupils  tell  to  what  he  is  pointing. 

3.  Tell  the  position  of  objects  in  the  room. 

Ex. : There  is  a picture  of  a little  girl  on  the  north  wall.  iei  e 
are  three  windows  in  the  west  wall. 


Place  groups  of  solids  on  three  or  four  desks  in  different  parts  of  the 
room,  thus : 


m.  . Vffir 


1.  Tell  the  position  of  each. 

Ex. : The  cylinder  is  at  the  left  at  the  back.  The  cube  is  a ie 


right  in  front. 


2.  Without  looking  tell  where  the  objects  are. 

Tell  where  different  pupils  sit.  , 

Ex.:  Mary  sits  on  the  second  seat  in  the  fourth  row  from  the  ngl  t. 

Place  a number  of  objects  on  a table.  , . , nflVP 

Let  pupils  look  not  longer  than  ten  seconds.  Cover  the  objects.  Have 
pupils  tell  what  they  saw.  Practise  until  pupils  learn  to  recognize  objects 

qUi  Have  a pupil  from  another  class  walk  through  the  room.  Ask  pupils  to 

tell  what  they  observed.  ' . , , ,,  • . of  f„+;0.1ip 

Such  exercises  as  the  following,  if  not  carried  to  the.  point  of  fatigue, 
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cultivate  alertness  of  mind,  concentration,  and  power  to  respond  quickly  to 
calls  for  action. 

Teacher  occupy  a pupil’s  seat,  give  directions  slowly,  then  place  hand 
where  she  wishes  the  pupils  to  place  theirs. 

1.  Place  hand  on  the  front  of  your  d«sk.  On  the  back.  In  the 
middle.  At  the  middle  of  the  right  edge.  At  the  middle  of  the  left 
edge.  On  the  right  corner  in  front.  On  the  left  corner  at  the  bach. 
On  the  left  corner  in  front.  On  the  right  corner  at  the  back. 

2.  Pupil  place  hand  and  teacher  or  other  pupil  tell  where  it  is. 

3.  Pupil  place  an  object  in  different  positions  on  the  desk. 
Pupils  tell  where  it  is. 

Give  each  pupil  a cube.  Teacher  use  rectangular  solid  and  follow  her 

own  directions.  .. 

4.  Place  finger  on  upper  base.  On  the  lower  base.  On  the  right 

face.  On  the  left  face.  On  the  front  face.  On  the  back  face. 

5.  Pupils  place  finger  and  teacher  tell  where  it  is  placed. 

6.  Pupils  place  finger  and  tell  where  they  have  placed  it. 

Place  solids  where  they  can  be  observed. 


“We  overlook  phenomena  whose  existence  would  be  patent  to  us  all, 
had  we  only  grown  up  to  hear  it  familiarly  recognized  in  speech.  William 

James. 

1.  Tell  the  names  of  as  many  as  you  can.  . 

2.  What  is  the  name  of  the  first  at  the  left?  Give  name  if  none 
of  the  pupils  know  it.  Of  the  second?  Of  the  third?  Of  the  first, 
second,  and  third?  Of  the  fourth?  Of  the  first,  second,  third,  fourth? 
Of  the  fifth?  Of  the  five? 

3.  Look  at  the  solids.  Then  think  of  them  without  looking. 

Cover  the  solids. 

4.  Give  names  in  order  from  left  to  right.  From  right  to  left. 

5.  Tell  position. 

Ex. : The  square  prism  is  the  second  solid  from  the  left. 
Building. — Give  pupils  a number  of  cubic  inches.  , 

1.  Build  a prism  equal  to  this  one  (show  prism  only  for  an  in- 
stant). 
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Build  a prism  equal  to  this  one. 

Build  a cube  equal  to  this  one. 

(rive  other  similar  exercises  from  day  to  day. 

Cutting. — 1.  Cut  a slip.  Cut  a longer  slip. 

2.  Cut  a slip.  Cut  a shorter  slip. 

Give  each  pupil  a square  two  inches  long. 

3.  Cut  larger  squares  than  the  square  two  inches  long. 

What  did  I ask  you  to  cut  ? 

4.  Cut  smaller  squares  than  the  square  two  inches  long. 

What  did  I ask  you  to  cut  ? 

. 5.  Cut  a square  that  is  neither  larger  nor  smaller  than  the 
square  two  inches  long. 

< Give  other  exercises. 

“Almost  invariably  children  show  a strong  tendency  to  cut  out  things 
in  paper,  to  make,  to  build, — a propensity  which,  if  duly  encouraged  and 
directed,  will  not  only  prepare  the  way  fof  scientific  conceptions,  but  will 
develop  those  powers  of  manipulation  in  which  most  people  are  most  de- 
ficient.”— Herbert  Spencer. 

©rawing. — 1.  Draw  a square.  Draw  a smaller  square. 

, 2.  Draw  a large  square,  a small  square,  and  one  larger  than  the 
small  square  and  smaller  than  the  large  square. 

3.  Draw  two  equal  squares. 

4.  Draw  a line.  Draw  a longer  line. 

5.  Draw  a line.  Draw  a shorter  line. 

6.  Draw  a line.  Draw  another  neither  longer  nor  shorter  than 
this  line.  Draw  other  equal  lines. 

^ Do  not  push  demands  in  advance  of  the  child’s  growing  power  to  do. 

Through  the  child’s  attempts  to  do  that  which  it  wishes,  comes  the 
fitting  of  the  muscles  for  more  definite  and  more  complex  movements.  Above 
all  things  let  the  earlfer  movements  be  pleasurable,  that  an  impulse  to  re- 
newed exertion  may  be  given.  The  desire  to  create  is  the  truest  stimulus  to 
that  action  which  gjves  muscular  control.  Our  exactions  may  make  the 
doing  so  disagreeable  as  to  destroy  the  desire  to  produce. 

Relative  magnitude. — Place  solids  where  they  can  be  handled. 

1.  Find  solids  that  are  a little  larger  than  other  solids. 

2.  Find  solids  that  are  a little  smaller. 

0 

3.  Find  objects  that  are  a little  larger  or  a little  smaller  than 
other  objects. 

Ex. : That  desk  is  a little  larger  than  this.? 

4.  Find  surfaces  of  the  solids  that  are  a little  larger  qr  a little 
smaller  than  other  surfaces. 
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5.  Find  edges  of.  the  solids  that  are  a little  longer  or  a little 
shorter  than  other  edges. 

6.  Find  edges  of  other  objects  that  are  a little  longer  and  those 
that  are  a little  shorter  than  other  edges. 

Cutting. — 1.  Cut  a slip  of  paper.  Cut  another  a little  longer. 
Another  a little  shorter.  Measure.  Practise. 

2.  Cut  a square.  Cut  another  a little  larger.  Another  a little 
smaller.  Measure.  Practise. 

Drawing. — 1.  Draw  a line.  Draw  another  a little  longer.  An- 
other a little  shorter.  Measure,  Practise. 

2.  Draw  a square.  Draw  another  a little  longer.  Another  a little 
smaller.  Measure.  Practise. 

Cutting.— 1.  Cut  a slip  of  paper.  Try  to  cut  another  equal  in 
length  to  the  first.  Look  at  them.  Which  is  the  longer?  Place  them 
together  to  see  if  they  are  equal.  Practise  cutting  and  comparing. 

Give  each  pupil  paper  and  an  oblong  rectangle. 

2.  Cut  a rectangle  as  large  as,  or  equal  to,  the  rectangle  I have 
given  you.  What  are  you  to  cut?  Is  the  rectangle  you  cut  as  long 
as  the  rectangle  I gave  you?  Is  it  as  wide?  Does  the  one  you  cut 
exactly  cover  the  one  I gave  you?  Are  the  two  rectangles  equal? 
Practise  trying  to  cut  a rectangle  exactly  the  same  size  as  or  equal 
to  the  one  I gave  you. 

Equality. — "The  intuition  underlying  all  quantitative  reasoning  is  that 
of  the  equality  of  two  magnitudes.”— Herbert  Spencer.  . 

1.  Find  solids  and  other  objects  that  are  equal. 

2.  Find  solids  in  which  thexsurfaces  are  all  equal. 

3.  Find  solids  that  have  surfaces  of  only  two  sizes. 

4.  Find  solids  that  have  surfaces  of  three  sizes. 

/ 5.  Find  solids  in  which  the  edges  are  all  equal. 

6.  Pin4  solids  that  have  edges  of  two  different  lengths. 

7.  Find  solids  that  have  edges  of  three  different  lengths. 

8.  Find  a solid  that  has  four  equal  surfaces.  How  many  other 
equal  surfaces  lias  it? 

9.  Find  a solid  that  has  two  equal  large  surfaces. 

10.  Find  a solid  that  has  two  equal  small  surfaces. 

11.  Find  a solid  that  has  iofi'r  equal  long  edges. 

12.  Show  me  an  edge  of  one  solid  equal  to  an  edge  of  another. 

13.  Show  me  two  edges  of  a solid  which,  if  put  together,  will 
equal  one  edge  of  another. 

14.  Find  objects  in  the  room  that  are  equal,  or  of  the  same  size. 
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Ex.:  Those  two  windows  are  equal.  Those  two  erasers  are 
equal. 

Give  each  pupil  a square. 

1.  Cut  a square  equal  to  the  one  I have  given  you.  Compare.  Is 
the  square  you  have  cut  equal  to  the  one  I gave  you1?  Practise  cut- 
ting and  comparing. 

Give  each  pupil  a triangle. 

o Cut  a triangle  equal  to  the  one  I have  given  you?  Compare. 

Are  they  equal?  Which  is  the  larger? 

1.  Draw  a line.  Draw  another  equal  to  the  first.  Measure.  Are 

the  lines  equal? 

Give  each  pupil  a square. 

2.  Draw  a square  equal  to  the  one  I have  given  you.  Do  the 
squares  look  exactly  alike?  Measure.  Are  they  equal? 

3.  Draw  a triangle.  Draw  an  equal  triangle.  Do  the  triangles 

look  exactly  alike?  Are  they  equal? 

1.  Show  me  equal  surfaces  in  the  room.  Equal  edges. 

2.  Show  me  the  equal  long  edges  of  the  blackboard.  How  many 
equal  long  edges  has  the  blackboard?  How  many  short?  Show  me 
the  two  equal  long  edges  and  the  two  equal  short  edges  of  other 
surfaces. 

3.  Show  me  the  two  largest  surfaces  of  this  box. 

4.  A chalk-box  has  surfaces  of  how  many  sizes? 

Show  a real  brick  or  a paper  model. 

5.  How  many  equal  large  surfaces  has  a brick  ? How  many  equal 
small  surfaces?  How  many  other  equal  surfaces? 

6.  Show  me  a surface  in  one  solid  equal  to  a surface  in  anothei . 

7.  Show  me  two  surfaces  which,  if  put  together,  will  equal  one 
surface  that  you  see. 

8.  Show  me  one  of  the  longest  edges  of  this  box.  One  of  the 

shortest.  One  of  the  other  edges. 

9.  How  many  equal  long  edges  has  the  box?  How  many  equal 

short  edges?  How  many  other  equal  edges? 

10.  How  many  rows  of  desks  do  you  see? 

11.  Show  me  two  equal  rows. 

Pupil  observe  objects.  Cover  his  eyes.  Let  another  pupil  substitute  an 
object  for  one  of  those  observed.  Uncover  eyes.  Pupil  tell  what  was  taken 
away  and  what  was  put  in  its  place. 

Secure  sets  of  squares  and  of  other  rectangles  of  different  dimensions. 
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Scatter  sets  over  the  table/1 

Train  pupils  to  select  those  that  are  equal. 

Ex.:  That  square  rectangle  equals  this  one,  or  that  oblong  rectangle 
equals  this  one,  or  James  found  a square  equal  to  this  one. 

Secure  variety  of  statement. 

Cutting. — 1.  Look  at  a cube  2 in.  long  and  cut  a square  equal 
to  one  of  its  surfaces,  or  look  at  a square  rectangle  2 in.  long  and 
cut  an  equal  one.  Wliat  did  I ask  you  to  cut? 

Let  pupils  criticise  their  own  work.  Do  not  tell  them  that  the  square 
rectangle  they  cut  is  too  large  or  too  small;  let  them  compare  and  tell  you. 
The  work  will  be  good,  no  matter  how  crude  or  imperfect.,  if  it  is  the  best 
the  pupil  can  do.  Growth  is  possible  only  from  the  basis  of  genuine,  natural 
expression. 

2.  Practise  cutting  and  comparing. 

3.  Cut  a square  rectangle  two  inches  long  without  observing 
model. 

4.  Cut  a rectangle  whose  length  and  width  are  the  same.  Meas- 
ure. Are  they  equal?  What  is  the  name  of  this  figure?  Practise. 

To-morrow,  have  pupils  cut  the  square  rectangle  again. 

Have  them  tell  what  they  cut,  in  order  to  learn  to  associate  the  language 
with  the  thing. 

Give  pupils  square  rectangles  four  inches  long  and  train  them  to  cut, 
first  when  observing,  then  from  memory. 

Give  pupils  rectangles  4 in.  by  2 in.,  and  tell  them  to  cut  rectangles 
4 in.  by  2. in. 

5.  What  did  I tell  you  to  cut?  After  cutting,  compare  and  meas- 
ure. 

6.  What  are  the  names  of  the  three  forms  tliA  you  have  cut? 

7.  What  is  the  width  of  the  square  2 in.  long?  Of  the  square 
4 in.  long  ? 

Why  are  a child’s  ideas  necessarily  crude  rather  than  complete?  What, 
then,  should  be  true  of  his  outward  representations? 

Why  is  it  impossible  to  secure  perfect  forms  from  young  children  with- 
out interfering  with  mental  and  moral  development? 

“We  shall  not  begin  with  a pedantic  and  tiresome  insistence  on  accuracy 
(which  is  not  a characteristic  of  the  young  mind),  but  endeavor  steadily  to 
lead  up  to  it — to  grow  it — producing  at  the  same  time  an  ever-increasing  ap- 
preciation of  its  value.” — H.  Courthope  Bowen. 

3.  Length  of  squares. — 2 in.,  2£  in.,  3 in.,  3A  in..  4 in.  Dimensions  of  oh'  5 reet angles, 
—1  X 2,  2 X 2,  3 X 2,  4 X 2,  5 X 2,  and  others  1 X 3,  2 X 3,  3 X 3,  „ X 3,  5 X 3, 
6X3. 
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As  before  urged,  let  the  work  be  done  freely.  Unnatural  restraint  in 
expressing  results  in  lack  of  feeling.  It  lessens  desire  to  see  and  to  do.  The 
use  of  things  in  which  mathematical  relations  are  conspicuous  furnishes  no 
excuse  for  disregarding  the  truth  that  progress  in  the  power  to  represent 
either  within  or  without  is  ever  from  the  less  to  the  more  definite.  The  child 
is  not  troubled  by  a complexity  or  a definiteness  which  it  does  not  see. 
Teaching  in  harmony  with  nature  will  permit  the  child  to  see  freely  and 
express  freely. 

Exercise  in  judging  will  gradually  increase  the  power  of  definite  think- 
ing; and  exercise  in  doing  the  power  of  definite  action. 
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MATHEMATICS 

The  committee  begs  to  submit  the  following  report  on  mathematics.  It 
will  be  found  that  our  recommendations  are  in  the  main  in  agreement  with 
those  of  the  mathematical  conference  of  the  Committee  of  Ten  and  with 
those  contained  in  the  appended  report  of  the  committee  appointed  by  the 
Chicago  Section  of  thf  American  Mathematical  Society.  These  reports  con- 
tain many  suggestions  relative  to  the  teaching  of  mathematics  in  which  we 
heartily  concur,  but  which  we  have  not  thought  it  necessary  to  repeat. 

L We  recommend  that  the  course  in  arithmetic  required  of  all  students 
be  limited,  roughly  speaking,  to  the  following  topics:  the  four  fundamental 
operations  for  integers,  and  common  and  decimal  fractions;  the  most  im- 
portant weights  and  measures ; percentage  and  its  application  to  simp  e 
interest;  and  that  it  be  completed  in  the  sixth  grade.  An  admirable  state- 
ment of  the  reasons  for  this  recommendation  is  to  be  found  in  the  report 
of  the  mathematical  conference  of  the  Committee  of  Ten,  and  they  need  not 
be  repeated  here.  The  recommendation  involves  the  omission  of  commercial 
arithmetic  from  the  prescribed  course  in  mathematics.  If  it  be  deemed 
necessary,  an  elective  course  in  this  subject  may  be  offered  at  some  con- 
venient time  during  the  high-school  period,  and  in  connection  with  it  a 

course  in  bookkeeping.  _ . . 

We  concur  with  both  committees  in  urging  that  the  instruction  in  arith- 
metic be  enlivened  by  numerous  applications  to  problems  which  are  of  imme- 
diate interest  to  the  pupil,  or  can  be  made  so  by  simple  explanations— 
notably  problems  of  elementary  mensuration  and  physics. 

The  most  important  practical  end  to  be  secured  by  the  study  of  arith- 
metic is  skill  in  accurate  reckoning  with  integers  and  common  and  decimal 
fractions.  That  the  pupil  may  not  lose  this  skill,  after  having  once  acquired 
it  we  deem  it  indispensable  that  he  be  given  frequent  practice  in  numerical 
reckoning  thruout  the  school  course.  Algebra,  metrical  geometry,  and  the 

physical  sciences  afford  abundant  opportunities. 

II.  We  suggest  the  following  arrangement  of  the  course  in  mathematics 


The  complete  section  on  mathematics  is  included.  The  report  of  the  Chicago 
section,  which  appeared  later,  follows  immediately  here. 
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from  the  seventh  to  the  twelfth  grades  inclusive,  assuming  the  length  of  the 
recitation  period  to  be  at  least  forty-five  minutes: 

Seventh  grade — Concrete  geometry  and  introductory  algebra  - 4 periods 

Eighth  grade — Introductory  demonstrative  geometry  and  algebra  - 4 l< 

Xinth  and  tenth  grades — Algebra  and  plane  geometry  - - 4 “ 

Eleventh  grade — Solid  geometry  and  plane  trigonometry  4 

Twelfth  grade — Advanced  algebra  and  mathematical  reviews  - 4 “ 

1.  The  algebra  of  the  seventh  and  eighth  grades  should,  at  the  outset, 
be  mere  literal  arithmetic.  But  we  are  of  the  opinion  that,  by  limiting  the 
working  material  to  very  simple  polynomials  and  fractional  expressions, 
and  to  equations  of  the  first  degree  with  numerical  coefficients,  the  four 
fundamental  operations  for  rational  algebraic  expressions,  simple  factoring, 
and  the  solution  of  equations  of  the  first  degree  in  one  and  two  unknown 
quantities  may  be  taught  effectively  in  the  course  of  these  two  grades. 

Young  students  enjoy  reckoning,  and  elementary  algebraic  reckoning 
will  interest  them  far  more  than  the  complexities  of  commercial  arithmetic. 
The  principles  of  the  subject  must,  of  course,  be  presented  concretely,  and 
unnecessary  generalizations  should  be  carefully  avoided.  Simple  problems, 
which  can  be  solved  by  aid  of  equations  of  the  first  degree  should  be  intro- 
duced as  early  as  possible.  The  sooner  the  pupil  appreciates  the  power  of 
algebraic  methods,  the  sooner  will  the  subject  attract  him. 

2.  Concrete  geometry  may  be  taught  with  advantage  earlier  than  the 
seventh  grade.  But  even  in  that  case  we  deem  it  wise  to  devote  half  the 
time  given  to  mathematics  in  the  seventh  grade  to  this  subject. 

3.  The  amount  of  demonstrative  geometry  which  should  be  given  in  the 
eighth  grade  will  depend  somewhat  upon  the  knowledge  of  concrete  geometry 
which  the  pupil  has  by  that  time  acquired.  In  any  event,  we  should  question 
the  wisdom  of  undertaking  any  systematic  study  of  a text-book  of  demon- 
strative geometry  in  this  grade.  An  important  object  of  the  instruction  should 
be  to  awaken  an  interest  in  the  demonstrative  process,  and  that  may  be  best 
accomplished  by  confining  the  pupil’s  attention  to  the  propositions  which 
his  concrete  work  has  taught  him  to  appreciate,  and  which  admit  of  easy 
demonstration.  The  theorems  which  relate  to  the  congruence  of  triangles, 
parallel  lines,  the  angle-sum  of  the  triangle,  parallelograms,  and  some  of  the 
simpler  and  more  useful  properties  of  the  circle,  and  many  of  the  problems 
of  construction,  belong  to  this  category;  the  propositions  which  necessitate 
the  consideration  of  incommensurables  do  not. 

4.  We  recommend  that  the  time  allotted  to  mathematics  in  the  ninth 
and  tenth  grades  be  divided  equally  between  algebra  and  plane  geometry; 
and  that  the  course  in  algebra  include:  (a)  a more  systematic  and  compre- 
hensive study  of  the  topics  treated  in  the  introductory  course  of  the  seventh 
and  eighth  grades,  with  a thoro  drill  in  factoring,  highest  common  factor, 
least  common  multiple,  and  complex  fractions;  (6)  radicals  and  fractional 
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exponents,  and  quadratic  equations  in  one  and  two  unknown  quantities;  (c) 
ratio  and  proportion,  the  progressions,  the  elementary  treatment  of  permu- 
tations and  combinations,  the  binomial  theorem  for  positive  integral  ex- 
ponents, and  the  use  of  logarithms. 

There  is  time  enough  in  this  course  for  the  topics  ( c ),  and  they  seem  to 
us  to  belong  here  rather  than  in  the  advanced  algebra  of  the  twelfth  grade, 
because  of  their  elementary  character  and  general  interest.  The  acquisition, 
thus  early,  of  a practical  acquaintance  with  logarithms  in  particular  would 
be  of  great  advantage  to  the  pupil  in  his  work  in  metrical  geometry  and 
physical  science.  The  slight  theoretical  knowledge  of  logarithms  which  it 
requires  is  easily  within  his  reach ; for  the  theorems  relating  to  the  logarithm 
of  a product,  a quotient,  a power,  and  a root  are  mere  restatements  of 
theorems  regarding  exponents  with  which  he  is  already  familiar,  and  it  is 
certain  to  interest  him,  for  it  appeals,  as  few  other  topics  in  algebra  can.  to 
the  utilitarian  instinct  which  is  so  strong  in  young  students. 

5.  By  “advanced  algebra”  we  mean  the  remaining  topics  which  are  to  be 
found  in  an  ordinary  text-book  of  “college  algebra,”  viz.:  the  elementary 
treatment  of  infinite  series,  undetermined  coefficients,  the  binomial  theorem 
for  fractional  and  negative  exponents,  the  theory  of  logarithms,  determi- 
nants, and  the  elements  of  the  theory  of  equations. 

III.  In  solid  geometry,  plane  trigonometry,  and  advanced  algebra  the 
schools  should  insist  upon  the  same  amount  of  work  and  aim  at  the  same 
standard  of  scholarship  as  the  best  American  colleges  require  in  their  courses 
in  these  subjects. 

IV.  When  a student  who  is  preparing  for  college  does  not  intend  to  offer 
advanced  algebra,  he  should  defer  some  or  all  of  the  mathematics  of  the 
eleventh  grade  until  the  last  year  of  his  school  course,  or  be  given  oppor- 
tunity for  mathematical  reviews  in  that  year. 

V.  We  recommend  that  the  several  mathematical  subjects  count  toward 
satisfying  the  requirements  for  admission  to  college,  as  follows: 

(а)  Elementary  algebra,  as  defined  in  II,  4 1%  units 

(б)  Advanced  algebra  - --  -- %unit 

(c)  Plane  geometry  - --  --  --  ---  - - - i “ 

(cl)  Solid  geometry  - Vi  “ 

( e ) Plane  trigonometry  - --  --  --  --  --  % “ 


REPORT  OF  THE  COMMITTEE  OF  THE  CHICAGO  SECTION 
OF  THE  AMERICAN  MATHEMATICAL  SOCIETY 


Dr.  A.  F.  Nightingale,  Chairman. 

Sir:  In  compliance  with  a request  from  you,  the  Chicago  Section  of  the  American 
Mathematical  Society,  at  its  session  in  December,  1898,  appointed  a committee  to  co- 
operate with  the  committee  of  the  National  Educational  Association  of  which  you  aie 
chairman,  by  preparing  for  the  use  of  the  latter  committee  a report  “on  the  scope,  aim, 
and  place  of  these  studies  (mathematics)  in  the  secondary  schools  and  in  preparation 
for  college  with  model  courses  in  algebra,  geometry  (plane  and  solid),  and  trigonometry, 
with  methods  to  be  used,  time  to  be  consumed,  etc,,  etc.”  This  action  was  afterward 

approved  bv  the  Council  of  the  society.  { ,, 

In  order  that  the  various  phases  of  instruction  in  mathematics  might  be  more  fully 
represented,  it  was  decided  to  associate  with  the  members  of  the  American  Mathematica 
Society  upon  the  committee  several  persons  not  members  of  the  society,  these  persons 
to  have  equal  voice  and  vote  with  the  members  of  the  society  in  the  proceedings  of  the 
committee,  but  to  be  designated  as  associate  members  of  the  committee.  The  associate 


members  are  Messrs.  Lyon  and  Schobinger.  . , , _ 

The  committee  held  several  sessions  in  December,  at  which  the  various  problems 
presenting  themselves  were  discussed,  and  a subcommittee  was  appointed  to  prepare  a 
draft  of  a report.  This  was  done,  and  a copy  sent  to  each  member  of  the  committee 
These  drafts  were  returned  with  criticisms  and  amendments,  upon  the  basis  of  which  a 
second  draft  was  prepared  by  the  subcommittee  and  a copy  sent  to  each  member  of  the 
committee.  The  comments  hereupon  were  discussed  by  those  members  of  the  committee 
present  at  the  meeting  of  the  Chicago  Section  of  the  American  Mathematical  Society 
at  Evanston,  April  1,  1899,  and  the  subcommittee  was  directed  to  prepare  a third  and 
final  draft,  which  is  submitted  herewith.  Since  the  report  is  submitted  to  you  directly, 
and  not  to  the  sccietv,'  the  individuals  concurring  in  the  report  are  alone  responsible 


for  its  contents. 


Very  respectfully, 

J.  W.  A.  Young, 

Chairman . 


PRELIMINARY  REMARKS 

1.  Terms  used. — The  term  “secondary  school”  is  used  to  designate,  ge- 
nerically,  all  schools  which  have  courses  fitting  for  college.  The  term  includes 
high  schools,  academies,  and  private  college-preparatory  schools.  The 
course  of  study  in  the  secondary  school  proper  is  assumed  to  cover  four  years. 

The  term  “the  grades”  is  used  to  designate  the  work  prior  to  the  secon- 
dary school.  It  is  assumed  to  cover  eight  years.  The  work  of  each  of  these 
years  is  sometimes  alluded  to  as  a “grade,”  the  grades  being  numbered  in 
order  from  one  to  eight.  The  child  is  assumed  to  enter  the  first  grade  at  the 

age  of  six  years. 

2.  Scope  of  report. — In  determining  the  phases  of  topics  to  be  discussed 
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and  the  nature  of  its  detailed  suggestions,  the  committee  has  been  governed 
by  the  condition  of  instruction  today,  rather  than  the  absolute  importance  in 
themselves  of  the  topics  selected  for  remark.  It  was  found  impracticable  to 
discuss  the  work  in  mathematics  in  the  secondary  school  without  giving  quite 
a little  consideration  to  the  closely  related  antecedent  work  in  the  grades. 

3.  Scope  of  mathematical  work. — At  its  sessions  in  December  the  follow- 
ing resolutions  were  adopted  by  the  committee: 

( a)  That  before  the  pupils  reach  the  secondary  school  the  work  in  mathe- 
matics should  be  the  same  for  all. 

(b)  That  in  the  secondary  school  the  standard  course  in  mathematics 
should  be  sufficient  to  admit  to  college,*  that  this  course  should  be  required 
of  all  pupils,  and  that  the  instruction  in  this  course  should  be  the  same  for 
all  pupils. 

(c)  That  the  main  emphasis  should  be  given  to  such  topics  as  are  useful 
in  later  work. 

( d ) That  the  best  place  for  a topic  in  the  course  of  study  is  where  it  is 
most  closely  related  to  other  topics;  that  there  should  be  applications  of 
algebra,  geometry,  and  arithmetic  to  each  other,  and  to  various  sciences  and 
the  practical  affairs  of  life. 


CONCERNING  METHODS 

Various  methods  of  teaching  mathematics  are  in  vogue.  The  good  teacher 
will  not  tie  himself  to  any  one  method,  but,  on  occasion,  will  make  use  of  the 
good  features  of  every  one.  The  committee  recommends  no  single  method 
above  all  others,  but  whatever  method  may  be  used,  the  aim  should  always 
be  to  cultivate  independent  thinking  on  the  part  of  the  pupil.  A method 
which  encourages,  or  even  permits,  rote  work,  or  mechanical  manipulations, 
is  radically  wrong.  The  value  of  the  study  of  mathematics  cannot  be  realized, 
not  one  of  its  objects  attained,  unless  the  student  himself  thinks,  produces. 
Not  to  learn  proofs , but  to  prove , must  be  his  task.  This  idea  should  domi- 
nate the  instruction  from  the  very  beginning.  The  independent  work  should 
not  be  left  to  the  close;  not  to  the  closing  years,  nor  to  the  close  of  the  sub- 
ject in  hand,  nor  to  the  close  of  the  chapter,  nor  even  to  the  close  of  the  first 
lesson  in  arithmetic. 


GENERAL  METHODIC  SUGGESTIONS 

1.  Steps. — The  importance  of  distinguishing  the  various  steps  of  a pro- 
cess, and  of  taking  them  one  at  a time,  can  hardly  be  overemphasized.  This 
is  sometimes  irksome  to  the  pupil,  and  the  consequent  attempts  to  take  sev- 
eral steps  at  once  are  responsible  for  much  of  some  pupils’  lack  of  success  in 
mathematics. 

2.  Oral  work. — In  all  the  subjects  of  mathematics  much  stress  should  be 
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laid  on  oral  solution  of  many  easy  and  carefully  graded  exercises.  Principles 
are  just  as  effectually  applied  in  the.:e  as  in  more  complicated  exercises,  and 
the  application  is  more  readily  seen. 

3.  Testing  results. — The  pupil  should  be  taught  to  test  the  accuracy  of 
his  results  by  applying  a check  whenever  this  is  possible,  and  before  com- 
pleting any  topic  he  should  have  acquired  sufficient  facility  in  checking  his 
work  against  errors,  to  rely  with  confidence  upon  the  correctness  of  his  own 
results,  independently  of  corroboration  by  the  teacher  or  a printed  answer. 
Often  a rough  estimate  of  the  probable  character  of  the  result  will  enable  the 
pupil  to  detect  a glaring  error,  without  the  use  of  a more  detailed  check. 
Written  exercises  should  by  no  means  all  have  results  of  a simple  form,  since 
pupils  are  very  apt  to  fall  into  the  habit  of  thinking  that  the  result  must  be 
simple  to  be  correct. 

4.  Translation. — Mathematics  has  a language  of  its  own.  The  teacher 
must  be  unwearying  in  his  endeavors  to  teach  his  pupils  to  speak  the  sen- 
tences of  the  mathematical  language  with  intelligence,  and  he  must  be  ever 
on  the  alert  to  check  the  tendency  to  use  them  as  meaningless  jargon.  Here, 
as  in  other  languages,  one  who  has  made  some  progress  shows  that  he  has 
intelligent  control  of  the  language  by  uttering  consistent  sentences  conveying 
ideas.  Ability  to  think  in  the  language  is  one  of  the  ends  aimed  at,  but  in 
the  language  of  mathematics  this  can  be  attained  only  by  much  translating; 
the  beginner  must  assure  himself  that  he  understands  the  mathematical  sen- 
tence, by  giving  its  equivalent  in  ordinary  English;  and,  what  is  more  diffi- 
cult, must  be  able  to  clothe  in  mathematical  symbols  thoughts  expressed  in 
English. 

5.  Different  presentations. — In  the  fundamentals  and  in  the  beginning 
of  any  subject  the  committee  is  decidedly  of  opinion  that  one  set  of  defini- 
tions and  style  of  presentation  should  be  strictly  adhered  to.  After  a time 
(and  still  adhering  to  the  one  style  of  treatment  adopted)  the  presentation 
by  the  pupils  of  other  proofs  which  they  may  have  found  for  the  same  propo- 
sition, or  of  different  methods  of  attaining  the  result  of  some  exercise,  and  the 
discussion  of  these  in  class,  is  of  great  value.  More  may  often  be  gained  by 
proving  one  proposition  in  three  different  ways  than  by  proving  three  propo- 
sitions in  the  same  way.  This  practice  should,  however,  be  introduced  gradu- 
ally, great  care  being  taken  to  avoid  confusion;  and  its  use  should  be  much 
increased  as  the  pupils  gain  a firm  grasp  of  the  subject. 

Definitions,  tho  developed  in  class  as  needed,  should  not  be  left  in  an 
inaccurate  form,  nor  inconsistent  with  the  analogous  definitions  of  later 
mathematics.  Tho  in  higher  mathematics  the  definitions  of  the  elemen- 
tary subjects  may  be  generalized,  it  should  not  be  necessary  to  overturn 
them.  (E.g.,  the  circle  should  be  defined  as  a curve,  not  as  a portion  of  a 
plane.) 

6.  Neatness  and  accuracy. — Papers  written  in  a slovenly  manner,  slip- 
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shod  work,  half-guessing  at  results,  and  artificial  juggling  with  the  quanti- 
ties involved,  are  far  too  frequently  found.  The  difficulty  can  be  met  only  by 
persistent  training,  from  the  very  beginning  of  mathematical  instruction,  in 
neatness  and  accuracy.  In  particular,  the  committee  suggests  the  use  of 
numerous  short  written  exercises,  in  which  the  pupil  is  not  hurried  for  time 
by  the  amount  assigned,  and  in  which  the  requirement  is  made  that  what  he 
hands  in  must  be  accurate  and  neatly  arranged. 

7.  Synopses—  At  the  close  of  each  chapter  or  topic  a synopsis  in  sche- 
matic form  of  its  definitions,  methods,  and  results  should  be  made.  The 
object  of  this  is  to  correlate  the  material  and  to  secure  that  view  of  ohe  topic 
as  a whole  which  is  too  likely  to  be  obscured  by  the  details  of  the  drst  study 
and  the  working  of  exercises.  This  will  serve  also  to  bring  clearly  before  the 
pupils  that  the  solution  of  exercises  is  not  an  end  in  itself,  but  is  a means  of 
impressing  a connected  theory. 

8.  Correlation  of  work. — -The  subjects  arithmetic,  geometry,  algebra 
should  be  treated  as  branches  of  one  whole — mathematics — and  each  of 
these  subjects  freely  applied  in  illustrating  and  broadening  the  others. 

9.  Independent  thinking. — Whatever  specific  method  or  methods  may  be 
used  in  conducting  the  instruction,  the  controlling  principle  must  be  that  the 
pupil  is  to  be  kept  thinking  for  himself.  The  learning  of  proofs,  even  tho 
it  be  done  understanding^,  is  not  sufficient.  Not  learning  proofs,  but  prov- 
ing, should  be  the  pupil’s  principal  activity  in  the  study  of  mathematics. 

ARITHMETIC 

The  instruction  in  arithmetic,  except  as  it  would  properly  come  up  in  con- 
nection with  geometry,  algebra,  and  trigonometry,  thus  adding  to  their  in- 
terest and  usefulness,  should  be  confined  to  the  following  topics: 

1.  The  four  fundamental  processes  with  integers,  all  the  computations 
being  tested. 

2.  Factorization  of  all  numbers  up  to  100,  and  some  above  100,  exponents 
being  used.  The  results  not  to  be  derived  by  rule,  but  from  the  multiplication 
table. 

3.  Easy  work  by  short  rule  in  L.  C.  M.  and  H.  C.  B.;  to  be  tested  by 
seeing  whether  the  quotients  obtained  by  dividing  L.  G.  M.  by  the  numbers 
are  relatively  prime,  and  whether  the  numbers  divided  by  the  H.  C.  D.  also 
give  relatively  prime  results. 

4.  Simple  work  in  denominate  numbers,  only  the  measures  generally 
in  vogue  being  used. 

5.  Simple  operations  in  fractions,  geometric,  i.e.,  graphic  illustrations 
being  given,  and  fractions  with  large  terms  being,  as  a rule,  avoided.  Appli- 
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6.  United  States  money.  The  commoner  measures  of  the  metric  system; 
the  measures  being  actually  constructed,  and  measurements  performed  with 
them.  There  should  also  be  rough  comparison  with  our  own  measures. 

7.  Decimals:  the  four  rules,  with  especial  attention  to  the  correct  placing 
of  the  decimal  point. 

8.  Simple  problems  in  percentage;  the  fact  being  emphasized  that  “per 
cent.”  means  hundredths,  or  a fraction  with  100  for  denominator.  The  pupil 
should  be  trained  always  first  to  ask  himself  of  what  the  per  cent,  is  to  be 
taken.  This  (the  determination  of  file  base)  is  largely  a matter  of  use  of 
language.  Making  use  of  “aliquot  parts”  (where  the  per  cent,  can  easily 
be  converted  into  such)  connects  per  cent,  with  fractions  and  helps  to  pre- 
vent rote  methods. 

9.  Examples  in  simple  interest  where  the  time  and  rate  are  given. 

10.  The  use  of  the  “method  of  analysis”  for  the  solution  of  problems  in 
simple  and  compound  proportion,  and  in  interest,  without  ever  introducing 
the  terminology  and  machinery  usual  in  proportion.1 

11.  The  concrete  exemplification  of  the  simpler  geometric  notions  and 
facts  should  begin  with  the  beginning  of  the  arithmetic  and  be  carried  on  in 
connection  with  this  subject  and  with  drawing  during  the  first  six  years.  By 
the  close  of  this  time  the  leading  facts  and  theorems  of  geometry,  plane  and 
solid,  should  have  become  famili  ar  by  means  of  concrete  illustrations  and 
computations  (mensuration) . The  pupil  will  now,  perhaps,  himself  begin  to 
feel  the  need  of  proof  rather  than  illustrations  (or  will  be  led  to  feel  it  by  the 
teacher),  and  at  the  beginning  of  the  seventh  year  this  transition  may  be 
made,  and  the  developing  of  proofs  begun  carefully,  gradually,  and  as  in- 
formally as  possible.  In  the  seventh  year  the  work  in  arithmetic  may  per- 


1.  As  sufficient  exemplification  of  the  method  we  give  the  following:  If  48  men  can 
do  a piece  of  work  in  12  days,  working  10  hours  a day,  in  how  many  days  of  8 hours 
each  w.quld  40  men  accomplish  the  same  work? 

Arrangement : Men  Days  Hours 

48  12  10 

40  ? 8 

Oral  explanation:  We  seek  days,  so  we  begin  with  days.  If  48  men  accomplish  the 
work  in  12  days,  1 man  would  have  to  work  48  times  as  many  days  as  48  men,  and  40 
men  ^ as  many  as  1 man.  That  is,  working  10  hours  per  day.  To  accomplish  it  by 

working  1 hour  per  day,  it  would  take  ten  times  as  many  days  as  when  working  10 

hours  per  day,  and  to  do  it  by  working  8 hours  per  day,  1 as  many  days  as  when 

working  1 hour  per  day.  We  have  now  considered  all  the  data,  and,  performing  the 

multiplication,  we  obtain  the  result. 

The  written  work  is  by  cancellation.  Nothing  is  written  down  except  the  arrange- 
ment and  the  following  equation : 

12  • 48  • i • 10  • I = 18. 

This  method  makes  compound  proportion  correspondingly  easy,  and  dispenses  en- 
tirely with  the  confusing  verbiage  of  the  subject.  The  work  is  precisely  the  same,  no 
matter  which  of  the  quantities  is  unknown. 
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mit  the  informal  beginning  (as  abbreviations)  of  literal  arithmetic.  The 
committee  recommends  that  all  topics  not  mentioned  be  omitted  from  the 
instruction  in  arithmetic  as  such — in  some  cases  to  be  taken  up  later  (in 
algebra,  geometry,  or  trigonometry),  in  others  to  be  omitted  altogether. 

In  all  the  instruction  in  arithmetic  there  should  be  insistence  upon  neat- 
ness and  upon  accuracy;  much  oral  work  (object:  correct  thinking)  and  fre- 
quent short  oral  drills  (object:  quickness  and  accuracy);  the  testing  of 
computations,  both  by  rough  estimates  and  exact  tests;  avoidance  of  techni- 
cal terms  and  formal  rules,  save  where  absolutely  necessary  and  when  the 
need  is  felt  by  the  pupil;  ideas  before  definitions  or  rules. 

ALGEBRA 

While  not  recommending  any  radical  alterations  in  the  subject-matter 
of  algebra,  as  usually  presented  in  our  best  schools,2  the  committee  desires 
to  emphasize  the  following  points : 

1.  The  arithmetical  side  of  algebra. — Commutations  with  numbers  should 
be  constantly  introduced,  problems  with  literal  quantities  being  worked  out 


2.  The  report  of  1896-97  of  the  Commissioner  of  Education  contains  (pp.  457-613) 
a collocation  of  the  entrance  requirements  of  432  institution  having  a course  leading 
to  the  degree  of  A.B.  Of  these  institutions,  346  specify  arithmetic  as  an  entrance  re- 
quirement, the  others  probably  regard  it  as  implied  in  the  requirement  of  algebra. 
Algebra  is  required  in  412  institutions  to  the  following  amounts: 

To  quadratics  ------  37  institutions 

Including  quadratics  -----  74  “ 

Amount  not  specified  - 201  “ 

312 


The  other  requirements  are  as  follows: 

Plane  geometry  in  -----  294  institutions 

Solid  geometry  in  ------  93  “ 

Trigonometry  in-----  - 4 “ 

Conic  sections  in  - --  --  -2  “ 

Upon  looking  over  the  detailed  statement  of  the  requirements  for  each  institution, 
it  appears  that  the  better  institutions  require  arithmetic  (explicitly  or  tacitly),  algebra 
including  quadratics,  and  plane  geometry. 

Solid  geometry  is  required  by  many  institutions  of  high  rank,  and  not  required  by 
others  of  equally  high  rank.  The  territorial  distribution  of  the  institutions  requiring 
solid  geometry  is  interesting. 


Division 

Total  number  of 

Number  requiring  solid 

institutions 

geometry 

North  Atlantic  - 

- - - 76  - - - 

5 

6.6  per  cent. 

South  Atlantic 

. - - - 61  - - - 

- 4 

6.6  “ 

North  Central 

- - - 183  - - - 

68 

37.1  “ 

South  Central  - 

- - - - 75  - - - 

- 8 

10.7  “ 

Western 

- - - 37  - - - 

8 

21.6  “ 

Total 

_ _ . -432  - - - 

- 93 

21.5  per  cent. 
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or  verified  with  numerical  data  also.  The  processes  of  arithmetic,  both  oral 
and  written,  should  not  be  allowed  to  fall  into  disuse,  but  facility  therein 
should  rather  be  increased.  At  the  same  time,  the  pupil  should  understand 
the  value  of  algebra  in  abridging  or  simplifying  computation  with  numbers, 
or  in  proving  the  correctness  of  rules  of  computation,  and  should  understand 
clearly  that  the  devices  of  mathematics  (especially  algebra)  have  the  pui- 
pose  of  enabling  us  ?iot  to  compute;  and  that  actual  computations  are  usually 
not  to  be  made  so  long  as  they  can  be  avoided ; that  cancellation  is  to  be  re- 
sorted to  wherever  possible;  and  that  to  obtain  an  expression  in  factored 
form,  or  in  any  form  in  which  operations  are  indicated,  is  a distinct  ad- 
vantage, not  to  be  surrendered  by  needlessly  performing  the  operations. 
Some  of  the  topics  omitted  from  arithmetic  should  be  taken  up  at  appropri- 
ate places  in  the  work  of  algebra. 

2.  The  equational  side  of  algebra. — The  equation  should  be  made  from 
the  very  beginning.  Very  simple  problems  in  words  leading  to  equations 
can  be  given  at  the  outset. 

3.  Algebraic  translation. — What  has  been  said  as  to  the  value  and  neces- 
sity of  translation  in  general  applies  with  special  force  to  algebra.  Here  the 
danger  of  mechanical,  or  even  haphazard,  manipulation  of  symbols  is  pei 
haps  the  greatest,  a-  1 it  must  be  especially  guarded  against  by  care  that  the 
meaning  of  the  symbols,  and  the  reason  for  the  operations,  be  always  clear  in 
the  pupil’s  mind.  This  can  be  done  to  a large  extent  by  requiring  the  pupil 
to  give  readily  and  clearly  in  words  the  meaning  of  the  formulae  and  equa- 
tions. On  the  other  hand,  the  danger  is  exaggerated  by  the  use  of  complicated 
and  long  examples,  which  seem  to  emphasize  operative  skill  merely,  and 
make  that  appear  as  the  main  object  sought.  Better  many  short  examples 
with  the  principles  always  clearly  apprehended  than  a few  complicated  ones 
with  the  principle  obscured. 

(Skill  in  manipulating  long  and  intricate  algebraic  expressions  should 
also  be  attained,  and  for  this  purpose  the  use  of  long  and  hard  examples, 
after  the  principles  and  methods  of  a topic  are  clearly  understood,  is  indis- 
pensable.) 

4.  Topics  to  be  emphasized.—1 The  following  topics  require  especially 
careful  treatment: 

The  meaning  and  use  of  exponents,  positive,  negative,  and  fractional; 
the  handling  of  the  simpler  surds;  the  distinction  between  identical  equations 
and  equations  of  condition;  the  character  of  the  roots  of  the  quadratic  equa- 
tion as  determined  by  inspection;  the  connection  between  the  roots  and  the 
coefficients  of  the  quadratic ; the  solution  of  equations  by  factoring ; and  the 
making  of  the  algebraic  statements  for  problems  given  in  words. 

5.  Secondary-school  algebra  and  college  algebra. — It  should  be  the  aim 
of  the  secondary  school  to  avoid  taking  up  any  of  the  topics  which  are  cus- 
tomarily treated  in  college  algebra,  but  rather  to  secure  as  thoro  a mastery 
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as  possible  of  those  topics  which  the  college  presupposes.  It  is  recommended 
that  schools  which  have  hitherto  taken  up  topics  anticipatory  of  college  alge- 
bra devote  the  time  gained  by  omitting  them  to  a more  thoro  study  of  the 
topics  of  the  previous  head. 

The  progressions,  arithmetical  and  geometric  (with  applications  to  inter- 
est, simple  and  compound),  and  the  theory  and  use  of  logarithms,  might 
well,  so  far  as  the  nature  and  difficulties  of  the  subject  are  concerned,  be  in- 
cluded in  the  secondary-school  course,  but  as  they  are  required  for  entrance 
by  very  few  colleges,  and  are  accordingly  taken  up  in  connection  with  college 
algebra,  the  committee  recommends  that  they  be  omitted  from  the  secondary- 
school  course,  in  the  interests  of  economy  of  energy,  and  to  avoid  duplication 
of  work;  until  such  time  at  least  as,  by  action  on  the  part  of  the  colleges, 
these  topics  (or  any  of  them)  are  relinquished  as  parts  of  college  algebra, 
and  made  parts  of  the  entrance  requirements. 

These  remarks  relate  solely  to  the  work  in  algebra  required  of  all  pupils 
in  the  secondary  school.  It  is  not  meant  to  discourage  the  offering  of  moie 
advanced  courses  in  algebra  (“college  algebra”)  or  in  trigonometiy  to  such 
pupils  as  may  wish  to  take  them.  As  these  pupils  will  often  desire  that  these 
advanced  courses  in  the  secondary  school  should  be  accepted  by  some  col- 
lege as  the  equivalent  of  college  work,  the  scope  and  character  of  the  woik 
will  usually  be  determined  by  the  requirements  of  the  college  in  question. 


The  instruction  in  demonstrative  geometry  should  not  begin  with  a mass 
of  definitions  and  axioms.  All  definitions  should  be  introduced  when  needed, 
and  not  earlier;  and,  as  a rule,  only  after  the  teacher  has,  by  suitable  ex- 
amples and  problems,  familiarized  the  pupil  to  some  extent  with  the  notion  in 
question,  and  the  pupil  himself  feels  the  need  of  some  convenient  term  by 
which  to  designate  it,  or  the  need  of  a precise  agreement  as  to  the  meaning 
to  be  given  to  a term  already  used  vaguely  in  common  parlance. 

Care  should  be  taken  to  select  for  the  early  instruction  such  propositions 
as  are  less  difficult  to  understand  because  less  nearly  self-evident ; those  that 
are  more  nearly  self-evident  being  reserved  for  a later  stage.  Such  proposi- 
tions as,  “All  straight  angles  are  equal,”  “All  right  angles  are  equal,  should 
be  omitted  altogether. 

Oral  proofs  (i.e.,  proofs  in  which  nothing  but  the  figure  is  placed  upon 
the  board)  may  well  be  used  in  geometry.  Later  even  the  figure  may  often  be 
omitted.  After  the  pupil  has  had  some  practice  of  this  sort  with  familiar 
proofs,  he  will  be  able  to  work  out  the  proofs  of  simple  new  propositions,  with 
the  figures  only  before  him,  and  even  if  no  figure,  carrying  the  whole  proof 
in  the  mind. 

Frequent  drills  in  seeing  relations  in  a given  figure  (angles  equal,  supple- 
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mentary;  lines  parallel,  perpendicular;  triangles  equal,  similar;  etc.,  etc.)  as 
a general  exercise,  without  having  any  specific  theorem  proposed  for  proof, 
are  also  helpful.  The  teacher  should  prepare  the  figure,  at  first  simple  and 
anticipating  coming  propositions;  later  more  complicated  and  unlike  any  of 
the  figures  of  the  text. 

As  to  subject-matter,  the  propositions  taken  up  may  be  divided  into  two 
classes:  fundamental  propositions  and  exercises.  The  fundamental  proposi- 
tions together  constitute  the  nucleus  or  skeleton  of  the  subject,  being  that 
minimum  which  all  pupils  alike  should  know.  They  should  be  reduced  to  as 
small  a compass  as  possible.  All  other  propositions  constitute  the  class  we 
have  called  exercises.  The  proofs  of  the  exercises  are  to  be  based  upon  the 
fundamental  propositions.  Every  course  in  geometry  should  invariably  in- 
clude all  the  fundamental  propositions  and  a large  number  of  exercises;  the 
selection  of  the  latter  may  vary  from  year  to  year.  It  is  not  at  all  implied 
here  that  the  proofs  of  the  fundamental  propositions  may  not  also  be  ob- 
tained as  original  exercises. 

What  has  been  said  applies  to  both  plane  and  solid  geometry.  A word 
may  be  added  as  to  the  use  of  models  in  solid  geometry.  While  not  wishing 
to  undervalue  models  which  are  presented  to  the  pupils  ready-made,  the 
committee  believes  that,  as  a rule,  the  pupils  gain  more  by  constructing  their 
own  models,  and  that  this  can  be  done  very  easily  in  a sufficient  numbei  of 
theorems.  Some  pieces  of  cardboard,  darning  needles,  and  thread  constitute 
apparatus  sufficient  for  making  models  of  a large  class  of  propositions.  An- 
other large  class  of  models  can  be  cut  out  of  potatoes.  A broomstick  furnishes 
all  the  models  needed  for  the  cylinder.  An  orange  "will  do  fairly  well  for  the 
sphere,  but  a small  slated  globe  in  the  hand  of  each  pupil  is  better. 

The  attempt  has  been  successfully  made  to  teach  geometry  by  interweav- 
ing solid  and  plane  geometry  from  the  outset.  While  the  committee  is  not 
prepared  to  commend  this,  there  are  advantages  to  be  gained  by  beginning 
solid  geometry  before  plane  geometry  is  completed.  In  the  opinion  of  the 
committee,  the  restriction  of  the  study  of  geometry  in  many  secondary 
schools  to  plane  geometry  is  unfortunate,  and  it  is  desirable  that  the  school 
course  and  the  college-entrance  requirement  in  geometry  should  cover  both 
plane  and  solid  geometry. 

The  notions  and  results  of  modern  geometry  may  be  used  with  advantage, 
but  only  so  far  as  they  actually  simplify  or  make  clearer  the  topic  in  hand. 

The  work  in  demonstrative  geometry  should  be  accompanied  by  con- 
struction and  measurement.  E.g.,  in  connection  with  similar  triangles,  pupils 
may  measure  distance  of  some  inaccessible  object,  simply  measuring  base 
line  and  two  angles,  and  then  drawing  to  scale.  Of  course,  the  work  is  crude, 
but  this  form  of  exercise  opens  a new  window  in  the  child’s  mind. 

In  the  work  in  geometry,  arithmetic,  and  also  algebra  (so  far  as  this  sub- 
ject has  been  developed),  should  be  frequently  applied. 
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TRIGONOMETRY 

Trigonometry  is  at  present  usually  not  required  in  the  school  curriculum ; 
to  prepare  pupils  for  admission  to  certain  technical  schools  and  colleges,  it 
is  sometimes  taught  in  the  schools.  When  thus  taught,  the  subject-matter 
taken  up  is  determined  by  the  requirements  of  the  institutions  in  prepara- 
tion for  which  it  is  taught. 

There  is,  however,  no  intrinsic  reason  why  the  elements  of  plane  trigo- 
nometry should  not  be  an  integral  part  of  the  school  course  in  mathematics; 
it  can  be  developed  well  in  continuation  of  algebra  and  plane  geometry,  and 
is  a fitting  sequei  to  them.  The  matter  should  be  restricted  to  that  needed  for 
the  solution  of  plane  triangles — numerous,  but  simple  applications  to  the  de- 
termination of  heights  and  distances  should  be  made. 

To  avoid  duplication  of  work,  the  introduction  of  plane  trigonometry 
into  the  school  course  (like  that  of  certain  portions  of  algebra  mentioned 
above)  should  be  an  action  of  school  and  college  jointly. 

The  trigonometric  functions  should  be  defined  as  ratios,  and  the  whole 
treatment  should  be  based  upon  the  ratio  definitions  exclusively. 

Before  logarithmic  tables  are  introduced,  sufficient  training  should  have 
been  given  in  the  solution  of  problems  by  means  of  the  natural  functions  to 
make  the  pupils  regard  these  as  the  real  functions;  log  sin.,  log  cos.,  etc., 
appearing  merely  as  tools. 

The  object  of  a logarithmic  table  is  to  abridge  computations.  Those  tables 
are  accordingly  to  be  preferred  which  furnish  such  aids  to  interpolation  that 
the  value  sought  may  be  read  off  quickly  with  the  desired  degree  of  accuracy 
and  without  side  computations. 


DISTRIBUTION 
I.  IN  THE  GRADES 

The  committee  believes  that  the  work  in  arithmetic  outlined  by  it  can  be 
completed  in  the  seventh  grade,  and  that  in  this  grade  half  the  time  can  be 
given  to  demonstrative  geometry.  In  all  the  preceding  grades  concrete 
geometry  should  be  interwoven  with  arithmetic  and  with  drawing.  The 
transition  to  demonstrative  geometry  will  thus  not  be  abrupt,  but  will  find 
the  pupil  prepared  for  it.  The  introduction  of  demonstrations  into  the  con- 
crete work  should  be  gradual  and  informal;  there  should  be  much  demon- 
stration before,  the  machinery  and  technical  terminology  of  demonstrations 
are  introduced.  In  the  eighth  grade  demonstrative  geometry  would  continue 
to  occupy  half  the  time,  and  the  other  half  would  be  devoted  to  the  beginning 
of  algebra.  This  should  be  a natural  growth  of  the  arithmetic;  the  use  of 
letters  to  stand  for  numbers  may  be  introduced  even  earlier  in  formulating 
rules;  as,  "The  area  of  a rectangle  is  equal  to  the  length  times  the  breadth/’ 
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A = LB.  The  equation  with  one  unknown  quantity  may  also  be  introduced 
informally  as  occasion  may  arise.  Under  favorable  circumstances  the  follow- 
ing ground  could  perhaps  be  covered  in  the  grammar  grades: 

Geometry. — Lines,  angles,  triangles,  parallelograms,  elements  of  the 
circle. 

Algebra. — The  four  fundamental  operations  with  positive  and  negative 
numbers;  simple  cases  of  factoring  under  multiplication;  simple  equations 
with  one  unknown,  and  problems  leading  to  such  equations. 

In  the  work  in  these  subjects  and  in  their  further  development  in  the 
secondary  school,  numerical  applications  of  the  results  should  be  made  con- 
tinually. These  applications  should  lead  to  computations  sufficiently  difficult 
to  keep  in  practice  the  facility  in  computation  gained  in  arithmetic,  and  to 
increase  it.  Stress  should  be  laid  on  the  simplifications  in  computations 
which  may  often  be  made  by  the  literal  notation  of  algebra. 

In  suggesting  this  course  of  study  for  the  grammar  grade,  the  committee 
realizes  that  in  many  places  it  would  be  impracticable  to  adopt  the  sugges- 
tions at  once  as  a whole.  In  fact,  under  some  circumstances  the  committee 
would  not  encourage,  but  would  actually  discourage,  the  immediate  and  com- 
plete adoption  of  its  suggestions.  On  the  other  hand,  in  cases  where  some 
(perhaps  a large  part)  of  the  suggestions  of  the  committee  are  already  in 
force,  and  where  the  corps  of  teachers  is  prepared  to  adapt  its  work  to  the 
new  plan,  there  would  be  no  obstacle,  but  indeed  a distinct  gain,  in  putting 
the  committee’s  suggestions  as  a whole  into  immediate  operation.  The  com- 
mittee believes  that  the  suggestions  made  (followed,  if  need  be,  gradually) 
are  generally  feasible. 

The  study  of  demonstrative  geometry  should  in  all  cases  be  begun  before 
that  of  algebra.  Geometry  is  less  abstract,  less  artificial,  lends  itself  less 
readily  to  mere  mechanical  manipulations,  and  is  more  easily  illustrated  by 
concrete  and  familiar  examples  than  algebra. 


II.  IN  THE  SECONDARY  SCHOOL 

The  great  desideratum  for  the  distribution  of  mathematics  in  the  sec- 
ondary school  is  that  it  should  be  studied  thruout  each  of  the  four  years  of 
the  course.  It  is  not  meant  by  this  that  more  time  should  be  given  to  mathe- 
matics, but  that  this  time  should  be  distributed  over  the  entire  secondary- 
school  course.  The  committee  recommends  no  specific  distribution  over  the 
four  years  of  the  hours  now  given  to  mathematics,  but  simply  the  general 
rule  that  there  be  work  in  mathematics  required  of  all  thruout  the  course, 
and  that  in  no  year  less  than  two  hours  weekly  be  given  to  mathematics  dur- 
ing the  whole  year. 

If  in  any  school  it  is  altogether  impracticable  to  take  up  mathematics  in 
each  of  the  four  years,  the  state  of  affairs  is  to  be  deplored.  If  a year  must 
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be  left  free  from  mathematics,  the  committee  recommends  that  it  be  the 
second  or  the  first  year. 

The  distribution  of  the  subject-matter  over  the  various  years  will  be  in- 
fluenced by  the  distribution  of  the  hours.  The  same  general  principles  would, 
however,  govern  in  all  cases ; of  these  are : 

1.  The  study  of  geometry  should  be  begun  before  that  of  algebra.  Rea- 
sons for  this  have  already  been  indicated. 

2.  When  algebra  has  been  begun,  the  two  subjects  should  be  carried  on 
simultaneously  in  each  year  of  the  remainder  of  the  four  years.  By  simul- 
taneously is  meant  simply  in  the  same  year.  It  is  not  necessary  that  the 
hours  of  instruction  be  given  to  each  alternately.  The  division  may  even  be 
the  first  half-year  to  one  (geometry)  and  the  second  half-year  to  the  other 
(algebra),  but  this  arrangement  is  not  to  be  preferred. 

3.  The  work  of  the  fourth  year  should  include  a review  of  all  of  the 
previous  work  of  the  course,  with  the  aim  to  extend,  broaden,  deepen,  and 
correlate  what  has  already  been  done. 

4.  The  instruction  in  mathematics  of  each  class  or  section  of  a class 
should  be,  as  far  as  practicable,  in  the  hands  of  the  same  instructor  for  at 
least  two  years.  It  is  still  more  important  that,  instead  of  trying  to  plan  the 
assignment  of  work  so  that  certain  teachers  do  “first-year  work,”  others 
“second-year  work,”  etc.,  year  after  year,  the  aim  should  be  to  plan  the  as- 
signment so  that  each  teacher  habitually  teaches  all  the  mathematical  sub- 
jects, tho  not  necessarily  all  in  one  year. 

5.  Under  no  circumstances  should  an  instructor  who  has  not  qualified 
himself  especially  to  teach  mathematics  be  intrusted  with  a class  in  mathe- 
matics simply  because  he  may  have  a vacant  hour  which  must  be  filled  up. 

Thruout  the  course  (and  especially  in  the  last  year)  the  more  the  sub- 
jects can  be  interwoven,  and  made  to  illustrate  and  support  each  other,  the 
better.  The  teacher  should  not  hesitate  to  introduce  a geometric  illustration 
or  a geometric  truth  into  algebra,  nor  to  avail  himself  in  algebra  of  apt  oc- 
casions for  recalling  previous  geometric  theorems,  or  developing  and  dis- 
cussing new  ones.  Quite  similarly,  algebraic  proofs  and  methods  should  be 
freely  used  in  geometry,  and,  as  need  arises,  new  algebraic  results  established. 
It  is  quite  wrong  to  teach  geometry  and  algebra  (and  arithmetic)  in  the  high 
school  as  subjects  so  essentially  different  that  the  purity  of  the  one  would 
be  impaired  by  the  use  of  the  methods  and  results  of  the  other. 

PREPARATION  OP  TEACHERS 

The  preparation  of  teachers  for  high-school  work  should  include  a good 
college  course,  with  special  attention  to  mathematics,  either  by  electives 
during  the  course  or  by  some  graduate  study.  The  minimum  attainment  in 
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mathematics  should  include  analytic  geometry,  a first  course  in  the  calculus, 
and  the  elements  of  the  theory  of  equations  (including  determinants) . 

The  committee  regards  it  as  desirable  that  the  teacher  should  have  paid 
some  attention,  under  guidance,  to  the  pedagogy  of  mathematics  (problems, 
means,  and  methods  of  instruction;  if  practicable,  seeing  actual  teaching  and 
discussing  it  afterward),  before  beginning  his  own  teaching.  Still  more  im- 
portant is  it  that  his  first  teaching  should  be  under  the  careful  supervision  of 
an  expei ienced  teacher  of  mathematics.  If  possible,  his  first  year  or  two  of 
service  should  be  explicitly  and  actually  under  the  direction  and  guidance  of 
older  teachers.  Perhaps  each  beginner  may  be  assigned  by  his  principal  to 
some  specific  teacher  of  experience  and  tact,  for  supervision  and  counsel. 
The  relation  will  be  more  or  less  formal,  under  varying  circumstances;  but 
it  should  always  be  actual  and  effective,  never  merely  nominal ; it  should  in- 
volve personal  consultation,  mutual  class-room  visits,  friendly,  careful 
advice. 

Much  can  be  accomplished  in  this  way.  At  present  young  teachers  of  no 
experience,  having  no  pedagogic  preparation,  are  often  put  into  full  chaige 
of  classes,  and  receive  no  assistance,  no  advice,  no  encouragement  from  their 
more  experienced  colleagues.  They  have  as  model  only  some  recollections  of 
their  impressions  (as  pupils)  of  the  teaching  which  they  received.  They 
profit  as  best  they  can  by  their  own  experience,  and  learn  from  their  own 
mistakes.  Some  never  appreciate  their  shortcomings  or  how  to  remedy  them ; 
even  for  the  best  it  is  a devious  and  painful  path  to  excellence,  which  might 
be  shortened  and  eased  by  the  judicious  counsel  of  one  who  had  traversed 
the  path  himself. 

In  institutions  where  there  are  several  teachers  of  mathematics  it  would 
be  well  for  them  to  meet  statedly  for  the  discussion  of  questions  of  local  ad- 
ministration, of  pedagogy,  of  mathematical  topics;  perhaps  the  systematic 
study  together  of  some  mathematical  subject  could  be  undertaken.  (Among 
the  suitable  subjects  for  such  study  are  the  following:  modern  synthetic 
geometry,  analytic  geometry,  the  differential  and  integral  calculus,  detenni- 
nants,  the  theory  of  equations,  analytic  mechanics,  the  history  of  mathe- 
matics.) 

It  is  very  desirable  that  the  teacher  be  making  year  by  year  new  acquisi- 
tions of  mathematical  knowledge. 

CORRELATION  OF  WORK 

Mathematics  is  unique  in  the  extent  to  which  it  builds  on  previous  work. 
Hence  secondary-school  work  should  be  correlated  as  closely  as  possible  both 
with  grade  work  and  with  college  work.  The  division  of  the  work  in  mathe- 
matics into  three  portions,  carried  on  in  different  institutions  (grades,  secon- 
dary-school, college)  differing  in  management,  methods,  and  aims,  and  with 
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teachers  differing  radically  in  type  of  preparation,  causes  a great  waste  of 
teaching  energy.  Much  can  be  done  to  diminish  this  waste  by  close  relations 
between  the  teachers  of  the  three  divisions,  and  the  comparison  of  results  and 
adaptation  of  work  to  mutual  needs.  The  relationship  may  be  official  or  un- 
official, formal  supervision  or  friendly  suggestion;  it  should,  however,  never 
be  a mere  form,  but  a cordial  co-operation  for  strengthening  and  unifying  the 
work  in  mathematics  in  grades,  secondary  schools,  and  colleges. 


LIBRARY 

Every  secondary  school  should  have  for  the  use  of  the  pupils,  and  es- 
pecially of  the  teachers,  a carefully  selected  library  of  reference-books  in 
mathematics  (standard  elementary  texts,  histories,  tables,  books  of  prob- 
lems and  recreations,  and  advanced  mathematical  works  suited  to  the  needs 
of  the  teachers).  Measuring  instruments  should  also  be  provided. 

SUMMARY  OP  PRINCIPAL  CONCLUSIONS 

The  most  important  of  the  conclusions  which  were  reached  by  the  com- 
mittee are  the  following: 

1.  To  the  close  of  the  secondary-school  course  the  required  work  in 
mathematics  should  be  the  same  for  all  pupils. 

2.  The  formal  instruction  in  arithmetic  as  such  should  terminate  with 
the  close  of  the  seventh  grade. 

3.  Concrete  geometry  should  be  a part  of  the  work  in  arithmetic  and 
drawing  in  the  first  six  grades. 

4.  One-half  of  the  time  allotted  to  mathematics  in  the  seventh  grade 
should  be  given  to  the  beginning  of  demonstrative  geometry. 

5.  In  the  eighth  grade  the  time  allotted  to  mathematics  should  be  divided 
equally  between  demonstrative  geometry  and  the  beginning  of  algebra. 

6.  In  the  secondary  school,  work  in  mathematics  should  be  required  of 
all  pupils  thruout  each  of  the  four  years  of  the  course. 

7.  Wherever,  from  local  conditions,  it  is  necessary  to  defer  the  beginning 
of  geometry  and  algebra  to  the  secondary  school,  here,  likewise,  geometry 
should  be  begun  before  algebra. 

8.  When  once  begun,  the  subjects  of  geometry  and  algebra  should  be  de- 
veloped simultaneously,  in  so  far,  at  least,  that  both  geometry  and  algebia 
should  be  studied  in  each  of  the  four  years  of  the  secondary-school  course. 

9.  The  unity  of  the  work  in  mathematics  is  emphasized,  and  the  correla- 
tion and  interapplication  of  its  different  parts  recommended. 

10.  The  instruction  should  have  as  its  chief  aim  the  cultivation  of  inde- 
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pendent  and  correct  thinking  on  the  part  of  the  pupil. 

11.  The  importance  of  thoro  preparation  for  teachers,  both  in  mathe- 
matical attainments  and  in  the  art  of  teaching,  is  emphasized. 
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DAVID  EUGENE  SMITH 


David  Eugene  Smith  (1860-1944)  was  born  and  raised  in  Cortland, 
New  York.1  He  was  educated  at  Cortland  State  Normal  School 
and  at  Syracuse  University.  After  his  graduation  from  Syracuse 
in  1881  he  practiced  law  with  his  father  until  1884,  when  he  began 
teaching  mathematics  at  Cortland  State  Normal  School.  He  re- 
ceived his  Ph.L).  from  Syracuse  in  1887  and  continued  his  life  in 
teaching.  He  held  the  professorship  of  mathematics  at  Michigan 
State  Normal  College  at  Ypsilanti  from  1891  to  1898,  was  principal 
at  Brockport  State  Normal  School  from  1898  to  1901,  and  in  1901 
became  a professor  at  Teachers  College,  Columbia  University, 
where  he  remained  until  his  retirement  in  1926. 

Smith,  along  with  J.  AY.  A.  Young,  was  one  of  the  early  mathe- 
matics educators  in  the  modern  sense  of  the  term.  In  addition  to 
his  work  as  a historian  of  mathematics,  he  was  vice-president  of 
the  International  Commission  on  the  Teaching  of  Mathematics,  a 
member  of  the  Committee  of  Fifteen  on  the  Geometry  Syllabus,  and 
president  of  the  Mathematical  Association  of  America. 

The  first  of  the  two  selections  from  Smith’s  writings  included 
here  is  from  The  Teaching  of  Elementary  Mathematics  (1900), 
which  is  credited  with  being  the  first  American  textbook  on  the 
teaching  of  mathematics.  The  extract  illustrates  Smith’s  use  of 
historical  perspective  in  discussing  the  purposes  and  content  of 
school  algebra.  Also  worthy  of  note  in  this  selection  is  the  identi- 
fication of  the  function  concept  as  a unifying  idea. 

In  the  second  selection, from  The  Teaching  of  Arithmetic  (1909), 
Smith  attacked  “teaching  methods”  and  justified  the  middle-of- 
the-road  approach  that  helped  keep  his  textbooks  among  the  most 
popular  on  the  market  for  the  following  twenty  years.  In  ac- 
cordance with  the  chronological  method  of  presentation,  this  se- 
lection appears  later  in  Part  Two. 

1.  E.  R.  Breslich,  “David  Eugene  Smith,  1860-1944,”  School  Science  and  Mathe- 
matics 44  (December  1944) : 838-89. 
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values  of  functions.  Henceforth,  therefore,  we  will  briefly  say  that  Algebra 
is  the  Calculvs  of  Functions , and  Arithmetic  the  Calculus  of  Values.”* 

Of  course  this  must  not  be  taken  as  a definition  universally  accepted.  As 
a prominent  writer  upon  "methodology”  says:  "It  is  very  difficult  to  give  a 
good  definition  of  algebra.  We  say  that  it  is  merely  a generalized  or  uni- 
versal arithmetic,  or  rather  that  ‘it  is  the  science  of  calculating  magnitudes 
considered  generally’  (D’Alembert).  But  as  Poinsot  has  well  observed,  this 
is  to  consider  it  under  a point  of  view  altogether  too  limited,  for  algebra  has 
two  distinct  parts.  The  first  part  may  be  called  universal  arithmetic.  . . . 
The  other  part  rests  on  the  theory  of  combinations  and  arrangement.  . . . 
We  may  give  the  following  definition.  . . . Algebra  has  for  its  object  the  gen- 
eralizing of  the  solutions  of  problems  relating  to  the  computation  of  magni- 
tudes, and  of  studying  the  composition  and  transformations  of  formula'  to 
which  this  generalization  leads.”5  The  best  of  recent  English  and  French  ele- 
mentary algebras  make  no  attempt  at  defining  the  subject.0 

The  function — Taking  Comte’s  definition  as  a point  of  departure,  it  is 
evident  that  one  of  the  first  steps  in  the  scientific  teaching  of  algebra  is  the 
fixing  of  the  idea  of  function.  How  necessary  this  is,  apart  from  all  ques- 
tion of  definition,  is  realized  by  all  advanced  teachers.  "I  found,”  says  Pro- 
fessor Chrystal,  "when  I first  tried  to  teach  university  students  coordinate 
geometry,  that  I had  to  go  back  and  teach  them  algebra  over  again.  The 
fundamental  idea  of  an  integral  function  of  a certain  degree,  having  a cer- 
tain form  and  so  many  coefficients,  was  to  them  as  much  an  unknown  quan- 
tity as  the  proverbial  x.”1 

Happily  this  is  not  only  pedagogically  one  of  the  first  steps,  but  prac- 
tically it  is  a very  easy  one  because  of  the  abundance  of  familiar  illustra- 
tions. "Two  general  circumstances  strike  the  mind;  one,  that  all  that  we  see 
is  subjected  to  continual  transformation,  and  the  other  that  these  changes 
are  mutually  interdependent.”8  Among  the  best  elementary  illustrations  are 
those  involving  time;  a stone  falls,  and  the  distance  varies  as  the  time,  and 
vice  versa;  we  call  the  distance  a function  of  the  time,  and  the  time  a func- 
tion of  the  distance.  We  take  a railway  journey;  the  distance  again  varies 
as  the  time,  and  again  time  and  distance  are  functions  of  each  other.  Simi- 
larly, the  interest  on  a note  is  a function  of  the  time,  and  also  of  the  rate  and 
the  principal. 

This  notion  of  function  is  not  necessarily  foreign  to  the  common  way  of 

4.  Laisant  begins  his  chapter  L’Algebre  (La  Mathematique,  p,  46)  by  reference  to 
this  definition,  and  makes  it  the  foundation  of  his  discussion  of  the  science. 

5.  Dauge,  Felix,  Cours  de  Metliodologie  Mathematique,  2.  ed.,  Gand  et  Paris,  1896, 
p.  103. 

6.  Chrystal,  G.,  2 vols,  2 ed.,  Edinburgh,  1889.  Bourlet,  C„  Lemons  d’Algebre  ele- 
mentaire,  Paris,  1896. 

7.  Presidential  address,  1885, 
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presenting  algebra,  except  that  here  the  idea  is  emphasized  and  the  name  is 
made  prominent.  Teachers  always  give  to  beginners  problems  of  this  na- 
ture: Evaluate  z*  + 2x  + 1 for  * - 2,  3,  etc,  which  is  nothing  else  than 
finding  the  value  of  a function  for  various  values  of  the  variable.  Similai  y, 
to  find  the  value  of  a3  + 3 a2b  + 3a^2  + b"  for  a = 1,  b ==  2,  is  meie  y o 
evaluate  a certain  function  of  a and  b,  or,  as  the  mathematician  would  say, 
f(a  b)  for  special  values  of  the  variables.  It  is  thus  seen  that  the  emp  ^siz- 
ing of  the  nature  of  the  function  and  the  introduction  of  the  name  and  the 
symbol  are  not  at  all  difficult  for  beginners,  and  they  constitute  a natuia 
point  of  departure.  The  introduction  to  algebra  should  therefore  me  uc  e ie 
giving  of  values  to  the  quantities  which  enter  into  a function,  and  thus  the 

evaluation  of  the  function  itself.  . 0 , ■ , ■ 

Having  now  defined  algebra  as  the  study  of  certain  functions,  v n 
eludes  as  a large  portion  the  solution  of  equations,  the  question  arises  as  o 

its  value  in  the  curriculum. 

Why  studied— Why  should  one  study  this  theory  of  certain  simple  func- 
tions, or  seek  to  solve  the  quadratic  equation,  or  concern  himself  with  the 
highest  common  factor  of  two  functions?  It  is  the  same  question  w nci 
meets  all  branches  of  learning,— cm  bono?  Why  should  we  study  theology, 
biology,  geology — God,  life,  earth?  What  doth  it  profit  to  know  music,  to 
appreciate  Pheidias,  to  stand  before  the  facade  at  Rheims,  or  to  won  er 
the  magic  of  Titian’s  coloring?  As  Malesherbes  remarked  “Baohet  8 com- 
mentary on  Diophantus,  “It  won’t  lessen  the  price  of  bread;  _ oi  as  D Ale 
bert  retorts  from  the  mathematical  side,  a propoa  of  the  Iphigeme  of  Racine, 

“What  does  this  prove?”  . . A u , , . up 

Professor  Hudson  has  made  answer:  “To  pursue  an  intellectual  stu  y 

cause  it  ‘pays'  indicates  a sordid  spirit,  of  the  same  nature  as  that  of  j^ion, 
who  wanted  to  purchase  with  money  the  power  of  an  apostle.  The  leal  rea 
son  for  learning,  as  it  is  for  teaching  algebra,  is,  that  it  is  a pai  o 1 , 

the  knowledge  of  which  is  its  own  reward.  . 

“Such  an  answer  is  rarely  satisfactory  to  the  questioner.  He  oi  sie 
siders  it  too  vague  and  too  wide,  as  it  may  be  used  to  justify  the  teaching 
and  the  learning  of  any  and  every  branch  of  truth;  and  s0-  j* 

A true  education  should  seek  to  give  a knowledge  of  every  branch  of  trut  , 
slight  perhaps,  but  sound  as  far  as  it  goes,  and  sufficient  to  enable  the  pos- 
sessor to  sympathize  in  some  degree  with  those  whose  privilege  it  is  to  ac- 
quire, for  themselves  at  least,  and  it  may  be  for  the  world  at  laige,  a 


t CcSl'  functions,  for  functions  me  classified  into 

^ ^ = h it  does  not 

d'reioh‘Lencommmtlire  de  Bnchet  sur  Diophante  ne  fern  pas  diminuer  le  pnx  du  pain. 


215 


mmmtam 


O 


Emergence  of  National  Organizations  as  a Force  (1891-1919) 


and  deeper  knowledge.  A person  who  is  wholly  ignorant  of  any  great  sub- 
ject of  knowledge  is  like  one  who  is  born  without  a limb,  and  is  thereby  cut 
off  from  many  of  the  pleasures  and  interests  of  life. 

I maintain,  therefore,  that  algebra  is  not  to  be  taught  on  account  of  its 
utility,  not  to  be  learnt  on  account  of  any  benefit  which  may  be  supposed  to 
be  got  from  it;  but  because  it  is  a part  of  mathematical  truth,  and  no  one 

ought  to  be  wholly  alien  from  that  important  department  of  human  knowl- 
edge.”11 

The  sentiments  expressed  by  Professor  Hudson  will  meet  the  approval  of 
all  true  teachers.  Algebra  is  taught  but  slightly  for  its  utilities  to  the  average 
citizen.  Useful  it  is,  and  that  to  a great  degree,  in  all  subsequent  mathe- 
matical work;  but  for  the  merchant,  the  lawyer,  the  mechanic,  it  is  of  slight 
practical  value. 

draining  in  logic  But  Professor  Hudson  states,  in  the  above  extract, 
only  a part  of  the  reason  for  teaching  the  subject — that  we  need  to  know  of 
it  as  a branch  of  human  knowledge.  This  might  permit,  and  sometimes  seems 
to  give  rise  to,  very  poor  teaching.  We  need  it  also  as  an  exercise  in  logic, 
and  this  gives  character  to  the  teacher’s  work,  raising  it  from  the  tedious, 
barren,  mechanical  humdrum  of  rule-imparting  to  the  plane  of  true  educa- 
tion. Professor  Hudson  expresses  this  idea  later  in  his  paper  when  he  says, 
Rules  are  always  miscnievous  so  long  as  they  are  necessary:  it  is  only 
when  they  are  superfluous  that  they  are  useful.” 

Thus  to  be  able  to  extract  the  fourth  root  of  xi  -f  4xs  4-  6x2  4.  4®  4.  1 
is  a matter  of  very  little  moment.  The  pupil  cannot  use  the  result,  nor  will 
he  be  liable  to  use  the  process  in  his  subsequent  work  in  algebra.  But  that 
he  should  have  power  to  grasp  the  logic  involved  in  extracting  this  root  is 
very  important,  for  it  is  this  very  mental  power,  with  its  attendant  habit  of 
concentration,  with  its  antagonism  to  wool-gathering,  that  we  should  seek 
to  foster.  To  have  a rule  for  finding  the  highest  common  factor  of  three 
functions  is  likewise  a matter  of  little  importance,  since  the  rule  will  soon 
fade  from  the  memory,  and  in  case  of  necessity  a text-book  can  easily  be 
found  to  supply  it;  but  to  follow  the  logic  of  the  process,  to  keep  the  mind 
intent  upon  the  operation  while  performing  it,  herein  lies  much  of  the  value 
of  the  subject, — here  is  to  be  sought  its  chief  raison  d’etre. 

Hence  the  teacher  who  fails  to  emphasize  the  idea  of  algebraic  function 
fails  to  reach  the  pith  of  the  science.  The  one  who  seeks  merely  the  answers 
to  a set  of  unreal  problems,  usually  so  manufactured  as  to  give  rational  re- 
sults alone,  instead  of  seeking  to  give  that  power  which  is  the  chief  reason  for 
algebra’s  being,  will  fail  of  success.  It  is  of  little  value  in  itself  that  the 
necessary  and  sufficient  condition  for  x3  — x = 0 is  that  x = 0,  x = 1, 

11.  Hudson,  W.  H.  H.,  On  the  Teaching  of  Elementary  Algebra,  paper  before  the 
Educational  Society  (London),  Nov.  29,  1886. 
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. _ 1 • but  it  is  of  great  value  to  see  why  this  is  such  condition. 

Practical  value-Although  for  most  people  algebra  is  valuable  only  for 
the  culture  which  it  brings,  at  the  same  time  it  has  never  failed  to  appeal  to 
the  common  sense  of  practical  men  as  valuable  for  other  reasons.  AH  su 
quent  mathematics,  the  theory  of  astronomy,  of  physics,  and  01 
the  fashioning  of  guns,  the  computations  of  ship  bull  mg,  o n ge  , 

and  of  engineering  in  general,  these  rest  upon  the  operations  of  eleme  y 
algebra  Napoleon,  who  was  not  a man  to  overrate  the  impractical,  thus 
gave  a statesman’s  estimate  of  the  science  of  which  algebra  is  a coiners o ^ 
“The  advancement,  the  perfecting  of  mathematics,  are  bound  up  with 

prosperity  of  the  State.”12 

Ethical  value — There  are  those  who  make  great  claims  for  a!gebra,  as 
for  other  mathematical  disciplines,  as  a means  of  cultivating  the  love  fo 
truth  thus  giving  to  the  subject  a high  ethical  value.  Far  be  it  from  teac  - 
e™  of  to  science  to  gainsay  all  this,  or  to  antagonise  those  who  follow 
Herbart  in  bending  all  education  to  bear  upon  the  inoial  bui  i P J 
child  But  we  do  well  not  to  be  extreme  in  our  claims  foi  mathematics. 
Cauchy  one  of  the  greatest  of  the  French  mathematicians  o 1 the  nmeteenth 
century!  has  left  us  some  advice  along  this  line:  “There  are  other  truths  than 
the  truths  of  algebra,  other  realities  than  those  of  sensible  objecta.  Let 
cultivate  with  zeal  the  mathematical  sciences,  without  seeking  to  extend* 
bevond  their  own  limits;  and  let  us  not  imagine  that  we  can  attack  histo  y 
by  formulae,  or  employ  the  theorems  of  algebra  and  the  mtcpi a ca mu  us 
the  study  of  ethics.”  For  illustration,  one  has  but  to  read  Heibart  s y 
chology  to  see  how  absurd  the  extremes  to  which  even  a great  tlnnkei 

0al ttZf hi”tXcilSvalue,  as  has  every  subject  whose  aim 
is  the  search  for  truth.  But  the  direct  application  of  the  study  to  tl he  hi few 
live  is  very  slight.  When  we  find  ourselves  making  great  claims  of  kind 
for  algebra,  it  is  well  to  recall  the  words  of  Mme.  de  Stael,  paying  her  resp 
to  those  who  in  her  day,  were  especially  clamorous  to  mathematics  all 
life^  Nothing  is  less  appLble  to  life  than  mathematical  resomng.  A propo- 
sition in  mathematics  is  decidedly  false  01  tiue,  eveiywiere 

mixed  in  with  the  false.’  , 

When  Studied-Having  framed  a tentative  definition  of  algebra  a 
having  considered  the  reason  for  studying  the  science,  we  are  led  to 
question  as  to  the  place  of  algebra  in  the  curriculum. 

At  the  present  time,  in  America,  it  is  generally  taken  up  mfcm 
school  year,  after  arithmetic  and  before  demonstrative  geometiy^  Since  mos 
teachers  are  tied  to  a particular  local  school  system,  as  to  matters  of  cur- 

12.  L’avancement,  le  perfect ionnement  des  mathematiques  sont  lies  a 1 p 
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riculum,  the  question  is  not  to  them  a very  practical  one.  But  as  a problem 
of  education  it  has  such  interest  as  to  deserve  attention. 

Quoting  again  from  Professor  Hudson:  “The  beginnings  of  all  the  great 
divisions  of  knowledge  should  find  their  place  in  a perfect  curriculum  of  edu- 
cation; at  first  something  of  everything,  in  order  later  to  learn  everything  o 
something.  But  it  is  needless  to  say  all  subjects  cannot  be  taught  at  once, 
all  cannot  be  learnt  at  once;  there  is  an  order  to  be  observed,  a certain  se- 
quence is  necessary,  and  it  may  well  be  that  one  sequence  is  more  ene  cia 
than  another.  My  opinion  is  that,  of  this  ladder  of  learning,  Algebia  siou 
form  one  of  the  lowest  rungs;  and  I find  that  in  the  Nineteenth  Century  for 
October,  1886,  the  Bishop  of  Carlisle,  Dr.  Harvey  Goodwin,  quotes  Comte, 
the  Positivist  Philosopher,  with  approval,  to  the  same  effect. 

“The  reason  is  this:  Algebra  is  a certain  science,  it  proceeds  from  unim- 
peachable axioms,  and  its  conclusions  are  logically  developed  from  them; 
it  has  its  own  special  difficulties,  but  they  are  not  those  of  weighing  in  the 
balance  conflicting  probable  evidence  which  requires  the  stronger  powers  o 
a maturer  mind.  It  is  possible  for  the  student  to  plant  each  step  nn  y e 
fore  proceeding  to  the  next,  nothing  is  left  hazy  or  in  doubt;  thus  it  streng  - 
ens  the  mind  and  enables  it  better  to  master  studies  of  a different  nature  that 
are  presented  to  it  later.  Mathematics  give  power,  vigor,  strength,  to  t e 
mind;  this  is  commonly  given  as  the  reason  for  studying  them.  I give  it  as 
the  reason  for  studying  Algebra  early,  that  is  to  say,  for  beginning  to  stu y 1 
early;  it  is  not  necessary,  it  is  not  even  possible,  to  finish  the  study  of  A ge- 
bra  before  commencing  another.  On  the  other  hand,  it  is  not  necessary  to  be 
always  teaching  Algebra;  what  we  have  to  do,  as  elementary  teachers,  is  o 
guide  our  pupils  to  learn  enough  to  leave  the  door  open  foi  fuitiei  piogiess, 
we  take  them  over  the  threshold,  but  not  into  the  innermost  sanctuary.  . 

“The  age  at  which  the  study  of  Algebra  should  begin  differs  in  eac  in- 
dividual case.  ...  It  must  be  rare  that  a child  younger  than  nine  years  of 
age  is  fit  to  begin;  and  although  the  subject,  like  most  others,  may  be  taken 
up  at  any  age,  there  is  no  superior  limit;  my  own  opinion  is,  that  it  would  be 
seldom  advisable  to  defer  the  commencement  to  later  than  twelve  years. 

This  opinion  has  been  quoted  not  for  indorsement,  but  rather  as  a o 
a teacher  and  a mathematician  of  such  prominence  as  to  command  respect. 
The  idea  is  quite  at  variance  with  the  American  custom  of  beginning  a 
about  the  age  of  fourteen  or  fifteen,  or  even  later,  and  it  raises  a serious 
question  as  to  the  wisdom  of  our  course.  Indeed,  not  only  is  the  question  o 
age  involved,  but  also  that  of  general  sequence.  Are  we  wise  m teaching 
arithmetic  for  eight  years,  dropping  it  and  taking  up  algebra,  drop,  ■ 3 
and  taking  up  geometry,  with  possibly  a brief  review  of  all  three  later,  at  the 


close  of  the  high  school  course?  A . ..  , , 

Fully  recognizing  the  folly  of  a dogmatic  statement  of  what  is  le  es 

course,  and  hence  desiring  to  avoid  any  such  statement,  the  author  does  no 
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hesitate  to  express  his  personal  conviction  that  the  present  plan  is  not  a 
wisely  considered  one.  He  feels  that  with  elementary  arithmetic  should  go, 
as  already  set  forth  in  Chapter  V,  the  simple  equation,13  and  also  metrical 
geometry  with  the  models  in  hand;  that  algebra  and  arithmetic  should  run 
side  by  side  during  the  eighth  and  ninth  years,  and  that  demonstrative  geom- 
etry should  run  side  by  side  with  the  latter  part  of  algebra.  One  of  the  best 
of  recent  series  of  text-books,  Holzmuller's,14  follows  this  general  plan,  and 
the  arrangement  has  abundant  justification  in  most  of  the  Continental  pro- 
grammes. It  is  so  scientifically  sound  that  it  must  soon  find  larger  accept- 
ance in  English  and  American  schools. 

Arrangement  of  text-books — As  related  to  the  subject  just  discussed, 
a word  is  in  place  concerning  the  arrangement  of  our  text-books.  It  is  proba- 
ble that  we  shall  long  continue  our  present  general  plan  of  having  a book 
on  arithmetic,  another  on  algebra,  and  still  another  on  geometry,  thus  crea- 
ting a mechanical  barrier  between  these  sciences.  We  shall  also,  doubtless, 
combine  in  each  book  the  theory  and  the  exercises  for  practice,  because  this 
is  the  English  and  American  custom,  giving  in  our  algebras  a few  pages  of 
theory  followed  by  a large  number  of  exercises.  The  Continental  plan,  how- 
ever, inclines  decidedly  toward  the  separation  of  the  book  of  exercises  from 
the  book  on  the  theory,  thus  allowing  frequent  changes  of  the  former.  It  is 
doubtful,  however,  if  the  plan  will  find  any  favor  in  America,  its  advantages 
being  outweighed  by  certain  undesirable  features.13  There  is,  perhaps,  more 
chance  for  the  adoption  of  the  plan  of  incorporating  the  necessary  arithmetic, 
algebra,  and  geometry  for  two  or  three  grades  into  a single  book,  a plan 
followed  by  Holzmiiller  with  much  success. 


13.  There  is  a good  article  upon  this  by  Oberlehrer  Dr.  M.  Schuster,  Die  Gleichung 
in  der  Schule,  in  Hoffmann’s  Zeitschrift.  XXIX.  Jahrg.  (1898),  p.  81. 

14.  Leipzig,  B.  G.  Teubner. 

15.  An  interesting  set  of  statistics  with  respect  to  German  text-books  is  given  by 
J.  W.  A.  Young  in  Hoffmann’s  Zeitschrift,  XXIX.  Jahrg.  (1898),  p.  410.  under  the  title, 
Zur  mathematischen  Lehrbucherfrage. 
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THE  TEACHING  OF  MATHEMATICS 

By  Professor  John  Perry.  M.E.,  D.Sc.,  LL.D.,  F.R.S. 

For  many  years  mathematicians  have  occasionally  denounced  our 
methods  of  teaching  mathematics  from  their  own  point  of  view.  I might 
quote  Professor  Sylvester,  Professor  De  Morgan,  and  many  others.  Some 
of  my  friends  who  are  interested  in  the  education  of  possible  mathematicians, 
and  others  like  myself  who  are  more  interested  in  the  education  of  the  aver- 
age citizen,  feel  that  we  ought  not  to  wait  longer  in  obtaining  from  such  an 
audience  as  is  here  present  an  authoritative  statement  on  this  subject. 

I beg  to  present  to  you  a specimen  syllabus  which  I have  recently  pre- 
pared for  training  colleges;  any  syllabus  following  more  orthodox  lines  may 
be  adopted  by  any  training  college,  but  as  a member  of  a departmental 
committee  which  has  recently  been  sitting,  I have  recommended  this  one. 

It  is  to  be  remembered  that  courses  of  instruction  adopted  in  training 
colleges  are  very  likely  to  be  adopted  in  primary  schools,  in  continuation 
schools,  and  in  many  secondary  schools.  I have  been  allowed  by  the  Science 
and  Art  Department  to  introduce  this  method  of  mathematical  teaching  in 
many  evening  science-schools  and  technical  colleges.  In  some  technical 
schools  the  usual  pure  mathematics  syllabus  has  already  been  discaided 
altogether  in  favour  of  the  new  one.  It  is  obvious,  therefore,  that  what  I am 
doing  may  have  far-reaching  consequences,  and  I beg,  gentlemen,  that  you 
who  represent  so  well  every  kind  of  authority  on  this  subject  will  give  me 
the  benefit  of  your  severest  criticism  and  advice. 

This  is  not  to  be  a mere  academic  discussion.  Anybody  who  thinks  that 
I am  making  a mistake,  or  who  sees  how  my  method  may  be  improved  and 
who  holds  his  tongue,  is  doing  a real  harm  to  the  country.  In  a few  years 
this  new  system  will  have  become  to  some  extent  crystallised,  and  it  will 
not  then  be  so  easy  as  it  is  now  to  get  changes  made  in  it;  it  will  be  a veiy 
difficult  thing  indeed  to  get  it  discarded  altogether.  I have  shown  that  I 
recognise  the  greatness  of  my  responsibility,  but  I hope  that  you  will  see 
that  you  have  a duty  to  perform. 

I have  taught  mathematics  and  applied  science  or  engineering  to  almost 
every  kind  of  boy  or  man.  I have  had  my  present  notions  almost  as  far 
back  as  thirty  years  ago.  When  I was  young  I felt  diffident:  now  I have  lost 
most  of  that  feeling,  because  all  my  experience  has  confirmed  my  opinions 
and  has  shown  me  that  many  other  teachers  have  the  same  views  as  myself. 
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I am  about  to  say  again  to  you  what  I said  in  1880,  in  a paper  read 
before  the  Society  of  Arts,  and  what  I have  said  many  times  since  then.  If 
I could  think  that  you  had  read  the  book  containing  some  of  my  papers, 
of  which  I have  sent  a copy  to  almost  all  of  you,  it  would  not  be  necessary 
for  me  to  say  much  now. 

In  presenting  the  syllabus,  I want  it  to  be  clearly  understood  that  I 
recommend  this  method,  not  only  for  classes  of  engineer  apprentices,  not 
only  for  children  in  Board  schools,  not  only  for  the  average  British  boy,  but 
for  the  boys  of  very  acute  intellect  who  form  less  than  one  per  cent,  of  the 
higher-class  population,  as  well  as  for  the  few  boys — say  one  in  ten  millions 
— who  are  likely  to  become  great  mathematicians. 

I have  said  that  it  is  usefulness  which  must  determine  what  subjects 
ought  to  be  taught  to  children  and  in  what  ways,  and  as  I have  been  blamed 
for  this,  I should  like  to  say  something  about  the  utility  of  the  study  of 
mathematics. 

Although  we  can  understand  the  old  mark-time”  philosophers,  who 
loved  to  plough  the  sand  for  the  thousandth  time  and  never  reaped  any 
harvest,  saying  with  Seneca,  "Invention  of  useful  things  is  drudgery  for  the 
lowest  slaves,”  surely  it  can  only  be  affectation  in  a mathematician  of  the 
twentieth  century  to  echo,  "It  is  an  affront  to  geometry  to  say  that  it  led 
to  the  principle  of  the  arch,”  or  "the  sole  function  of  astronomy  is  to  assist 
in  raising  the  mind  to  the  contemplation  of  things  which  are  to  be  perceived 
by  the  pure  intellect  alone.”  In  truth,  the  pure  mathematician  is  just  like  the 
rest  of  us.  People  outside  any  study  are  apt  to  think  the  student  foolish  if 
his  results  are  not  useful  to  outsiders.  The  student,  irritated  that  an  ignorant 
outsider  should  apply  a stupid  standard  to  his  work,  is  tempted  to  say  that 
in  so  far  as  he  is  useful  to  outsiders  he  is  hateful  to  himself.  But  this  is 
temporary  irritation.  The  pure  mathematician  is  pleased  when  his  dis- 
coveries are  of  use  to  the  physicist.  The  physicist  is  pleased  when  his  dis- 
coveries are  of  use  to  the  engineer.  And,  whether  they  like  it  or  not,  it  is 
true  that  the  engineer  does  often  suggest  new  departures  in  physics  and 
the  physicist  does  often  suggest  new  departures  to  the  pure  mathematician. 

What  a-  affectation  it  is  for  a student  to  say  that  his  study  is  useless! 
The  pursuit  of  pure  knowledge  for  its  own  sake  is  one  of  the  noblest  occu- 
pations. But  why?  Surely  because  of  its  many-sided  .usefulness,  one  side 
being  its  development  of  the  mental  power  and  soul,  and  indeed  one  may 
say  the  emotions  of  the  student.  And  because  a worker  in  some,  quite  dif- 
ferent branch  of  science  greatly  ignorant  of  the  first  branch  gets  from  a 
discovery  in  the  first  branch  an  idea  which  helps  him  in  his  own  work,  surely, 
surely 

“ Nothing  is  here  for  tears,  nothing  to  wail 
Or  knock  the  breast.  . . 
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Let  not,  then,  the  pure  mathematician  be  angry  with  me  if  I,  an  outsider, 
hold  the  view  that  my  study  is  nobler  than  his.  Let  him  keep  to  his  ideals; 
but  to  me  the  pure  mathematician  is  great  because  he  has  helped  me  so 
much  in  which  I consider  important  things.  The  politician  has  his  ideals,  and 
so  has  the  financier;  but  to  me  their  value  consists  in  what  they  have  done 
to  help  forward  what  seem  to  me  important  things.  What  we  want  is  a great 
Toleration  Act  which  will  allow  us  all  to  pursue  our  own  ideals,  taking 
each  from  the  other  what  he  can  in  the  way  of  mental  help.  We  do  not  want 
to  interfere  with  the  students  of  pure  mathematics,  men  whose  peculiar 
mental  processes  are  suited  to  these  studies,  men  whose  labours  cannot  be 
spared  from  the  world’s  service.  We  believe  that,  the  more  they  hold  them- 
selves in  their  studies  as  a race  of  demigods  apart,  the  better  it  may  be  for 
the  world.  They  are  pursuing  a branch  of  science  for  its  own  sake,  and 
doing  it  all  the  better  for  the  belief  they  hold  that  pure  mathematics  ought 
to  be  studied  with  no  view  to  its  application.  But  all  the  same  I hold  that 
the  study  began  because  it  was  useful,  it  continues  because  it  is  useful,  and 
it  is  valuable  to  the  world  because  of  the  usefulness  of  its  results.  The  pure 
mathematician  must  allow  me  to  go  on  thinking  that,  if  his  discoveries  were 
not  being  utilised  continually,  his  study  would  long  ago  have  degenerated 
into  something  like  what  the  Aristotelian  dialectic  became  in  the  fourteenth 
century. 

I belong  to  a great  body  of  men  who  apply  the  principles  of  mathematics 
in  physical  science  and  engineering;  I belong  to  the  very  much  greater  body 
of  men  who  may  be  called  persons  of  average  intelligence.  In  each  of  these 
capacities  I need  mental  training  and  also  mathematical  knowledge.  The 
mathematician  says  that  he  wants  to  have  nothing  to  do  with  us;  but  it  is 
too  late  to  say  this  sort  of  thing.  It  is  he  who  has  fixed  how  his  subject  shall 
be  taught  to  us  in  schools,  and  he  provides  us  with  teachers  of  it.  We  pay 
these  teachers  to  give  us  something  that  will  be  useful  in  our  education  and 
useful  to  us  in  life,  useful  to  us  in  understanding  our  position  in  the  universe. 
Surely  we  have  a right  to  ask  the  mathematicians  to  look  at  this  matter 
from  our  point  of  view,  and  to  ask  if  it  is  not  possible  to  help  us  without 
hurting  themselves  and  their  study.  Without  the  help  of  the  mathema- 
ticians I feel  that  it  is  almost  impossible  to  get  the  teachers  of  mathematics 
to  give  us  instruction  of  a useful  kind. 

I have  hurriedly  put  together  what  strike  me  as  obvious  forms  of  use- 
fulness in  the  study  of  mathematics. 

(1)  In  producing  the  higher  emotions  and  giving  mental  pleasure.  Hith- 
erto neglected  in  teaching  almost  all  boys. 

(2)  a In  brain  development,  b.  In  producing  logical  ways  of  thinking. 
Hitherto  neglected  in  teaching  most  boys. 

(3)  In  the  aid  given  by  mathematical  weapons  in  the  study  of  physical 
science.  Hitherto  neglected  in  teaching  almost  all  boys. 
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(4)  In  passing  examinations.  The  only  form  that  has  not  been  neglected. 
The  only  form  really  recognised  by  teachers. 

(5)  In  giving  men  mental  tools  as  easy  to  use  as  their  legs  or  arms; 
enabling  them  to  go  on  with  their  education  (development  of  their  souls  and 
brains)  throughout  their  lives,  utilising  for  this  purpose  all  their  experience. 
This  is  exactly  analogous  with  the  power  to  educate  one’s  self  through  the 
fondness  for  reading. 

(6)  Perhaps  included  in  (5) : in  teaching  a man  the  importance  of  think- 
ing things  out  for  himself  and  so  delivering  him  from  the  present  dreadful 

■ yoke  of  authority,  and  convincing  him  that,  whether  he  obeys  or  commands 

others,,  he  is  one  of  the  highest  of  beings.  This  is  usually  left  to  other  than 
mathematical  studies. 

(7)  In  making  men  in  any  profession  of  applied  science  feel  that  they 

f know  the  principles  on  which  it  is  founded  and  according  to  which  it  is 

being  developed. 

(8)  In  giving  to  acute  philosophical  minds  a logical  counsel  of  perfection 

| altogether  charming  and  satisfying,  and  so  preventing  their  attempting  to 

develop  any  philosophical  subject  from  the  purely  abstract  point  of  view, 
because  the  absurdity  of  such  an  attempt  has  become  obvious. 

I believe  that  all  these  functions  would  be  performed  well  under  the  new 
system  which  is  suggested.  At  present,  with  the  exception  of  (4),  which  is 
* not  particularly  nice,  in  the  performance  of  these  functions  mathematics 

affects  less  than  one  per  cent,  of  the  boys  who  are  supposed  to  study  it.  I 
: am  aware  that  it  is  the  taunt  of  some  mathematical  teachers  that  they  are 

the  caretakers  of  a useless  and  worshipful  holy  of  holies,  but  I would  have 
them  consider  if  they  have  ever  themselves  been  anywhere  but  in  the  outer 
; courts  of  the  temple  where  the  shrines  are  tawdry  and  the  traffic  in  sacrificial 

\ animals  is  nauseous.  With  the  great  leaders  of  mathematical  thought  here 

present  I thought  I could  have  no  quarrel.  I hope  that  they  will  agree  with 
me  when  they  understand  my  scheme.  I know  that  I have  the  sympathy  of 
many  of  them,  and  that  they  will  forgive  what  might  seem  to  some  people 
my  impudence  in  speaking  about  mathematics  before  them.  The  very  severe 
remarks  of  the  President  of  Section  A have  been  reported  at  full  length  in 
t the  newspapers.  I am  sorry  to  think  that  I have  had  so  little  success  in 

I explaining  my  proposed  reform.  I am  inclined  to  think  that,  when  I have 

explained  it,  he  will  really  approve  of  what  he  seems  now  to  condemn.  He 
used  a very  happy  illustration  of  the  delights  of  the  specialist  in  pure  mathe- 
matics— that  waterfall  in  Labrador,  finer  than  Niagara,  which  had  only  been 
seen  by  nine  white  men;  and  I thought  there  was  more  than  a little  selfish- 
ness in  his  taking  that  view  of  matters.  Using  the  illustration  in  explaining 
my  reform,  may  I say  that  by  building  a railway  in  Labrador,  by  making 

■ bridges  and  paths,  and  hanging  wire  ropes,  and  cutting  steps,  I hope  to 

1 throw  that  beautiful  scene  of  which  he  spoke  open  to  the  gaze  of  many  thou- 
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sands  of  people.  Surely  he  will  see  that  it  was  not  created  for  the  enjoyment 
of  nine  men,  however  white.  And  I am  afraid,  very  much  afraid,  that,  in 
spite  of  him,  engineers  will  proceed  to  utilise  the  power  of  that  waterfall. 

Fifty  years  ago  it  was  thought  right  to  teach  physics  and  chemistry  to 
all  men  in  the  same  way;  as  if  all  men  were  to  be  physicists  or  chemists.  The 
great  growth  of  these  subjects  made  a change  necessary,  and  the  newness  of 
the  studies  made  a change  possible.  For  the  same  reasons  I would  teach 
mathematics,  at  all  events  advanced  mathematics,  in  quite  different  ways 
to  different  students.  In  any  case,  I feel  sure  that  our  system  of  teaching 
boys  elementary  mathematics  as  if  they  were  all  going  to  be  pure  mathe- 
maticians must  be  altered.  Perhaps  the  mathematicians  will  forgive  my 
impertinence  in  saying  that  even  for  the  boy  who  is  likely  to  become  a great 
mathematician  I advocate  improved  methods  of  teaching:  I say  that  the  old 
Alexandrian  method  is  bad.  It  is  immensely  important  that  if  any  one 
method  of  elementary  teaching  be  generally  adopted  it  shall  not  be  hurtful 
to  the  one  boy  in  a thousand  who  is  fond  of  abstract  reasoning,  but  it  is  just 
as  important  that  the  average  boy  shall  not  be  hurt.  In  the  heroic  times 
every  traveller  w'as  asked  an  enigma;  if  he  did  not  answer  he  was  killed  with 
torments;  if  he  answered,  he  was  declared  a demigod  and  given  to  rule  over 
nations.  In  those  times  it  was  thought  good  to  sacrifice  myriads  of  people 
for  the  purpose  of  finding  the  one  demigod. 

So  now  we  teach  all  boys  what  is  called  mathematical  philosophy,  that 
we  may  catch  in  our  net  the  one  demigod,  the  one  pure  mathematician,  and 
we  do  our  best  to  ruin  all  the  others.  It  is  Nature’s  way  with  fishes:  10,000 
herrings  spawned  for  one  survivor;  10,000  salmon  eggs  for  one  marketable 
fish;  10,000  Toms,  Dicks,  and  Harrys  mentally  destroyed  for  the  sake  of 
producing  one  man  fit  to  b6  a mathematical  master  of  a second-rate  public 
school;  10  million  destroyed  for  the  sake  of  producing  one  great  mathema- 
tician. 

But  I would  like  to  point  out  that  ours  is  an  altogether  foolish  way  of 
producing  the  mathematical  master  also.  To  the  age  of  twenty-four  one  may 
say  that  the  very  brightest  mathematical  minds  of  the  world  are  being 
trained  on  problems  about  which  there  is  nothing  new,  in  the  study  of  which 
there  is  absolutely  no  chance  of  a new  discovery.  The  apparatus  of  this 
gymnasium  of  ours  differs  very  little  now  from  what  it  was  thirty  or  fifty 
or  eighty  years  ago.  One  cannot  help  referring  to  the  similar  state  of  things 
in  regard  to  the  scholastic  philosophy.  Roscelin,  Anselm,  Abelard,  Peter 
Lombard,  Albertus  Magnus,  Thomas  Aquinas,  Duns  Scotus,  Ockham,  were 
the  mental  giants  of  their  own  time;  they  were  men  of  the  most  acute  and 
profound  understanding.  And  the  pupils  of  all  their  followers  traversed  the 
Aristotelian  ground  in  exactly  the  same  way,  one  generation  after  another. 
No  advance  made  by  a master  was  utilised  in  teaching  his  pupil.  John  of 
Salisbury  observed  of  the  Paris  dialecticians  of  his  own  time  that  after  sev- 
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eral  years’  absence  he  found  them  not  a step  advanced  and  still  employed 
m urging  and  parrying  the  same  arguments.  Bring  up  students  to  the  age 
wen  y-  our  in  such  a system,  and  how  few  of  them  will  show  that  they 

Tk  Su- 0U  °f  e,Ver  after'  Let  a ytiUng  mathematician  know  that  all  his 
difficulties  were  solved  long  ago;  that  almost  no  old  mathematical  man  he 

leets  ever  mages  a new  discovery,  nor  wants  to  make  one,  and  you  give 
him  the  mental  attitude  of  the  Schoolmen.  6 

. Con“d“  the  realIy  clever  mathematical  men  whose  academic  education 
is  completed  in  any  particular  year.  Shall  we  say  that  one  of  them  becomes 
lathematraan?  that  is,  a man  who  extends  the  boundary  of  mathematical 
owledge.  And  what  of  the  others,  of  those  whose  education  has  ceased? 

, lm ; you  ‘™st  aJl™lt  that  lf  they  do  not  utilise  their  mathematical  knowl- 
ge  in  the  study  of  physical  science,  their  mathematical  horizon  gets  smaller 
anc  sma  er  From  the  mathematical  point  of  view  they  become  vegetables 

TlTnnne  eVe”  ^ the  Greek  acholars  of  Constantinople  during  the  dry- 

devi  fo!  mnT  Pen°d’ ,when  ‘he  world  ™ handed  over  to  the  scholastic 
devil  foi  1000  years.  The  students  in  Constantinople  really  read  and  copied 

manuscripts  and  took  an  interest  in  learning,  but  the  ordinary  mathematical 

man,  as  lie  vegetates,  seems  to  take  no  interest  in  mathematics,  and  never 

opens  a mathematical  book  except  to  keep  him  right  when  he  is  drilling  the 

young  recruit  Observe  that  I say  nothing  about  him  as  a citizen,  as  an 

authority  on  the  training  of  the  mind,  as  a centre  of  intellectual  light  for 

the  people  among  whom  he  dwells;  I speak  of  him  as  a mathematician 
in  0i6i  y , 

Now  in  my  experience  there  is  hardly  any  man  who  may  not  become  a 
discoverer,  an  advancer  of  knowledge,  and  the  earlier  the  age  at  which  you 
give  him  chances  of  exercising  his  individuality  the  better.  Put  him  in  com- 
mand of  all  existing  knowledge  as  quickly  as  possible,  and  while  doing  it 
et  him  know  that  he  also  has  the  marshal’s  baton  in  his  knapsack.  Let  him 
mow  that  he  is  expected  to  be  making  discoveries  all  the  time;  not  merely 
that  the  best  established  law  is  not  complete,  but  that  in  the  very  simplest 
imgs  it  is  not  so  much  what  he  is  told  by  a teacher,  but  what  he  discovers 
oi  himself,  that  is  of  real  value  to  him,  that  becomes  permanently  part  of 
his  mental  machinery.  Educate  through  the  experience  already  possessed 
by  a boy ; look  at  things  from  his  point  of  view-that  is,  lead  him  to  educate 
himself.  I feel  that  throughout  one’s  whole  mathematical  course  it  is  im- 
portant to  teach  a student  through  his  own  experiments,  through  concrete 
examples  worked  out  by  him.  Even  good  mathematical  teachers  hate  to 
see  their  students  ‘‘wasting  time,”  as  they  call  it,  in  actually  plotting  lines 
o orce  or  stream  lines  after  the  algebraic  academic  answer  has  been  arrived 
a . ley  would  probably  call  it  waste  of  time  to  caulk  the  joints  of  plates 
m a ship.  W ithout  this  kind  of  illustration  I feel  sure  that  the  whole  study 

1.  In  a corrected  proof  this  word  all  won’t  have  been  altered  to  much  essential 
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is  useless  except  for  one  man  in  a thousand.  I am  here  speaking  of  advanced 
work.  But  even  in  elementary  work  a student  ought  to  be  induced  to  apply 
his  mathematics  to  problems  in  his  own  experience. 

When  I was  an  apprentice  I knew  some  trigonometry,  much  more  alge- 
bra, and  I Was  an  adept  in  geometry.  I wanted  to  know  engineering  theory, 
and  the  only  two  books  available  contained  unknown  mathematical  symbols. 
Other  boys  might  sigh  for  other  luxuries,  but  to  me  the  one  thing  wanting 
was  a knowledge  of 


Looking  back,  I seem  to  have  panted  for  a knowledge  of  the  use  of  these 
symbols  for  years.  There  was  nobody  to  give  me  advice:  I knew  many 
clever  engineers,  but  they  could  not  help  me.  At  length  I had  an  opportunity 
of  getting  this  knowledge.  Now  I was  as  well  prepared  as  my  fellow  stu- 
dents, and  yet  somehow  I lagged  behind  in  exercise  work.  They  dashed 
easily  through  twenty  examples  at  the  end  of  a chapter;  to  me  every  ex- 
ample was  a labour,  an  interesting  labour;  but  truly  a difficult  job.  And  all 
through  that  college  session  I was  filled  with  a sense  of  my  stupidity;  satis- 
fied with  my  progress  in  itself,  but  utterly  dissatisfied  when  I compared 
myself  with  the  others. 

Now  I know  wherein  the  difference  consisted.  I was  really  using  the 
idea  of  the  calculus  in  all  sorts  of  problems  outside  the  academic  ones;  mak- 
ing them  part  of  my  mental  machinery.  They  had  the  knack  (their  previous 
training  had  all  been  in  the  direction  of  giving  them  this  knack)  of  rapidly 
picking  up  just  such  instruction  as  enabled  them  to  do  the  examples,  and 
for  them  there  was  nothing  else. 

If  I had  time  I could  illustrate  my  meaning  in  many  ways.  From  my 
observation  of  men  and  boys  I am  inclined  to  think  that  my  way  of  taking 
up  a study  is  the  common  way,  the  natural  way,  and  that  the  schoolmasters 
destroy  it  and  replace  it  by  something  that  conduces  to  mere  learning. 

In  this  connection  it  is  worth  remarking  that  if  a student  has  been  learn- 
ing and  not  discovering,  when  at  length  as  a man  he  is  so  exceptional  as  not 
to  have  become  stale  and  he  does  make  a discovery,  he  thinks  too  much  of 
this  child  of  his  old  age;  he  squabbles  in  the  most  vulgar  manner  for  priority 
of  discovery.  If  he  had  been  discovering  things  all  his  life  he  would  let 
anybody  claim  priority  who  cared  to  do  so.  The  fame  of  having  made  a 
discovery  would  be  no  great  reward  for  a man  from  whom  an  inward  glow 
of  pioneering  satisfaction  had  never  been  absent  since  he  began  his  studies. 

I do  not  care  here  to  dwell  on  the  fact  that,  if  a student  has  been  increas- 
ing his  learning  all  his  life,  he  will  make  too  much  of  the  importance  of  mere 
learning. 

The  unpractical  character  of  mathematical  teaching  causes  mathematical 


227 


Emergence  of  National  Organizations  as  a Force  (1891-1919) 


men  to  leave  common-sense  out  of  all  teaching.  Good  illustrations  of  this 
come  from  Germany,  France,  and  Switzerland.  An  engineer  needs  a knowl- 
edge of  graphical  statics.  A good  practical  course  of  a few  weeks  will  give 
him  such  a thorough  grasp  of  the  general  principle  as  will  enable  him — 
depending  on  his  own  common-sense — to  do  almost  anything.  It  is  quite 
usual  in  some  polytechnics  to  give  an  elaborate  course  of  many  months, 
sometimes  of  a year ; every  problem  ever  worked  by  anybody  must  be  done 
by  every  student.  Every  solution  of  nearly  every  problem  has  got  tacked 
on  to  it  the  name  of  the  professor  who  did  it.  It  is  the  same  with  descriptive 
geometry  and  other  branches  of  graphical  mathematics.  The  average  stu- 
dent properly  taught  during  a few  weeks  is  really  a master  of  each  of  these 
subjects,  whereas  the  student  who  has  had  an  elaborate  course  retains  no 
initiative  and  can  attack  no  new  problem.  If  time  allowed  I could  state 
some  amusing  illustrations  of  this. 

It  is  this  want  of  common-sense  which  makes  the  usual  school  and  poly- 
technic and  university  courses  in  applied  science  so  elaborate.  I have  here 
an  advertisement,  covering  the  last  large  page  of  a daily  paper,  of  all  the 
courses  in  a certain  foreign  polytechnic.  To  prepare  to  enter,  I may  say  that 
a boy  must  work  very  hard  indeed  till  he  is  nineteen  years  of  age.  It  is  not 
at  all  unusual  to  find  that  at  eighteen  a boy  has  to  stop  working  for  a year 
because  his  health  has  broken  down.  I know  that  it  is  usual  to  find  these 
boys  ignorant  of  anything  even  slightly  outside  their  school  course. 

A spiritless  boy  of  nineteen,  with  rounded  shoulders,  tells  you  that  he 
has  done  much  science,  and  all  algebra,  and  all  trigonometry,  and  you  feel 
proud  that  English  boys  stolidly  refuse,  in  spite  of  all  punishment,  in  spite 
of  being  called  dunces,  to  become  such  products  of  academic  machinery. 

This  polytechnic  syllabus  is  well  worth  study.  It  begins  with  the  stupe- 
fied boy  of  nineteen,  and  it  gives  him  four  years  of  pure  and  applied  mathe- 
matics of  all  kinds,  and  after  a practical  course  he  is  a finished  civil,  or 
mechanical,  or  electrical,  or  some  other  kind  of  engineer  or  architect. 

Now  I am  an  advocate  of  technical  education  as  it  is  given  in  a few 
places  in  England,  and  as  I hope  that  it  will  be  given  in  many  places  when 
boys  come  to  be  properly  prepared  from  school;  but  I solemnly  affirm  that 
an  English  boy  with  the  usual  ignorance  of  mathematics  and  physical 
science  when  leaving  school,  pitchforked  into  a workshop  where  nobody 
thinks  it  his  duty  to  give  him  instruction;  ignorant  of  theory  all  his  life, 
getting  no  scientific  education  whatsoever,  cannot  be  a much  worse  engi- 
neer than  the  product  of  such  a polytechnic  ?.3  this.2  Can  these  students 

2.  I have  taught  and  examined  every  kind  of  boy  and  man;  I have  worked  with  men 
in  the  shops  as  one  of  themselves;  I have  been  a manager  of  works  and  an  employer  of 
labour;  I have  had  long  experience  of  the  ways  of  all  kinds  of  manufacturers  and 
engineers.  In  spite  of  enormous  loss  continually  going  on  through  the  ignorance  of 
English-speaking  engineers  (I  know  of  most  dreadful  examples),  the  great  majority  of 
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ever  get  back  their  birthright  that  they  have  fooled  away?  Workshop  ex- 
perience, contact  with  workmen  and  nature,  must  give  them  some  common- 
sense,  but  it  is  difficult  to  see  how  they  can  ever  get  to  think  for  themselves, 
to  act  without  explicit  orders.  Can  they  ever  invent?  Can  they  ever  become 
free  men?  I have  seen  them  trying  to  become  men  by  sedulously  neglecting, 
forgetting,  and  contemning  all  the  learning  of  their  polytechnic. . 

On  a very  much  smaller  scale  one  may  see  the  same  thing  in  English 
Naval,  and  Artillery,  and  Royal  Engineer  officers.  Every  one  of  them  will 
tell  you  that  in  general  intelligence  he  must  have  greatly  benefited  by  his 
mathematical  training,  although  he  may  be  unable  to  do  any  mathematical 
work,  having  forgotten  everything  that  he  ever  learnt.  He  has  the  sort  o 
respect  for  science  that  a famous  ruffian  of  Charles  the  Second’s  time  had 
for  religion,  who  stated  that  he  always  saluted  a church  by  uncovering  his 

head  to  it.  . 

All  advocates  of  orthodox  methods  (keeping  the  examination  form  m 

the  background)  seem  willing  to  sacrifice  every  form  of  usefulness  of  mathe- 
matics to  one  form,  the  emotional  or  soul-preserving  mind-training  inherent 
in  a perfect  logical  system;  a huge  complex  deduced  logically  from  simple 
fundamental  truths.  It  would  take  me  too  long  if  I were  to  dilate  upon  the 
fact  that  it  is  time  to  cease  talking  of  certain  things  as  being  fundamental 
truths,  and  that  all  logical  deductions  from  them  must  be  correct.  Unless 
I gave  my  reasons  at  considerable  length,  I might  earn  a character  for  flip- 
pancy, for  sneering  at  one  of  the  most  wonderful  and  soundest  structures 
built  up  by  human  beings  out  of  mental  chaos.  But  I have  the  right  to 
exclaim  against  a worship  of  the  structure  which  prevents  its  being  pre- 
served, enlarged,  embellished,  and  made  use  of. 

As  soon  as  we  give  up  the  idea  of  absolute  correctness  we  see  that  a per- 
fectly new  departure  may  be  made  in  the  study  of  mathematics.  The  an- 
cients devoted  a lifetime  to  the  study  of  arithmetic , it  required  days  to 
extract  a square  root  or  to  multiply  two  numbers  together.  Is  there  any 
great  harm  in  skipping  all  that,  in  letting  a schoolboy  learn  multiplication 
sums,  and  in  starting  his  more  abstract  reasoning  at  a more  advanced  point. 
Where  would  be  the  harm  in  letting  a boy  assume  the  truth  of  many  propo- 


English-speaking  employers  of  engineers  believe  the  unscientific  English  engineer  to  be 
preferable  to  the  'finished  polytechnic  engineer.  As  an  employer  I myself  used  to  feel 
very  undecided.  Now,  if  there  is  even  an  approach  to  equality  of  value,  see  what  a 
serious  reproach  there  is  upon  the  new  system.  Imagine  polytechnic  authority  insisting 
on  the  learning  of  every  detail  of  an  elaborate  life-course  of  study  when  not  the  smallest 
part  of  it  is  known  to  English  engineers  of  practically  the  same  actual  \ alue.  I know  b> 
actual  trial  that  with  a,  quarter  of  the  German  fag  we  can  give  to  the  a^e™?e ^tlfl 
Englishman  such  a knowledge  of  scientific  principles  that  they  become  part  of  his  menta 
machinery,  and  he  can  no  more  forget  them,  or  how  to  apply  them  than  he  can  foig 
how  to  read  or  write.  Surely  I may  be  forgiven  if  I urge  strongly  the  enormous  impoi- 
t.ance  of  the  reform  which  I advocate. 


229 


Emergence  of  National  Organizations  as  a Force  (1891  1919) 

sitions  of  the  first  four  books  of  Euclid,  letting  him  accept  their  truth  partly 
by  faith,  partly  by  trial?  Giving  him  the  whole  fifth  book  of  Euclid  by 
simple  algebra?  Letting  him  assume  the  sixth  book  to  be  axiomatic  Let- 
ting him,  in  fact,  begin  his  severer  studies  where  he  is  now  m the  habit  ot 
leaving  off?  We  do  much  less  orthodox  things.  Every  here  and  there  m 
one’s  mathematical  studies  one  makes  exceedingly  large  assumptions,  be- 
cause the  methodical  .study  would  be  ridiculous  even  in  the  eyes  of  the  mos 
pedantic  of  teachers.  I can  imagine  a whole  year  devoted  to  the  philosophi- 
cal study  of  many  things  that  a student  now  takes  in  his  stride  without 
trouble.  The  present  method  of  training  the  mind  of  a mathematical  teacher 
causes  it  to  strain  at  gnats  and  to  swallow  camels.  Such  gnats  are  most  of 
the  propositions  of  the  sixth  book  of  Euclid;  propositions  generally  a ou 
incommensurables ; the  use  of  arithmetic  in  geometry;  the  parallelogram 
of  forces,  &c.;  decimals.  The  camels  I do  not  care  to  mention,  because  I am 
in  favour  of  their  being  swallowed,  and  indeed  I should  like  to  see  them 
greatly  increased  in  number:  they  exist  in  the  simplest  arithmetic,  and 
geometry,  and  algebra.  Why  not  put  aside  ever  so  much  more,  so  as  to  let 
a young  boy  get  quickly  to  the  solution  of  partial  differential  equations  and 
other  useful  parts  of  mathematics  that  only  a few  men  now  ever  reach. 

I have  no  right  to  dictate  in  these  matters  to  the  pure  mathematicians.  Ihey 
may  see  more  clearly  than  I do  the  necessity  for  a great  mathematician 
going  through  the  whole  grind  in  the  orthodox  way;  but,  if  so,  I hardly  see 
their  position  in  regam  +o  arithmetic  and  other  things  in  the  study  of  which 
they  do  allow  skipping.  I should  have  thought  that  the  advantage  of  know- 
ing how  to  use  spherical  harmonics  or  Bessel  functions  at  the  age  o seven- 
teen  so  as  to  be  able  to  start  in  mathematics  at  Cambridge  just  about  the 
place  where  some  of  the  best  mathematical  men  now  end  their  studies  or 
ever  of  starting  at  this  high  level  with  youthful  enthusiasm,  and  individu- 
ality, and  inventiveness,  would  more  than  compensate  for  the  evils  of  skip- 

Pmi  might  have  put  all  this  in  the  following  briefer  form.  Great  fields  of 
thought  are  now  open  which  were  unknown  to  the  Alexandrian  philosophers. 
If  we  begin  our  study  as  the  Alexandrian  philosophers  did,  wit  li  eir  simp 
lest  ideas  in  arithmetic  and  geometry,  we  shall  get  stale  before  we  know 
much  more  than  they  did.  If  we  begin  assuming  more  complex  things  to  be 
true  (although  I do  not  like  to  assume  that  in  truth  any  idea  is  more  com- 
plex than  another),  as  we  have  done  in  arithmetic,  as  we  ought  to  o m 
other  parts  of  mathematics,  without  becoming  stale  we  may  know  of  all  the 
modern  discoveries.  We  shall  thus  get  the  same  intellectual  training  with 

more  knowledge.  . . 

I have  been  speaking  of  the  training  of  the  mathematician,  and  I may 
be  wrong;  but,  as  to  the  educational  training  of  the  man  who  is  to  use  his 
mathematics  in  the  study  of  pure  and  applied  physical  science,  I have  no 


230 


Perry  / “ The  Teaching  of  Mathematics” 


doubt  whatever  of  the  importance  of  skipping  greatly  in  all  early  mathe- 
matical work. 

In  these  clays  all  men  ought  to  study  Natural  Science.  Such  study  is 
practically  impossible  without  a knowledge  of  higher  mathematical  methods 
than  that  of  the  mere  housekeeper.  It  must  be  more  than  what  is  called 
“knowledge”;  it  must  be  mental  dexterity,  and  it  must  be  kept  m constant 
practice  if  it  is  not  to  become  rusty,  and  if  men  are  to  remain  unafraid  of 
mathematics.  As  examples  of  methods  necessary  even  in  the  most  elementary 
study  of  nature  I may  mention: — the  use  of  logarithms  in  computation; 
knowledge  of  and  power  to  manipulate  algebraic  formula;  the  use  of  squared 
paper;  the  methods  of  the  calculus.  Dexterity  in  all  these  is  easily  learnt  by 
all  young  boys.  In  such  practice  their  brain  power-  develops  quite  rapidly, 
and  they  learn  with  pleasure.  I feel  sure  that  such  dexterity  cannot  hinder, 
and  can  only  further  the  mathematical  study  of  the  exceptionally  clever 

student. 

For  an  advanced  study  of  natural  phenomena  we  need  the  results  of  the 
best  study  of  the  greatest  mathematicians.3  To  me,  mathematics  is  a powcr- 


3.  I believe  that  the  useful  methods  of  mathematics  are  easily  to  be  learnt  by  quite 
young  persons,  just  as  languages  are  easily  learnt  in  youth.  What  a wondious  phi  osopij 
and  history  underlie  the  use  of  almost  every  word  in  every  language  yet  a c n eains 
to  use  the  word  unconsciously.  No  doubt  when  such  a word  was  first  invented  it  was 
studied  over  and  lectured  upon,  just  as  one  might  lecture  now  upon  the  idea  of  a ra  e, 
or  the  use  of  Cartesian  co-ordinates,  and  we  may  depend  upon  it  that  children  ot  the 
future  will  use  the  idea  of  the  calculus,  and  use  squared  paper  as  readily  as  they  now 
cipher.  As  I said  at  the  Society  of  Arts,  in  1880:-“ When  Egyptian  and  Chaldean 
philosophers  spent  years  in  difficult  calculations,  which  would  now  be  thought  easy  by 
young  children,  doubtless  they  had  the  same  notions  of  the  depth  of  their  knowledge 
that  Sir  Wm.  Thomson  might  now  have  of  his.  How  is  it,  then,  that  Thomson  has  gained 
his  immense  knowledge  in  the  time  taken  by  a Chaldean  philosophei  to  acqune  a 
simple  knowledge  of  arithmetic?  The  reason  is  plain.  Thomson,  when  a child  was 
taught  in  a few  years  more  than  all  that  was  known  three  thousand  years  ago  of  the 
properties  of  numbers.  When  it  is  found  essential  to  a boy’s  future  that  machinery 
should  be  given  to  his  brain,  it  is  given  to  him;  he  is  taught  to  use  it  and  his  bright 
memory  makes  the  use  of  it  a second  nature  to  him;  but  it  is  not  till  a ei- 1 e ia 
he  makes  a close  investigation  of  what  there  actually  is  in  his  brain  which  has  enabled 
him  to  do  so  much.  It  is  taken  in  because  a child  has  much  faith.  In  after  years  he 
will  accept  nothing  without  careful  consideration.  The  machinery  given  to  the  biains 
of  children  is  getting  more  and  more  complicated  as  time  goes  on;  but  there  is  really 
no  reason  why  it  should  not  be  taken  in  as  early,  and  used  as  readily,  as  were  e 
axioms  of  childish  education  in  ancient  Chaldea.  A watch  is  a complicated  piece  o 
mechanism,  which  it  has  taken  the  thought  of  all  the  ages  to  elaborate,  but  the  smallest 
boy  can  make  it  useful  to  himself.  In  a recent  number  of  Macmillans  Magazine  theie 
is  a paper  by  the  late  Professor  Clifford,  on  ‘Boundaries.’  It  directs  attention  to  some 
of  the  simplest  mathematical  ideas.  I felt,  when  reading  it,  that  nobody  could  take  a 
greater  interest  in  it  than  a mathematician  who  had  long  used  those  ideas.  The  notion 
of  a boundary  had  long  been  simple  to  him,  and  useful,  like  his  watch  to  a boy;  but 
one  day  he  looks  into  its  mechanism,  and  without  it  becoming  less  useful,  he  finds  tha 
it  opens  up  for  him  a world  of  thought.”  It  is  interesting  to  notice  from  this  old  paper 
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ful  weapon  with  which  to  unlock  the  mysteries  of  Nature.  If  a man  knows 
how  to  use  the  weapon,  that  is  enough.  Let  him  leave  to  others,  the  men 
who  delight  in  that,  the  forging  of  the  weapon,  the  complete  study  of  it.  If 
I can  use  the  weapon,  let  my  study  be  of  another  kind — I think,  perhaps, 
of  a higher  kind — to  study  the  secrets  which  even  an  unskilful  use  of  the 
weapon  will  reveal  to  me.  Fain  would  I know  more  about  how  the  weapon 
was  made  and  how  to  forge  it  for  myself ; but  if  I have  no  delight  or  skill  in 
making  weapons,  and  if  I have  enormous  delight  in  using  them,  then  will  I 
use  them  if  I can,  and  practise  using  them  till  I become  skilful,  for  I know 
that  the  weapon-maker  is  not  likely  to  be  skilful  in  its  use. 

I have  the  belief  that  the  study  of  physical  science,  and  therefore  the 
study  of  mathematics,  by  everybody,  however  poor  or  however  rich,  is  of 
the  utmost  importance  to  our  country,  not  merely  for  the  knowledge  it  gives, 
but  for  producing  the  scientific  habit  of  thought,  giving  to  every  unit  of  the 
population  a power  to  think  for  itself,  and  so  producing  the  greatest  happi- 
ness, and  giving  the  greatest  strength  of  all  kinds  to  the  nation. 

I believe  that  men  who  teach  demonstrative  geometry  and  orthodox 
mathematics  generally  are  not  only  destroying  what  power  to  think  already 
exists,  but  are  producing  a dislike,  a hatred,  for  all  kinds  of  computation, 
and  therefore  for  all  scientific  study  of  nature,  and  are  doing  incalculable 
harm. 

What  I say  is  especially  important  for  the  great  and  increasing  number 
of  men  whose  occupations  are  with  applied  science.  I am  particularly  inter- 
ested in  engineering,  and  have  a particular  knowledge  of  the  wants  of  engi- 
neers. It  must  be  remembered  that  the  engineer  is  becoming  a very  impor- 
tant person.  What  is  going  to  affect  the  rule  of  nations  over  one  another 
more  and  more  is  that  for  which  Napoleon  gibed  at  us — manufacture,  the 
development  of  all  natural  resources  which  help  in  manufacture,  and  the 
distribution  of  things  manufactured.  To  perform  this  well  requires  character 
and  power  to  think  in  every  one  who  has  to  do  with  it,  whether  managers  or 


of  1880  how  clearly  we  saw,  even  then,  the  necessity  for  the  reform  that  I now  advocate. 
I venture  to  give  one  more  quotation: — “In  pointing  out  that,  as  time  goes  on,  we 
must  begin  from  more  and  more  comprehensive  data — in  fact,  that  pupils  must  com- 
mence their  studies  farther  and  farther  from  the  real  beginning  of  the  subject — I point 
to  a fact  of  which  every  teacher  of  physics  gets  good  evidence  even  in  the  history  of 
twenty  years.  Teachers  of  mathematics  have  not  this  evidence;  but  the  teaching  of 
natural  science  is  obeying  natural  laws  as  yet,  not  being  fettered  by  crystallised  rules 
and  vested  interests.  Instead  of  teaching  pupils,  . . . and  giving  them  lectures  on  virtual 
velocities,  and  the  like,  as  was  common  ten  years  ago,  we  begin  with  a great  generalisa- 
tion, the  law  of  conservation  of  energy,  And  yet,  after  this  generalisation  was  known 
to  men  of  science,  how  long  it  was  before  teachers  ventured  to  prune  away  excrescences 
from  the  text-books;  how  loDg  it  was  before  they  ventured  to  say,  ‘It  is  not  necessary 
to  teach  as  we  ourselves  were  taught;  we  can  do  better;  we  can  give  in  a few  words, 
and  illustrate  by  a few  experiments,  a general  law  which  it  required  years  for  us  to 
understand.’  ” 
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foremen  or  workmen.  It  is  becoming  more  and  more  evident  that  the  engi- 
neer requires  a scientific  technical  training,  and  we  are  face  to  face  with  the 
ghastly  fact  that  our  engineers  young  and  old  are  unfitted  by  their  school 
education  to  undergo  this  necessary  training.  Furthermore,  although  he 
feels  his  needs,  bitterly,  deeply,  he  scorns  the  idea  that  mathematics  will 
help  him  in  any  way,  for  he  has  already  done  at  school  what  was  called 
mathematics.  Such  mathematics  as  he  was  taught  is  indeed  a very  useless 
thing  to  him.  He  wants  to  be  able  to  use  such  very  simple  mental  tools  as 
the  ideas  of  the  calculus;  he  needs  them  in  one  way  or  another  in  every  kind 
of  engineering;  he  needs  to  be  so  familiar  with  them  that  he  can  use  them 
in  every  kind  of  new  problem  that  comes  before  him.  There  is  no  part  of 
engineering  of  which  the  theory  does  not  need  the  use  of  these  simple  tools. 
And  we  tell  him  that  he  cannot  learn  to  use  these  tools  until  he  has  worked 
for  many  years  on  the  studies  of  the  Alexandrian  philosophers  and  their  fol- 
lowers. What  I know  for  certain  is  that  the  average  man  cannot  learn  the 
use  of  these  tools  except  when  young.  We  have  some  excellent  technical 
colleges  at  our  universities  and  elsewhere,  but  the  students  who  enter  them 
are  prepared  to  enter  only  the  older  kind  of  technical  college  which  prepared 
clergymen  and  literary  men  and  lawyers  and  legislators  for  their  profes- 
sions; they  are  in  no  way  prepared  to  enter  science  colleges.  And  so,  many 
of  these  science  colleges  are  merely  marking  time,  or  doing  what  is  much 
worse,  giving  to  their  students  an  education  in  mere  formulae  which  they  do 
not  really  understand,  the  power  to  think  being  utterly  lost,  so  that  the  stu- 
dents of  these  colleges  become  the  laughing-stock  of  the  average  engineer. 

It  is  curious  how  early  mathematical  training,  by  inducing  a belief  in 
what  looks  like  mathematical  reasoning,  prevents  men  from  testing  the  value 
of  the  engineering  "laws”  that  they  read  or  listen  to.  Rules  that  are  ap- 
proximately true  in  only  certain  cases  are  supposed  to  be  absolutely  true  in 
all  cases.  In  some  of  our  colleges  the  engineering  professor  begins  by  trying 
to  undo  the  evils  of  early  mathematical  training,  cultivating  the  common- 
sense  of  his  pupils,  letting  them  see  the  real  value  of  mathematics,  and  in 
such  colleges  very  good  work  is  being  done.  I may  say,  however,  that  it  is 
really  too  late  in  the  life  of  the  average  boy  to  begin  such  training  after  he 
enters  college. 

One  sometimes  finds  a good  mathematician  taking  to  engineering  prob- 
lems. But  he  is  usually  “stale”  and  unwilling  to  go  so  thoroughly  into  these 
practical  matters,  and  what  he  publishes  is  particularly  harmful  because  it 
has  such  an  honest  appearance.  When  we  do  get,  once  in  thirty  years,  a fairly 
good  mathematician  who  has  common-sense  notions  about  the  things  that 
engineers  deal  with,  or  a fairly  good  engineer  who  has  a common-sense  com- 
mand of  mathematics,  we  have  men  who  receive  the  greatest  admiration 
from  the  engineering  profession,  and  yet  it  seems  to  me  that  quite  half  of 
all  the  students  leaving  our  technical  colleges  ought  to  be  able  to  exercise 
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these  combined  powers  if  mathematics  were  sensibly  taught  in  school  and 

C°  Perhaps  the  worst  fault  of  our  teaching  is  that  the  pupil  is  taught  as  if 
he  were  going  to  be  a teacher  himself.  A man  who  teaches  a soibject  is  kept 
constantly  in  mind  of  a hundred  rules.  A man  who  does  not  teach but  who 
is  able  to  utilise  his  knowledge  remembers  only  a very  few  rules-he know; 
these  so  well  by  constant  use  of  them  that  he  can  apply  them  to  every  pos- 
sible  case  that  arises. 

Take  pure  or  applied  mathematics,  for  example.  In  any  ordinary  1 a 
at  the  end  of  every  chapter  there  are,  say,  twenty  examples,  all  to  be  done  by 
the labour-saving rule  or  rules  taught  in  the  chapter.  But  a clever  man  who 
is  not  a teacher  can  do  every  kind  of  problem-possibly  m a clumsy  way 
but  he  can  do  it-by  the  use  of  perhaps  one  or  two  genera  P™«P'^ich 
he  never  forgets.  The  average  man  not  having  to  teach,  who  has  gon 
through  treaties  and  passed  examinations,  forgets  these  hundreds  o lule  , 
he  remembers  his  hard  study,  gets  disheartened  at  the  notion  of  re-stu i yj 
what  he  has  forgotten,  and  indeed  gets  to  loathe  the  idea  of  it. 
taught  to  look  at  things  from  a really  practical  common-sense  point .of  view 
to  practise  the  use  of  one  general  principle  in  all  sorts  of  ^ d 
looking  problems.  I repeat-the  average  young  engineer  may  be  made  to 
possess  a power  of  using  the  methods  of  mathematics  which  w.l  be ^as  easy 
to  him  as  reading  or  writing  or  using  any  hand  tool,  a power  which  never 
grows  rusty  because  he  exercises  it  every  day  of  his  life.  His  present  intense 
hatred  of  mathematics  and  all  theory  of  engineering  —8 ; » 
of  mathematics  is  very  dreadful  and  is  leading  towards  dwrier. J mte«ns 
greatest  in  men  who  have  been  to  good  schools;  it  is  noticeable  in  i y 
vvho  have  attended  science  classes  in  colleges;  it  is  very ^ noticeable  me 
trical  engineers  whose  whole  profession  is  based  on  mathematical  comput  - 
tin  Engles  some  of  whom  are  Fellows  of  the  Royal  Society  are  puke 
outspoken  in  their  condemnation  of  all  theory,  all  computation  moll  c - 
plex  than  that  of  the  housekeeper,  and  they  themselves  are  unable .to 
tinguish  between  work  and  power;  between  coulombs  and  ampeies. 
now  speak  merely  of  the  older  men. 

tror  the  boy  of  brilliant  intellect,  of  whose  education  mathematics  forms 
a small  part  to  whom  Euclidean  reasoning  is  a logical  counsel  of  peifecti  , 
‘eTK'rLt  study  of  it  is  altogether  good.  For  " 

as  he  renuires  I feel  sure  that  my  improved  method  of  study  would  be  evci 
so  much  better.  I admit,  however,  that  this  sort  of  boy  gets  no . great  i harm 
under  the  present  system.  It  is  the  average  boy  who  is  to  be  pitied,  because 
he  is  stupefied  in  being  forced  to  study  things  that  have  no  meaning  to  him 
whatsoever  And  even  the  fairly  clever  mathematical  man  w o ecomes  a 
" other  subjects  is  led  by  his  mathemati, cal  s study  to  e much  t too  apt 
in  teaching  anything  to  begin  with  the  abstract  philosophy  of  the  new  study. 
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In  beginning  to  teach  a boy  to  play  whist,  or  to  swim,  or  to  write,  or  to 
ount  or  to  play  billiards,  he  would  philosophise  so  much  and  introduce 
difficulties  so  unnecessarily  that  the  boy  would  find  it  practically 
ever  to  learn.  He  never  gets  to  know  that  the  proper  method  of nng  ‘ 'J 
subject  is  through  some  kind  of  experimental  work.  He  is  the  soit of 
who  makes  children  begin  to  learn  a foreign  language  y l ® r ti  al 

I find  that  a quite  common  way  of  beginning  the  subject  of  piacti 
geometry  is  to  give  lectures  on  the  philosophy  of  representing  a d.staime  to 
scale.  That  the  distance  of  three  feet  may  be  represented  m scahi  by  a « - 
tance  of  one  inch  really  needs  no  philosophic  mtioduetio  . 
boy  meets  with  any  difficulty  in  comprehending  what  one  means  y 
scale  of  a mail  or  any  drawing;  but  it  is  easy  to  create  in  him  much  mental 
confusion  if  we  proceed  to  point  out  what  difficulties  he  oug  it0  e^‘™  t 
And  if  the  philosophy  of  such  a simple  scale  as  this  is J , 
it  must  be  when  one  represents  on  squared  paper  a quantity  such  as 
price  of  silk  per  pound,”  or  “the  height  of  the  barometer  in  inches  by  a dis- 
tance  of  one  inch  Think  of  how  one  could  reduce  not  only  the  minds  o 
our  students, but  the  mind  of  one's  self, to  imbecility  by 
subject.  I find  that  if  you  tell  a boy  to  represent  any  quantity  w£at* 
to  scale  showing  him  in  ten  seconds  what  you  mean,  he  do  s , 
siands  you,  and  it  is  only  as  a much  older  man  that  he  begins  to  see  how 

occult  he  ought  to  have  found  the  subject.  . . , 

Like  almost  every  subject  of  human  interest,  this  one  is  jus  at ' * ‘ 

difficult  as  we  choose  to  make  it.  A lifetime  may  be  spent  by  a philosophy 
“uss  nTtl  e truth  of  the  simplest  axiom.  The  simplest  acts  as  to  ou 
exi  tace  may  fill  us  with  such  wonder  that  our  minds  will  remain  over- 
w eS  Z wonder  a„  the  time.  A Scotch 

religion  out  of  a system  which  appals  a mental  philosophy.  Some  boys  o 

sis— 

taken  asaxiomatic.  I know  men  who  seem  as  if  they  wanted  to  revert  to  the 
Greek  method  of  dealing  with  arithmetic.  I know  ^ 

nractical  geometry  work  by  extracting  square  roots  and  perfor  g 
simple  arithmetical  operations,  and  set  such  problems  m examination  papeis 

as:  Find  __  

2 V3  + 

They  might  be  forgiven  if  they  did  not  happen  to  be  utterly  wrong  from  the 
philosophic  point  of  view  which  they  fancy  they  occupy. 
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In  most  of  what  I have  said  I have  been  considering  those  boys  who  take 
readily  to  abstract  reasoning.  I wish  to  refer  more  particularly  now  to  the 
average  boy,  who  represents  99  per  cent,  of  all  boys,  the  boys  who  dislike  ab- 
stract reasoning. 

If  a method  of  study  is  disliked  by  a pupil,  a certain  kind  of  knowledge 
may  be  given  and  the  power  to  pass  examinations;  in  this  aspect  there  may 
be  an  advantage  to  the  pupil ; but  there  is  no  training  of  the  mind  except  in 
the  direction  of  dulness  and  stupidity. 

A healthy  English  boy  by  resorting  to  excessive  athletics  and  by  sheer 
obstinacy  resists  the  evil,  and  even  when  everybody  has  called  him  stupid 
so  often  that  he  is  quite  convinced  of  his  own  stupidity,  it  has  no  great  ef- 
fect on  his  conduct.  And  all  the  time  his  teacher,  who  when  young  took 
kindly  to  abstract  reasoning,  cannot  see  that  the  average  boy  has  quite  a 
different  way  from  his  own  of  looking  at  things,  and  is  really  not  at  all 
stupid.  He  is  sharp  enough  outside  the  mathematical  class-room;  he  shows 
no  stupidity  afterwards  in  business,  as  a legislator,  as  an  engineer. 

In  the  whole  history  of  the  world  there  was  never  a race  with  less  liking 
for  abstract  reasoning  than  the  Anglo-Saxon.  Every  other  race  has  perfected 
abstract  schemes  of  government.  No  other  race  has  such  an  illogical  law  as 
our  Toleration  Act;  and  yet  what  a good  law  it  is.  Common-sense  and  com- 
promise are  believed  in,  logical  deductions  from  philosophical  principles  are 
looked  upon  with  suspicion,  not  only  by  legislators,  but  by  all  our  most 
learned  professional  men. 

When  English  visitors  like  Colet  were  privileged  to  meet  Lorenzo  and 
his  friends  in  the  Rucellai  gardens,  they  also  enthused  over  fresh  finds  of 
Greek  manuscripts  and  over  the  philosophy  of  Plato,  but  it  was  then  re- 
marked that  what  they  really  brought  back  to  England  was  just  such 
knowledge  as  could  be  made  of  practical  use.  Always  England  has  been  less 
abstract  than  other  countries.  She  has  possessed  mental  philosophers,  but 
the  average  Englishman  tries  to  make  use  of  his  knowledge. 

In  this  connection  it  is  interesting  to  note  that  the  complacent  admiration 
of  English  engineers  for  the  absence  of  mathematical  theory  from  their  pro- 
fession is  somewhat  like  that  of  English  lawyers  for  the  absence  of  all  logic 
and  philosophical  principles  from  their  technical  and  subtle  system.  Sci- 
entific men  and  psychologists  hate  to  look  into  what  they  call  our  disgrace- 
ful engineering  manuals  and  digests  of  the  law.  If  English  engineers  had 
the  same  power  over  their  trade  as  the  lawyers  have  over  theirs,  no  mathe- 
matics or  physical  science  would  ever  be  necessary  for  them. 

No  words  of  any  English  play  are  ever  so  enthusiastically  applauded 
as  Sir  Peter  Teazle’s  “Damn  your  principles,  sir.”  No  words  have  such  an 
instantaneous  effect  in  bringing  the  sympathy  of  an  audience  as  “I  am  a 
practical  man,  gentlemen.”  If,  then,  our  Tom  Browns  and  Tom  Tullivers 
really  represent  99  per  cent,  of  Anglo-Saxon  boys,  is  it  not  a pity  that  edu- 
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cational  systems  should  refuse  to  recognise  the  fact? 

I should  like  to  put  my  views  as  to  the  two  kinds  of  English  boy  in  the 
following  two  parallel  statements: — 


The  average  English  boy  takes 
unkindly  to  abstract  reasoning,  and 
if  compelled  to  such  study  when  un- 
willing is  hurt  mentally  for  life;  loses 
his  self-respect  first,  then  his  respect 
for  all  philosophy ; gets  to  hate  math- 
! ematics. 

1 

f 

E 

I 


Even  for  exceptional  young  boys 
demonstrative  geometry  is  bad  edu- 
cationally because  they  reason  about 
geometrical  magnitudes  before  they 
know  what  these  magnitudes  really 
are;  they  apply  the  same  reasoning 
to  more  complex  ideas  of  which  they 
have  the  same  ignorance;  they  be- 
come vain  of  their  specious  knowl- 
edge; they  get  to  hate  all  applica- 
tions of  mathematics. 


Philosophy  was  never  intended  as  a study  for  children,  and  even  excep- 
tional children  do  not  really  learn  the  Alexandrian  philosophy;  they  only 
get  expert  in  solving  puzzles.  It  needs  age  and  also  a knowledge  from  ex- 
perience of  the  ideas  to  which  the  philosophy  is  applied. 

Whether  or  not  all  men  ought  to  attempt  philosophical  studies  is  a ques- 
tion I need  not  answer.  The  old  Greek  answer  is  that  only  a very  few  are 
capable.  But  I do  say  that,  both  for  those  who  are  dull  and  for  those  who 
are  quick,  it  is  important  not  to  begin  such  study  too  soon. 

It  is  not  in  my  present  brief  to  say  whether  the  boy  who  takes  kindly 
to  abstract  reasoning  is  really  the  mental  superior  of  other  boys.  We  are 
all  agreed,  I suppose,  that  if  such  a boy  has  also  other  mental  qualities  he 
may  be  intellectually  great.  It  is,  however,  well  to  remember  that  the  easier 
understanding  of,  say,  Euclid  I.  4 or  5 may  imply  not  greater,  but  really 
less  mental  power,  and  that  the  early  and  seemingly  simple  proofs  in  Euclid 
are  really  difficult  of  comprehension  to  a mind  of  great  natural  power.  A boy 
with  good  reasoning  powers  suspects  a trick,  thinks  there  must  be  some 
hidden  meaning  which  he  fails  to  grasp,  and  it  may  be  that  he  could  deal 
much  more  easily  with  much  more  involved  reasoning  than  that  of  the  early 
propositions  of  Euclid.4 

When  I am  told  that  mathematics  can  only  be  learnt  through  a lifetime, 
and  must  remain  unknown  to  the  average  boy  to  whom  it  might  be  useful,  I 


4.  Nov.  13th,  1901. — I have  stated  elsewhere  my  own  experience  in  trying  to  give 
mathematical  ideas  to  some  exceptionally  clever  boys.  Mr.  X.  is  my  favourite  modern 
writer.  His  dialogues  are  almost  too  clever.  His  intellect  is  exceptionally  great.  I am 
told  to-day  by  my  friend  Y.  that  he  used  to  make  attempts  to  give  X.  an  idea  of  an 
angle,  of  angular  magnitude,  and  he  utterly  failed.  I also  should  fail  if  I tried  to  make 
the  ordinary  mathematical  teacher  comprehend  this  psychological  fact. 


237 


ittiaatiiiaaM 


mm&tm 


mmmm 


mmm 


Emergence  of  National  Organizations  as  a Force  (1891—1919) 

think  of  the  time  when  men  were  able  to  do  all  their  daily  work  without 
reading,  writing,  or  ciphering;  these  were  then  the  learned  studies  of  life- 
times. But  as  soon  as  these  were  needed  in  people’s  daily  work  they  were 
taught  quite  readily  to  children  without  unnecessary  philosophy.  And  now, 
a child  learns  to  compute  long  before  it  philosophises  on  number.  Even  Max 
Muller  learned  to  speak  and  write  long  before  he  was  taught  grammar  or 
philosophised  on  philology.  M.  Jourdain  pronounced  French  very  well  be- 
fore he  was  taught  anything  of  the  science  of  language.  Even  a poor  train- 
ing-college pupil  has  done  some  thinking  for  herself,  and  has  had  emotions, 
before  she  is  compelled  to  begin  courses  on  (save  the  mark)  psychology  and 
ethics. 

Higher  mathematics  has  got  to  be  a very  useful  thing;  what  I argue  is 
that,  as  in  the  case  of  all  other  generally  useful  things,  the  complete  study 
of  its  philosophy  in  the  orthodox  manner  is  not  a necessary  part  of  a school 
or  college  curriculum. 

My  engineering  friends  think  that  I have  an  exaggerated  notion  of  the 
importance  to  all  men  of  possessing  a love  for  mathematics.  But  they  have 
not  had  my  experience;  they  have  not  seen,  as  I have  seen,  that  this  affec- 
tion can  be  produced  in  the  average  boy  if  he  can  be  subjected  to  a delightful 
training  when  quite  young;  they  have  not  seen  its  usefulness  all  through  a 
man’s  life  as  I have  seen  it.  I know  of  only  one  other  thing  that  seems  to  be 
of  equal  importance  in  a man’s  education  all  through  his  life,  and  this  is 
that  he  shall  have  got  fond  of  reading  all  manner  of  books  when  quite  young. 
Take  almost  any  child  who  hates  books,  place  it  in  a household  where  every- 
body is  fond  of  reading,  and  it  also  gets  fond  of  reading  in  a very  short  time. 

Let  me  know  that  a boy  possesses  these  two  kinds  of  affection  at  the  age 
of  ten,  and  I know  that,  later,  he  will  possess  two  great  powers:  that  of 
being  able  to  use  mathematics  and  that  of  being  able  to  use  books.  I have 
no  time  to  describe  what  I mean  by  these  two  powers;  I mean  much  more 
than  might  appear  to  a man  who  may  have  received  only  the  orthodox  sci- 
entific and  literary  training. 

Such  a boy’s  education  will  be  a constant  delight  to  his  teachers  if  they 
will  only  refrain  from  prosing  and  the  setting  of  tasks;  if  they  merely  make 
timely  suggestions  and  answer  his  questions,  and  leave  him  to  find  out  things 
for  himself. 

Gentlemen,  I think  the  present  method  of  so-called  education  all  over 
the  world  to  be  utterly  unscientific.  I dare  not  venture  to  express  my  feel- 
ings as  to  the  effect  which  might  be  produced  on  the  whole  world  by  a re- 
form in  the  teaching  of  mathematics,  because  I wish  to  appear  to  you  a non- 
visionary, practical  person  who  needs  your  votes.  There  can  be  no  harm  in 
saying  that,  as  there  is  no  real  study  of  natural  science  which  is  not  quanti- 
tative, it  must  be  through  mathematics.  A man  in  the  twentieth  century, 
whose  eyes  are  not  educated  through  the  principles  of  natural  science,  can 
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take  no  proper  lessons  from  history  or  literature.  His  imagination  is  dwarfed. 
He 'is  a bad  citizen  because  he  is  at  the  mercy  of  quacks  of  all  kinds. 

I maintain  that  the  safety  of  a country  is  founded  on  the  good  education, 
the  complete  mental  and  physical  development,  not  merely  of  a few,  but  of 
all  its  inhabitants.  I can  imagine  a real  education  going  on  from  childhood 
to  old  age.  I can  imagine  citizens  worthy  of  further  developing  and  utilising 
the  wondrous  scientific  discoveries  of  the  world,  of  utilising  the  results  of  the 
labours  of  historians  and  philosophers;  citizens  enjoying  poetry  and  all  kinds 
of  literature.  Without  the  individuality  of  thought  and  inventiveness  pro- 
duced by  true  education  in  all  people,  one  or  two  great  races  of  the  woild 
may  become  more  powerful  than  the  Assyrians,  or  Persians,  or  Greeks,  or 
Romans;  but,  as  in  those  older  races,  each  citizen  will  become  a manufac- 
tured unideaed  article,  the  creature  of  a system  which  must  fall  to  pieces 
some  time;  and  when  this  takes  place  the  ruin  will  be  so  terrible,  and  the 
chaos  will  last  so  long,  that  our  own  past  dark  ages  will  seem  to  be  insignifi- 
cant in  comparison. 


A Course  of  Elementary  Mathematics. 

A course  of  study  recommended  for  training  colleges  and  for  boys  and  girls. 

Preferably  taken  as  part  of  the  science  course;  that  is,  mixed  with  it.1 

Arithmetic. — Decimals  to  be  used  from  the  beginning;  the  fallacy  of  re- 
taining more  figures  than  are  justifiable  in  calculations  involving  numbeis 
which  represent  observed  or  measured  quantities.  Contracted  and  appioxi- 
mate  methods  of  multiplying  and  dividing  numbers  whereby  all  unnecessary 
figures  may  be  omitted.  Using  rough  checks  in  arithmetical  work,  especially 

with  regard  to  the  position  of  the  decimal  point. 

The  use  of  5‘204  x 105  for  520400  and  of  5‘204  x 10"3  for  ‘005204.  The 
meaning  of  a common  logarithm:  the  use  of  logarithms  in  making  calcula- 
tions involving  multiplication,  division,  involution,  and  evolution.2  Calcula- 
tion of  numerical  values  from  all  sorts  of  formulae  however  complex. 

The  principle  underlying  the  construction  and  method  of  using  a com- 
mon slide  rule;  the  use  of  a slide  rule  in  making  calculations.  Conversion  of 
common  logarithms  into  Napierian  logarithms.  The  calculation  of  squaie 
roots  by  the  ordinary  arithmetical  method.  Using  algebraic  formulae  in 

1.  Students  of  this  Syllabus  will  do  well  to  consult  A Summary  of  Lectures  on 
Practical  Mathematics,  published  by  the  Board  of  Education,  1889. 

2.  I should  like  to  say  that,  since  the  Science  and  Art  Department  has  distributed 
its  tables  of  four-figure  logarithms  and  functions  of  angles  over  the  country  as  cheaply 
as  grocers’  advertisements,  there  has  been  a wonderful  development  in  knowledge  and 
use  of  such  tables. 
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working  questions  on  ratio  and  variation.  Simplification  of  fractions.  Calcu-  | 

lation  of  percentages.  Expressing  shillings  and  pence  as  decimals  of  a I 

pound;  quarters  and  pounds  as  decimals  of  a hundredweight  or  ton,  &c.,  so  I 

that  all  problems  in  Practice,  Interest,  Discount,  &c.,  become  mere  common-  I 

sense  applications  of  the  simple  rules.  1 

Algebra. — To  understand  any  formula  so  as  to  be  able  to  use  it  if  1 

numerical  values  are  given  for  the  various  quantities.  Rules  of  Indices. 

Being  told  in  words  how  to  deal  arithmetically  with  a quantity,  to  be 
able  to  state  the  matter  algebraically.  All  this  has  already  been  stated  ' 

under  the  head  of  Arithmetic.  Problems  leading  to  easy  equations  in  one  ! 

or  two  unknowns.  Easy  transformations  and  simplifications  of  formulae  and  1 

in  easy  cases  finding  any  one  of  several  quantities  in  a formula  when  the  | 

others  are  given.  Practice  in  algebraic  manipulation  generally.  I 

The  determination  of  the  numerical  values  of  constants  in  equations  of  1 

known  form,  when  particular  values  of  the  variables  are  given.  The  meaning  1 

of  the  expression  “A  varies  as  B.”  I 

Factors  of  such  expressions  as  x~  — a2,  rc2  -(-  lire  -{-  30,  rc2  — 5x  — 66.  I 

Mensuration. — Testing  experimentally  the  rule  for  the  length  of  the  cir-  1 

cumference  of  a circle,  using  strings  round  cylinders,  or  by  rolling  a disc  or  a | 

sphere.  Inventing  methods  of  measuring  the  lengths  of  curves.  Testing  the  J 

rules  for  the  areas  of  a triangle,  rectangle,  parallelogram,  circle,  ellipse,  sur-  I 

face  of  cylinder,  surface  of  cone,  &c.,  using  scales  and  squared  paper.  Propo-  ] 

sitions  in  Euclid  relating  to  areas  tested  by  squared  paper;  also  by  arith- 
metical work  on  actual  line  and  angle  measurements.  The  determination  of  ■ 

the  areas  of  an  irregular  plane  figure  (1)  by  using  the  planimeter;  (2)  by  j 

using  Simpson’s  or  other  well-known  rules  for  the  case  where  a number  of 
equidistant  ordinates  or  widths  are  given;  (3)  by  the  use  of  squared  paper 

when  equidistant  ordinates  are  not  given;  finding  such  ordinates;  (4)  weigh-  j 

ing  a piece  of  cardboard  and  comparing  with  the  weight  of  a square;  (5) 

counting  squares  on  squared  paper  to  verify  rules.  Rules  for  surfaces  of 

spheres  and  rings.  Rules  for  volumes  of  prisms,  cylinders,  cones,  spheres,  and 

rings,  verified  by  actual  experiment;  for  example,  by  filling  vessels  with 

water  or  by  weighing  objects  of  these  shapes  made  of  material  of  known 

density,  or  by  allowing  such  objects  to  cause  water  to  overflow  from  a vessel. 

The  determination  of  the  volume  of  an  irregular  solid  by  each  of  the 
three  methods  for  an  irregular  area,  the  process  being  first  to  obtain  an  ir-  \ 

regular  plane  figure  in  which  the  varying  ordinates  or  widths  represent  the 

varying  cross  sections  of  the  solid.  Determination  of  weights  from  volumes  i 

when  densities  are  given.  - \ 

Stating  a mensuration  rule  as  an  algebraic  formula.  In  such  a formula 
any  one  of  the  quantities  may  be  the  unknown  one,  the  others  being  known.  j 

Numerical  exercises  in  mensuration. 

The  experimental  work  in  this  subject  ought  to  be  taken  up  in  connec- 
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tion  with  practice  in  weighing  and  measuring  generally;  finding  specific 
gravities,  illustrations  of  the  principle  of  Archimedes,  the  displacements  of 
floating  bodies,  and  other  elementary  scientific  work.  A good  teacher  will 
not  overdo  this  experimental  work;  he  will  preserve  a proper  balance  be- 
tween experimental  work,  didactic  teaching,  and  numerical  exercise  work.3 * * * * * * * 

Use  of  Squared  Paper.— The  use  of  squared  paper  by  merchants  and 
others  to  show  at  a glance  the  rise  and  fall  of  prices,  of  temperature,  of  the 
tide,  &c.  The  use  of  squared  paper  should  be  illustrated  by  the  working  of 
many  kinds  of  exercises,  but  it  should  be  pointed  out  that  there  is  a gen- 
eral idea  underlying  them  all.  The  following  may  be  mentioned. 

Plotting  of  statistics  of  any  kind  whatsoever,  of  general  or  special  inter- 
est. What  such  curves  teach.  Rates  of  increase. 

Interpolation,  or  the  finding  of  probable  intermediate  values.  Probable 
errors  of  observation.  Forming  complete  price  lists  by  manufacturers.  The 
calculation  of  a table  of  logarithms.  Finding  an  average  value.  Areas  and 
volumes,  as  explained  above.  The  method  of  fixing  the  position  of  a point  in 
a plane;  the  * and  y and  also  the  r and  6,  co-ordinates  of  a point.  Plotting  of 
functions,  such  as  y = ax",  y = aebx,  where  a,  b,  n may  have  all  sorts  of 
values.  The  straight  line.  Meaning  of  its  slope;  slope  of  a curve  at  any 
point  in  it.  Rates  of  increase,  illustrated  by  the  speed  of  a body.  Easy 
exercises  on  rates  of  increase  of  y with  regard  to  x in  the  case  of  y = ax11, 
with  illustrations  from  mechanics  and  physics. 

Determination  of  maximum  and  minimum  values.  The  solution  of  equa- 
tions; very  clear  notions  of  what  we  mean  by  the  roots  of  equations  may  be 
obtained  by  the  use  of  squared  paper.  Determination  of  laws  which  exist 
between  observed  quantities,  especially  of  linear  laws.  Corrections  for  errors 
of  observation  when  the  plotted  quantities  are  the  results  of  experiment. 

In  all  the  work  on  squared  paper  a student  should  be  made  to  understand 
that  an  exercise  is  not  completed  until  the  scales  and  the  names  of  the  plotted 
quantities  are  clearly  indicated  on  the  paper.  Also  that  those  scales  should 
be  avoided  which  are  obviously  inconvenient.  Finally,  the  scale  should  be 
chosen  so  that  the  plotted  figure  shall  occupy  the  greater  part  of  the  sheet 
of  paper;  at  any  rate,  the  figure  should  not  be  crowded  into  one  corner  of 

the  paper. 

Geometry. — Dividing  lines  into  parts  in  given  proportions,  and  other  ex- 


3.  I may  also  hope  that  a good  teacher  will  educate  the  hands  and  eyes  of  his 

pupils  so  that  they  may  become  expert  in  guessing  the  weights  of  objects,  and  smah 

and  large  distances.  Absurd  questions  ought  not  to  be  set.  because  they  teach  a boy 

not  to  exercise  his  common-sense.  There  is  the  well-known  university  case  of  a man 

who  was  calculating  how  many  postage  stamps  would  be  required  to  coyer  the  walls  o 

a large  room,  and  his  answer  was  r203.  . . .;  I am  told  that  he  had  more  than  twenty 

decimal  places.  This  kind  of  exhibition,  not  of  faith  in  mathematics,  but  of  mere 

stupidity,  is  yery  common  in  young  engineers  who  have  never  made  experiments. 


m, 
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perimental  illustrations  of  the  sixth  book  of  Euclid.  Measurement  of  angles 
in  degrees  and  radians.  The  definitions  of  the  sine,  cosine,  and  tangent  of 
an  angle ; determination  of  their  values  by  graphical  methods ; setting  out  of 
angles  by  means  of  a protractor  when  they  are  given  in  degrees  or  radians, 
also  when  the  value  of  the  sine,  cosine,  or  tangent  is  given.  Use  of  tables  of 
sines,  cosines,  and  tangents.  The  solution  of  a right-angled  triangle  by  calcu- 
lation, and  by  drawing  to  scale.  The  construction  of  any  triangle  from  given 
data;  determination  of  the  area  of  a triangle.  The  more  important  proposi- 
tions of  Euclid  may  be  illustrated  by  actual  drawing;  if  the  proposition  is 
about  angles,  these  may  be  measured  by  means  of  a protractor;  or  if  it  refers 
to  the  equality  of  lines,  areas,  or  ratios,  lengths  may  be  measured  by  a scale, 
and  the  necessary  calculations  made  arithmetically.  This  combination  of 
drawing  and  arithmetical  calculation  may  be  freely  used  to  illustrate  the 
truth  of  a proposition.  A good  teacher  will  occasionally  introduce  demon- 
strative proof  as  well  as  mere  measurement. 

The  method  of  representing  the  position  of  a point  in  space  by  its  dis- 
tances from  three  co-ordinate  planes.  How  the  angles  are  measured  between 
(1)  a line  and  plane;  (2)  two  planes.  The  angle  between  two  lines  has  a 
meaning,  whether  they  do  or  do  not  meet.  What  is  meant  by  the  piojection 
of  a line  or  a plane  figure  on  a plane.  Plan  and  elevation  of  a line  which  is 
inclined  at  given  angles  to  the  co-ordinate  planes.  The  meaning  of  the 
terms  “trace  of  a line,”  “trace  of  a plane.” 

The  distinction  between  a scalar  quantity  and  a vector  quantity.  Addi- 
tion and  subtraction  of  vectors.  Experimental  illustrations. 

In  setting  out  the  above  Syllabus,  the  items  have  been  arranged  undei 
the  various  branches  of  the  subject. 

It  will  be  obvious  that  it  is  not  intended  that  these  should  be  studied 
in  the  order  in  which  they  appear;  the  teacher  will  arrange  a mixed  course 
such  as  seems  to  him  best  for  the  class  of  students  with  whom  he  has  to  deal. 
A good  teacher  must  understand  that  no  examination  made  by  any  one 
other  than  himself  can  be  framed  which  will  properly  test  the  result  of  his 
teaching.  He  must  endeavour  to  give  knowledge  which  becomes  part  of  his 
pupil's  mental  machinery,  so  that  the  pupil  is  certain  to  apply  it  in  all  sorts 
of  practical  problems,  and.  will  no  more  allow  it  to  become  rusty  than  his 
power  to  read  or  write  or  walk. 


Advanced  Course. 

The  instruction  includes  greater  elaboration  of  the  work  specified  in  the 
elementary  course,  that  is,  much  more  practice  in  such  computation  from 
more  complex  formulae.  Demonstrative  Geometry  based  upon  Euclid. 

The  use  of  approximate  formulae  such  as 

(1  _|_  a)11  = 1 -f  na  when  a is  small  compared  with  1. 
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Rules  in  Arithmetic  (as  of  compound  interest,  &c.)  and  in  Mensuration, 
stated  as  algebraic  formula'.  Any  one  of  the  quantities  in  a formula  may  be 
the  unknown  one. 

Practice  in  the  simplification  of -algebraical  expressions.  Solution  of 
equations  and  problems  leading  to  equations.  Resolution  of  a fraction  into 
partial  fractions. 

Trigonometry. — Some  knowledge  of  such  limits  as  sin  6 --  0.  How  to 
find  the  values  of  the  sine,  cosine,  and  tangent  for  angles  greater  than  90°; 
complementary  and  supplementary  angles. 

Fundamental  relations  such  as  sin2  0 -[-  cos2  0 = 1. 

Calculating  the  values  of  sin  x,  cos  x,  ex  and  log  x using  series. 

The  fundamental  formula;  for  the  sine  and  cosine  of  the  sum  or  difference 
of  two  angles,  that  is 

sin  (A  -|-  B)  = sin  A cos  B -\-  cos  A sin  B. 

and  the  others.  Formula;  derived  from  the  above,  such  as  those  for  the  sum 
and  difference  of  two  sines  or  cosines,  and  those  which  connect  an  angle  and 
the  double  angle. 

The  sine  rule,  or  — — — — j-  in  triangles.  Also  the  rule 
sin  B b 

c2  ==  a2  — 2ab  cos  C + b2. 

The  expression  for  the  area  of  a triangle,  having  given  two  sides  and  the 
included  angle,  ^ ab  sin  C. 

The  truth  of  such  formula;  ought  to  be  illustrated  numerically  and 
graphically  by  taking  numerical  values  of  the  quantities. 

Mensuration. — Guldinus’  Theorems  relating  to  areas  and  volumes  of 
surfaces  and  solids  of  revolution.  Exercises  on  the  area  of  a segment  and 
sector  of  a circle,  the  area  of  the  surface  of  a sphere  between  any  two  parallel 
planes;  approximate  rules  for  length  of  a circular  arc. 

Finding  centres  of  gravity  using  squared  paper. 

Use  of  the  calculus  to  find  areas  and  volumes. 

Use  of  Squared  Paper. — The  plotting  of  functions  including  such  as 
y — axn;  y — aehx\  y = a sin  ( cx  + d) ; y — aehx  sin  (ex  -(-  d ). 

Having  given  observed  values  of  two  varying  quantities  which  are 
known  to  follow  one  or  other  of  laws  like  pvv  = c,  y — a + bx2,  axy  — 
bx  -j-  cy,  to  find  the  probable  values  of  the  constants. 

When  two  varying  quantities  are  known  to  follow  a given  but  somewhat 
complex  law,  to  determine  a simple  law  which  between  certain  limits  will 
give  values  approximating  to  the  correct  ones.  > 

Solving  equations  by  the  use  of  squared  paper. 

Maximum  and  minimum  problems. 
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Rates  and  Sums. — Rate  of  increase  of  one  quantity  relatively  to  that 
of  another;  approximate  method  of  calculating  a rate  of  increase,  as,  for 


have  been  observed  experimentally,  or  by  finding  the  slope  of  the  curve  ob- 
tained by  plotting  such  values. 

The  term  ‘‘differential  coefficient”  as  applied  to  a rate  of  increase;  and 


Rules  for  finding  the  differential  coefficient  of  y with  respect  to  .r,  that  is, 


The  study  of  these  functions. 

Proof  and  use  of  the  rules  for  differentiating  a product  of  two  functions 
or  the  function  of  a function.  Successive  and  partial  differentiation.  Inte- 
grating by  parts  and  by  substitution  and  other  simple  devices. 

Calculation  of  maximum  and  minimum  values. 

Integration  regarded  as  the  inverse  of  differentiation,  or  as  a process  of 
summation;  the  symbols 


y dx  and  J y r/.r;  rough  methods  of  finding  an  approximation  to  J # y dx 


when  numerical  values  of  y and  x are  known.  Integration  of  y when  tabu- 
lated for  equal  increments  in  x. 

The  expressions  for  the  following  integrals:  — 


The  solution  of  simple  differential  equations. 

In  following  the  syllabus,  to  make  students  take  an  interest  in  the  work, 
constant  use  ought  to  be  made  of  illustrations  from  Mensuration,  Mechanics, 
and  Physics. 

Geometry. — How  the  position  of  a point  in  space  is  defined  by  its  rec- 
tangular co-ordinates  x,  y.  z,  or  by  its  polar  co-ordinates  r}  0,  0;  the  relations 
between  x,  y,  z and  r,  0,  0. 

Determination  of  the  three  angles  a,  /?,  y which  a given  line  makes  with 
the  three  co-ordinate  axes;  the  relation 


example,  in  the  case  where  simultaneous  values  of  two  varying  quantities 


rJlL,  when  y and  x are  i elated  in  the  following  ways: — 
dx 


y = a.t;  y = aebx;  y — sin  x ; y — cos  .r;  y — a sin  ( bx  c ) ; 


y — A log  (.t  -| -a). 


COS'a  + cos 2 (3  + cos2y  = 1. 
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Determination  of  the  angles  between  a given  line  and  each  of  the  co- 
ordinate planes. 

When  a plane  is  given  by  its  traces,  to  determine  its  inclination  to  each 
of  the  three  co-ordinate  axes  and  planes. 

The  above  may  be  treated  analytically  or  graphically. 

Representation  by  its  projections  on  the  three  co-ordinate  planes  of  a 
line  whose  position  and  real  length  are  given. 

Determination  of  the  angle  between  two  given  lines;  the  angle  between 
two  planes  whose  traces  arc  given.  Represent  by  its  projections  the  line 
of  intersection  of  two  planes  whose  traces  are  given. 

Vectors. — The  scalar  product  and  vector  product  of  two  given  vectors, 
with  illustrations.  Easy  Vector  Algebra. 

[Following  this  presentation  in  the  book  are  several  statements  criticiz- 
ing Perry’s  views.  Each  of  the  statements  is  follovced  by  a rebuttal  by 
Perry.] 
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On  the  Foundations  of  Mathematics 

By  Eliakim  Hastings  Moore 
A VISION 

An  Invitation. — The  pure  mathematicians  are  invited  to  determine  how 
mathematics  is  regarded  by  the  world  at  large,  including  their  colleges  of 
other  science  departments  and  the  students  of  elementary  mathematics,  and 
to  ask  themselves  whether  by  modification  oi  method  and  attitude  they  may 
not  win  for  it  the  very  high  position  in  general  esteem  and  appreciative 
interest  which  it  assuredly  deserves. 

This  general  invitation  and  the  preceding  summary  view  invoke  this 
vision  of  the  future  of  elementary  mathematics  in  this  country. 

The  Pedagogy  of  Elementary  Mathematics.— We  survey  the  pedagogy 
of  elementary  mathematics  in  the  primary  schools,  in  the  secondary  schools 
and  in  the  junior  colleges  (the  lower  collegiate  years.)  It  is,  however,  under- 
stood that  there  is  a movement  for  the  enlargement  of  the  strong  secondary 
schools,  by  the  addition  of  the  two  years  of  junior  college  work  and  by  the 
absorption  of  the  last  two  or  three  grades  of  the  primary  schools,  into  institu- 
tions more  of  the  type  of  the  German  gymnasia  and  the  French  lycee;1  in 
favor  of  this  movement  there  are  strong  arguments,  and  among  them  this, 
that  in  such  institutions,  especially  if  closely  related  to  strong  colleges  or 
universities,  the  mathematical  reforms  may  the  more  easily  be  carried  out. 

The  fundamental  problem  is  that  of  the  unification  of  pure  and  applied 
mathematics.  If  we  recognize  the  branching  implied  by  the  very  terms 
'pure,’  'applied,’  we  have  to  do  with  a special  case  of  the  correlation  of  dif- 

1.  As  to  the  mathematics  of  these  institutions,  one  may  consult  the  book  on  ‘The 
Teaching  of  Mathematics  in  the  Higher  School  of  Prussia’  (New  York,  Longmans, 
Green  & Co.,  1900)  by  Professor  Young,  and  the  article  ( Bulletin  Amer.  Math.  boc. 
(2),  vol.  6,  p.  225)  by  Professor  Pierpont. 


This  is  a portion  of  Moore’s  presidential  address  before  the  American 
Mathematical  Society  at  its  ninth  annual  meeting,  29  December  1902.  The 
address  was  printed  first' in  Science  n.s.  17  (March  1903).  It  was  reprinted  in 
the  First  Yearbook  of  the  National  Council  of  Teachers  of  Mathematics,  1926, 
and  also  in  the  April  1967  issue  of  the  Mathematics  Teacher . 

In  the  opening  section,  entitled  “A  View,”  Moore  discussed  the  state  of 
abstract  and  applied  mathematics.  He  particularly  stressed  the  work  of  Perry 
and  his  speech  of  1901. 
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/ event  subjects  of  the  curriculum,  a central  problem  in  the  domain  of  peda- 
gogy from  the  time  of  Herbart  on.  In  this  case,  however,  the  fundamental 

solution  is  to  be  found  rather  by  way  of  indirection — by  arranging  the  cur-  I 

riculum  so  that  throughout  the  domain  of  elementary  mathematics  the  | 

branching  be  not  recognized.  1 

The  Primary  Schools. — Would  it  not  be  possible  for  the  children  in  the  1 

grades  to  be  trained  in  power  of  observation  and  experiment  and  reflection 
and  deduction  so  that  always  their  mathematics  should  be  directly  con- 
nected with  matters  of  thoroughly  concrete  character?  The  response  is  im- 
mediate that  this  is  being  done  to-day  in  the  kindergartens  and  in  the  better 

elementary  schools.  I understand  that  serious  difficulties  arise  with  children  I 

of  from  nine  to  twelve  years  of  age,  who  are  no  longer  contented  with  the  J 

simple,  concrete  methods  of  earlier  years  and  who,  nevertheless,  are  unable  1 

to  appreciate  the  more  abstract  methods  of  the  later  years.  These  difficulties,  ' 

some  say,  are  to  be  met  by  allowing  the  mathematics  to  enter  only  implicitly  ; 

in  connection  with  the  other  subjects  of  the  curriculum.  But  rather  the  ma-  a 

terial  and  methods  of  the  mathematics  should  be  enriched  and  vitalized.  In  1 

particular,  the  grade  teachers  must  make  wiser  use  of  the  foundations  fur-  1 

nished  by  the  kindergarten.  The  drawing  and  the  paper  folding  must  lead  on  1 

directly  to  systematic  study  of  intuitional  geometry,2  including  the  construe-  1 

tion  of  models  and  the  elements  of  mechanical  drawing,  with  simple  exercises  1 

in  geometrical  reasoning.  The.  geometry  must  be  closely  connected  with  the  J 

numerical  and  literal  arithmetic.  The  cross-grooved  tables  of  the  kinder-  1 

garten  furnish  an  especially  important  type  of  connection,  viz.,  a conven-  | 

tional  graphical  depiction  of  any  phenomenon  in  which  one  magnitude  de- 
pends upon  another.  These  tables  and  the  similar  cross-section  blackboards 
and  paper  must  enter  largely  into  all  the  mathematics  of  the  grades.  The 
children  are  to  be  taught  to  represent,  according  to  the  usual  conventions, 
various  familiar  and  interesting  phenomena  and  to  study  the  properties  of 
the  phenomena  in  the  pictures:  to  know,  for  example,  what  concrete  mean- 

ing  attaches  to  the  fact  that  a graph  curve  at  a certain  point  is  going  down  j 

or  going  up  or  is  horizontal.  Thus  the  problems  of  percentage — interest,  etc. 

— have  their  depiction  in  straight  or  broken  line  graphs. 

The  Secondary  Schools—  Pending  the  reform  of  the  primary  schools,  the 
secondary  schools  must  advance  independently.  In  these  schools  at  present, 

according  to  one  type  of  arrangement,  we  find  algebra  in  the  first  year,  plane  ; 

geometry  in  the  second,  physics  in  the  third,  and  the  more  difficult  parts  of  : 

algebra  and  solid  geometry,  with  review  of  all  the  mathematics  in  the  fourth.  j 


2.  Here  I refer  to  the  very  suggestive  paper  of  Benchara  Branford,  entitled  ‘Mea- 
surement and  Simple  Surveying.  An  Experiment  in  the  Teaching  of  Elementary 
Geometry’  to  a small  class  of  beginners  of  about  ten  years  of  age  ( Journal  of  Education, 
London,  the  first  part  appearing  in  the  number  for  August,  1899.) 
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Engineers3  tell  us  that  in  the  schools  algebra  is  taught  in  one  water-tight 
compartment,  geometry  in  another,  and  physics  in  another,  and  that  the 
student  learns  to  appreciate  (if  ever)  only  very  late  the  absolutely  close 
connection  between  these  different  subjects,  and  then,  if  he  credits  the  fra- 
ternity of  teachers  with  knowing  the  closeness  of  this  relation,  he  blames 
them  most  heartily  for  their  unaccountably  stupid  way  of  teaching  him.  If 
we  contrast  this  state  of  affairs  with  the  state  of  affairs  in  the  solid  four 
years’  course  in  Latin,  I think  we  are  forced  to  the  conclusion  that  the  or- 
ganization of  instruction  in  Latin  is  much  more  perfect  than  that  of  the  in- 
struction in  mathematics. 

The  following  question  arises:  Would  it  not  be  possible  to  organize  the 
algebra,  geometry  and  physics  of  the  secondary  school  into  a thoroughly 
coherent  four  years’  course,  comparable  in  strength  and  closeness  of  struc- 
ture with  the  four  years’  course  in  Latin?  (Here  under  physics  I include 
astronomy,  and  the  more  mathematical  and  physical  paits  of  physiogiaphy. 

It  would  seem  desirable  that,  just  as  the  systematic  development  of  theo- 
retical mathematics  is  deferred  to  a later  period,  likewise  much  of  theoretical 
physics  might  well  be  deferred.  Let  the  physics  also  be  made  thoroughly 
practical.  At  any  rate,  so  far  as  the  instruction  of  boys  is  concerned,  the 
course  should  certainly  have  its  character  largely  determined  by  the  condi- 
tions which  would  be  imposed  by  engineers.  What  kind  of  two  or  three  years 
course  in  mathematics  and  physics  would  a thoroughly  trained  engineer  give 
to  boys  in  the  secondary  school?  Let  this  body  of  material  postulated  . y 
the  engineer  serve  as  the  basis  of  the  four  years’  course.  Let  the  instruction 
in  the  course,  however,  be  given  by  men  who  have  received  expert  training  m 
mathematics  and  physics  as  well  as  in  engineering  and  let  the  instruction  be 
so  organized  that  with  the  development  of  the  boy,  in  appreciation  of  the 
practical  relations,  shall  come  simultaneously  his  development  in  the  direc- 
tion of  theoretical  physics  and  theoretical  mathematics. 

Perry  is  quite  right  in  insisting  that  it  is  scientifically  legitimate  in  the 
pedagogy  of  elementary  mathematics  to  take  a large  body  of  basal  principles 


3 Whv  is  it  that  one  of  the  sanest  and  best-informed  scientific  men  living,  a man 
not  himself  an  engineer,  can  charge  mathematicians  with  killing  off  every  engineering 
school  on  which  they  can  lay  hands?  Why  do  engineers  so  strongly  urge  that  the  mathe 
matical  courses  in  engineering  schools  be  given  oy  practical  engineers. 

And  why  can  a reviewer  of  'Some  Recent  Books  of  Mechanics’  wn  e with  1 tmth. 
“The  students’  previous  training  in  algebra,  geometry,  trigonometry,  anayic  gc 
and  calculus  as  it  is  generally  taught  has  been  necessarily  quite  formal  T1c^  rnigh 
algorithms  of  formal  mathematics  must  be  learned  so  that  they  can  be  applied  with 
readiness  and  precision.  But  with  mechanics  comes  the  application  of  these  algonthms 
and  formal,  do-by-rote  methods,  though  often  possible,  yield  no  results  of  Permanent 
value.  How  to  elicit  and  cultivate  thought  is  now  of  primary  importance  7 fB-  B. 

Wilson,  Bulletin  Amer.  Math.  Soc.,  October,  1902.)  But  is  it  co“ce^J® 

part  of  the  education  of  the  student  the  problem  of  eliciting  and  cultivating  thought 

should  not  be  of  primary  importance? 
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instead  of  a small  body  and  to  build  the  edifice  upon  the  larger  body  for  the 
earlier  years,  reserving  for  the  later  years  the  philosophic  criticism  of  the 
basis  itself  and  the  reduction  of  the  basal  system. 

To  consider  the  subject  of  geometry  in  all  briefness:  with  the  under- 
standing that  proper  emphasis  is  laid  upon  all  the  concrete  sides  of  the  sub- 
ject, and  that  furthermore  from  the  beginning  exercises  in  informal  deduc- 
tion4 are  introduced  increasingly  frequently,  when  it  comes  to  the  beginning 
of  the  more  formal  deductive  geometry  why  should  not  the  students  be  di- 
rected each  for  himself  to  set  forth  a body  of  geometric  fundamental  princi- 
ples, on  which  he  would  proceed  to  erect  his  geometric  edifice?  This  method 
would  be  thoroughly  practical  and  at  the  same  time  thoroughly  scientific. 
The  various  students  would  have  different  systems  of  axioms,  and  the  dis- 
cussions thus  arising  naturally  would  make  clearer  in  the  minds  of  all 
precisely  what  are  the  functions  of  the  axioms  in  the  theory  of  geometry. 
The  students  would  omit  very  many  of  the  axioms,  which  to  them  would  go 
without  saying.  The  teacher  would  do  well  not  to  undertake  to  make  the 
system  of  axioms  thoroughly  complete  in  the  abstract  sense.  “Sufficient  unto 
the  day  is  the  precision  thereof.”  The  student  would  very  probably  wish  to 
take  for  granted  all  the  ordinary  properties  of  measurement  and  of  motion, 
and  would  be  ready  at  once  to  accept  the  geometrical  implications  of  co- 
ordinate geometry.  He  could  then  be  brought  with  extreme  ease  to  the  con- 
sideration of  fundamental  notions  of  the  calculus  as  treated  concretely,  and 
he  would  find  those  notions  delightfully  real  and  powerful,  whether  in  the 
domain  of  mathematics  or  of  physics  or  of  chemistry. 

To  be  sure,  as  Study  has  well  insisted,  for  a thorough  comprehension  of 
even  the  elementary  parts  of  Euclidean  geometry  the  non-Euclidean  geom- 
etries are  absolutely  essential.  But  the  teacher  is  teaching  the  subject  for  the 
benefit  of  the  students,  and  it  must  be  admitted  that  beginners  in  the  study  of 
demonstrative  geometry  can  not  appreciate  the  very  delicate  considerations 
involved  in  the  thoroughly  abstract  science.  Indeed,  one  may  conjecture 
that,  had  it  not  been  for  the  brilliant  success  of  Euclid  in  his  effort  to  or- 
ganize into  a formally  deductive  system  the  geometric  treasures  of  his  times, 
the  advent  of  the  reign  of  science  in  the  modern  sense  might  not  have  been 
so  long  deferred.  Shall  we  then  hold  that  in  the  schools  the  teaching  of 
demonstrative  geometry  should  be  reformed  in  such  a way  as  to  take  ac- 
count of  all  the  wonderful  discoveries  which  have  been  made — many  even 
recently — in  the  domain  of  abstract  geometry?  And  should  similar  reforms 
be  made  in  the  treatment  of  arithmetic  and  algebra?  To  make  reforms  of 

4.  In  an  article  shortly  to  appear  in  the  Educational  Review,  on  ‘The  Psychological 
and  the  Logical  in  the  Teaching  of  Geometry,’  Professor  John  Dewey,  calling  attention 
to  the  evolutionary  character  of  the  education  of  an  individual,  insists  that  there  should 
be  no  abrupt  transition  from  the  introductory,  intuitional  geometry  to  the  systematic, 
demonstrative  geometry. 
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this  kind,  would  it  not  be  to  repeat  more  gloriously  the  error  of  those  fol- 
lowers of  Euclid  who  fixed  his  'Elements’  as  a textbook  for  elementary  in- 
struction in  geometry  for  over  two  thousand  years?  Every  one  agrees  that 
professional  mathematicians  should  certainly  take  account  of  these  great 
developments  in  the  technical  foundations  of  mathematics,  and  that  ample 
provision  should  be  made  for  instruction  in  these  matters;  and  on  reflection, 
every  one  agrees  further  that  this  provision  should  be  reserved  for  the  later 
collegiate  and  university  years. 

The  Laboratory  Method. — This  program  of  reform  calls  for  the  develop- 
ment of  a thoroughgoing  laboratory  system  of  instruction  in  mathematics 
and  physics,  a principal  purpose  being  as  far  as  possible  to  develop  on  the 
part  of  every  student  the  true  spirit  of  research,  and  an  appreciation,  prac- 
tical as  well  as  theoretic,  of  the  fundamental  methods  of  science. 

In  connection  with  what  has  already  been  said,  the  general  suggestions  I 
now  add  will,  I hope,  be  found  of  use  when  one  enters  upon  the  questions  of 
detail  involved  in  the  organization  of  the  course. 

As  the  world  of  phenomena  receives  attention  by  the  individual,  the  phe- 
nomena are  described  both  graphically  and  in  terms  of  number  and 
measure;  the  number  and  measure  relations  of  the  phenomena  enter  funda- 
mentally into  the  graphical  depiction,  and  furthermore  the  graphical  depic- 
tion of  the  phenomena  serves  powerfully  to  illuminate  the  relations  of  num- 
ber and  measure.  This  is  the  fundamental  scientific  point  of  view.  Here 
under  the  term  graphical  depiction  I include  representation  by  models. 

To  provide  for  the  needs  of  laboratory  instruction,  there  should  be  regu- 
larly assigned  to  the  subject  twTo  periods,  counting  as  one  period  in  the 
curriculum. 

As  to  the  possibility  of  effecting  this  unification  of  mathematics  and 
physics  in  the  secondary  schools,  objection  will  be  made  by  some  teachers 
that  it  is  impossible  to  do  well  more  than  one  thing  at  a time.  This  pedagogic 
principle  of  concentration  is  undoubtedly  sound.  One  must,  however,  learn 
how  to  apply  it  wisely.  For  instance,  in  the  physical  laboratory  it  is  unde- 
sirable to  introduce  experiments  which  teach  the  use  of  the  calipers  or  of  the 
vernier  or  of  the  slide  rule.  Instead  of  such  uninteresting  experiments  of 
limited  purpose,  the  students  should  be  directed  to  extremely  interesting 
problems  which  involve  the  use  of  these  instruments,  and  thus  be  led  to 
learn  to  use  the  instruments  as  a matter  of  course,  and  not  as  a matter  of 
difficulty.  Just  so  the  smaller  elements  of  mathematical  routine  can  be  made 
to  attach  themselves  to  laboratory  problems,  arousing  and  retaining  the 
interest  of  the  students.  Again, .everything  exists  in  its  relations  to  other 
things,  and  in  teaching  the  one  thing  the  teacher  must  illuminate  these 


Every  result  of  importance  should  be  obtained  by  at  least  two  distinct 
methods,  and  every  result  of  especial  importance  by  two  essentially  distinct 
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methods.  This  is  possible  in  mathematics  and  the  physical  sciences,  and 
thus  the  student  is  made  thoroughly  independent  of  all  authority. 

All  results  should  be  checked,  if  only  qualitatively  or  if  only  to  the  tust 
significant  figure.’  In  setting  problems  in  practical  mathematics  arith- 
metical computation  or  geometrical  construction)  the  teacher  should  indi- 
cate the  amount  or  percentage  of  error  permitted  m the  fin  a result.  If  thn 
amount  of  percentage  is  chosen  conveniently  in  the  different  examples,  the 
student  will  be  led  to  the  general  notion  of  closer  and  closer  appioxima  ion  o 
a perfectly  definite  result,  and  thus  in  a practical  way  to  the  fundamental 
notions  of  the  theory  of  limits  and  of  irrational  numbers.  Thus,  foi  in- 
stance, uniformity  of  convergence  can  be  taught  beautifully  m connection 
with  the  concrete  notion  of  area  under  a monotonic  curve  between  two  01 
nates,  by  a figure  due  to  Newton,  while  the  interest  will  be  still  greater  1 i 

the  diagram  area  stands  for  work  done  by  an  engine.  . 

The  teacher  should  lead  up  to  an  important  theorem  gradually  in  such 
a way  that  the  precise  meaning  of  the  statement  in  question,  and  further 
the  practical,  i.  computational  or  graphical  or  experimental-truth  of  the 
theorem  is  fully  appreciated;  and,  furthermore,  the  importance  of  lie 
theorem  is  understood,  and,  indeed,  the  desire  for  the  formal  proof  of  the 
proposition  is  awakened,  before  the  formal  proof  itself  is  developed.  Indeed 
in  most  cases,  much  of  the  proof  should  be  secured  by  the  research  work  of 

the  students  themselves.  . , , 

Some  hold  that  absolutely  individual  instruction  is  the  ideal,  a 
laboratory  method  has  sometimes  been  used  for  the  purpose  of  attaining  11s 
ideal.  The  laboratory  method  has  as  one  of  its  elements  of  great  value  the 
flexibility  which  permits  students  to  be  handled  as  individuals  or  in  groups. 
The  instructor  utilizes  all  the  experience ‘and  insight  of  the  w 10  e 0 Y 0 
students.  He  arranges  it  so  that  the  students  consider  that  they  are  study- 
ing the  ubject  itself,  and  not  the  words,  either  printed  or  oral,  of  any  au- 
thority on  the  subject.  And  in  this  study  they  should  be  in  the  closest  co- 
operation with  one  another  and  with  their  instructor,  who  is  in  a desuable 
sense  one  of  them  and  their  leader.  Instructors  may  fear  that  the  brighte. 
students  will  suffer  if  encouraged  to  spend  time  in  cooperation  with  those 
not  so  bright.  But  experience  shows  that  just  as  every  teachei  earn  y 
teaching,  so  even  the  brightest  students  will  find  themselves  much  the  gain- 

ers  for  this  cooperation  with  their  colleagues. 

In  agreement  with  Perry,  it  would  seem  possible  that  the  student  might 
be  brought  into  vital  relation  with  the  fundamental  elements  of  trigonometiy, 
analytic  geometry  and  the  calculus,  on  condition  that  the  whole  treatment 
in  its  origin  is  and  in  its  development  remains  closely  associated  with 
thoroughly  concrete  phenomena.  With  the  momentum  of  suci  piac  ica  e u 
cation  in  the  methods  of  research  in  the  secondary  school,  the  college  stu- 
dents would  be  ready  to  proceed  rapidly  and  deeply  in  any  nee  ion  in 
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which  their  personal  interests  might  lead  them.  In  particular,  for  instance, 
one  might  expect  to  find  effective  interest  on  the  part  of  college  students  in 

the  most  formal  abstract  mathematics. 

For  all  students  who  are  intending  to  take  a full  secondary  school  course 
in  preparation  for  colleges  or  technological  schools,  I am  convinced  that  the 
laboratory  method  of  instruction  in  mathematics  and  physics,  which  has 
been  briefly  suggested,  is  the  best  method  of  instruction— for  students  in 
general,  and  for  students  expecting  to  specialize  in  pure  mathematics,  in  puie 
physics,  in  mathematical  physics  or  astronomy,  or  in  any  branch  of  engi- 
neering. 

Evolution,  not  Revolution  '— In  contemplating  this  reform  of  secondary 
school  instruction  we  must  be  careful  to  remember  that  it  is  to  be  accom- 
plished as  an  evolution  from  the  present  system,  and  not  as  a revolution  of 
that  system.  Even  under  the  present  organization  of  the  curriculum  the 
teachers  will  find  that  much  improvement  can  be  made  by  closer  coopera- 
tion one  with  another;  by  the  introduction,  so  far  as  possible,  of  the  labora- 
tory two-period  plan;  and  in  any  event  by  the  introduction  of  laboiatoiy 
methods;  laboratory  record  books,  cross-section  paper,  computational  and 
graphical  methods  in  general,  including  the  use  of  colored  inks  and  chalks, 
the  cooperation  of  students;  and  by  laying  emphasis  upon  the  comprehension 
of  propositions  rather  than  upon  the  exhibition  of  comprehension. 

The  Junior  Colleges—  Just  as  secondary  schools  should  begin  to  reform 
without  waiting  for  the  improvement  of  the  primary  schools,  so  the  ele- 
mentary collegiate  courses  should  be  modified  at  once  without  waiting  for 
the  reform  of  the  secondary  schools.  And  naturally,  in  the  initial  period  of 
reform,  the  education  in  each  higher  domain  will  involve  many  elements 
which  later  on  will  be  transferred  to  a lower  domain. 

Further,  by  the  introduction  into  the  junior  colleges  of  the  laboratory 
method  of  instruction  it  will  be  possible  for  the  colleges  and  universities  to 
take  up  a duty  which  for  the  most  part  has  been  neglected  in  this  country. 
For,  although  we  have  normal  schools  and  other  training  schools  for  those 
who  expect  to  teach  in  the  grades,  little  attention  has  as  yet  been  given  to 
the  training  of  those  who  will  become 'Secondary  school  teachers.  The  better 
secondary  schools  of  to-day  are  securing  the  services  of  college  graduates 
who  have  devoted  special  attention  to  the  subjects  which  they  intend  to 
teach,  and  as  time  goes  on  the  positions  in  these  schools  will  as  a rule  be 
filled  (as  in  France  and  Germany)  by  those  who  have  supplemented  their 
college  course  by  several  years  of  university  work.  Here  these  college  and 
university  graduates  proceed  at  once  to  their  work  in  the  secondary  schools. 
Now  in  the  laboratory  courses  of  the  junior  college,  let  those  students  of  the 
senior  college  and  graduate  school  who  are  to  go  into  the  teaching  career 
be  given  training  in  the  pedagogy  of  mathematics  accoiding  to  thfe  labor  a 
tory  system;  for  such  a student  the  laboratory  would  be  a laboratory  in  the 
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pedagogy  of  mathematics;  that  is,  he  would  be  a colleague-assistant  of  the 
instructor.  By  this  arrangement,  the  laboratory  instruction  of  the  colleges 
would  be  strengthened  at  the  same  time  that  well  equipped  teachers  would 
be  prepared  for  work  in  the  secondary  schools. 

The  Freedom  of  the  Secondary  Schools. — The  secondary  schools  are 
everywhere  preparing  students  for  colleges  and  technological  schools,  and 
whether  the  requirements  of  those  institutions  are  expressed  by  way  of  ex- 
amination of  students  or  by  way  of  the  conditions  for  the  accrediting  of 
schools  or  teachers,  the  requirements  must  be  met  by  the  secondary  schoo  s. 
The  stronger  secondary  school  teachers  too  often  find  themselves  shackle 
by  the  specific  requirements  imposed  by  local  or  college  authorities.  Teach- 
ing must  become  more  of  a profession.  And  this  implies  not  only  that  t he 
teacher  must  be  better  trained  for  his  career,  but  also  in  his  career  he  be 
given  with  greater  freedom  greater  responsibility.  To  this  end  closer  rela- 
tions should  be  established  between  the  teachers  of  the  colleges  and  those 
of  the  secondary  schools;  standing  provisions  should  be  made  for  confer- 
ences as  to  improvement  of  the  secondary  school  curricula  and  in  the  co 
legiate  admission  requirements;  and  the  leading  secondary  school  teacheis 
should  be  steadily  encouraged  to  devise  and  try  out  plans  looking  in  any 

way  toward  improvement.  _ 

Thus  the  proposed  four  years’  laboratory  course  in  mathematics  and 

physics  will  come  into  existence  by  way  of  evolution.  In  a large  secondary 
school,  the  strongest  teachers,  finding  the  project  desirable  and  feasible 
will  establish  such  a course  alongside  the  present  series  of  disconnecte 
courses — and  as  time  goes  on  their  success  will  in  the  first  place  stimulate 
their  colleagues  to  radical  improvements  of  method  under  the  present  organi- 
zation and  finally  to  a complete  reorganization  of  the  courses  in  mathematics 

and  physics. 

The  American  Mathematical  Society.— Bo  you  not  feel  with  me  that  the 
American  Mathematical  Society,  as  the  organic  representative  of  the  highest 
interests  of  mathematics  in  this  country,  should  be  directly  related  with  the 
movement  of  reform?  And,  to  this  end,  that  the  society,  enlarging  its  mem- 
bership by  the  introduction  of  a large  body  of  the  strongest  teachers  of 
mathematics  in  the  secondary  schools,  should  give  continuous  attention  to 
the  question  of  improvement  of  education  in  mathematics,  in  institutions 
of  all  grades?  That  there  is  need  for  the  careful  consideration  of  such  ques- 
tions by  the  united  body  of  experts,  there  is  no  doubt  whatever,  whether  or 
not  the  general  suggestions  which  we  have  been  considering  this  afternoon 
turn  out  to  be  desirable  and  practicable.  In  case  the  question  of  pedagogy 
does  come  to  be  an  active  one,  the  society  might  readily  hold  its  meetings 
in  two  divisions — a division  of  research  and  a division  of  pedagogy. 

Furthermore,  there  is  evident  need  of  a national  organization  having 
its  center  of  gravity  in  the  whole  body  of  science  instructors  in  the  secondary 
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schools;  and  those  of  us  interested  in  these  questions  will  naturally  relate 
ourselves  also  to  this  organization.  It  is  possible  that  the  newly  formed 
Central  Association  of  Physics  Teachers  may  be  the  nucleus  of  such  an 
organization. 


CONCLUSION 

The  successful  execution  of  the  reforms  proposed  would  seem  to  be  of 
fundamental  importance  to  the  development  of  mathematics  in  this  country. 

I urge  that  individuals  and  organizations  proceed  to  the  consideration  of 
the  general  question  of  reform  with  all  the  related  questions  of  detail.  Un- 
doubtedly in  many  parts  of  the  country  improvements  in  organization  and 
methods  of  instruction  in  mathematics  have  been  made  these  last  years. 
All  persons  who  are,  or  may  become,  actively  interested  in  this  movement 
of  reform  should  in  some  way  unite  themselves,  in  order  that  the  plans  and 
the  experience,  whether  of  success  or  failure,  of  one  may  be  immediately 
made  available  in  the  guidance  of  his  colleagues. 

I may  refer  to  the  centers  of  activity  with  which  I am  acquainted.  Miss 
Edith  Long,  in  charge  of  the  Department  of  Mathematics  in  the  Lincoln 
(Neb.)  High  School,  reports  upon  the  experience  of  several  years  in  the 
correlation  of  algebra,  geometry  and  physics,  in  the  October,  1902,  number 
of  the  Educational  Review.  In  the  Lewis  Institute  of  Chicago,  Professor 
P.  B.  Woodworth,  of  the  Department  of  Electrical  Engineering,  has  organ- 
ized courses  in  engineering  principles  and  electrical  engineering  in  which 
are  developed  the  fundamentals  of  practical  mathematics.  The  general 
question  came  up  at  the  first  meeting  5 (Chicago,  November,  1902)  of  the 
Central  Association  of  Physics  Teachers,  and  it  is  to  be  expected  that  this 
association  will  enlarge  its  functions  in  such  a way  as  to  include  teachers 
of  mathematics  and  of  all  sciences,  and  that  the  question  will  be  considered 
in  its  various  bearings  by  the  enlarged  association.  At  this  meeting  informal 
reports  were  made  from  the  Bradley  Polytechnic  Institute  of  Peoria,  the 
Armour  Institute  of  Technology  of  Chicago,  and  the  University  of  Chicago. 
The  question  is  evoking  much  interest  in  the  neighborhood  of  Chicago. 

I might  explain  how  I came  to  be  attracted  to  this  question  of  peda'gogy 
of  elementary  mathematics.  I wish,  however,  merely  to  express  my  grati- 
tude to  many  mathematical  and  scientific  friends,  m particular,  to  my 
Chicago  colleagues,  Mr.  A.  C.  Lunn  and  Professor  C.  R.  Mann,  for  their 
cooperation  with  me  in  the  consideration  of  these  matters,  and  further  to 
express  the  hope  that  we  may  secure  the  active  cooperation  of  many  col- 
leagues in  the  domains  of  science  and  of  administration,  so  that  the  first 

5.  Subsequent  to  the  meeting  of  organization  in  the  spring  of  1902.  Mr.  Chas.  H. 
Smith  of  the  Hyde  Park  High  School,  Chicago,  is  president  of  the  Association.  Reports 
of  the  meetings  are  given  in  School  Science  (Ravenswood,  Chicago.) 
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carefully  chosen  steps  of  a really  important  advance  movement  may  he 
taken  in  the  near  future. 

I close  by  repeating  the  questions  which  have  been  engaging  our  atten- 
tion this  afternoon. 

In  the  development  of  the  individual  in  his  relations  to  the  world,  there 
is  no  initial  separation  of  science  into  constituent  parts,  while  there  is  ulti- 
mately a branching  into  the  many  distinct  sciences.  The  troublesome  prob- 
lem of  the  closer  relation  of  pure  mathematics  to  its  applications:  can  it  not 
be  solved  by  indirection,  in  that  through  the  wThole  course  of  elementary 
mathematics,  including  the  introduction  to  the  calculus,  there  be  recognized 
in  the  organization  of  the  curriculum  no  distinction  between  the  various 
branches  of  pure  mathematics,  and  likewise  no  distinction  betw’een  pure 
mathematics  and  its  principal  applications?  Further,  from  the  standpoint 
of  pure  mathematics:  will  not  the  twentieth  century  find  it  possible  to  give 
to  young  students  during  their  impressionable  years,  in  thoroughly  concrete 
and  captivating  form,  the  wonderful  new  notions  of  the  seventeenth  cen- 
tury? 

By  way  of  suggestion  these  questions  have  been  answered  in  the  affirma- 
tive, on  condition  that  there  be  established  a thoroughgoing  laboratory  sys- 
tem of  instruction  in  primary  schools,  secondary  schools  and  junior  colleges 
— a laboratory  system  involving  a synthesis  and  development  of  the  best 
pedagogic  methods  at  present  in  use  in  mathematics  and  the  physical  sciences. 
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CHAPTER  HI. 


Methods  and  Modes. 

METHODS  AND  MODES:  THE  DISTINCTION. 

In  the  study  of  the  pedogogy  of  mathematics,  the  point  of  view  is  some- 
times that  of  the  manner  in  which  the  subject  matter  is  arranged  and  de- 
veloped; at  others  that  of  the  manner  in  which  it  is  presented  to  the  pupils. 
To  introduce  this  distinction  into  the  nomenclature,  the  former  has  some- 
times been  called  method  and  the  latter  mode.  In  this  usage,  one  would 
speak  of  the  analytic  method , but  of  the  recitation  mode.  The  distinction 
is  not  always  easy  to  make;  not  all  processes  of  instruction  can  be  readily 
classified  as  relating  distinctly  and  exclusively  either  to  the  sequence  and 
interrelation  of  the  subject  matter,  or  to  the  devices  by  which  it  .s  made 
clear  to  the  pupil.  Nevertheless,  the  broad  distinction  exists,  and  even  though 
the  term  “method”  has  been  used  to  denote  both  phases  indiscriminately,  it 
may  help  to  keep  the  distinction  more  explicitly  in  mind  to  use  the  terms, 
in  the  present  chapter  at  least,  loosely  in  the  sense  cited. 


METHODS  IN  MATHEMATICS. 

Methods  to  be  considered.  As  leading  methods  in  mathematics  may  be 
mentioned:  the  synthetic,  the  analytic,  the  deductive,  the  inductive,  the 
socratic,  the  heuristic,  the  laboratory.  The  characteristics  of  these  methods 
will  be  indicated  briefly  in  the  sequel.  They  are  not  mutually  exclusive, 
they  shade  into  each  other,  and  the  classification  of  the  treatment  of  a sub- 
ject, topic,  or  problem  under  one  or  another  method  is  often  difficult.  But 
though  classification  is  sometimes  hard  or  even  impossible,  the  classes  exist, 
and  in  their  most  typical  and  pronounced  forms  each  of  the  methods  has 
its  marked  characteristics  and  its  peculiar  adaptation  to  special  situations. 

The  Synthetic  and  the  Analytic  Method.  The  synthetic  and  the  analytic 
method  are  so  familiar  that  their  characteristics  need  only  be  recalled  by  a 
word.  The  synthetic  proceeds  from  the  known  to  the  unknown;  the  analytic 
traces  out  a path  from  the  unknown  to  the  known.  The  synthetic  says, 
“Since  A is  true,  it  follows  that  B is  true”;  the  analytic  says,  “To  prove  that 
B is  true,  it  is  sufficient  to  prove  that  A is  true.”  The  synthetic  “puts  to- 
gether” known  truths,  and  by  the  combination  perceives  a truth  theretofore 
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unknown;  the  analytic  "pulls  apart”  the  statement  under  question  into 
simpler  statements  whose  truth  or  falsity  is  more  easily  determined. 

Examples.  The  usual  form  of  statements  of  proofs  in  text-books  of  ele- 
mentary geometry  is  a good  example  of  the  synthetic  method.  Beginning 
with  known  definitions  and  assumptions  (axioms),  each  proof,  each  step, 
is  deduced  from  what  is  known. 

The  solution  of  a quadratic  equation  may  be  taken  as  a specimen  of 
analytic  procedure. 

The  problem  is  to  find  for  what  value  or  values  of  x,  if  any, 

x2  + px  = q. 

The  problem  is  solved  if  the  same  problem  is  solved  for 

x2  + px  + — = q + 

or  for  ^x  + = q + 

or  for  x + |=  ± J A + T 

The  last  is  solved  if  both 

X + f==  + |/g  + \ and  x + | = — j/ <7  + —■ 

are  solved. 

Examples  of  geometric  analysis  will  be  given  in  the  chapter  on  the  teach- 
ing of  geometry.  In  a previous  chapter,  an  example  of  analytic  reasoning 
outside  of  the  domain  of  mathematics  has  already  been  given  (pp.  28-30). 

The  Function  of  these  Methods.  The  analytic  method  is  the  method  of 
the  mathematical  worker,  the  synthetic  method  is  that  in  which  he  usually 
presents  his  results.  That  the  analytic  method  should  in  general  be  that  of 
the  class-room  admits  therefore  of  little  doubt.  Each  step  in  an  analytic 
march  has  its  reason,  its  purpose.  In  the  synthetic  method  the  steps  follow 
more  or  less  blindly;  the  truth  of  each  is  evident,  but  why  this  step  should 
be  taken  rather  than  some  other  is  a mystery,  and  the  final  result  is  often 
reached  with  a disagreeable  shock.  "How  did  the  author  find  this  proof?” 
is  frequently  asked  by  pupils.  The  reply  is  that  in  all  probability  he  found 
it  in  an  entirely  different  way  from  that  in  which  he  presented  it  to  the 
world.  Not  one  proof  out  of  a hundred  is  found  by  synthetic  steps,  and 
many  synthetic  forms  of  statement  bear  little  trace  of  the  analytic  path  of 
their  discovery,  so  that  the  pupil  justly  has  the  feeling  of  one  led  about 
blindfold.  The  synthetic  method  proves , but  often  does  not  explain. 

The  great  advantage  of  the  analytic  method  is  that  if  it  connects  with 
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the  known  at  any  point,  no  matter  where,  its  task  is  achieved;  the  synthetic 
method,  on  the  other  hand,  has  only  a single  point  to  reach.  The  synthetic 
method  seeks  “a  needle  in  a haystack”;  in  the  analytic  method  the  needle 
seeks  to  get  out  of  the  haystack. 

1 The  synthetic  method  is  that  of  logical  exposition;  it  will  usually  suc- 
ceed most  rapidly  in  producing  the  conviction  that  particular  statements 
are  true,  but  it  does  this  at  the  price  of  the  minimum  of  intellectual  benefit 
to  the  learner.  Since  the  attitude  of  the  pupil  should  in  general  be  active, 
not  passive,  that  of  the  discoverer,  not  that  of  the  learner,  the  mathematical 
subject  matter  should  usually  come  to  him  in  analytic  form. 

For  permanent  record,  in  printed  books,  for  example,  the  synthetic  form 
has  the  advantage  of  being  more  finished,  more  certain,  more  formal,  while 
the  analytic  method  is  informal,  tentative,  and,  when  reduced  to  cold  black 
and  white,  may  even  seem  colloquial.  In  how  far  text-books  should  be 
written  analytically  is  an  open  question,  but  there  is  no  question  that  the 
atmosphere  of  the  mathematical  class-room  should  be  analytic  from  the 
primary  school  to  the  University. 

The  Synthetic  Method  in  the  Class-room.  Has,  then,  the  synthetic 
method  no  place  in  the  class-room?  It  has,  and  a most  important  place.  It 
is  the  method  in  which,  in  the  class-room  as  well  as  in  publications,  the  dis- 
coveries made  analytically  may  usually  be  best  arranged  and  surveyed. 
The  synthetic  presentation  shows  the  unfaltering,  sure-footed  march  of 
mathematical  demonstration  from  the  known  to  the  unknown,  and  a demon- 
stration reached  after  much  analytic  groping,  with  many  “if  only’s”  and 
“how’s,”  should  at  once  be  cast  into  permanent  shape  in  the  synthetic  mold. 

For  formal  statements  of  proofs  obtained,  for  their  permanent  record, 
for  summaries,  for  reviews,  the  synthetic  method  is  invaluable  in  the  class- 
room. ' 

Geometric  Analysis.  What  has  been  said  applies  equally  to  the  geometric 
and  the  algebraic  side  of  mathematics.  The  terms  Geometry  and  Analysis 
are  sometimes  used  in  contrast,  and  the  usage  is  no  doubt  due  to  the  fact 
that  analytic  forms  of  presentation  were  used  in  the  algebraic  field  earlier 
than  in  geometry.  But  there  is  geometric  analysis  as  well  as  algebraic 
analysis,  and  the  demonstrations  of  algebra  and  of  analytic  geometry  may 
also  be  cast  in  synthetic  form. 

The  Deductive  and  the  Inductive  Method.  A word  will  serve  to  recall 
the  character  of  the  deductive  and  the  inductive  method.  The  deductive 
method  proceeds  from  the  general  to  the  particular;  the  inductive,  from  the 
particular  to  the  general.  A typical  deductive  syllogism  is: 

All  men  are  mortal. 

Socrates  is  a man. 

Therefore,  Socrates  is  mortal. 

A typical  inductive  inference  is: 
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The  sun  has  risen  each  past  day  of  which  we  have  any  knowledge: 

therefore  the  sun  rises  every  day. 

The  deductive  type  of  inference  is  precisely  wrhat  has  been  defined  in 
the  previous  chapter  as  the  mathematical  type.  It  is  the  final  form  of  all 
mathematical  reasoning,  but  it  does  not  follow  that  the  reasoning  which 
leads  to  the  result  is  entirely  or  even  in  part  of  this  type.  On  the  contrary, 
it  is  usually  largely  inductive.  <(This  problem  seems  like  such  and  such  that 
I have  met  before;  I solved  them  in  a certain  way.  Therefore  I can  solve  the 
present  problem  in  the  same  way.” 

Mathematical  Discovevy  Inductive.  Mathematics  in  the  synthetic  fin- 
ished form  is  deductive;  mathematics  in  the  making  is  inductive.  Not  only 
is  the  plan  for  the  work  inductive,  but  the  theorems  or  processes  themselves 
are  very  often  discovered  inductively,  by  the  consideration  of  special  ex- 
amples. For  the  learner,  the  inductive  method  of  approach  is  as  a rule 
decidedly  the  best.  By  the  consideration  of  quite  a number  of  special  in- 
stances he  begins  to  see  some  general  theorem  or  property  underlying  them 
all,  and  is  thus  led  to  try  to  find  a deductive  proof  of  the  truth  of  the  theorem 
or  the  existence  of  the  property. 

The  belief  that  the  theorem  holds  was  reached  by  real  induction  and  a 
purely  inductive  science  would  be  obliged  to  leave  it  thus,  but  it  is  one  of 
the  chief  glories  of  mathematics  that  it  can  take  its  theorems  from  the  realm 
of  inductive  probability  into  that  of  deductive  certainty.  The  question  of 
whether  or  not  an  inductive  inference  is  correct  is  one  that  need  not  be  left 
unsettled  in  mathematics. 

Induction  in  the  Class-room.  These  considerations  have  important  beai- 
ing  upon  the  work  of  the  class-room.  Even  in  mathematics,  which  far  moie 
than  all  other  sciences  is  regarded  as  a deductive  science,  induction  must 
have  a prominent  part.  The  teacher  cannot  study  too  carefully  the  roles  that 
inductive  and  deductive  reasoning  play  in  mathematics,  but  it  need  hardly 
be  said  that  the  pupil  would  profit  little  by  any  formal  discussion  of  these 
methods.  His  attention  should  be  confined  to  the  actual  reasoning,  and  not 
diverted  to  any  more  or  less  introspective  discussion  of  the  character  of  the 
reasoning.  As  to  the  work  the  pupil  is  asked  to  do,  the  opinion  is  widely 
held  that  inductive  work  should  be  given  a more  prominent  part  in  the  class- 
room work.  It  is  now  extensively  believed  that  it  is  not  best  to  announce  a 
theorem,  then  give  a strict  deductive  proof  of  it,  and  finally,  perhaps,  apply 
it  in  some  problems.  The  more  modern  method  would  be:  First,  to  give  the 
pupil  some  specific  problems,  as  practical  as  possible,  foreshadowing  or 
leading  up  to  the  theorem  in  question,  this  to  be  continued  until  the  pupil 
himself  (with  some  prompting,  if  necessary)  announces  the  theorem  and 
sees  the  need  for  its  rigorous  proof.  He  is  now  ready  for  this  proof,  and  after 
it  is  given,  more  applications  of  it  should  follow. 

An  Example.  The  theorem  of  Pythagoras,  for  example,  would  be  begun 
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by  telling  the  pupil  to  draw  a tessellated  pavement  (see  figure  [identified 
here  as  fig.  1 ] .) , and  by  counting  small  triangles  to  compare  the  areas  of  the 
squares  marked  more  heavily.  Then  various  right  triangles  with  integral 
sides  might  be  constructed  and  the  areas  of  the  squares  compared  by  meas- 
urement, and  (in  a few  cases)  by  weighing.  The  pupil  will  thus  be  led  to 
announce  the  Pythagorean  theorem  himself  and  will  welcome  a proof  of  it, 
or  hints  enabling  him  to  devise  a proof.  The  proof  might  well  be  in  the  first 
instance  a “dissection  proof,”  which  the  pupil  would  actually  cut  out  him- 
self; for  example,  that  indicated  in  the  figure.  [See  fig.  2.] 


Figure  2 


The  Socratic  Method.  The  Socratic  method 1 consists  in  securing  the 
pupil's  assent  to  the  conclusion  desired  by  a series  of  easy  leading  questions. 
The  character  of  the  method  can  best  be  shown  by  an  example.2  (The  boy 
is  an  illiterate  slave.) 

Soc.  Tell  me,  boy,  do  you  know  that  a figure  like  this  is  a square? 

Boy.  I do. 

Soc.  And  do  you  know  that  a square  figure  has  these  four  lines  equal ? 

Boy.  Certainly. 

Soc.  And  these  lines  which  I have  drawn  through  the  middle  of  the  square 

are  also  equal? 

Boy.  Yes. 

Soc.  A square  may  be  of  any  size? 

Boy.  Certainly. 

Soc  And  if  one  side  of  the  square  be  of  two  feet  and  the  other  side  be  of 
two  feet,  how  much  will  the  whole  be?  Let  me  explain:  If  in  one  direction 
the  space  was  of  two  feet  and  in  the  other  direction  of  one  foot,  the  whole 
would  be  of  two  feet  taken  once? 

Boy.  Yes. 


1 Some  idea  of  the  pedagogic  writings  of  antiquity,  and  of  the  method  of  Socrates 
in  particular,  may  be  obtained  (without  reference  to  the  originals  or  to  scattered  trans- 
lations) by  means  of  Saffroy  et  Noel,  Les  Ecrivains  pedagogiques  de  l Animate  Extraits 
des  Oeuvres  de  Xenophon,  Platon,  Aristotle,  Quintilien,  Plutarque.  Pans,  1897. 

The  book  is  very  readable,  and  will  not  increase  the  reader  s readiness  to  concede 
views  and  theories  of  the  day  all  the  novelty  which  they  claim. 

2.  Plato’s  Dialogues;  Meno.  Jowett’s  translation. 
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Soc.  But  since  this  side  is  also  of  two  feet,  there  are  twice  two  feet? 

Boy.  There  are. 

Soc . Then  the  square  is  of  twice  two  feet? 

Boy.  Yes. 

Soc.  And  how  many  are  twice  two  feet?  Count  and  tell  me. 

Boy.  Four,  Socrates. 

Soc.  And  might  there  not  be  another  square  twice  as  large  as  this,  and 
having,  like  this,  the  lines  equal? 

Boy.  Yes. 

Soc.  And  of  how  many  feet  will  that  be? 

Boy.  Of  eight  feet. 

Soc.  And  now  try  and  tell  me  the  length  of  the  line  which  forms  the  side 
of  that  double  square:  this  is  two  feet — what  will  that  be? 

Boy.  Clearly,  Socrates,  that  will  be  double. 

Soc.  Do  you  observe,  Meno,  that  I am  not  teaching  the  boy  anything, 
but  only  asking  him  questions',  and  now  he  fancies  that  he  knows  how  long 
a line  is  necessary  in  order  to  produce  a figure  of  eight  square  feet,  does 

he  not? 

Men.  Yes. 

Soc.  And  does  he  really  know? 

Men.  Certainly  not. 

Soc.  He  only  guesses  that  because  the  square  is  double,  the  line  is  double. 
Men.  True. 

Soc.  Observe  him  while  he  recalls  the  steps  in  regular  order.  (To  the 
boy.)  Tell  me,  boy,  do  you  assert  that  a double  space  comes  from  a double 
line?  Remember  that  I am  not  speaking  of  an  oblong  but  of  a square,  and 
of  a square  twice  the  size  of  this  one, — that  is  to  say,  of  eight  feet,  and  I 
want  to  know  whether  you  still  say  that  a double  square  comes  from  a 

double  line? 

Boy.  Yes. 

Soc.  But  does  not  the  line  become  doubled  if  we  add  another  such  line 
here? 

Boy.  Certainly. 

Soc.  And  four  such  lines  will  make  a space  containing  eight  feet? 

Boy.  Yes. 

Soc.  Let  us  describe  such  a figure;  is  not  that  what  you  would  say  is  the 
figure  of  eight  feet? 

Boy.  Yes. 


Young  / The  Teaching  of  Mathematics  (Elementary  and  the  Secondary  School) 


Soc.  And  are  there  not  these  four  divisions  in  the  figure,  each  of  which 
is  equal  to  the  figure  of  four  feet? 

Boy.  True. 

Soc.  And  is  not  that  four  times  four? 

Boy.  Certainly. 

Soc.  And  four  times  is  not  double? 

Boy.  No,  indeed. 

Soc.  But  how  much? 

Boy.  Four  times  as  much. 

Soc.  Then  the  line  which  forms  the  side  of  the  square  of  eight  feet  ought 
to  be  more  than  this  line  of  two  feet  and  less  than  the  other  of  four  feet? 

Boy.  It  ought. 

Soc.  Try  and  see  if  you  can  tell  me  how  much  it  will  be. 

Boy.  Three  feet. 

Soc.  How  much  are  three  times  three  feet? 

Boy.  Nine. 

Soc.  And  how  much  is  the  double  of  four? 

Boy.  Eight. 

Soc.  Then  the  figure  of  eight  is  not  made  out  of  a line  of  three0 

Boy.  No. 

Soc.  But  from  what  line?  Tell  me  exactly,  and  if  you  would  rather  not 
reckon,  point  out  the  line. 

Boy.  Indeed,  Socrates,  I do  not  know. 

Soc.  Do  you  see,  Meno,  what  advances  he  has  made  in  his  power  of 
recollection.  He  did  not  know  at  first,  and  he  does  not  know  now,  what  is 
the  side  of  a figure  of  eight  feet;  but  then  he  thought  that  he  knew  and 
answered  confidently,  as  if  he  knew  and  had  no  difficulty;  but  now  he  has  a 
difficulty,  and  neither  knows  nor  fancies  that  he  knows. 

The  Value  of  the  Socratic  Method.  As  used'  by  Socrates  it  was  generally 
destructive,  used  to  overthrow  some  false  opinion  held  by  the  pupil.  To-day 
it  is  also  used  by  teachers  constructively , to  lead  the  pupil  to  formulate  a 
right  opinion.  Occasionally  it  may  be  of  good  service  for  this  purpose,  but 
its  chief  value,  now  as  then,  is  the  demolition  of  the  false.  A series  of  skilful 
leading  questions  may  serve  better  than  any  other  means  to  convince  the 
pupil  of  the  falsity  of  some  opinion  which  he  holds;  still  the  Socratic  method 
should  be  employed  with  caution.  The  very  leading  character  of  its  ques- 
tions and  the  consequent  passive  attitude  of  the  pupil,  makes  its  frequent 
employment  inadvisable. 

Th «•  Heuristic  Method.  Like  the  Socratic  method,  the  heuristic  method 
(named  from  the  Greek  word  evpioKw,  I find)  tells  the  pupil  little  directly, 
but  leads  him  on  by  questions  and  problems.  It  avoids  the  leading  character 
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of  the  questions  of  the  Socratic  method  but  aims  to  put  the  pupil  into  the 
attitude  of  a discoverer,  by  proposing  questions  and  problems  whose  replies 
are  not  obvious  though  within  the  power  of  the  pupil.  This  method,  which 
is  a mode  as  well,  is  essentially  active  and  constructive,  and  deserves  a 
dominating  place  in  mathematical  instruction.  Owing  to  its  great  impor- 
tance it  will  receive  more  detailed  treatment  in  a subsequent  chapter. 

The  Laboratory  Method.  The  system  of  procedure  which  has  recently 
been  discussed  extensively  under  the  name  laboratory  method  is  very  ma’k- 
edly  a mode  as  well  as  a method.  As  a method,  its  characteristics  are  much 
emphasis  on  the  inductive  genesis  of  the  mathematical  deductions;  mu^h 
work  with  the  concrete  before  passing  to  the  abstract,  with  the  particular 
before  passing  to  the  general.  The  method  will  be  taken  up  at  length  in  a 
subsequent  chapter. 


MODES  IN  MATHEMATICS. 

Modes  to  be  considered.  .A  number  of  modes  of  instruction  may  be  men- 
tioned. The  examination,  the  recitation,  the  lecture,  the  genetic,  the  heuris- 
tic, the  individual,  the  laboratory.  The  descriptions  to  be  given  must  neces- 
sarily be  of  the  fully  pronounced,  typical  forms:  in  practice  the  extreme 
form  of  any  mode  is  the  exception;  "they  shade  into  each  other,  and  few 
teachers  use  any  one  mode  exclusively. 

The  Examination  Mode.  In  the  examination  mode  the  teacher  assigns 
certain  tasks  to  be  done,  usually  a portion  of  a text-book  to  be  learned 
(memorized)  or  problems  to  be  solved.  The  class  period  is  taken  up  by  what 
is  tantamount  to  an  examination  of  the  pupils  by  the  teacher,  who  thus 
finds  out,  by  means  of  various  tests,  whether  or  not  the  pupils  have  per- 
formed the  task.  In  its  unmitigated  form  this  mode  reduces  the  teacher  to 
little  more  than  a machine.  He  gives  no  more  help,  stimulus,  or  inspiration 
to  his  pupils  than  the  time  clock  which  the  workman  must  punch  to  record 
his  arrival  at  his  post,  or  the  scales  which  weigh  the  result  of  his  toil.  In 
fact,  it  is  easy  to  imagine  a sort  of  phonograph  which  would  do  the  work 
just  as  well,  remaining  quiescent  as  long  as  the  words  of  a certain  text  were 
being  said  into  it,  but  shouting  "Wrong!  The  next!”  as  soon  as  aught  else 
was  said  into  it.  It  is  difficult  to  think  of  anything  to  be  said  in  favor  of 
this  method,  and  it  has  happily  well-nigh  gone  out  of  use. 

An  actual  instance  of  this  mode  has  been  described  as  follows:3 

"A  theorem  was  assigned.  Next  time  the  pupils  had  each  to  recite  its 
demonstration  verbatim  according  to  the  book.  Those  who  could  do  this 
were  assigned  the  next,  to  be  learned  from  the  book.  Those  who  could  not 
had  to  repeat  the  first  theorem.  By  and  by  the  pupils  had  each  a different 

3.  Reidt,  Math.  Unterricht,  pp.  29,  30. 
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theorem.  The  class  exercise  was  conducted  as  follows:  On  entering  the  class, 
the  teacher  made  a signal  to  the  first  pupil  to  say  his  theorem,  then  to  the 
second,  and  so  on  to  the  others.  By  a special  signal,  the  pupils  who  had  said 
their  theorem  well  were  directed  tc  prepare  the  next  for  the  next  time,  and 
by  another  signal  others  received  the  order  to  repeat  their  theorem.  The 
teacher  prided  himself  on  the  fact  that  he  could  thus  conduct  an  entire  class 
exercise  without  saying  a single  word.” 

Probably  this  extreme  is  no  longer  to  be  found  anywhere,  but  it  is  not 
certain  that  all  are  sufficiently  far  away  from  it  to  warrant  taking  down  the 
danger  signals.  Rote  teaching  has  not  yet  been  so  thoroughly  eliminated 
as  to  prevent  an  educator,  an  onlooker  as  far  as  mathematics  is  concerned, 
from  saying  very  recently: 

“They  both  (Latin  and  algebra)  belong  to  the  group  of  memoriter  sub- 
jects and  are  reasonably  free  from  any  taxing  demands  upon  the  higher 
rational  processes.”  4 

The  Recitation  Mode.  The  recitation  mode  is  a modification  of  the  pre- 
ceding. As  its  name  implies,  it  is  chiefly  characterized  by  the  fact  that  the 
pupil  “recites”  what  he  has  previously  learned,  and  under  this  mode  the 
class  exercise  is  appropriately  called  a “recitation.” 

It  agrees  with  the  previous  mode  in  having  as  chief  characteristic  that 
the  pupil  repeats  in  the  class  matter  which  he  has  learned  by  himself  else- 
where. It  differs  from  the  preceding  in  that  this  repetition  (recitation)  is 
not  regarded  by  the  teacher  exclusively  as  a test,  but  also  as  affording  op- 
portunity to  aid  the  pupil  to  a better  understanding  of  the  matter  in  hand. 

With  the  “recitation”  there  also  is  often  combined  some  anticipatory 
work  or  explanation  of  the  assignment  hiade  for  the  next  recitation.  The 
recitation  mode  may  vary  from  a slight  modification  of  the  examination 
mode,  through  many  possible  combinations  with  other  modes.  It  may  at 
times  be  used  (and  with  profit)  in  instruction  in  which  other  modes  pre- 
dominate. 

The  mode  of  instruction  used  by  any  teacher  would  be  classed  as  the 
recitation  mode  whenever  it  has  as  its  central  feature  the  rehearsal  in  class 
of  work  previously  assigned  for  outside  preparation.  With  this  elastic  defi- 
nition, instruction  which  is  valuable,  strong,  and  of  high  grade  can  un- 
doubtedly be  given  by  this  mode,  but  it  is  exposed  to  serious  dangers  which 
must  be  combated  actively  and  constantly  by  the  teacher.  There  is  a de- 
cided tendency  to  incline  too  far  towards  the  examination  mode,  if  not 
actually  gravitating  into  it;  the  work  of  both  teachers  and  pupils  may  be- 

4.  A.  H.  Sage,  Wisconsin  State  Normal  School,  School  Science,  May,  1903,  p.  68. 
An  analogous  statement  was  made  by  Herbert  Spencer  ( Liberal  Education  and  Where 
to  Find  it).  “I  doubt  if  one  boy  in  five  hundred  ever  heard  the  explanation  of  a rule 
of  arithmetic,  or  knows  his  Euclid  otherwise  than  by  rote.” 
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come  mechanical,  and  the  opportunities  for  rote  and  parrot-like  work  (“reci- 
tations”) on  the  part  of  the  pupils  are  great. 

The  Lecture  Mode.  In  the  lecture  mode,  the  subject  matter  is  presented 
by  the  teacher  in  the  form  of  a connected  discourse.  The  pupils  (hearers) 
take  notes  which  they  may  afterwards  complete  and  study  if  they  like.  The 
mode  is  used  in  the  mathematical  work  of  the  German  and  the.  French  uni- 
versities, and,  with  modifications,  to  a large  extent  in  that  of  the  American 
universities.  It  is  by  no  means  certain  that  the  unmodified  lecture  mode  is 
the  best  even  for  this  advanced  grade  of  work,  and  with  rare  exceptions  it 
is  entirely  out  of  place  in  secondary  work.  In  Germany,  where  all  the 
secondary  teachers  have  had  at  least  three  years  of  university  training,  the 
danger  that  they  may  at  times  drop  into  the  lecture  mode  is  considerable. 
In  America  the  danger  is  growing  with  the  increasing  number  of  men  and 
women  of  more  or  less  university  training  who  take  up  secondary  work. 

In  the  later  years  of  the  course,  and  in  more  advanced  mathematics, 
there  is  larger  need  for  the  acquisition  of  mathematical  facts  as  such,  and 
these  facts  may  sometimes  be  best  learned  from  books  or  through  direct 
impartation  by  the  teacher.  This  would  be  a passing  use  of  the  lecture 
method,  and  in  such  cases  an  immediate  test  of  some  sort  should  be  applied, 
such  as  asking  the  pupil  to  give  back  what  he  has  just  learned,  in  order  that 
the  teacher  may  be  certain  that  the  matter  in  hand  has  been  mastered,  and 
to  give  him  an  opportunity  to  correct  misconceptions  and  to  strengthen  weak 
points. 

The  Genetic  Mode.  In  the  genetic  mode,  the  subject  matter  is  developed 
by  the  class  guided  by  the  teacher.  All  work  and  think  together,  the  pupils 
expressing  their  views  as  permitted  or  requested  by  the  teacher,  who  acts  as 
chairman  or  leader,  assists  by  questions,  hints,  and  suggestions,  sees  to  it 
that  the  discussion  reaches  the  desired  result  in  a reasonable  length  of  time, 
but  allows  it  all  the  latitude  consistent  herewith.5  All  new  matter  is  first 
developed  in  the  class  in  this  manner. 

The  teacher  is  the  heart  of  such  work.  The  text  serves  for  reference,  and 
to  obviate  the  need  of  taking  full  notes  of  the  class  work.  The  outside  study 
has  as  end  the  fixing  in  mind  of  what  was  brought  out  in  the  class,  the  com- 
pletion of  minor  points,  the  necessary  practice  and  drill  in  computations. 

To  test  the  comprehension  of  the  pupils  and  to  assure  their  diligence  in 
outside  work,  the  recitation  mode  may  well  be  combined  with  the  present 
as  one  of  its  minor  features.  This  mode  is  undoubtedly  one  of  the  best,  and 
it  is  a cause  for  congratulation  that  its  use  is  widespread  and  growing. 

The  Heuristic  Mode.  The  genetic  mode  implies  the  heuristic  method, 
but  there  exists  a heuristic  mode  as  well,  which  may  be  combined  with  the 

5.  Stenographic  reports  of  some  class  exercises  which  may  be  classified  under  the 
genetic  mode  are  given  by  C.  S.  Osborne  in  Thought  Values  in  beginning  Algebra, 
School  Review,  1902,  pp.  169-184. 
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heuristic  method.  It  differs  from  the  genetic  mode  in  the  greater  stress  which 
it  lays  upon  work  by  each  pupil  independently  of  the  others,  as  distinguished 
from  the  class  working  together  as  a unit  under  the  genetic  mode.  It  permits 
a much  more  important  share  of  the  work  to  be  accomplished  by  the  pupil 
outside  the  class,  and  offers  greater  possibilities  of  combination  with  the 
recitation  mode.  The  latter  mode,  even  the  examination  mode,  may  con- 
ceivably be  applied  to  matter  presented  in  a text  written  on  the  heuristic 
method.  The  heuristic  mode  will  be  discussed  further  in  a subsequent 
chapter. 

The  Individual  Mode.  The  individual  mode  aims  to  shape  the  work  so 
that  there  may  be  individual  progress  according  to  individual  strength.  In 
mathematics,  progress  is  conditioned  on  understanding  everything.  One 
point  left  obscure  retards  progress;  several  not  grasped  usually  prevent 
progress.  The  different  rates  at  which  various  pupils  can  work  present  a 
very  real  and  serious  difficulty  to  the  teacher  of  mathematics  which  the 
individual  mode  aims  to  meet  . The  mode  will  be  discussed  in  detail  in  a 
subsequent  chapter. 

The  Laboratory  Mode.  As  mode,  the  essence  of  the  laboratory  mode  con- 
sists in  the  performing  of  the  bulk,  if  not  all,  of  the  work  in  the  mathe- 
matical class-room  (laboratory)  which  shoula  be  equipped  with  appliances 
for  the  graphic,  the  experimental,  and  the  concrete  phases  of  the  work.  The 
teacher  acts  as  director  of  the  laboratory,  pupils  work  individually  or  in 
small  groups,  and  analogies  with  the  work  in  the  physical  laboratory  are 
emphasized.  The  mode  will  be  discussed  in  detail  later. 

To  characterize  some  of  these  modes  in  a word,  it  may  be  said  that  in 
the  recitation  mode  the  pupil  works  before  the  class  session,  in  the  lecture 
mode  he  works  after  it,  in  the  laboratory  mode  he  works  during  the  session. 

No  one  Mode  to  be  used  always.  After  this  enumeration  cf  modes,  the 
question  naturally  arises,  What  mode  should  be  used?  The  good  teacher 
will  not  confine  himself  to  any  one  mode.  Different  modes  will  be  employed 
at  different  times,  often  even  in  the  same  class  exercise,  and  procedures  will 
be  used  which  so  combine  features  of  various  ones  of  the  modes  named  that 
they  can  be  classified  under  none  of  them.  The  nature  of  the  topic  dis- 
cussed, the  character  of  the  class,  the  needs  of  individuals,  the  material 
surroundings  and  class-room  equipment,  all  exercise  influence  on  the  deter- 
mination of  the  best  mode.  Not  the  least  potent  is  the  teacher’s  personality 
and  the  stage  of  mathematical  and  pedagogic  advancement  at  which  he 
stands.  No  teacher  can  select  even  for  himself  a permanent  mode  of  han- 
dling any  subject  or  topic.  The  teacher  must  grow,  and  next  year’s  view- 
point may  require  modification  in  what  is  really  the  most  successful  mode 
for  him  to-day. 

The  Test  of  the  Best  Mode.  Modes  are  but  means;  that  mode  is  in  any 
instance  the  best  which  in  that  instance  advances  the  pupil  most  towards 
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the  real  ends  of  his  study  of  mathematics.  The  teacher  must  be  an  active 
agent  in  this  progress.  If  the  mode  used  is  such  that  the  pupil  makes  no 
more  progress  than  he  would  have  made  without  the  teacher,  this  on  che  face 
of  matters  condemns  that  mode  under  those  circumstances. 

This  criterion  necessitates  unhesitating  condemnation  of  the  examination 
mode.  Some  of  the  other  modes  may  easily  be  so  handled  as  to  expose  them 
to  the  same  condemnation.  The  test  of  any,  of  every  mode,  is  whether  or 
not  it  is,  at  the  time  when  it  is  employed,  the  mode  which  enables  the  teacher 
to  give  to  the  class,  to  every  pupil,  the  most  of  himself,  of  his  knowledge, 
of  his  experience,  of  his  guidance,  of  his  enthusiasm,  of  his  inspiration.  If 
at  the  close  of  the  class  hour  any  pupil  can  say  that  the  presence  of  the 
teacher  has  been  of  no  help  to  him  in  any  way,  that  the  teacher  has  given 
him  nothing,  has  simply  examined  him,  heard  him  recite,  or  allowed  him  to 
work  by  himself,  the  mode  employed  with  that  pupil  by  that  teacher  at  that 
time  has  been  a complete  failure.  The  very  ease  and  simplicity  of  mathe- 
matics enables  many  a pupil  to  gain  a real  mastery  of  the  subject  even 
though  the  teacher  gives  him  no  aid,  even  in  spite  of  teaching  which  actually 
hinders,  and  yet  there  is  no  subject  in  which  good  teaching  so  effectively 
stimulates  and  aids  as  in  mathematics.  It  might  not  be  out  of  place  for  the 
teacher  to  make  an  “examination  of  conscience”  at  the  close  of  the  class 
hour. 

The  Teacher's  Self-examination.  “Has  each  pupil  profited  by  my  pres- 
ence in  the  class-room  to-day?  Has  the  mode  of  instruction  employed  en- 
abled me  to  give  the  class,  taken  as  a whole,  more  help,  more  insight,  more 
inspiration  than  any  other  mode  would  have  permitted?  Is  it  possible  for 
any  pupil  to  say  that  he  came  to  my  class  ready  and  willing  to  learn  but 
that  his  teacher  gave  him  no  help?  Could  the  class  have  obtained  all  that 
they  got  in  the  class  hour  to-day  equally  well  from  a lifeless  book,  from  one 
another,  or  from  private  study?” 

What  has  been  said  must  not  be  construed  or  understood  to  advocate 
that  the  pupil  be  trained  to  undue  dependence  upon  the  teacher.  The  pre- 
ceding chapter  will  have  been  written  in  vain  if  it  has  not  given  unmistakable 
expression  to  the  thought  that  the  instruction  in  mathematics  should  be 
dominated  and  determined  by  the  aim  to  lead  the  pupil  to  think  for  himself. 
The  present  chapter  simply  changes  the  emphasis:  to  lead,  not  to  drive.  As 
soon  as  the  teaching  aims  at  autive  and  independent  thinking  on  the  part  of 
the  pupil,  its  constant  tendency  will  also  be  to  diminish  dependence  on  the 
teacher. 

Training  to  use  Books.  The  opinion  is  sometimes  expressed  that  the 
pupils  should  learn  “how  to  use  books.”  This  is  quite  true,  but  so  far  as 
mathematics  is  concerned  it  would  be  difficult  to  think  of  a practicable  mode 
of  teaching  the  subject  which  would  not  train  the  pupil  sufficiently  to  make 
all  needful  use  of  mathematical  books.  The  subject  matter  of  mathematics 
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is  such  that  the  use  of  a text,  or  at  least  of  a collection  of  exeicises,  is  usually 
advisable;  and  even  in  the  extreme  case  that  the  work  is  carried  on  without 
use  of  a text  so  much  as  for  reference,  a mathematical  proof  once  understood 
is  recognized  in  print  with  sufficient  ease  to  meet  all  emergencies  likely  to 
arise.  It  is  quite  desirable  that  the  school  library  contain  various  texts,  and 
that  the  pupils  be  given  specific  references  to  them,  and  this  is  quite  com- 
patible with  any  of  the  good  modes  of  instruction. 
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CHAPTER  VI. 


Method. 

Of  all  the  terms  used  in  educational  circles  "method”  is  perhaps  the  most 
loosely  defined.  Efforts  have  been  made  to  limit  its  meaning,  to  divide  its 
responsibilities  with  such  terms  as  "mode”  and  "manner,”  but  it  still  stands, 
and  is  likely  to  stand,  as  a convenient  name  for  all  sorts  of  ideas  and  theories 
and  devices.  Nevertheless,  it  has  been  most  often  used  in  arithmetic  in 
speaking  of  the  general  plan  of  some  individual  for  introducing  the  subject, 
as  when  we  speak  of  the  Pestalozzi  or  Tillich  or  Grube  method,  although  it  is 
also  applied  to  such  arrangements  of  material  as  are  indicated  by  the  ex- 
pressions "topical  method”  and  "spiral  method,”  and  to  such  an  emphasis 
of  some  particular  feature  as  has  given  name  to  the  ratio  method.  It  is  not 
the  intention  to  attempt  any  definition  of  the  term  that  shall  include  all  of 
these  ramifications,  but  to  take  it  as  it  stands,  to  characterize  in  simple 
language  some  of  these  "methods,”  and  then  to  speak  briefly  of  the  subject 
as  a whole. 

Pestalozzi’s  method  was  really  a creation  of  his  followers.  What  this 
great  master  did  for  arithmetic  was  to  introduce  it  much  earlier  into  the 
school  course,  to  use  objects  more  systematically  to  make  the  number  rela- 
tions clear,  to  abandon  arbitrary  rules,  to  drill  incessantly  on  abstract  oral 
work,  and  to  emphasize  the  unit  by  considering  a number  like  6 as  “6  times 
1.”  For  the  time  in  which  he  lived  (about  1800)  all  this  was  a healthy  pro- 
test against  the  stagnant  education  that  he  found.  To-day  it  is  only  an  in- 
cidental lesson  to  the  teacher,  although  Pestalozzi’s  spirit  and  several  of  his 
ideas  may  well  command  the  admiration  and  respect  of  all  who  study  the 
results  of  his  great  work. 

The  method  of  Tillich,  who  followed  Pestalozzi  by  a few  years,  consisted 
largely  of  making  a systematic  use  of  sticks  cut  in  various  lengths,  say,  from 
1 inch  to  10  inches.  It  is  evident  that  such  a collection  allowed  for  emphasiz- 
ing the  notion  of  tens,  for  treating  fractions  as  ratios,  and  for  visualizing  in  a 
very  good  way  the  simpler  number  relations.  On  the  other  hand,  it  is  also 
evident  that  the  use  of  only  a single  kind  of  material  is  based  upon  a much 
narrower  idea  than  that  of  Pestalozzi,  who  purposely  made  use  of  as  wide 
a range  of  material  as  he  could. 

The  Grube  method,  which  created  such  a stir  in  America  a generation 
ago,  was  not  very  original  with  Grube  (1842) . Essentially  it  was  an  adapta- 
tion of  the  concentric-circle  plan  that  had  already  been  used,  a kind  of 
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spiral  arrangement  of  matter  to  meet  the  growing  powers  of  the  child.  It 
contained  some  absurdities,  such  as  the  exhausting  of  the  work  on  one  num- 
ber before  proceeding  to  the  next,  as  of  studying  25  in  all  its  relations  before 
learning  26,  but  on  the  whole  it  made  somewhat  for  progress  by  assisting  to 
develop  a sane  form  of  the  spiral  idea  as  adapted  to  the  first  three  grades. 

It  is  not  worth  while  to  speak  of  other  individual  methods,  since  t ey 
have  little  of  value  to  the  practical  teacher,  and  the  student  of  the  history  of 
education  can  easily  have  access  to  them.  Enough  has  been  said  to  show 
that  one  of  the  easiest  things  in  the  teaching  of  arithmetic  is  the  creation  of 
“method”— and  one  of  the  most  useless.  We  may  start  off  upon  the  idea  that 
all  number  is  measure,  and  hence  that  arithmetic  must  consist  of  measuring 
everything  in  sight— and  we  have  a “measuring  method.”  It  will  be  a nar- 
row idea — we  shall  neglect  much  that  is  important , but  if  we  put  energy  back 
of  it,  we  shall  attract  attention  and  will  very  likely  turn  out  better  com- 
puters than  a poor  teacher  who  is  wise  enough  to  have  no  method,  m this 
narrow  sense  of  the  term.  Again,  we  may  say  that  every  number  is  a frac- 
tion, the  numerator  being  an  integral  multiple  of  the  denominator  m the 
case’  of  whole  numbers.  From  this  assumption  we  may  proceed  to  teach 
arithmetic  only  as  the  science  of  fractions.  It  will  be  hard  work,  but,  given 
enough  epergy  an  1 patience  and  skill,  the  children  will  survive  it  and  will 
learn  more  of  arithmetic  than  may  be  the  case  with  listless  teaching  on  a 
better  plan.  We  might  also  start  with  the  idea  that  every  lesson  should  be 
a unit,  and  that  in  it  should  come  every  process  of  arithmetic,  so  far  as  this 
is  possible,  and  we  could  stir  up  a good  deal  of  interest  in  our  “unit  method, 
ur,  again,  we  could  begin  with  the  idea  that  all  action  demands  reaction, 
and  that  every  lesson  containing  addition  should  also  contain  subtraction, 
that  6 + 4=10  should  be  followed  by  10  — 6 = 4 and  10  — 4 = 6 ; and 
that  2 X 5 — 10  should  be  followed  by  10  -f-  2 — 5 and  10  -f-  5 = 2.  By 
sufficient  ingenuity  a very  taking  scheme  could  be  evolved,  and  the  inverse 
method”  would  begin  to  make  a brief  stir  in  the  world.  This  in  fact  has  been 
the  genesis,  rise,  and  decline  methods:  given  a strong  but  narrow-minded 
personality,  with  some  little  idea  such  as  those  above  mentioned;  this  idea 
is  exploited  as  a panacea;  it  creates  some  little  stir  in  circles  more  or  less 
local;  it  is  tried  in  a greater  or  less  number  of  schools;  the  author  and  his 
pupils  die,  and  in  due  time  the  method  is  remembeied,  if  at  all,  only  by  so'nit, 
inscription  in  those  pedagogical  graveyards  known  as  histories  of  education. 

The  object  in  writing  thus  is  manifest.  For  the  teacher  with  but  little 
experience  then,  is  a valuable  lesson,  namely,  that  there  is  no  method  that 
will  lead  to  easy  victory  in  the  teaching  of  arithmetic.  There  are  a few  gieat 
principles  that  may  well  be  taken  to  heart,  but  any  single  narrow  plan  and 
any  single  line  of  material  must  be  looked  upon  with  suspicion.  Certain  of 
the  general  principles  of  Pestalozzi  are  eternal,  but  the  reckoning-chest  of 
Tillich  is  practically  forgotten. 
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And  here  it  is  proper  to  say  a word  as  to  what  schools  of  observation  and 
practice  should  stand  for  in  these  matters  of  method  and  purpose.  It  would 
be  a very  easy  thing  to  concentrate  on  some  single  point,  some  device  of 
teaching,  some  particular  line  of  problems,  and  to  carry  the  work  to  an  ex- 
treme that  would  attract  attention  and  produce  results  that  would  be  re- 
marked upon.  This  is  the  temptation  of  those  who  direct  such  schools.  But 
is  it  a wise  policy?  These  schools  are  established  to  train  teachers  to  well- 
balanced  leadership,  not  to  be  extremists  to  the  neglect  of  essential  features 
of  education.  The  graduates  of  such  schools  should  know  the  best  that  there 
is  in  every  theory  of  education,  but  they  should  also  avoid  the  worst.  The 
prime  desideratum  in  arithmetic  is  the  ability  to  work  accurately,  with  rea- 
sonable rapidity  and  with  interest,  and  to  know  how  to  ; ply  numbers  to 
the  ordinary  affairs  of  life.  To  secure  accuracy  alone,  to  secure  speed  alone, 
to  have  arithmetic  mere  play  without  accuracy  and  speed,  or  to  know  how 
to  apply  numbers  to  life  in  a slovenly  way — these  are  extremes  that  should 
be  avoided  at  any  cost,  including  the  tempting  cost  of  sensationalism.  It  is 
the  mission  of  the  training  school  or  college  to  make  the  earnest,  well- 
balanced  teacher,  first  of  all.  With  this  duty  goes  the  laudable  one  of  rea- 
sonable experiment,  of  trying  out  suggestions  from  whatever  source;  but 
normal  schools  and  teachers  colleges  must  at  all  hazards  guard  against  the 
mistake  of  having  it  appear  that  an  experiment  is  an  accomplished  result, 
or  of  sacrificing  our  children  in  unnecessary  quasi-clinical  work  that  is 
doomed  to  failure.  In  this  connection  one  of  the  resolutions  adopted  by  the 
National  Educational  Association  in  1908  may  be  read  with  profit  as  voicing 
the  sentiment  of  that  saner  element  in  education  that  is,  after  all,  the 
strength  of  our  profession. 

“We  recommend  the  subordination  of  highly  diversified  and  overburdened 
courses  of  study  in  the  grades  to  a thorough  drill  in  essential  subjects;  and 
the  sacrifice  of  quantity  to  an  improvement  in  the  quality  of  instruction. 
The  complaints  of  business  men  that  pupils  from  the  schools  are  inaccurate 
in  results  and  careless  of  details  is  a criticism  that  should  be  removed.  The 
principles  of  sound  and  accurate  training  are  as  fixed  as  natural  laws  and 
should  be  insistently  followed.  Ill-considered  experiments  and  indiscriminate 
methodizing  should  be  abandoned,  and  attentian  devoted  to  the  persevering 
and  continuous  drill  necessary  for  accurate  and  efficient  training ; and  we 
hold  that  no  course  of  study  in  any  public  school  should  be  so  advanced  or  so 
rigid  as  to  prevent  instruction  to  any  student,  who  may  need  it,  in  the  es- 
sential and  practical  parts  of  the  common  English  branches.” 

Such  advice  will  be  scoffed  at  by  many  reformers  of  twenty-five  or  thirty, 
but  these  very  ones  will  be  its  stanch  advocates  at  forty.  It  is  the  advice 
of  experience,  the  protest  of  those  who  have  seen  the  futility  of  spasms  in 
education. 

One  thing  that  must  be  said  in  favor  of  the  multitude  of  methods,  most 
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of  them  bad,  that  are  announced  from  time  to  time,  is  that  they  are  con- 
fined to  the  first  year  or  so  cf  the  primary  grades.  The  harm  is  therefore 
limited  in  extent.  This  is  the  case  with  the  much-exploited  Montessori 
method  at  present,  quite  the  most  skillfully  advertised  one  that  has  ap- 
peared in  this  generation,  but  one  the  permanent  effect  of  which  on  education 
seems  properly  to  be  doubted  by  scientific  observers. 

In  general  it  may  be  said  that  there  has  for  a century  been  a tendency 
away  from  what  is  called  the  direct  method  of  imparting  number  facts,  and 
toward  the  rational  method.  This  means  that  instead  of  stating  to  a class 
that  4 -f-  5 = 9,  and  drilling  upon  this  and  similar  relations,  the  schools  have 
generally  tended  to  have  the  pupils  discover  the  fact  and  then  memorize  it. 
The  experience  of  a century  shows  that  this  tendency  is  a healthy  one.  A 
child  likes  to  be  a discoverer,  to  find  out  for  himself  how  to  add  and  multiply, 
always  under  the  skillful  guidance  of  the  teacher,  and  to  see  how  to  solve 
a problem  before  he  knows  of  any  dominating  rule.  It  is  only  when  the 
teacher  decides  that  the  child  is  never  to  be  told  anything,  never  to  be  helped 
over  difficulties,  and  never  to  be  shown  a short  path  before  habit  has  de- 
termined upon  a long  one,  that  the  danger  of  the  rational  method  appears. 
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Subcommittee  2.  Mathematics  in  the  Kindergarten. 


In  the  early  history  of  the  kindergarten  as  an  educational  movement, 
there  was  a somewhat  unanimous  opinion  current  regarding  the  direct 
mathematical  training  and  the  instructions  to  be  given  to  the  children 
through  concrete  experiences  with  Froebel’s  educational  materials. 

The  gifts  and  occupations  (the  technical  names  given  to  Frcebel’s  play 
materials)  form  a related  series  planned  to  meet  the  creative  and  construc- 
tive impulses  of  the  child,  through  activities  involving  the  analysis  and  syn- 
thesis of  geometric  forms.  The  gifts  begin  with  the  ball  (sphere) , the  cube, 
and  the  cylinder,  progressing  through  the  analysis  of  these  to  the  study  of 
surfaces,  lines,  and  points.  The  occupations  are  based  upon  such  activities  as 
perforating,  sewing,  drawing,  weaving,  the  folding  and  cutting  of  paper, 
and  modeling.  They  reverse  the  geometric  evolution,  embodying  the  syn- 
thesis of  form  from  the  point,  through  lines  and  surfaces,  back  to  the  solid. 

The  traditional  method  of  using  these  materials  in  the  early  history  of 
the  kindergarten  tended  toward  a much  more  direct  process  of  instruction, 
bringing  to  the  children  a consciousness  of  the  geometric  relations  embodied 
in  the  gifts  and  occupations. 

As  the  modern  primary  school  reduced  the  amount  of  conscious  arithmet- 
ical knowledge  and  instruction  in  the  course  of  study  for  the  younger  chil- 
dren, a parallel  movement  took  place  in  the  kindergarten.  As  a consequence, 
the  more  direct  method  of  mathematical  instruction,  which  the  geometric 
basis  of  the  Froebelian  materials  made  possible,  gradually  gave  place  to  a 
more  indirect  approach  to  number,  measurements,  and  geometric  relations, 
through  a more  incidental,  organic,  and  fundamental  emphasis  upon  these 
aspects  of  the  materials  in  the  moral  activities  of  work  and  play. 

The  present  tendency  seems  to  point  toward  a valuation  of  the  mathe- 
matical possibilities  of  the  Froebelian  materials  as  means  to  a higher  end, 
that  is,  as  structural,  functional,  or  organic  means  necessary  to  realize  the 
playful,  the  creative,  or  constructive  impulses  of  the  child  through  which 
these  mathematical  values  may  begin  to  come  to  consciousness. 

The  fact  that  the  Froebelian  gifts  and  occupations  are  based  upon  a geo- 
metric analysis  and  synthesis  of  form,  need  not  reduce  or  interfere  with 
their  creative  and  playful  opportunities,  except  in  the  hands  of  a kinder- 
gartner  who  clings  to  the  formal  use  of  them  as  a means  of  direct  mathe- 
matical instruction.  On  the  other  hand,  the  very  fact  that  their  structure 
and  use  involve  such  unconscious  activities  as  counting,  addition,  subtrac- 
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...  r oriri  m vision  some  consciousness  of  these  mental  pro- 

will  gradually  come  to  the  child  whether  the  teacher 

v^^IrTo 'th”'  material  familiarizes  the  child,  through  playful 
may  be  brought  to  consciousness  later  through  the  mathenktical 

cMed  differences  of  opinion  than  would  have  been  apparent  five  or  ten  years 
ag0While  the  structural  and  functional  use  of  the  activities  rf  counting, 

rfs  ss . iSir  r r ‘S 
zrr;— xzszz tr  su  * 

^ r i oji:^ 

and  to  a continuous  growth  in  the  appreciation  and  control  of  the  mathe 

matical  possibilities  which  are  normal  to  the  child  at  this  per  o 

As  a knowledge  of  mathematics  in  some  form  underlies  all  mdustr  a 
activities  of  mankind  and  in  the  foundation  of  all  true  proportion  in  the  art 
world  the  kindergarten  brings  the  child  to  a gradual  consciousness  of  - 
merical  and  geometric  relations,  the  former  by  such  features  as  simp  e co  n - 
”g  measuring,  and  adding,  as  his  work  and  play 

lnt+pr  hv  the  use  of  the  geometric  gifts  and  not  by  abstract  exercis  •_ 

maX'kMedrgarten  which  represents  the  progressive  school  makes  no > at- 
to ^ teach  mathematics  in  a formal  or  direct  way,  since  the  child  of 
kindergarten  age  is  not  interested  in  and  can  not  grasp  anything  so  abstract 
a Sr  geometric  form  apart  from  the  use 
each  in  carrying  on  his  play  activities  successfully.  B“  ln ^ 
and  play  with  different  materials  he  discovers  certain  facts  m regard 
lumber  and  special  relations;  for  example  that  l he  ua«  four  of ^ eight 
building  blocks  to  make  a square  table,  he  has  our  acaujre 

further  knowledge  of  the  same  sort  in  his  efforts  to  carry  out  his  ideas  an 
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purposes. 

Often  the  hand  work  requires  the  division  of  material  into  halves,  quar- 
ters, etc.,  or  some  material  needs  to  be  measured  and  cut  to  fit.  Through  such 
experiences  the  child  acquires  a working  knowledge  of  certain  satisfactory 
methods  of  dividing  and  measuring  material.  Furthermore,  he  becomes 
familiar  with  a number  of  geometric  solids  through  using  them  in  building, 
and  he  learns  to  select  the  kind  that  will  best  express  his  idea.  The  same  is 
true  of  his  work  with  paper  cut  in  the  form  of  squares,  circles,  and  triangles. 
The  games  sometimes  call  for  the  grouping  of  children  in  threes  or  fours, 
and  there  are  many  occasions  when  counting  is  advantageous.  The  child  in 
the  kindergarten  thus  gains  considerable  knowledge  which  may  be  termed 
mathematical.  Such  knowledge  comes  at  first  incidentally  and  unconsciously 
through  play,  and  later  as  the  result  of  conscious  efforts  to  reach  ends  which 
appeal  to  him  as  valuable. 

After  due  investigation  an  effort  was  made  by  this  committee  to  arrive 
at  some  conclusion  regarding  the  amount  of  mathematical  knowledge  which 
kindergarten  children  could  acquire,  without  direct  instruction,  through  the 
normal  activities  of  work  and  play.  As  a result  the  committee  has  agreed 
upon  the  following: 

(1)  Ability  to  count  up  to  35  or  40  can  be  secured  through  the  children’s 
helping  to  keep  the  daily  record  of  attendance. 

(2)  Ability  to  know  and  name  correctly  the  sphere,  cube,  and  cylinder, 
and  the  most  characteristic  surface  forms  such  as  circles,  squares,  rectangles, 
and  the  right  triangles. 

(3)  Ability  to  know  groups  of  objects  up  to  five  or  six. 

(4)  Ability  to  know,  construct,  and  use  intelligently  halves,  thirds,  and 
quarters,  by  the  help  of  blocks  and  the  kindergarten  occupations. 

(5)  Ability  to  add,  subtract,  divide,  and  multiply  small  numbers 

through  constructive  play.  For  example:  (a)  2 2,  2 -j—  3,  2 4,  3 -j—  3, 

3 4;  4 4,  5 + 5;  (6)  2 X 2,  2 X 3,  2 X 4;  (c)  4 — 2,  6 - 3,  8 - 4. 

As  to  method,  the  committee  calls  attention  to  the  following  points: 

(a)  The  concreteness  of  the  work. 

(6)  The  work  is  functional  and  structural,  as  means  to  an  end,  through 
the  activities  of  work  and  play. 

(c)  Knowledge  is  acquired  through  self-active  experience. 

(d)  In  an  incidental  but  not  accidental  fashion,  as  a result  of  definitely 
planning  the  experiences  which  involve  steady  progress  in  the  use  and  con- 
trol of  mathematical  facts,  the  child  comes  to  realize  ends  that  are  of  worth 
and  interest. 

That  a better  knowledge  of  the  child  is  leading  to  a greater  unanimity  of 
opinion  is  quite  evident  from  this  report,  since  it  is  prepared  by  members 
who  were  selected  because  they  were  supposed  to  represent  widely  different 
points  of  view  that  obtained  a few  years  since. 
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III.  THE  MATHEMATICAL  CURRICULUM  IN  EACH  TYPE  OF  SCHOOL. 

Information  concerning  the  course  of  study  for  the  first  six  years  of  the 
elementary  schools  was  obtained  from  the  replies  to  a questionnaire  sent  to 
all  States  and  leading  cities  and  from  an  examination  of  a large  number  of 
printed  courses  of  study. 

Of  the  48  States  and  Territories  to  which  questionnaires  were  sent,  40 
were  heard  from  either  directly  through  the  State  superintendent  or  from  a 
representative  city  within  the  State.  The  eight  from  whom  no  replies  came 
were  in  all  cases  States  of  small  population.  Of  the  25  largest  cities,  24 
replied;  of  the  50  largest,  37  replied.  The  total  number  of  cities  heard  from 
was  52.  The  total  number  of  questionnaires  sent  out  was  200;  the  number  of 
usable  replies,  90. 

The  replies  from  the  leading  private  schools  were  limited  and,  as  far  as 
they  could  be  interpreted,  differed  but  little  from  those  of  the  public  schools. 
The  replies  from  the  State  superintendents  were  inadequate  owing  to  the  im- 
possibility of  making  generalizations  upon  the  work  of  a State  where  there 
is  of  necessity,  with  few  exceptions,  great  variability  in  the  courses  of  study. 
The  most  valuable  replies  were  those  from  the  leading  cities  of  the  country. 
A statistical  report  was  therefore  made  from  these.  The  52  city  school 
systems  which  formed  the  basis  for  the  work  represented  in  the  aggregate 
2,480,000  pupils.  Every  section  of  the  country  was  represented,  but  the 
most  densely  populated  States,  such  as  New  York,  Pennsylvania,  Ohio,  and 
Massachusetts,  were  proportionately  largely  represented. 

The  questionnaire  was  in  three  sections.  The  first  section  asked  for  the 
means  employed  to  broaden  the  scope  of  arithmetic,  the  second  for  means 
used  to  narrow  the  field,  and  the  third  asked  for  specific  information  as  to  the 
time  the  study  of  number  was  commenced  and  the  year  in  which  different 
arithmetical  topics  were  studied. 

The  questions  as  to  the  means  employed  to  broaden  the  scope  were:  (1) 
Are  geometric  forms  studied?  (2)  Are  the  equation  and  a literal  notation 
used  in  the  solution  of  problems?  (3)  Is  the  application  of  number  to 
manual  training  emphasized?  To  geography  and  nature  study?  To  prac- 
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tical  affairs?  (4)  What  other  means  are  used  to  broaden  the  scope  of 
arithmetic? 

In  reply  to  the  question  as  to  the  means  used  to  broaden  the  scope  of 
arithmetic  through  the  study  of  geometric  forms  72  per  cent  of  the  school 
systems  replied  in  the  affirmative,  23  per  cent  were  in  a qualified  affirma- 
tive, such  as  “somewhat,”  “a  little,”  making  a total  affirmative  of  95  pei 
cent  and  a total  negative  of  5 per  cent.  The  questions  on  the  equation  and 
literal  notation  were,  it  was  evident,  understood  to  include  seventh  and 
eighth  grades  instead  of  the  grades  within  the  limits  of  the  investigation.  The 
replies,  although  of  little  value  for  this  report,  were  as  follows:  Affirmative 
for  the  use  of  the  equation,  51  per  cent;  qualified  affirmative,  36  per  cent; 
negative,  13  per  cent;  affirmative  for  the  use  of  a literal  notation,  9 per  cent; 
qualified  affirmative,  50  per  cent,  (all  labeled  for  seventh  and  eighth  grades) , 
negative,  41  per  cent.  In  reply  to  the  question  on  the  application  of  number 
(1)  to  manual  training,  50  per  cent  of  the  school  systems  replied  in  the  af- 
firmative; 35  per  cent  with  a qualified  affirmative  “somewhat,”  making  a 
total  affirmative  of  85  per  cent  and  a negative  of  15  per  cent;  (2)  to  geog- 
raphy and  nature  study,  affirmative,  50  per  cent;  qualified  affirmative,  18  per 
cent;  total  affirmative,  68  per  cent;  negative,  32  per  cent;  (3)  to  prac- 
tical affairs,  affirmative,  95  per  cent;  negative,  5 per  cent.  Typical  replies  to 
the  fourth  question  as  to  other  means  used  to  broaden  the  scope  of  arithmetic 
were:  “Our  tendency  is  to  concrete  work  in  all  grades  in  terms  of  a child  s ex- 
perience;” “Data  for  exercises  taken  from  actual  measurements  and  actual 
affairs;”  “Practical  affairs  cover  the  ground;”  “Arithmetic  throughout  is 
considered  a social  study;”  “Use  of  actual  tax  bills,  gas  bills,  water  bills,  etc, 
(forms  borrowed  from  public  service  companies) ;”  “Arithmetic  not  valued 
as  formerly  for  its  worth  in  discipline,  but  it  is  being  made  very  piactical, 
“Connected  with  home  life  and  local  industries.” 

The  questions  on  the  means  used  to  narrow  the  field  were:  (1)  Do  you 
have  the  children  do  more  work  with  small  numbers  and  less  with  numbers 
in  the  millions  than  formerly?  (2)  Do  you  teach  only  those  arithmetic  topics 
for  which  children  have  immediate  use,  excluding  such  topics  as  interest  and 

wallpapering?  (3)  Other  tendencies? 

Of  the  replies  as  to  the  use  of  smaller  numbers  91  per  cent  were  affirma- 
tive, 3 per  cent  qualified  affirmative,  making  a total  affirmative  of  94  per 
cent  and  a negative  of  6 per  cent.  In  reply  to  the  question  on  the  choice  of 
those  subjects  for  which  the  children  had  immediate  use,  44  per  cent  replie 
in  the  affirmative,  32  per  cent  gave  a qualified  affirmative,  making  a total 
of  76  per  cent  affirmative  and  24  per  cent  negative.  The  replies  to  the  third 
question  “Other  tendencies”  ran  as  follows:  “Toward  simplification,”  ‘‘Our 
tendency  is  toward  the  elimination  of  topics  not  clearly  serviceable,’  We 
emphasize  mental  and  oral  work  with  small  numbers  to  secure  facility  in 
common  processes,”  “Insistence  upon  simple  problems  and  proficiency  within 
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limits”  “Toward  simplification,  accuracy;  certainty,  Much  woiiC 
wdth^nall^numbers^ simplified  problems/"  “The  elimination  of  toprcs;  em- 

PhlS“r‘d1  section  of  the  questionnaire  the  ™ 

asked:  In  what  year  “ s‘u^ “^^^'^Ximenced?  The  study 
mental  processes  completed?  the  stuciy  o 

rations  emphasized?  Ratio  studied?  Percentage  —need?  ^ ^ 
The  replies  answering  these  specific  questions  a 
were  as  follows:  Number  was  recorded  as  of  the 

per  cent  of  the  school  systems  repb ymgJ  ™ * ' fundamental  processes 
schools  and  in  third  grade  m 6%  per  cent.  The  ^ 

were  reported  as  completed  in  the  third  gia  e m grade  in 

replying;  in  fourth  grade  in  78  per  cent  of  the  ^oobi  and  m fifth  pade  ^ 

IZCu  *» ^ 

Cttons  wJr°em mn ^ated  if  ^d,  taTpT«rt  of  the  a schools 

per  cent  of  schools  and  left  entirely  for  upper  grades  (seventh,  eighth, 
ninth)  in  30  per  cent  of  the  schools  Percentage  was  connnen ced^n  the 

fourth  grade  in  5 per  cent  of  the  schools,  in  1 T'  , • 2q  per  cent 
schools,  in  sixth  grade  in  45  per  cent,  and  in  seventh  glad  ’ ” ^ per  o 1 ■ 

Tt  difficult  to  get  at  the  real  truth  in  any  situation  through  a systei 
puestlffnd  answers  for  the  reason  that  almost  any  question  wtojh  <«£ 
formulated  admits  of  misinterpretation.  By  comparison  P,h  t_ 

questionnaire  with  the  printed  courses  of  study  it  «.  f oun< ^ "n^e, 
est  liability  to  misinterpretation  lay  in  the  first  section  of  the  question 
Whith  refers  to  the  means  used  to  broaden  the  -op.  of ^^thm^i . TJ £ 
plies  throughout  the  section  included  in  many  cases  the  seventh  “d  eg 
years  of  the  elementary  school.  This  makes  it  necessary  to  interpret  not  only 
U,e  answers  in  the  equation  and  literal  notation  in  a different ^way  f 
which  the  replies  indicated  (attention  has  already  been  called  to  this),  but 
^ answers  a o on  the  application  of  arithmetic  to  manual  training,  geog- 

» ».  is  — " 

... . — — 
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between  incidental  and  formal  work  in  fractions  and  ratio.  Much  incidental 
work  in  fractions  is  done  in  the  first  three  years,  but  the  study  of  a fraction 
as  a fraction  is  left  in  the  majority  of  cases  to  the  fourth  and  fifth  years. 
Ratio  forms  the  basis  of  several  special  methods  of  teaching  number  used  in 
many  localities  throughout  the  country.  In  such  cases  it  is  recorded  as 
studied  in  the  primary  grades.  Ratio  and  proportion  as  such  are  usually  put 
down  in  the  printed  courses  of  study  as  work  for  the  seventh  and  eighth 
years. 

The  summary  is  indicative  of  an  advance  in  the  work  in  general.  One 
step  forward  is  the  tendency  to  broaden  the  scope  of  arithmetic  so  that  it  is 
less  a series  of  exercises  for  the  manipulation  of  figures  and  more  of  an  intro- 
duction to  mathematics  in  general.  If  we  may  take  the  summary  as  typical 
of  the  state  of  affairs,  the  study  of  geometric  forms  is  becoming  current,  and 
in  the  seventh  and  eighth  grades  the  use  of  the  equation  and  of  literal  nota- 
tion is  making  some  headway.  It  is  possibly  wise  that  the  latter  are  not  used 
below  these  years,  owing  to  the  fact  that  the  substitution  of  a formal  means 
of  solving  a problem  for  a child’s  own  natural  logic  is  likely  to  cause  con- 
fusion in  his  mind.  The  tendency  to  correlate  arithmetic  with  other  subjects 
and  make  it  a thoroughly  practical  subject  is  strong.  An  equally  striking  de- 
mand throughout  the  country  is  the  cry  for  the  simplification  of  arithmetic 
through  the  use  of  smaller  numbers,  the  elimination  of  topics,  the  simplifica- 
tion of  problems,  and  an  emphasis  on  mental  rather  than  written  work.  The 
tendency  is  to  limit  the  work  to  what  comes  within  the  child  s experience 
and  expect  greater  efficiency  within  the  narrower  field.  As  to  the  program 
of  work  there  is  a tendency  to  begin  number  somewhat  later  in  the  primary 
school  than  formerly;  to  devote  the  years  before  the  fifth  grade  to  the  four 
fundamental  processes  with  integers,  the  fifth  year  to  fractions,  and  the 
sixth  year  to  fractions  and  percentage. 

Since  the  cities  as  a usual  thing  are  in  advance  of  the  smaller  communi- 
ties and  the  rural  districts  and  serve,  more  or  less  as  their  leaders,  the  sum- 
mary is  more  indicative  of  the  trend  of  the  courses  of  study  than  of  the  state 
of  things  as  they  actually  exist.  It  shows  a more  advanced  state  of  affairs 
than  would  be  found  extant  if  an  average  could  be  made  of  the  work  of  the 
country  as  an  entirety. 
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V. 


The  Methods  Employed  in  Teaching  Elementary 


Mathematics. 


-r-n  r-vrr  v xrr'TNrr*  STATUS  OF  TEACHING  METHOD. 

III.  THE  EFFECT  OF  THE  CHANGING  SlAiUb  ux 

Teaching  method  in  the  totim^and  'improve 

knowledge  and  “Perl“C^°^  movements  have  been 

che  immature  responses  of  ehilcli  . f t l in„  during  the 

responsible  for  the  development  of  spec.a ”g  0n  the  one 
past  few  decades-one  is  humanitarian  and  the  ^ 

hand,  there  has  been  a growth  m reve'ence  d acceptanoe  o£  the 

yet  it  has  scarcely  expressed  itself  v,  ith  fulln  s . cun.iculum ; spe- 

“doctrine  of  interest”  in  teaching;  the  are 

cialized  schools  for  truants  and  de  ec  attitude  toward  childhood, 

the  schoolmaster’s  recognition  of  the  mo  external 

Under  such  conditions  teaching  ec°”eS  A.  of  sympathetic  ministry  to 
imposition  of  adult  views,  and  moie  ^ ^ desiraMe  quaiities  of  char- 
those  inner  needs  of  child  , . Pnndescension  to  childhood, 

acter.  While  it  is  that  it  is  a guarantee  of  more 

it  is  a socially  profitable  condeacensi  ^ revealed  at  school.  Since 

effective  and  enduring  masteiy  Darcel  of  his  own  life 

the  child’s  acquisition  tends  the  more  to  be ' P“* 1 “t°ction  are  en- 

under  such  sympathetic  teaching,  the  products  of  such 

'Tush  a humanitarian  movement 

child.  The  wisdom  "movement”  came  into  existence 

data  is  demanded.  Thus  the  • for  educational 

Since  then,  a saner  ^ ^^reconstructing  teaching  method  at 
procedure  one  w ^ >a  d had  been  improved  fitfully  through  a 

every  turn.  H.oheito  teacning  psychological  knowledge,  rich  in 

rsssss  i i - - — - 

gives  a scientific  basis  to  teaching  method.  .•  jn(jeed  who  will 

deny ^that1 there6!:1  ^ noZ  of  “method!”  As  a class, 
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teachers  have  faith  in  the  special  professional  technique  which  is  included 
under  the  term.  They  are  critical  of  the  many  abuses  which  have  been  com- 
mitted in  the  name  of  method.  Method  can  not  be  a substitu  e or  scio  ai- 
ship.  It  can  not  be  a "cut-and-clried”  procedure  indiscriminately  oi  uni- 
formly applied  to  classroom  instruction.  Like  every  other  technical  means 
teaching  method  is  subject  to  its  own  limitations  and  strengthens  a fad  whic 
the  average  teacher  recognizes. 

In  spite  of  the  fact  that  the  majority  of  elementary  teachers  keep  rea- 
sonably sane  on  the  problem  of  method  in  teaching,  it  must  be  admitted  that 
a considerable  proportion  of  teachers  are  inclined  to  be  attracted  by  systems 
of  method  that  greatly  overemphasize  a single  element  o pioce  uie.  ie 
hold  which  the  "Grube  method”  with  its  unnatural  logical  thoroughness  an 
progression  gained  in  this  country  two  or  three  decades  ago  is  scarcely  ex- 
plicable to-day.  Scarcely  less  baffling  is  the  very  large  appeal  made  by  a 
series  of  textbooks  which  laid  the  stress  upon  the  acquisition  of  arithmetic 
through  the  idea  of  ratio  and  by  means  of  measuring.  Manue  woikas  i 
source  of  arithmetical  experiences  is  another  special  emphasis,  u me  , 1 e e 
others,  has  had  its  enthusiastic  adherents.  Again,  it  is  "arithmetic  without  a 
pencil”  or  some  other  overextension  of  a legitimate  local  method  into  a 
"panacea”  or  "cure-all”  which  confronts  us.  The  promulgation  and  accept- 
ance of  such  unversatile  and  one-sided  systems  of  teaching  method  are  in- 
dicative of  two  defects  in  the  professional  equipment  of  teachers:  U)  me 
lack  of  a clear,  scientific  notion  as  to  the  nature  and  function  of  teac  mg 
method  and  (2)  a lack  of  psychological  insight  into  the  varied  nature  o 
classroom  situations.  Untrained  teachers  we  still  have  among  us  and 
others  too,  to  whom  a little  knowledge  is  a dangerous  thing.  These  ai 
quently  carried  away  by  the  enthusiastic  appeals  of  the  le  oimer  wi  a 
system  far  too  simple  to  meet  the  complex  needs  of  human  nature.  Ou 
experiences  seem  to  have  sobered  us  somewhat,  the  increase  of  supervision 
has  made  responsible  officers  cautious,  and  increased  professional  intell  ge 
has  put  a wholesome  damper  upon  naive  and  futile  proposals  o ma  e 

mg Amore  serious  evil  than  that  just  mentioned  is  the  tendency  of  the  super- 
vising staff  to  overprescribe  specific  methods  for  classroom  teachers.  Re- 
cently there  has  developed,  more  particularly  in  large  city  systems,  a ten- 
dency to  demand  a uniform  mode  of  teaching  the  same  schoo  subjec 
throughout  the  city.  This  has  been  brought  about  by  the  pievalen  . 
dencies  of  large  school  systems  to  centralize  their  authority  an  eman  uni- 
formity of  procedure.  The  prime  causes  of  this  tendency  are  to  be  foun  ( ) 
in  the  specialization  of  grade  teaching,  and  the  interdependence  of  one 
teacher  on  another;  (2)  in  the  mobility  of  the  school  population  which  in- 
volves considerable  lost  energy  if  teachers  do  not  operate  along  simitar  lines. 

The  result  of  such  imposed  uniformity  is  a reduction  of  spontaneity  in 
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teaching.  The  process  of  instruction  proceeds  in  a more  or  less  mechanical 
fashion,  the  teacher  working  for  bulk  results  by  a persistent  and  general 
application  of  the  methods  laid  down.  That  teaching,  which  at  every  moment 
tends  to  adjust  itself  skillfully  to  the  changes  of  human  doubt  and  interest, 
difficulty  and  success,  discouragement  and  insight,  now  taking  care  of  a 
whole  group  at  once,  now  aiding  an  individual  straggler,  now  resolutely  fol- 
lowing a prescribed  lead,  now  pursuing  a line  of  least  resistance  previously 
unsuspected,  can  not  thrive  under  such  conditions.  It  stifles  teaching  as  a fine 
art  and  makes  of  it  a mechanical  business.  Under  these  conditions  only 
those  activities  which  fit  the  machine  routine  can  go  on.  Thus  it  happens 
that  we  memorize,  cram,  drill,  and  review,  and  soon  the  subtler  processes  of 
thinking  and  evaluating,  which  are  the  best  fruit  of  education,  cease  to  exist. 

Fortunately  the  one-method  system  of  teaching  will  soon  belong  to  the 
past,  and  the  imposition  of  uniform  methods  is  beginning  to  lose  ground  even 
in  our  cities.  For  the  most  part,  the  common  sense  of  teachers  and  the  posi- 
tive statements  of  our  better  theorists  keep  teaching  methods  in  a position  of 
useful  status.  Teaching  methods  should  be  infinitely  variable  as  the  condi- 
tions calling  for  their  use  are  endlessly  changeable.  Not  one  method  but 
many  are  necessary,  for  their  function  is  supplementary  rather  than  compu- 
tive.  No  one  method  should  be  used  with  a preestablished  rigidity;  each 
must  be  flexible  in  its  uses,  so  as  to  accomplish  the  varied  work  to  be  done. 
The  teacher  directly  facing  the  intellectual  and  emotional  crises  of  childhood 
is  the  best  interpreter  of  conditions  and  the  best  chooser  of  the  tools  of  work- 
manship. The  supervisor  may  advise  and  may  point  out  certain  fundamental 
laws  of  growth  and  procedure;  but  the  concrete  method  which  is  the  appli- 
cation of  these  must  be  of  the  teacher's  making. 

Arithmetical  teaching,  like  the  instruction  in  other  subjects,  has  suffered 
from  these  widespread  ventures  of  teaching  method.  In  this  respect  it  has 
shared  the  common  professional  lot.  But  in  addition  it  has  had  special  diffi- 
culties and  adventures  of  its  own.  We  have  now  to  note  those  special  phases 
of  teaching  method  which  are  peculiar  and  local  to  mathematical  instruction. 


IV.  METHOD  AS  AFFECTED  BY  THE  DISTRIBUTION  AND 
ARRANGEMENT  OF  ARITHMETICAL  WORK. 

THE  TENDENCY  TOWARD  SHORTENING  THE  TIME  DISTRIBUTION. 

Several  decades  ago  arithmetic,  as  a formal  subject,  was  begun  in  the 
first  school  year  and  continued  throughout  the  grades  to  the  last  school  year. 
This  is  no  longer  a characteristic  condition,  much  less  a uniform  one.  There 
have  been  forces  operating  to  complete  the  subject  of  arithmetic  prior  to  the 
eighth  year,  and  to  delay  its  first  systematic  presentation  in  the  primary 
grades  for  a period  varying  from  six  months  to  two  years. 

The  attempt  to  shorten  the  period  of  formal  instruction  in  arithmetic  has 
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had  its  effects  upon  the  methods  of  teaching  as  well  as  upon  the  arrange- 
ment of  the  course  of  study.  The  presence  of  a large  number  of  children  who 
leave  school  by  the  seventh  year,  the  example  of  a varied  European  practice, 
the  overcrowded  curriculum — all  these  have  combined  to  suggest  a shortened 
treatment  of  arithmetic.  Hence  economy,  through  the  elimination  of  obsolete 
and  unimportant  topics  in  the  course  of  study  and  through  better  methods  of 
instruction,  has  become  a pressing  matter.  Its  influence  on  method  is  obvious. 

It  has  focused  attention  upon  "teaching  method”  and  given  it  an  increas- 
ing importance  in  the  eyes  of  mathematical  teachers.  Specifically,  it  has 
tended  to  reduce  the  amount  of  objective  work,  to  eliminate  the  explanation 
or  rationalization  of  processes  which  in  life  are  done  automatically , it  has 
made  teachers  satisfied  with  teaching  one  manner  of  solution  where  befoie 
two  or  three  were  given;  it  has  laid  the  emphasis  upon  utilizing  old  knowl- 
edge in  new  places,  rather  than  on  acquiring  new  means. 

The  by-product  of  this  belief  is  that  any  arithmetic  taught  during  these 
first  few  years  should  be  taught  "incidentally,”  as  a chance  accompaniment 
of  their  other  studies.  Only  after  one  or  two  years  of  incidental  work  should 
the  formal  arithmetic  instruction  be  given.  This  "incidental”  method  of 
teaching  beginners  is  difficult  to  estimate.  It  has  been  so  variously  treated 
that  a comparative  measure  of  its  worth  is  difficult  to  obtain.  The  conten- 
tion that  children  who  are  taught  incidentally  for  two  years  and  syste- 
matically for  two  years  more  have  at  the  end  of  four  years  of  school  life  as 
good  a command  of  arithmetic  as  those  who  have  had  a systematic  course 
through  four  school  years  is  difficult  to  substantiate  or  deny  on  scientific 
grounds.  Sometimes  "incidental”  teaching  required  by  the  course  of  study 
becomes  "systematic”  in  the  hands  of  the  teacher.  Sometimes  the  two  years 
of  "systematic”  teaching  that  follows  the  incidental  teaching  means  more 
than  two  years,  since  the  teachers,  in  order  to  catch  up,  give  more  time  and 
emphasis  to  the  subjects  than  the  relative  time  allotment  of  any  general 
schedule  would  seem  to  warrant.  Such  have  been  the  facts  frequently  re- 
vealed by  a classroom  inspection  that  penetrates  beyond  the  course  of  study, 
the  time  schedule,  and  the  regulations  of  the  school  board. 

In  the  lack  of  specific  comparative  measures  of  the  worth  of  such  methods 
of  instruction,  there  is  a growing  conviction  (1)  that  beginning  school  chil- 
dren are  mature  enough  for  the  systematic  study  of  all  the  arithmetic  that 
the  modern  course  of  study  would  assign  to  these  grades;  (2)  that  consider- 
ing the  quantity  and  quality  of  their  experiences  they  can  think  or  reason 
quite  as  well  as  memorize;  and  (3)  that  what  the  school  requires  of  the  child 
can  be  better  done  in  a responsible,  systematic  manner  than  by  any  hap- 


hazard system  of  incidental  instruction. 

These  reactionary  attitudes  by  no  means  imply  a return  to  systematic 
teaching  of  arithmetic  in  the  first  two  school  years,  nor  to  such  formal  meth- 
ods as  had  previously  been  employed.  Other  grounds  forbid.  The  crude,  un- 
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interesting  memoriter  methods  of  the  past  have  gone  for  good.  Objective 
work,  plays,  games,  manual  activities  make  arithmetical  study  easier  and 
more  efficient.  Indeed,  these  newer  methods  have  been  a large  factor  in  con- 
vincing teachers  that  children  have  the  ability  to  master  the  first  steps  in 
arithmetic  during  the  first  two  years. 

There  are  other  problems  of  method  that  are  not  so  much  concerned  with 
the  beginning  of  the  study  of  arithmetic,  or  with  the  span  of  school  life  that 
the  subject  is  supposed  to  cover.  These  deal  with  the  arrangement  of  sub- 
topics,  within  the  course  of  study,  or  with  the  manner  of  piogression  from 
one  aspect  of  arithmetical  experience  to  another. 

The  methods  that  have  been  employed  in  the  United  States  for  the  ar- 
rangement or  ordering  of  topics  within  the  course  of  study  have  varied  con- 
siderably from  time  to  time,  but  all  these  variations  may  be  grouped  around 
two  types:  (1)  The  “logical”  types  of  arrangement  and  (2)  the  “psychologi- 
cal” types  of  arrangement.  If  the  course  of  study  proceeds  primarily  by 
units  that  are  characteristic  of  the  mathematics  of  a mature  adult  mind,  the 
type  may  be  said  to  be  “logical.”  If  the  course  of  study  proceeds  primarily 
by  units  that  are  characteristic  of  the  manner  in  which  an  immature  child’s 
mind  approaches  the  subject,  then  the  type  may  be  said  to  be  “psycho- 
logical.” 

The  older  “logical”  plans  are  thorough  and  definite  in  their  demands;  the 
teacher  always  knows  just  what  he  is  about.  But  such  a system  of  procedure 
is  unnatural  and  remote  from  the  child;  it  lacks  appeal  and  motive.  The 
child  pursues  the  subject  as  a task  laid  down  for  him,  not  as  an  answer  to 
his  own  curiosities  or  necessities.  The  newer  psychological  plans  meet  the 
different  levels  of  child  maturity  effectively;  they  are  nearer  the  natural 
order  of  acquiring  knowledge.  But  it  is  not  easy  for  the  teachers  to  keep  ac- 
count of  the  work  of  their  own,  previous,  or  subsequent  grades.  Nor  does  the 
supervising  official  find  it  easy  to  locate  responsibility  for  definite  arithmet- 
ical subtopics.  As  an  order  of  teaching  it  is  psychologically  natural  but  ad- 
ministratively ineffective. 

The  result  is  that  to-day  the  two  types  of  arrangement  are  modifying 
each  other  and  giving  a mixed  method,  partly  logical  and  partly  psychologi- 
cal. That  line  of  least  resistance  in  which  the  children  study  arithmetical 
facts  and  processes  with  greatest  success  is  modified  by  definite  demands 
that  topics,  e.  g.,  addition,  be  mastered  thoroughly  “then  and  there.”  The 
method  is  partly  “topical”  and  partly  “spiral.”  The  child  in  the  second  grade 
may  have  a little  of  all  the  fundamental  processes,  a few  simple  fractions, 
and  United  States  money,  but  just  there  he  will  be  held  definitely  responsible 
for  a very  considerable  number  of  the  addition  combinations.  The  pupil  may 
have  had  fractions  in  every  grade,  but  the  fifth  grade  will  be  responsible  for 
a thorough  and  systematic  mastery  of  the  same.  Such  is  the  mixed  method 
of  arrangement  which  is  to-day  prevalent  in  American  schools. 
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V.  OBJECTIVE  TEACHING. 

The  use  of  objects  in  teaching  arithmetic  is  current  in  the  elementary 
school.  Particularly  is  this  true  in  the  lowest  grades  of  the  school,  in  primary 
work.  It  may  be  said  that  there  is  a very  large  quantity  of  objective  teach- 
ing in  the  first  year  of  school  and  that  it  decreases  more  or  less  gradually 
as  the  higher  grades  are  approached.  By  the  time  the  highest  grammar 
grades  are  reached  the  use  of  objects  has  reached  its  minimum,  the  under- 
lying assumption  being  that  the  use  of  objects  has  a teaching  value  that  de- 
creases as  the  maturity  of  the  pupils  increases.  Current  practice  does  not 
proceed  far  beyond  the  application  of  the  simple  and  somewhat  crude  psy- 
chological statement  that  the  youngest  children  must  have  much  objective 
teaching,  the  older  less,  the  oldest  least  of  all. 

Reform  in  the  direction  of  a more  refined  and  exact  use  of  object  teach- 
ing has  already  suggested  itself  in  the  treatment  of  fractions  and  mensura- 
tion, where,  regardless  of  the  increased  maturity  of  the  children  studying 
these  topics,  a large  amount  of  objective  method  is  utilized.  This  is  a con- 
siderable departure  from  the  slight  objective  treatment  of  other  arithmetical 
topics  taught  in  the  same  grades.  Such  exceptional  practices  suggest  that  the 
novelty  of  an  arithmetical  topic  is  the  condition  calling  for  objective  work 
in  instruction.  It  is  immaturity  in  a special  subject  or  situation  which  de- 
termines the  amount  of  basal  objective  work.  The  correlation  is  not  with 
the  age  of  the  pupil  but  with  his  experience  with  the  special  problem  or  sub- 
ject in  hand.  It  is,  of  course,  true  that  the  less  experienced  the  student  is 
the  greater  the  likelihood  that  any  subject  presented  will  be  novel  and 
strange.  Only  in  this  indirect  manner  does  the  novelty  of  subject  matter 
coincide  with  mere  youth  as  an  essential  principle  in  determining  the  need  of 
objective  presentation.  The  naive  assumption  of  the  older  enthusiastic  re- 
formers that  objective  work  is  a good  thing  psychologically,  one  of  which  the 
pupil  can  not  have  too  much,  is  by  no  means  the  accepted  view  of  the  new  re- 
former. With  the  latter,  objective  presentation  is  an  excellent  method  at  a 
given  stage  of  immaturity  in  the  special  topic  involved,  but  it  may  be  un- 
economical, even  an  obstacle  to  efficiency,  if  pushed  beyond. 

There  is  then  a certain  coincidence  of  the  scientific  criticism  of  the  psy- 
chologist and  of  the  common-sense  criticism  of  the  conservative  teachers  who 
look  suspiciously  upon  a highly  extended  object  teaching.  The  teachers,  on 
grounds  of  experience,  say  that  too  much  objective  teaching  is  confusing  and 
delays  teaching.  The  psychological  critics  say  it  is  unnecessary  and  wasteful. 
The  result  is  that,  in  these  later  days,  the  distribution  of  objective  work  has 
changed  somewhat.  More  subjects  are  developed  in  the  higher  grades 
through  objective  instruction  than  before.  Perhaps  no  fewer  subjects  in  the 

296 


teas 


tuauti 


mum 


E_3WS 


International  Commission  / The  American  Report  (Elementary  Schools) 

lower  grades  are  presented  objectively,  but  the  extent  of  objective  treat- 
ment of  each  of  these  has  undergone  considerable  curtailment. 

The  existing  defects  in  objective  teaching  are  not  restricted  to  a false 
placing  or  distribution.  The  quality  of  teaching  with  the  aid  of  objects  is 
likewise  open  to  serious  criticism.  Object  teaching  is  a device,  so  successful 
as  against  prior  nonobjective  teaching  that  it  has  come  to  be  a standard  of 
instruction  as  well  as  a means.  As  long  as  objects — any  convenient  objects 
are  used,  the  teaching  is  regarded  as  good.  Given  such  a sanction,  the  in- 
evitable result  is  an  indiscriminating  use  of  objects.  The  process  of  objecti- 
fying tends  not  to  be  regulated  by  the  needs  of  the  child’s  thinking  life;  it 
is  determined  by  the  enthusiasm  of  the  teacher  and  materials  convenient 
for  school  use. 

The  first  fact  which  asserts  itself  in  observing  objective  teaching  is  the 
artificiality  of  the  materials  employed.  Primary  children  count,  add,  etc., 
with  things  they  will  never  be  concerned  with  in  life.  Lentils,  sticks,  tablets 
and  the  like  are  the  stock  objective  stuff  of  the  schools,  and  to  a considerable 
degree  this  will  always  be  the  case.  Cheap  and  convenient  material  suitable 
for  individual  manipulation  on  the  top  of  a school  desk  is  not  plentiful.  But 
instances  where  better  and  more  normal  material  has  been  used  are  frequent 
enough  in  the  better  schools  to  warrant  the  belief  that  more  could  be  done  in 
this  direction  in  the  average  classroom.  The  “playing  at  store”,  the  use  of 
actual  applications  of  the  tables  of  weight  and  measures  are  cases  that 
might  be  cited. 

The  materials  used  are  not  only  more  artificial  than  they  need  be,  but 
they  are  too  restricted  in  range.  More  forms  of  even  the  artificial  material 
should  be  used,  thus  minimizing  the  danger  of  monotony. 

Even  the  narrow  range  of  materials  in  general  use  might  be  better  em- 
ployed than  it  is.  There  is,  of  course,  a distinct  tendency  to  vary  the  ob- 
jects, merely  because  a child  gets  tired  of  it  as  a material.  It  is  too  fre- 
quently the  case  that  the  teacher  will  treat  the  fundamental  addition  combi- 
nations with  one  set  of  objects,  e.  g.,  lentils.  In  all  the  child’s  objective  ex- 
perience within  that  field  there  are  two  persistent  associations — “lentils”  and 
“the  relation  of  addition.”  The  accidental  element  has  been  emphasized  as 
frequently  as  the  essential  one,  and  being  concrete  has  had  even  a better 
chance  to  impress  itself. 

The  nature  of  the  materials  proper  to  objective  teaching  has  likewise  been 
too  narrowly  interpreted.  Objective  teaching  has  meant  almost  exclusively 
instructing  or  developing  through  three-dimensional  representation,  whereas 
another  form  has  been  neglected,  which  for  all  the  psychological  purposes  of 
education  has  as  much  worth  as  so-called  objects,  namely,  use  of  such  ma- 
terial as  pictures.  Such  quasi-objective  material  has  been  little  used  by 
teachers  save  as  it  appears  in  textbooks.  There  are,  of  course,  obvious  dis- 
advantages to  pictures  and  diagrams.  The  things  represented  in  and  by  them 
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are  not  capable  of  personal  manipulation  by  the  child  in  the  ordinary  sense 
But  they  have  a superiority  all  their  own.  They  offer  a wider,  more  natural 
and  more  interesting  range  of  concrete  experiences. 

. . Thei;e  Aare  0ther  curious  Phases  of  narrowness  in  the  current  pedagogical 
interpretation  as  to  what  constitutes  a concrete  or  objective  experience.  It 
will  be  noted  that  visual  objects  are  the  ones  generally  employed  and  that 
they  are  generally  inanimate  objects.  Of  late  there  has  been  some  tendency 
to  use  hearing  and  touch  in  giving  a concrete  basis  to  teaching.  Advantage  is 
aken  of  the  social  plays  of  children  and  their  games  with  things.  Here  the 
e ddren  themselves  and  their  relations  and  acts  are  the  experiences  from 
which  the  numerical  units  are  obtained.  With  some  of  the  best  teachers  in 
e lowest  grades  it  is  no  longer  unusual  to  see  children  moving  about  in  all 

sorts  of  play  designed  to  add  reality  to  and  increase  interest  in  number 
tacts. 

Inductive  teaching  has  been  one  of  several  movements  affecting  objec- 
tive teaching.  The  effort  of  teachers  to  escape  the  slavishness  of  mere  memo- 
liter  methods  and  to  approximate  real  thinking  led  to  the  introduction  of 
inductive  teaching.*  Necessarily  objective  teaching  became  more  or  less 
identified  with  the  new  movement  and  was  influenced  by  it.  So,  it  has  been 
said  of  objective  work  m arithmetic,  as  it  has  been  said  of  laboratory  work 
m e sciences,  that  such  instruction  is  a method  of  "discovery”  or  "redis- 
covery.” Such  an  alliance  has  had  its  beneficial  effects  upon  objective 
teaching;  it  has  redeemed  it  from  the  aimless  "observational  work”  of  an 
earlier  objective  study.”  But  in  the  teaching  of  arithmetic,  at  any  rate  it 
confused  an  objective  mode  of  presentation  with  a scientific  method  of  learn- 
ing truth,  two  activities  having  a common  logical  basis,  but  not  at  all  the 
same.  Under  the  assumption  that  the  developmental  method  is  one  of  re- 
discovery, the  tendency  is  to  give  the  child  as  complete  a range  of  concrete 
evidences  as  would  be  necessary  on  the  part  of  the  scientist  in  substantiating 

a ™ fC  ’ resu^  *s>  ^at  a^er  the  child  is  convinced  of  the  truth 
say  that  4 and  2 are  6,  the  teacher  persists  in  giving  further  objective  illus- 
1 a ions  o t e fact.  The  child  loses  interest  in  the  somewhat  monotonous 
continuance  of  objective  manipulations,  and  the  teacher  has  naturally 
wasted  time  and  energy. 

. Another  modern  movement  in  teaching  method  wh kb  has  had  a con- 
spicuous effect  on  objective  teaching  is  the  movement  towari  “self-activity” 
on  the  part  of  the  child.  The  recent  favor  enjoyel  by  manual  training, 
na  ure  study,  self-government,  and  other  active  phases  of  school  life  is  an 
in  ex  o the  general  movement  in  mind.  Its  influence  has  not  only  forced 
the  introduction  of  new  subjects;  it  has  changed  the  manner  of  presenting 
e older  subjects  of  the  elementary  curriculum.  Arithmetic  has  responded 
along  with  the  other  subjects  and  an  active  use  of  objects  by  the  children 
themselves  is  found  in  increased  degree. 
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VI.  THE  USE  OF  METHODS  OF  RATIONALIZATION. 

It  is  perfectly  natural  that,  in  shifting  the  teachei  s attention  fiom 
own  activities  to  those  of  the  children  the  interest  o f the  child  ^ 
considered  in  increasing  degree.  If  the  chrld  rs  to  learn 
munr  use  of  his  initiative,  it  is  absolutely  essential  tlia 
provide  some  motive.  This  implies  that  the  child  is  to  be  interested  in  som 
fundamental  way  in  the  activities  in  which  he  is  to  engage  “ £ 

thumbing  the  fundamental  facts  with  ns  memoiy,  in  an  , dull 

fortful  manner,  “singsonging”  the  tables  rhythmically  so  i is , to  mal re  c dull 

business  less  dull,  the  teacher  begins  at  once  to  use  the  child  s own  life 
basis  for  instruction.  The  number  story,  the  arithmetical  *f 

adult  activities,  constructive  work,  measuring,  an  o r instruction  in 
the  child  and  community  life  become  increasingly  the  basis  of  'nstmctio 
number.  Such  is  the  pronounced  tendency  wherever  the  movement  away 

from  the  traditional  rote-learning  or  drill. 

Of  course  there  is  the  slight  tendency  in  American  elementary  schools 
where  a soft  and  false  interpretation  of  the  doctrine  of  interest  18  g°spel  to 
Teach  only  those  things  which  can  be  taught  in  an  interesting  fash  on.  But 
this  tendency  is  less  operative  in  arithmetic  than  in  other  subjects.  Here 
the  logical  interdependence  of  one  arithmetical  skill  on  another  has  quic  y 
pointed  the  failure  of  such  a haphazard  mode  of  instruction. 

P There  is  however,  in  “advanced”,  as  well  as  in  reactionary  quartos,  a 
revolt  against  the  tendency  to  objectify,  explain,  or  rationalise  everythmg 
taught  in  arithmetic.  On  the  whole  it  is  a discriminating  movem  , 
opposition  to  “rationalization”  in  arithmetical  teaching,  an  in 
“memorization”  or  “habituation,”  bases  its  plea  on  rational  grounds,  main  y 

derived  from  the  facts  of  modern  psychology. 

It  is  specifically  opposed  to  explaining  why  “carrying”  in  addition,  and 
“borrowing”  in  subtraction  are  right  modes  of  procedure.  These  acts  are  to 
be  taught  as  memory  or  habit,  inasmuch  as  they  are  to  be  Performed  by  that 
method  forever  after.  To  develop  such  processes  rationally  01  to  dei 
"for  the  procedure  once  it  is  acquired,  is  merely  to  stir  up  unnecessary 

trouble  trouble  unprompted  by  any  demands  of  actual  e ciency. 

A study  of  the  actual  arithmetical  facts  upon  which  this  opposition  ex- 
presses itself  suggests  the  four  following  general  principles  as  to  the : use^ 
“rationalization”  and  “habituation”  as  methods  of  mastery,  t ) y 

or  process  which  always  recurs  in  the  same  identical  planner,  and  o euro 
with  sufficient  frequency  to  be  remembered,  ought  not  o e Mi * “ 
for  the  pupil  but  “habituated.”  The  correct  placing  of  partial  produc 
the  multiplication  of  two  numbers  of  two  or  more  figures  is  a specific  e». 
(2)  If  a process  does  recur  in  the  same  manner,  but  is  so  little  used  in 
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life  that  any  formal  method  of  solution  would  be  forgotten,  then  the  teacher 
should  “rationalize”  it.  The  process  of  finding  the  square  root  of  a numbei 
illustrates  this  series  of  facts.  (3)  If  the  process  always  does  occur  in  the 
same  manner,  but  with  the  frequency  of  its  recurrence  in  doubt,  the  teacher 
should  both  “habituate”  and  “rationalize.”  The  division  of  a fraction  by  a 
fraction  is  frequently  taught  both  “mechanically”  and  “by  thinking  it  out.” 
(4)  When  a process  or  relation  is  likely  to  be  expressed  in  a variable  form, 
then  the  child  must  be  taught  to  think  through  the  relations  involved,  and 
should  not  be  permitted  to  treat  it  mechanically  through  a mere  act  of  habit 
or  memory.  All  applied  examples  are  to  be  dealt  with  in  this  manner,  for 
such  problems  are  of  many  types,  and  no  two  of  the  same  type  are  ever 
quite  alike.  These  laws  will,  of  course,  not  be  interpreted  to  mean  that  no 
reason  is  to  be  given  a child  in  a process  like  “carrying”  in  addition.  The  rea- 
son is  not  essential  to  efficient  mastery,  but  it  may  be  given  to  add  interest 
or  to  satisfy  the  specially  curious. 


VII.  SPECIAL  METHODS  FOR  OBTAINING  ACCURACY, 
INDEPENDENCE,  AND  SPEED 

It  is  not  alone  the  first  stages  in  the  acquisition  of  an  arithmetical  process 
which  have  received  attention  in  the  reorganization  of  teaching  methods, 
though,  to  be  sure,  the  problem  »-f  first  presentations  has  in  recent  decades 
been  given  the  most  attention.  More  and  more  the  American  tendency  is  to 
watch  every  step  in  the  learning  process,  to  provide  for  all  necessary  transi- 
tions, and  to  safeguard  against  avoidable  confusions.  It  might  be  suggested 
that  constant  intermediation  of  the  teacher  in  the  child’s  work  at  every  step 
might  destroy  the  pupil’s  initiative  and  independence.  Apparently  however, 
those  who  are  so  deeply  interested  that  the  child  should  not  be  permitted  to 
fall  into  the  errors  which  unsupervised  drill  would  convert  into  habit,  aie 
fully  as  cautious  to  provide  steps  for  forcing  the  child  to  assume  an  increas- 
ing responsibility  for  his  own  work.  The  distinction  made  is  that  an  over- 
early  independence  is  as  fatal  to  accurate  and  rapid  mathematical  work  as 
an  over-delayed  dependence. 

One  of  the  specific  controversies  much  argued  in  the  primary  school  con- 
cerns the  medium  through  which  arithmetical  examples  and  problems  shall  be 
transmitted  to  young  children.  There  are  three  typical  ways  in  which  a situ- 
ation demanding  arithmetical  solution  may  be  brought  to  the  child  s mind. 
(1)  The  situation  when  visible  may  be  presented  through  itself;  that  is,  ob- 
jectively; (2)  the  situation  may  be  described  through  the  medium  of  spoken 
language,  the  teacher  usually  giving  the  dictation;  (3)  the  situation  may  be 
conveyed  through  written  language,  as  when  the  child  reads  from  black- 
board or  text.  Inasmuch  as  objects  are  a universal  language,  no  difficulty 
arises  through  this  basic  method  of  presentation.  It  is  when  a language  de- 
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scription  of  a situation  is  substituted  for  the  situation  itself  that  difficulty 
arises.  The  child  might  be  able  to  solve  the  problem  if  he  really  understood 
the  situation  the  language  was  meant  to  convey.  Owing  to  the  difficulty 
that  primary  children  have  in  getting  the  thought  out  of  language,  it  has 
been  urged  that  problems  in  any  unfamiliar  field  should  be  presented  in  the 
following  order:  (1)  Objectively  or  graphically;  (2)  wrhen  the  fundamental 
idea  is  grasped,  through  spoken  language;  and  (3)  after  the  type  of  situa- 
tion is  fairly  familiar,  through  written  or  printed  language.  It  is  seriously 
urged  by  some  teachers  that  no  written  presentation  should  be  used  in  the 
first  four  grades.  Such  an  extreme  tendency  would  practically  abolish  the 
use  of  primary  textbooks.  There  are  many  exceptional  teachers  who  do  not 
put  a primary  text  in  the  hands  of  children  at  all.  Such  a tendency  is  in- 
creasing. Particularly  is  this  true  among  primary  teachers  in  the  schools  of 
the  foreign  quarters  of  large  cities.  Accurate  communication  through  the 
English  language  is  always  more  difficult  here.  Hence,  the  period  of  objec- 
tive teaching  is  necessarily  prolonged,  dependence  on  the  “number  stories” 
told  by  the  teacher  increased,  and  the  solution  of  written  problems  much 
longer  delayed  than  elsewhere. 

The  situation  is  somewhat  different,  almost  the  opposite  in  fact,  when 
“examples”  rather  than  “problems”  are  presented,  meaning  by  “example” 
a “problem”  expressed  through  the  use  of  mathematical  signs.  It  is  easier  to 
present  “examples”  in  written  form  on  blackboard  or  in  text  than  it  is  to 
dictate  them  orally.  This  obviates  the  necessity  of  holding  the  examples  in 
mind  during  solution.  The  permanence  of  the  visual  presentation  saves  the 
restatement  frequently  necessary  in  oral  presentation.  Hence  it  is  a common 
practice  to  supply  the  youngest  children  with  mimeographed  or  written  sheets 
of  “examples.”  It  is  with  older  children  or  with  younger  children  at  a latter 
stage  in  the  mastery  of  a typical  difficulty,  that  oral  presentation  of  examples 
is  stressed.  Then  we  have  that  type  of  work  which  is  called  “mental”  or 
“silent”  arithmetic. 

There  is  some  tendency  toward  the  provision  of  better  transitions  from 
the  objective  presentation  of  applied  problems  to  the  symbolic  presentation 
of  abstract  examples.  The  nature  of  such  a .transition  is  scarcely  reasoned 
out  as  so  much  psychological  science,  but  is  the  accompaniment  of  a widen- 
ing professional  movement  for  the  enlarged  use  of  pictures,  diagrams,  num- 
ber stories,  and  the  like.  A critical  examination  of  the  various  means  of 
presenting  arithmetical  situations  would  order  them  as  follows  in  making  the 
transition  from  objective  concreteness  to  symbolic  abstractions:  (1)  Objects, 
(2)  pictures,  (3)  graphs,  (4)  the  concrete  imagery  of  words,  (5)  more  ab- 
stract verbal  presentations,  (6)  presentations  through  mathematical  symbols. 
No  such  minuteness  of  adjustment  is  apparent  in  existing  methods,  though  it 
might  seem  desirable  in  teaching  young  children.  There  are  four  typical 
ways  in  which  the  child  does  his  work,  the  names  of  which  are  derived  from 
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the  differentiating  element:  <1)  The  "silent”  method,  otherwise  spoken  of  as 
"mental  arithmetic,”  "arithmetic  without  a pencil,”  etc.  (2)  The  "oral” 
method,  where  the  child  works  aloud — that  is,  expresses  his  procedure  step 
by  step  in  speech.  (3)  The  "written”  method,  where  the  child  writes  out  in 
full  his  analysis  and  calculations.  (4)  The  "mixed”  method,  where  the  child 
uses  all  three  of  the  previously  mentioned  methods,  in  alternation,  as  neces- 
sary for  ease  and  efficiency. 

The  worth  of  these  four  methods  of  work  is  necessarily  variable.  The 
rapidity  of  the  "silent  method”  with  simple  figures  is  obvious.  The  "silent 
method”  and  the  "mixed  method”  (which  is  more  slow  but  more  manageable 
with  complex  processes  and  calculations)  are  the  two  methods  normally 
employed  in  social  and  business  life.  The  purely  "oral”  and  "written”  meth- 
ods, with  .their  tendency  toward  analysis  and  calculation  fully  expressed  in 
oral  or  written  language,  are  highly  artificial.  They  are  valuable  as  school 
devices  for  revealing  the  action  of  the  child’s  mind  to  the  teacher  so  that  the 
same  may  be  corrected,  guided,  and  generally  controlled.  The  present  ten- 
dency is  toward  an  over-use  of  these  methods  and  toward  an  under-use  of  the 
other  two,  more  particularly  the  "mixed”  method.  It  would  seem  that  there 
is  little  conscious  attempt  to  make  certain  that  the  child  moves  from  full 
oral  or  written  statements  to  the  'judicious  application  of  the  more  natural 
"silent”  and  "mixed”  methods.  It  may  be  that  full  oral  and  written  state- 
ments of  work  have  seriously  hampered  the  right  use  of  the  more  natural 
methods  of  statement. 

It  is  well  to  recall  that  in  all  these  efforts  to  control  the  child’s  activity 
there  is  a tendency  to  leave  the  child  overdependent  upon  the  teacher.  It  is 
vitally  important  that  a child  should  be  kept  free  of  any  error  which  un- 
supervised drill  would  fix  into  the  stubbornness  of  habit,  but  it  is  likewise  im- 
portant that  the  child  should  acquire  some  self-reliance.  While  not  always 
clearly  defined,  there  is  a distinct  tendency  in  the  direction  of  releasing  the 
teacher’s  control  of  the  child.  A characteristic  practice  would  be  one  in 
which  the  teacher’s  work  with  the  child  would  pass  through  various  stages, 
each  one  of  which  would  mark  a decrease  in  the  control  of  the  process  by 
the  teacher  and  an  increase  in  the  freedom  of  the  child  to  do  his  example,  or 
problem,  by  himself. 

One  characteristic  series  of  stages  quite  frequently  used  in  the  presenta- 
tion of  a single  topic  in  arithmetic,  say  "carrying”  in  addition,  is  the  follow- 
ing: (1)  The  teacher  performs  the  process  on  the  blackboard  in  the  presence 
of  the  class,  the  children  not  being  allowed  to  attempt  the  process  by  them- 
selves until  after  the  process  is  clearly  understood  from  the  teacher’s  de- 
velopment. (2)  The  children  are  then  allowed  to  perform  the  process  upon 
the  blackboard,  where  it  is  exceedingly  easy  for  the  teacher  to  keep  the  work 
of  every  child  under  her  eye.  An  error  is  caught  by  a quick  glance  at  the 
board  and  immediately  corrected  before  the  child  can  reiterate  a false  iro- 
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pression.  (3)  More  of  the  same  type  of  example,  or  problem,  are  assigned  to 
the  children  at  their  seats,  where  they  work  upon  paper,  still  under  the  super- 
vision of  the  teacher;  a supervision  which  is  less  adequate,  however.  (4)  The 
same  difficulty,  after  the  careful  safeguarding  of  the  previous  stages,  is  then 
assigned  for  “home  work,”  where  the  child  relies  almost  completely  upon 
himself.  Once  more  it  is  necessary  to  suggest  that  these  stages  are  merely 
roughly  implied  in  the  variations  of  existing  practice. 

Most  of  the  methods  discussed  in  this  chapter  have  had  as  their  sanction 
the  attainment  of  accuracy  in  thinking  and  calculating.  Some  efforts  to  in- 
sure independent  power  on  the  part  of  the  child  have  already  been  noted. 
But  nothing  has  been  said  of  the  effort  to  add  speed  to  accuracy  in  getting 
efficient  results.  Such  special  efforts  have  been  made.  These  efforts  may  be 
classified  into  two  groups:  (1)  Those  aiming  to  quicken  the  rate  of  mental 
response.  (2)  Those  aiming  at  short-cut  processes  of  calculation. 

Typical  of  the  first  are  (a)  the  use  of  an  established  rhythm  as  the  child 
attacks  a column  of  additions;  (6)  the  device  of  having  children  race  for 
quick  answers,  having  them  raise  their  hands  or  stand  when  they  have  gotten 
the  answer;  (c)  the  assignment  of  a series  of  problems  for  written  work  under 
the  pressure  of  a restricted  time  allotment  for  the  performance  of  each. 
These  and  similar  devices  are  much  used  in  the  schools.  They  are  open  to  the 
objection  that  they  quicken  the  rate  of  the  better  students,  but  foster  con- 
fusion, error,  and  discouragement  among  the  less  able  children,  not  infre- 
quently, actually  retarding  speed. 

The  various  shorter  methods  which  represent  the  effort  to  reduce  the 
number  of  mental  processes  required  are  usually  not  of  general  applicability, 
and  consequently  have  not  attained  any  general  currency  in  the  elementary 
schools,  where  the  object  is  to  teach  one  generally  available  and  effective 
method,  even  though  it  requires  more  time,  special  expertness  being  left 
to  later  development  in  the  special  school  of  business  which  requires  it. 

It  has  come  to  be  quite  a common  recognition  of  teachers  that  the  funda- 
mental element  in  rapid  arithmetical  work  is  certain  and  accurate  work.  If 
pupils  know  their  tables  of  combinations  and  are  sure  of  each  detail  of  cal- 
culation, there  is  no  confusion  or  hesitancy;  speed  then  follows  as  a matter 
of  course.  This  belief,  as  much  as  anything  else,  explains  why  the  lower 
schools  have  developed  few  special  means  for  attaining  speed  apart  from 
those  already  mentioned. 

VIII.  THE  USE  OF  SPECIAL  ALGORISMS,  ORAL  FORMS, 

AND  WRITTEN  ARRANGEMENTS 

The  methods  of  teaching  arithmetic  are  influenced  not  only  by  the  aims 
of  such  instruction,  but  by  the  peculiar  nature  of  the  matter  taught.  The  use 
of  special  algorisms,  temporary  algoristic  aids  or  teaching  “crutches,”  oral 


303 


Emergence  of  National  Organizations  as  a Force  (1891-1919) 


and  written  forms  of  analysis  are  of  considerable  moment  in  determining 
the  difficulties  and  therefore  the  methods  of  teaching.  Their  condition  and 
influence  will  need  to  be  given  some  slight  notice. 

The  use  of  special  and  temporary  algoristic  aids  or  learning  “crutches”  in 
mathematical  calculation  is  one  of  the  problems  of  method  under  constant 
controversy.  Teachers  seem  fairly  evenly  divided  upon  the  question.  Typi- 
cal situations  in  which  such  “crutches”  are  used  may  be  noted  as  follows: 
Changing  the  figures  of  the  upper  number  in  “borrowing”  in  subtraction;  re- 
writing figures  in  adding  and  subtracting  fractions,  in  the  broad  sense  any 
algorism  which  is  used  during  the  teaching  or  learning  process  temporarily, 
to  be  abandoned  completely  later,  is  an  “accessory  algorism”  or  “crutch.” 
The  objections  to  their  use  lie  in  the  fact  (1)  that  skill  in  manipulation  is 
learned  in  connection  with  stages  and  forms  not  characteristic  of  final  prac- 
tical use;  (2)  that  this  implies,  psychologically  at  any  rate,  the  waste  of 
learning  two  forms  or  usages  instead  of  one;  and  (3)  that  it  decreases  the 
speed  with  which  mathematical  calculation  is  done.  If  there  is  a drift  in  any 
direction,  it  is  probably  toward  the  abandonment  of  “crutches.” 

The  division  of  opinion,  which  exists  in  connection  with  the  temporary 
use  of  special  algorisms  or  “crutches,”  likewise  exists  with  reference  to  the 
use  of  “full  forms”  and  “short  forms”  of  manipulation  and  statement.  The 
temporary  use  of  a “full  form,”  in  a case  where  a “short  form”  will  finally 
be  used,  is  similar  to  the  employment  of  a “crutch.”  There  is  one  important 
difference,  however,  which  explains  the  relatively  larger  presence  of  tem- 
porary “full  forms”  than  of  “crutches.”  The  “full  form”  is  an  accurate  form 
which  is  used  somewhere,  in  a more  complex  stage  of  the  same  process  or  in 
some  other  proceri;  the  “crutch”  is  not.  Thus,  a “full  form,”  in  column  addi- 
tion (with  partial  totals  and  a final  total  of  partial  totals)  will  be  utilized  in 
column  multiplication;  the  “long-division  form”  of  doing  “short  division” 
(that  is  the  fully  expressed  form  of  dividing  by  a number  of  one  figure)  will 
be  utilized  in  division  by  numbers  of  more  than  one  figure. 

The  problem  of  form  applies  not  alone  to  the  algorism  or  special  method 
of  computation,  but  it  likewise  applies  to  the  special  methods  of  reasoning 
used  in  determining  the  specific  series  of  steps  to  be  taken  in  achieving  the 
answer.  In  every  problem  the  child  solves  he  must  not  only  decide  what  is  to 
be  done  (reason),  but  he  must  do  it  (calculate).  There  are  forms  of  reason- 
ing as  there  are  forms  of  calculation.  As  any  calculation  may  have  several 
algorisms  the  solution  of  a problem  may  be  expressed  in  several  forms.  It  is 
the  latter  difficulty  which  appears  in  the  teacher’s  demands  for  “formal 
analysis”  of  problems.  The  analysis  is  usually  required  in  full  statement. 

A conservative  protest  against  the  old  formal  expression  of  reasoned 
steps  is  found  in  omitting  for  the  most  part  the  linguistic  statements  dealing 
with  the  logic  of  the  problem  and  merely  “labeling”  the  numbers  that  occur 
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in -the  calculation.  This  is  a more  restricted  form  of  statement,  much  more 
used  at  the  present  time  than  hitherto.  But  it  is  still  open  to  psychological 
objections  that  make  the  more  scientific  critics  protest.  There  are  many 
stages  in  a calculation  where  there  is  no  association  whatever  with  the  con- 
crete problem  in  hand.  The  concrete  problem  is  studied,  the  decision  is  made 
that  all  the  factors  named  are  to  be  added.  They  are  added,  purely  ab- 
stractly, and  a number  is  given  as  the  total.  The  result  is  then  thought  of  in 
terms  of  the  concrete  problem  in  hand.  A disposition  to  label  each  item  in 
the  addition  may  be  necessary  in  the  rendering  of  a bill,  but  it  is  a false  and 
obstructing  activity  in  the  actual  solving  of  the  problem.  The  same  situation 
exists  where  there  are  two  or  three  processes  to  be  utilized  in  series.  Once 
the  child  has  grasped  his  concrete  situation  and  reasoned  what  to  do  he  may 
proceed  to  mechanical  manipulation,  never  thinking  of  the  concrete  applica- 
tions till  he  is  done. 

The  same  tendency  which  is  making  for  a reduction  of  verbal  forms  is 
increasing  the  use  of  mathematical  symbols.  As  logical  relations  are  less 
frequently  written  out,  a simple  sign  such  as  + or  -r-  is  used.  The  algebraic 
x is  supplied  in  place  of  a whole  roundabout  series  of  awkward  preliminary 
statements  or  assumptions.  With  it,  of  course,  come  changed  methods  of 
manipulation,  as  in  the  use  of  the  algebraic  equation. 

It  is  doubtless  true  that  the  rigidity  of  full  logical  forms  is  giving  way  to 
a more  flexible  and  natural  mode  of  expressing  the  child’s  thoughts.  Fixed 
oral  and  written  forms  of  exposition  may  assist  the  child,  much  as  the  ac- 
quisition of  a definite  symbol  fixes  an  abstract  meaning,  which  remains  un- 
wieldly  until  it  attaches  itself  to  a word  by  which  it  is  to  be  recalled.  But 
increasing  care  is  manifested  that  children  shall  use  only  those  forms  that 
will  conform  to  practical  need  upon  the  one  hand,  and  to  natural,  efficient, 
and  economy  mastery  on  the  other. 

IX.  EXAMPLES  AND  PROBLEMS. 

The  teaching  of  arithmetic  is  usually  classified  under  two  aspects,  formal 
wTork  and  applied  work.  The  formal  work  deals  mainly  with  the  memoriza- 
tion of  fundamental  facts,  processes,  and  other  details  of  manipulation.  The 
applied  work,  as  the  name  implies,  is  the  formal  work  utilized  in  the  setting 
of  a concrete  situation  demanding  a solution.  These  two  aspects  of  arithmet- 
ical instruction  are  very  frequently  sharply  separated,  the  child  working 
alternately  with  one  or  the  other.  The  characteristic  practice  is  to  deal  with 
them  without  relating  them  as  closely  as  the  highest  efficiency  would  demand. 

Formal  exercises  in  arithmetic  are  usually  presented  through  the  “ex- 
ample;” the  exercises  in  application  through  the  “problem;”  the  distinction 
being  that  one  is  an  abstract  and  symbolical  statement  of  numerical  facts  and 
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the  other  a concrete  and  descriptive  statement.1  In  the  first  case  the  mathe- 
matical sign  tells  the  child  what  to  do,  whether  to  add,  subtract,  multiply, 
or  divide;  the  example  being  a kind  of  prereasoned  problem,  the  child  has 
only  to  manipulate  according  to  the  sign,  his  whole  attention  throughout 
being  focused  on  the  formal  calculation.  In  the  second  case  the  child  has  two 
distinct  functions:  He  must,  from  the  description  of  the  situation  presented, 
decide,  through  the  process  of  reasoning,  what  he  is  to  do  (add,  subtract, 
divide  or  multiply),  and,  having  rendered  his  judgment,  he  must  proceed 
through  the  formal  calculation. 

As  the  problem  involves  two  types  of  mental  processes  in  a single  exer- 
cise, and  the  example  but  one,  the  usual  procedure  in  arithmetic  is  to  take 
up  the  formal  side  through  examples  first,  and,  later  on,  the  applied  side 
through  the  use  of  problems.  This  means  that  the  first  emphasis  is  on  formal 
and  abstract  work  rather  than  on  a treatment  of  natural,  concrete  situations, 
an  emphasis  not  wholly  sanctioned  by  modern  psychology  and  the  better 
teaching  procedure  of  other  subjects. 

The  reform  tendency  is  found  mainly  in  the  primary  grades  where  the 
beginnings  of  new  processes  are  made  through  objective  presentations  of 
the  problem.  But  the  transition  from  objectified  problems  to  formal  work 
is  not  immediate.  The  children  pass  from  objectified  situations  to  “number 
stories,”  which  are  only  descriptions  or  narratives  of  a situation.  This  is 
the  interesting  primary-school  equivalent  of  that  more  businesslike  lan- 
guage description  found  in  the  higher  grades — the  arithmetical  problem. 
But  it  precedes  formal  work  and  succeeds  it,  the  formal  drill  being  a mere 
intermediate  drill.  Here  concrete  presentations  and  formal  work  are  more 
closely  related  and  more  naturally  ordered. 

This  reform  tendency,  which  began  in  the  primary  school,  is  extending 
to  the  higher  grades,  where  it  is  no  longer  rare  to  find  the  attack  upon  a 
process  preceded  by  careful  studies  of  the  concrete  circumstances  in  which 
the  process  is  utilized.  In  the  case  of  interest,  several  days  might  be  utilized 
in  studying  the  institution  of  banking  in  all  its  more  important  facts  and 
relations.  Such  an  approach  not  only  provides  motive  for  the  formal  and 
mechanical  work,  but  it  gives  a necessary  logical  basis  in  facts.  Hence,  the 
understanding  of  practical  business  life  makes  accurate  reasoning  possible 
for  the  child  when  he  is  called  upon  to  solve  actual  problems  in  application 
of  the  formal  work. 

It  is  perfectly  natural  under  the  general  traditional  practice  of  putting  the 
first  emphasis  on  mastery  of  the  formal  work  that  the  largest  amount  of 
attention  should  be  given  to  the  mechanical  and  technical  side  of  arithmetic, 

1.  While  this  distinction  is  not  general,  it  has  sufficient  currency  to  warrant  its  use 
here  for  the  convenience  of  discussion.  The  expression  “clothed  problem”  (from  the 
German)  is  occasionally  used  to  mean  what  is  here  designated  as  “problem,”  and 
“abstract,  problem”  is  used  to  mean  what  is  here  designated,  as  “example.” 
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and  that  the  concrete  uses  and  applications  should  be  slighted,  and  this  is 
generally  true  of  the  practice  of  American  teachers.  Much  more  ingenuity 
has  been  used  in  the  careful  training  of  the  child  on  the  formal  side  than  in 
teaching  him  to  think  out  his  problems.  There  is  no  such  careful  arranging 
and  ordering  of  types  in  teaching  a child  to  reason,  as  theie  is  in  teac  mg 

him  to  calculate. 

Here  and  there  a few  thoroughly  systematic  attempts  are  made  to  carry 
the  pupil  through  the  simple  types  of  one-step  reasoning,  to  B\o  step  an 
three-step  problems  with  their  possible  variations.  Just  as  the  examp  e 
isolates  the  difficulties  of  calculation,  by  letting  the  sign  of  + or  — stand  ioi 
the  logic  of  the  situation,  there  is  a tendency  to  give  problems  without  re- 
quiring the  calculations.  This  affords  a means  of  isolating  and  treating  the 
special  difficulties  of  reasoning.  The  child  is  merely  required  to  tell  what 
he  would  do,  without  doing  it;  the  answer  being  checked  by  the  gross  facts. 

A little  later,  as  a transition,  he  is  permitted  to  give  a rapid,  rough  approxi- ^ 
mation  of  what  the  answer  is  likely  to  be.  With  further  command  he  tells  t 
what  he  would  do  and  does  it  accurately.  But  such  a program  of  teaching 
is  still  rare  among  teachers. 

The  care  of  the  child’s  reasoning  is  largely  restricted  to  testing  his  com- 
prehension of  the  problem  (1)  by  having  him  restate  the  problem  to  be 
sure  he  understands  it,  or  (2)  by  having  him  give  a formal  oral  or  written 
analysis  of  the  way  in  which  he  solves  the  problem.  The  first  requirement 
may  not  be  thoroughgoing,  as  the  child  may  give  a verbal  repetition  of  the 
problem  without  really  knowing  its  meaning.  The  second  is  a formal  analy- 
sis of  the  finished  result  and  does  not  represent  the  genetic  method  of  the 
child’s  thinking.  Consequently  its  formulas  do  not  in  any  considerable 
degree  assist  him  in  his  actual  struggle  with  the  complex  of  facts. 

This  lack  of  a systematic  teaching  of  the  technique  of  reasoning  is  mani- 
fest in  the  unreliability  of  children’s  thinking.  When  a child  fails  in  a prob- 
lem assigned  from  the  textbook,  the  source  of  the  error  may  be  in  one  or 
more  of  three  phases:  (1)  In  failing  to  get  the  meaning  of  the  language  used 
to  describe  the  details  of  the  situation;  (2)  in  failing  to  reason  out  what 
needs  to  be  done  to  solve  the  situation;  (3)  in  failing  to  make  an  accurate 
calculation.  The  first  is  a matter  of  language;  the  second,  one  of  reasoning; 
the  third,  of  memorization.  The  elimination  of  errors,  due  to  the  first  and 
third  sources,  leaves  a considerable  proportion  to  be  accounted  for  by  the 
second.  Such  informal  investigations  as  have  been  made  seem  to  show  that 
the  children  who  fail  in  reasoning  do  not  make  any  real  effort  to  penetrate 
into  the  essential  relations  of  the  situation.  They  depend  on  their  association 
of  processes  with  specific  words  of  relation  used  in  the  description  of  the 
problem,  an  association  determined,  of  course,  by  their  past  experiences. 
As  long  as  these  familiar  “cue”  words  are  used,  they  succeed.  Let  unfamiliar 
words  or  phrases  be  utilized  in  their  stead  or  let  the  relation  be  implied,  and, 
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like  as  not,  'he  children  will  fail  to  do  the  right  thing.  Practical  school  people 
are  familiar  with  the  fact  that  children  solve  the  problems  given  in.  the 
language  of  their  own  teachers  and  fail  when  the  problems  are  set  by  princi- 
pals or  superintendents,  whose  language  is  strange  to  them. 

A greater  use  of  varied  objects  in  the  objective  presentation  of  prob- 
lems, and  a more  constantly  varied  use  of  language  in  the  descriptive  presen- 
tation of  problems  would  prevent  the  child  making  such  superficial  and  un- 
thoughtful associations,  and  force  him  to  think  out  connections  between 
what  is  essential  in  a typical  problem  and  the  appropriate  process  of  manip- 
ulating it.  But  such  a deliberate  application  of  modern  psychology  is  far 
from  being  a conspicuous  minority  movement.  The  subject  matter  of  the 
problems  given  to  children  has,  however,  improved  greatly.  Obsolete,  puz- 
zling, and  unreal  situations  which  only  hinder  the  child’s  attempt  to  reason 

are  less  and  less  used  in  problem  work. 

Daily  it  becomes  recognized  with  greater  clearness  that  right  reasoning 
depends  upon  a comprehension  of  the  facts  of  the  case,  and  the  facts  of  the 
case  in  point  must  be  within  the  experience  of  the  child.  This  is  the  only 
way  in  which  a problem  can  be  real  and  concrete  to  him. 

The  recent  effort  on  the  part  of  textbook  writers  and  teachers  to  make 
arithmetical  problems  “real”  and  “concrete”  has  not  always  recognized  the 
above-mentioned  psychological  principle.  The  terms  “real”  and  “concrete” 
have  been  interpreted  in  many  ways,  besides  in  terms  of  the  child’s  con- 
sciousness. With  some,  “real”  has  meant  “material,”  and  the  problems, 
more  particularly  with  primary  children,  have,  in  increasing  degree,  been 
presented  by  objects  or  words  connoting  very  vivid  images.  Others  have 
defined  these  qualities  in  terms  of  actual  existence  or  use  in  the  larger  social 
world.  If  these  problems  actually  occur  at  the  grocer’s,  the  bankei  s,  or  the 
wholesaler’s,  it  is  said  that  they  “are  indeed  concrete.”  And  much  effort  has 
been  expended  in  carrying  these  current  problems  into  the  classroom,  in 
spite  of  the  fact  that  they  may  be  neither  comprehensible  nor  interesting 
to  the  pupil.  There  is  another  social  world,  nearer  home  to  the  child,  from 
which  a more  vital  borrowing  can  be  made.  There  is  an  opportunity  to  use 
the  child’s  life  in  its  quantitative  aspects,  to  take  his  plays,  games,  and  occu- 
pations, and  introduce  their  situations  into  his  mathematical  teaching.  As 
his  world  expands  from  year  to  year  he  will  be  carried  by  degrees  from  per- 
sonal and  local  situations  to  those  of  general  interest.  The  teacher  can  pro- 
vide this  progression  without  devitalizing  the  facts  presented. 

There  is  another  error  into  which  both  the  socially  minded  radical  and 
the  specialist  in  child  study  fall.  In  their  eagerness  to  improve  the  arithmetic 
problem,  they  assume  that  problems  taken  from  the  larger  social  world  01 
from  the  child’s  experience  are  necessarily  superior  to  hypothetical,  imagina- 
tive, or  “made-up”  problems.  The  psychological  fact  that  needs  to  be  forced 
upon  the  attention  of  the  reformers  is  that,  with  proper  artfulness,  an 
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imagined  problem  may  be  even  more  vital  and  real  to  the  child  than  one 
taken  from  life — as  a situation  in  a drama  may  be  more  appealing  and  real 
to  a child  than  one  on  the  street.  This  has  some  recognition,  but  not  enough. 
Those  who  stand  upon  the  side  of  the  “made-up”  problems  are  more  likely 
to  be  reactionaries  who  tolerate  the  traditional  type  of  problem  even  though 
its  stupid  artificiality  is  obvious  to  both  the  teacher  and  the  child.  They 
might  better  be  dealing  with  dull  problems  borrowed  from  real  life  than 
with  specially  invented  dullness. 

Of  course  there  is  another  argument  for  the  use  of  actual  social  materials. 
The  child  must  ultimately  come  into  command  of  precisely  these  facts,  since 
their  mastery  will  be  demanded  by  the  business  world.  But  must  a primary 
school  child  study  his  arithmetic  through  problems  taken  from  the  dreary 
statistics  of  imports  and  exports  merely  because  tariff  reform  is  a political 
issue  which  every  citizen  ought  finally  to  comprehend?  There  is  a time  for 
this,  and,  as  is  the  case  with  most  of  such  borrowed  business  problems,  the 
time  is  later.  In  so  far  as  these  are  current  situations  within  the  contacts 
of  child  life,  let  them  enter.  A quantitative  revelation  of  life  is  important, 
and  it  is  good  teaching  economy  to  gain  knowledge  by  the  way,  provided 
it  does  not  distract  attention  from  whatever  main  business  is  at  hand. 

The  socializing  of  arithmetical  problems  has  one  other  additional  good 
effect.  It  has  tended  to  bring  some  topical  unity  into  the  problems  consti- 
tuting the  assignment  for  a given  lesson  or  group  of  lessons.  Hitherto  a 
series  of  problems  was  almost  always  composed  of  a heterogeneous  lot  of 
situations.  There  was  no  unity  save  that  some  one  process  was  involved  in 
each.  The  movement  is  now  in  the  direction  of  attaining  a more  approxi- 
mate unity  within  the  subject  matter  of  the  problems  themselves.  The  diffi- 
culties of  attainment  have  restricted  this  movement  to  more  progressive 
circles. 

The  eclectic  source  of  arithmetic  problems  is  apparent  from  the  fore- 
going discussion.  It  would  seem  that  some  better  texts  would  naturally  be 
evolved  through  the  implied  criticism  of  each  movement  upon  the  other. 
Such  is  the  case.  Problems  from  child  life  emphasize  the  beginning  condition 
to  which  adjustment  must  be  made  in  all  good  teaching.  Those  from  the 
greater  world  suggest  the  final  goals  of  instruction.  Those  “made  up”  by 
the  teacher  call  attention  to  what  is  too  often  forgotten,  that  the  educative 
process  in  school  may  be  artful  without  becoming  artificial.  Teaching  is  art, 
and  when  well  done  is  not  less  effective  for  the  fact. 

X.  CHARACTERISTIC  MODES  OF  PROGRESS  IN  TEACHING  METHODS. 

The  existing  methods  of  teaching  arithmetic  in  the  American  elementary 
schools  are  exceedingly  varied.  This  is  due  to  many  causes.  The  democratic 
system  of  local  control,  as  opposed  to  a centralized  supervision  of  schools,  has 
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increased  both  the  possibility  and  the  probability  of  variation.  Even  within 
the  units  of  supervision  (State,  county,  and  municipal)  the  opportunity 
for  reducing  variation  in  the  direction  of  a more  efficient  uniformity  is  lost. 
This  is  partly  due  to  the  lack  of  a thoroughly  trained  staff  of  supervisors 
of  the  teaching  process.  Uniformity  beyond  the  legal  units  of  supervision 
has  been  restricted  by  the  lack  of  organized  professional  means  for  investi- 
gation of  and  experimentation  in  controversial  matters.  Even  such  crude 
experiments  as  are  being  tried  in  more  than  one  classroom,  school,  or  sys- 
tem are  unknown,  unreported,  unestimated,  because  no  competent  profes- 
sional body  gathers,  evaluates,  and  diffuses  such  knowledge.  In  this  respect 
the  teaching  profession  is  far  below  the  efficient  organization  of  the  legal 
and  medical  professions. 

It  is  exceedingly  difficult,  therefore,  to  analyze  the  characteristic  aspects 
of  teaching  method  except  as  these  are  interpreted  in  movements  of  general 
significance.  These  may  be  actual  or  potential,  traditional  or  reformatory, 
general  or  local,  in  present  acceptance.  The  situation  is  one  wherein  tradi- 
tion is  mixed  with  radicalism,  and  radicalism  modified  by  reaction.  In  this 
medley  of  movements  there  are  dominant  tendencies  both  traditional  and 
progressive. 

It  is  quite  impossible  to  indicate  the  progressive  tendencies  with  clearness 
save  in  connection  with  the  discussions  of  concrete  difficulties  in  mathe- 
matical teaching.  The  forces  that  are  behind  these  tendencies  may,  however, 
be  summarized  here.  For  convenience  they  may  be  classified  into  eight 
types  of  influence,  extending  from  more  or  less  vague  and  general  movements 
to  very  particular  scientific  contributions.  No  attempt  is  made  to  indicate 
the  achievement  of  each;  the  form  of  each  influence  is  only  roughly  defined 
and  illustrative  movements  or  studies  suggested. 

1.  It  is  obvious  that  any  general  pedagogical  movement  which  influences 
the  professional  attitude  of  teachers  will  influence  the  special  methods  of 
mathematical  teaching.  The  appearance  of  the  doctrine  of  interest  made 
mathematical  instruction  less  formal.  The  growing  enthusiasm  for  objective 
work  enlarged  the  use  of  objects  in  the  arithmetic  period.  The  child-study 
movement  laid  emphasis  upon  the  child’s  own  plays  and  games  as  a source 
of  problems  and  examples. 

2.  Certain  special  movements  in  methods  of  teaching,  local  to  the  sub- 
ject of  mathematics,  have  also  been  effective.  Here  one  has  only  to  recall 
the  “Grube”  method,  with  its  influence  on  the  order  and.  thoroughness  with 
which  the  elements  of  arithmetic  are  taught. 

3.  The  tendency  of  every  teacher  who  is  at  all  sensitive  to  the  defects 
of  his  methods  is  to  vary  his  daily  practice.  Constant  trial,  with  error  elimi- 
nating and  success  justifying  a departure,  is  thus  a source  of  progress.  The 
new  devices  of  one  teacher  are  taken  up  by  the  eager  professional  witness 
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and  innovation  is  thus  diffused.  We  have  no  ability  to  measure  how  much 
professional  progress  is  due  to  individual  variation  in  teaching  and  its  con- 
scious and  unconscious  imitation.  The  disposition  of  school  systems  to  send 
their  teachers  on  tours  of  visitation  without  loss  of  salary  is  a recognition  of 
the  value  of  this  method  of  advance. 

4.  A far  more  efficient  and  radical  source  of  change  than  that  just  men- 
tioned is  the  deliberate,  conscious,  experimental  teaching  of  progressive 
individuals.  Some  new  idea  or  device  occurs  to  the  reader  of  original  mind, 
and  it  is  tried  out  with  a fair  proportion  of  resulting  successes.  An  illustra- 
tion of  such  a contribution  is  found  in  one  conspicuous  effort  to  get  more 
rapid  column  addition.  The  first  columns  to  be  added  were  allowed  to  de- 
termine the  selection  and  order  of  addition  combinations  learned.  Thus,  if 
6 _|_  7 _|_  9 _|_  6 + 7 = 35,  is  the  first  column  to  be  used,  then  the  first  combi- 
nations mastered  will  be  6 4*  7 ==  13,  3 + 9 = 12,  2 + 6 = 8,  8 + 7 = 15. 
Arising  as  a fruitful  idea  and  seeming  to  give  a measure  of  success,  it  has 
been  carried,  in  the  particular  locality  in  mind,  from  school  to  school,  and 
from  system  to  system. 

5.  A prolific  source  of  radical  change  is  found  in  the  critical  application 
of  modern  psychology  to  teaching  methods.  Algorisms,  types  of  difficulty, 
the  order  and  gradation  of  these,  as  well  as  many  other  factors  in  method 
have  been  radically  reorganized  on  psychological  grounds.  Examples  of 
such  psychological  modifications  of  method  are  found  in  the  Courses  of 
study  for  the  day  elementary  schools  of  the  city  of  San  Francisco.  Still 
more  extensive  critical  applications  are  found  in  the  ‘Exercises  in  arithme- 
tic” devised  by  Dr.  E.  L.  Thorndike,  professor  of  educational  psychology  in 
the  Teachers  College,  Columbia  University. 

6.  Attempts  have  been  made  to  inquire  into  the  special  psychology  of 
arithmetical  processes  through  careful  experimentation  and  control.  They 
have  not  been  numerous,  nor  have  they  been  influential  on  current  practice. 
Such  a field  needs  development.  A typical  attempt  to  investigate  and  formu- 
late the  special  psychology  of  number  is  found  in  a Clark  University  study 
of  “Number  and  its  application  psychologically  considered.”  1 

7.  Educational  investigations  as  to  the  efficiency  of  existing  arithmetical 
teaching  among  school  systems,  sufficiently  varied  to  be  representative  of 
American  practice,  have  also  been  conducted.  These  have  usually  gone 
beyond  the  field  of  the  special  methods  of  presentation  employed  in  the 
classroom,  and  have  inquired  into  the  conditions  of  administration  and 
supervision,  the  arrangement  of  the  courses  of  study,  and  other  similar 
factors.  Dr.  J.  M.  Rice’s  studies  into  “The  causes  of  success  and  failure  in 

1.  Phillips,  D.  E.  Number  and  its  application  psychologically  considered.  Peda- 
gogical Seminary,  vol.  5 : 211-281,  1897-98. 
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arithmetic”  2 investigated  such  specific  factors  as:  The  environment  from 
which  children  come,  their  age,  time  allotment  of  the  subject,  period  of 
school  day  given  to  arithmetic,  arrangement  of  home  work,  standards,  ex- 
aminations, etc.  A subsequent  study  of  similar  type,  but  employing  more 
refined  methods  is  that  of  Dr.  C.  W.  Stone  on  "Arithmetical  abilities  and 
some  factors  determining  them.”  3 The  main  problem  of  this  study  was  to 
find  the  correlation  between  types  of  arithmetical  ability  and  different  time 
expenditures  and  courses  of  study.  These  two  studies  have  probably  at- 
tracted more  general  notice  than  any  other  studies  of  arithmetical  instruc- 
tion. While  they  hq,ve  largely  dealt  with  administrative  conditions  that 
limit  teaching  method,  rather  than  with  the  details  of  teaching  method  itself, 
they  have  stimulated  the  impulse  to  investigate  conditions  and  practices 
of  every  t>pe. 

8.  The  latest  source  of  progress  in  teaching  method  is  found  in  the  move- 
ment for  comparative  experimental  teaching  under  normal  but  carefully  con- 
trolled conditions.  Several  such  experiments  are  being  conducted  in  the 
Horace  Mann  Elementary  School  of  Teachers  College,  Columbia  Univer- 
sity, under  the  direction  of  Principal  Henry  C.  Pearson,  with  the  cooperation 
of  the  staff  of  Teachers  College.  The  experimental  work  conducted  by  the 
instructors  and  students  of  the  Teachers  College  is  primarily  designed  to 
determine  the  relative  value  of  competing  methods  in  actual  use  throughout 
the  country,  the  assumption  being  that  every  substantial  difference  in  prac- 
tice implies  a difference  of  theory  and  consequently  a controversy  that  can 
be  resolved  only  on  the  basis  of  careful  comparative  tests.  Two  parallel 
series  of  classes  of  about  the  same  age,  ability,  teacher  equipment,  etc.,  are 
selected  for  this  work.  One  series  is  taught  by  one  method;  the  other  series 
by  the  other  method.  The  abilities  of  these  children  is  measured  both  before 
and  after  the  teaching,  and  the  growth  compared.  The  standards  and 
methods  of  this  type  of  comparative  experimentation,  together  with  a list 
of  current  competitive  methods  requiring  investigation,  is  given  in  Dr.  David 
Eugene  Smith's  monograph  on  "The  teaching  of  arithmetic.” 


2.  Rice,  J.  M.  Educational  research;  Causes  of  success  and  failure  in  schools. 
Forum,  34  : 281-297,  437-452,  1902-3. 

3.  Stone,  C.  W.  Arithmetical  abilities  and  some  factors  determining  them.  Columbia 
University  contributions  to  education,  Teachers  College,  New  York  City,  1908,  pp.  101. 
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Subcommittee  5.  Mathematics  in  Grades  Seven  and  Eight  of  the 

Public  and  Parochial  Schools. 


SCOPE  OF  THIS  REPORT. 

It  was  desired  that  this  subcommittee  make  a special  study  of  the  fol- 
lowing topics  for  grades  seven  and  eight  in  public  schools  and  in  parochial 
schools:  (a)  The  organization  of  the  schools.  ( b ) The  mathematical  cur- 

riculum in  each  type  of  school,  (c)  The  question  of  examinations  from  the 
point  of  view  of  the  schools,  (d)  The  methods  employed  in  the  teaching  of 
mathematics.  ( e ) The  parochial  schools. 

It  was  desired  that  the  report  present  both  present  conditions  and  ten- 
dencies. 


SOURCES  OF  INFORMATION. 

In  addition  to  general  knowledge  of  the  ground  covered  by  this  report, 
use  has  been  made  of  the  following  sources  of  information:  (a)  The  teach- 
ing of  elementary  mathematics.  Prof.  David  Eugene  Smith,  Macmillan  Co. 

( b ) The  teaching  of  arithmetic.  Prof.  David  Eugene  Smith,  Teachers  Col- 
lege Press,  (c)  The  teaching  of  mathematics.  Prof.  J.  W.  A.  Young,  Long- 
mans, Green  & Co.  (d)  Courses  of  study  of  leading  cities,  (e)  Responses 
to  a questionnaire  sent  to  leading  cities. 

DEFINITIONS  OF  TERMS. 

The  term  elementary  education  is  probably  not  as  well  defined  as  it 
might  be.  In  general  it  is  that  education  which  by  common  practice  is 
deemed  desirable  and  necessary  for  preparation  for  the  duties  and  rights  of 
citizenship.  It  is  made  compulsory  as  a rule  by  the  laws  of  the  various 
States  for  children  between  the  ages  of  6 and  14  years.  The  term  public  as 
applied  to  schools  is  used  to  denote  those  schools  which  are  conducted  at 
the  expense  of  and  under  the  control  of  the  various  State  and  local  political 
units;  tuition  in  these  schools  is  without  expense.  For  a more  complete  dis- 
cussion of  the  units  see  the  report  of  the  general  committee  number  one.  The 
term  “grade”  is  used  to  denote  each  of  certain  divisions  into  which  the  work 
of  the  elementary  schools  is  divided.  As  a rule  there  are  eight  such  divisions. 
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One  school  year  of  from  35  to  40  weeks  is  required  for  a pupil  to  complete 
the  work  of  one  grade,  excepting  that  bright  pupils  are  permitted  to  do  the 
work  in  less  time.  In  larger  cities  a year  or  two  of  preliminary  (kinder- 
garten) work  for  children  between  the  ages  4 and  6 is  sometimes  given.  The 
eight  main  divisions  are  called  respectively  the  first  grade,  second  grade,  etc. 
In  some  parts  of  this  country,  notably  New  England,  there  is  a slightly  dif- 
ferent division  of  the  course.  The  function  of  this  committee  is  to  study 
the  mathematical  work  in  the  last  two  grades  of  the  elementary  course. 


SPECIAL  INTEREST  IN  THESE  GRADES. 

There  are  several  reasons  for  special  interest  in  the  work  of  these  grades. 
The  mathematical  function  of  the  first  six  grades  is  to  give  the  pupils  control 
over  the  mechanics  of  arithmetic,  over  the  fundamental  number,  facts  and 
processes.  The  function  of  the  upper  grades  has  not  been  as  well  defined. 
There  are  several  influences  at  work  affecting  the  whole  curriculum  of  these 
two  grades,  and  especially  the  mathematical  course.  The  results  of  certain 
psychological  studies  are  especially  applicable  here;  these  two  grades  com- 
prise the  last  part  of  the  compulsory  education  of  the  children;  they  precede 
the  high  school;  they  correspond  with  certain  sections  of  the  school  course 
of  European  schools,  which  are  included  in  the  secondary  curriculum. 


INFLUENCE  OF  PSYCHOLOGICAL  STUDIES. 

No  effort  will  be  made  to  go  into  great  detail  on  this  point;  attention 
will  be  directed  briefly  to  certain  conclusions  reached  by  psychologists, 
which  are  especially  effective  in  modifying  the  mathematical  work. 

The  doctrine  of  formal  discipline  is  accepted  now  in  only  a modified 
form  so  that  it  is  no  longer  defined  sufficient  to  claim  for  any  subject  that 
it  has  great  disciplinary  value.  The  educational  value  of  all  subjects,  in- 
cluding mathematics,  has  been  and  is  being  subjected  to  close  scrutiny  with 
the  result  that  subjects  and  subject  matter  long  retained  in  the  curriculum, 
through  regard  for  tradition,  are  being  displaced  by  new  material,  equally 
valuable  as  means  of  training,  but  more  representative  of  current  life.  When 
this  is  not  the  result,  old  material  is  frequently  dropped  without  any  such 
substitution,  on  the  ground  that  it  neither  iias  valuable  content  nor  is 
necessary  as  means  of  training.  As  in  all  reforms,  there  is  a tendency  to  go  to 
extremes  in  this,  especially  with  regard  to  mathematics.  The  willingness  of 
the  mathematicians  to  subject  their  science  to  the  test  of  the  new  doctrine 
has  invited  the  less  sympathetic  scrutiny  of  others  who  are  not  interested  in 
the  subject.  The  result  is  a tendency  to  demand  more  of  mathematics  in 
this  respect  than  of  other  subjects. 

The  doctrine  of  interest  as  essential  in  training  the  will  is  generally 
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accepted  as  valid.  Systematic  efforts  to  study  child  life  and  needs  have 
served  to  call  attention  to  the  special  interests  of  children  between  the  ages 
of  12  and  15  years,  who  are  just  entering  the  adolescent  period  of  life.  The 
importance  of  safeguarding  nervous  energy  at  this  time  is  generally  recog- 
nized ; the  need  of  training  the  hand  and  the  eye  along  with  the  mind,  the 
necessity  of  vital  contact  with  new  material  rather  than  theoretical  study 
as  a basis  of  real  interest  and  comprehension  are  among  the  results  of  this 
movement. 

INFLUENCE  OF  COMPLETION  OF  ELEMENTARY  COURSE. 

• A large  majority  of  the  pupils  of  the  schools  do  not  go  on  to  high  school 
after  completing  the  eighth  grade.  There  are  many  reasons  for  this.  The 
laws  of  most  States  do  not  permit  the  employment  of  children  under  14  who 
have  failed  to  complete  the  eighth  grade.  Many  who  are  kept  in  school 
thereby  avail  themselves  of  the  opportunity  to  seek  employment  as  soon  as 
they  have  completed  the  grade.  In  many  cases  the  need  of  getting  employ- 
ment is  urgent;  in  others,  the  opportunity  to  do  so,  the  fact  that  the  organi- 
zation of  the  schools  makes  completion  of  the  eighth  grade  a definite  scho- 
lastic achievement,  and  the  interests  of  pupils  at  this  age  lead  many  chil- 
dren to  leave,  even  when  their  parents  are  in  financial  position  to  send  them 
to  high  school.  Many  parents  and  pupils  feel  that  the  next  stage  of  educa- 
tion is  dominated  too  much  by  cultural  ideals  of  education  of  so  general  a 
nature  that  the  pupils  are  not  trained  for  any  form  of  remunerative  employ- 
ment. As  evidence  of  this  belief  one  may  point  to  the  large  number  of  pupils 
who  have  graduated  from  the  eighth  grade  who  attend  private  schools  where 
tuition  is  charged,  called  commercial  schools,  and  to  the  fact  that  new  forms 
of  secondary  education  which  have  been  provided  in  some  localities  seem  to 
meet  a real  demand  without  in  any  way  decreasing  the  demand  for  the 
customary  forms  of  secondary  education.  For  these  various  reasons  there 
is  a large  shrinkage  in  the  school  population  in  the  passage  from  the  eighth 
grade  to  the  high  school. 

Those  in  control  of  the  educational  work  of  the  country  are  more  and 
more  allowing  this  fact  to  influence  the  course  of  study  in  the  seventh  and 
eighth  grades.  There  is  increasing  emphasis  on  such  training  as  will  defi- 
nitely equip  the  graduates  for  their  future  lives  as  individuals  and  as  citi- 
zens of  the  community.  Forms  of  manual  training  are  provided  and  com- 
monly, when  it  is  impossible  to  furnish  the  equipment  for  all  of  the  grades, 
provision  is  made  for  the  pupils  of  the  two  upper  grades.  Owing  to  the 
realization  that  this  vocational  training  is  inadequate,  there  is  at  present  a 
growing  interest  in  industrial  training.  This  movement  which  is  destined  to 
spread  is  certain  to  have  its  effect  upon  the  mathematical  work  of  the  seventh 
and  eighth  grades. 
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INFLUENCE  OF  PREPARATION  FOR  HIGH  SCHOOL. 

It  has  been  mentioned  that  many  pupils  who  are  ready  for  the  high 
school  fail  to  enter.  It  has  been  felt  that  some  pupils  might  be  led  to  go  on 
to  the  high  school  if  they  could  have  in  the  eighth  grade  the  beginnings  of 
some  of  the  high  school  subjects.  For  this  reason,  Latin,  algebra,  and  a 
modified  English  course  are  urged  as  desirable  eighth  grade  work  in  the  hope 
that  pupils  will  be  unwilling  to  discontinue  these  subjects  after  they  have 
once  started  them.  In  more  recent  years  there  is  a reaction  against  this  plan 
on  the  ground  that  these  subjects  are  not  properly  wuthin  the  scope  of  ele- 
mentary education  as  defined.  At  the  present  time  there  are  the  beginnings 
of  a new  administrative  policy  to  accomplish  the  same  end.  Schools  are 
being  provided  in  some  of  the  systems  which  are  designed  for  pupils  who  do 
plan  to  go  on  to  high  school  or  whose  parents  wish  them  to  have  this  rela- 
tively more  academic  training.  In  these  schools  algebra  will  easily  find  a 
place.  It  is  likely  that  the  future  will  see  a growth  of  this  idea. 

Again,  for  various  reasons,  the  pupils  who  enter  the  high  school  find  the 
work  of  the  first  year  unusually  difficult,  so  that  many  of  them  leave  school 
during  this  period.  It  has  become  customary  on  this  account  to  speak  of  the 
“gap”  between  the  eighth  grade  and  the  high  school,  and  it  is  generally 
admitted  that  better  articulation  is  necessary  there.  The  efforts  to  “bridge 
the  gap”  have  included  attempts  to  modify  the  work  both  in  first  year  high 
school  and  in  the  eighth  grade.  In  the  eighth  grade  there  has  been  an  effort 
to  concentrate  upon  essentials  of  arithmetic  on  the  one  hand,  and  on  the 
other  to  prepare  the  pupils  for  high-school  work  by  introducing  the  begin- 
nings of  algebra  into  the  eighth  grade  work.  There  are  two  tendencies  to-day 
which  are  likely  to  lessen  the  influence  of  preparation  for  high  school  as  a 
modifying  force  in  the  eighth  grade ; first,  there  is  the  spirit  of  independence 
which  characterizes  the  efforts  of  each  of  the  larger  units  of  the  educational 
system,  as  an  evidence  of  which  in  the  elementary  school  is  the  belief  that 
their  main  function  is  not  that  of  serving  as  a feeder  for  the  high  school; 
and  second,  the  spirit  of  responsibility  on  the  part  of  each  unit  to  take  up 
its  work  where  the  previous  unit  has  left  off.  This  latter  tendency  is  much 
more  noticeable  among  secondary  mathematics  teachers  than  formerly. 


INFLUENCE  OF  EUROPEAN  CURRICULA. 

The  object  lesson  of  European  schools  which  provide  under  one  adminis- 
trative unit  educational  facilities  for  children  from  the  age  of  9 or  10  to  19  or 
20,  inclusive,  has  furnished  considerable  support  for  the  idea  that  the  essen- 
tials of  elementary  school  work  should  be  completed  in  a shorter  time  so 
that  pupils  may  be  started  upon  their  secondary  education  at  an  earlier  age. 
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This  has  been  urged,  especially  in  mathematics,  where  it  means  a change 
particularly  in  the  upper  grades.  This  idea  received  the  support  of  the  com- 
mittee of  fifteen  and  the  committee  of  ten  of  the  National  Education  Asso- 
ciation. _ . 

While  four  influences  have  been  enumerated,  it  is  clear  that  each  ariects 

the  others,  so  that  they  are  not  independent.  In  particular  this  last  is  inti- 
mately  associated  with  the  preceding  one.  These  two  m a sense  are  antago- 
nistic to  the  other  two  since  these  place  the  emphasis  upon  secondary  edu- 
cation, while  the  others  throw  emphasis  upon  the  elementary  phase  of  edu- 
cation'. The  last  two  are  still  in  favor  among  the  schoolmen  especially,  as 
in  the  past,  whereas  the  former  are  supported  equally  by  public  opinion. 


RURAL  AND  PRIVATE  SCHOOLS 

The  schools  of  the  rural  districts  do  not  feel  all  of  these  influences  as 
strongly  as  do  the  urban  schools.  There  is  a growing  effort  to  - ‘dap  t the 
rural  schools  to  the  needs  of  the  community,  a movement  identical  with  that 
noted  in  connection  with  urban  schools.  There  is  strong  feeling  of  the  im- 
portance of  directing  attention  to  .the  advantages  of  agricultural  life.  is 
influence  will  increasingly  affect  the  work  of  the  upper  grades. . 

In  private  nonparochial  schools  the  influences  mentioned  in  paragraphs 
7 and  8 are  especially  potent.  The  pupils  of  these  schools  usually  go  to  the 
high  school  and  college.  In  parochial  schools  there  is  usually  reflected  some 
of  the  educational  policy  of  the  public  schools,  in  addition  to  the  special 
educational  policy  of  the  parochial  school.  In  the  eighth  grade  of  parochia 
schools  the  special  function  of  these  schools  reaches  its  consummation  in  the 
specific  training  of  the  pupils  in  such  sectarian  studies  as  enable  them  to 
enter  the  church  with  which  the  school  is  connected. 


ORGANIZATION  OF  THE  GRADES 

In  organization  there  is  nothing  particularly  distinctive  about  the  seventh 
and  eighth  grades.  In  their  relation  to  the  grades  below  they  come  under 
the  general  school  administration  which  controls  the  first  eight  grades.  For 
a discussion  of  this  organization  see  the  report  of  the  committee  on  general 
elementary  schools.  In  their  relation  to  the  schools  above  there  is  some  dif- 
ference. At  the  close  of  the  eighth  grade  the  pupils  are  usually  given  a 
diploma  as  a sign  of  having  completed  a definite  stage  of  their  education. 
This  diploma  as  a rule  entitles  the  holder  to  admission  to  the  high  school  of 
the  same  system  and  usually  of  any  other  school  system.  The  diploma  is 
obtained  after  compliance  with  the  ordinary  requirements  for  promotion. 
Promotion  is  determined  by  the  teacher  of  the  class  with  certain  require- 
ments in  the  way  of  examination,  which  will  be  discussed  in  a later  para- 
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graph.  In  some  cases  a special  examination  is  required  before  a pupil  is 
promoted  to  the  high  school. 


There  is  a lack  of  uniformity  in  the  curricula  in  these  two  grades  greater 
than  in  the  lower  grades.  Two  classes  of  curricula  must  be  considered: 
(a)  Those  which  do  not  provide  any  work  in  algebra  and  geometry;  (6) 
those  which  do  provide  such  work. 

For  those  schools  which  do  not  provide  any  algebra  in  the  eighth  grade 
(and  in  the  country  at  large  these  schools  are  in  the  majority),  the  mathe- 
matics course  may  be  arranged  on  the  topical  plan,  the  spiral  plan,  or  a 
combination  of  the  two.  By  a topical  plan  is  meant  one  in  which  the  subject 
matter  is  divided  according  to  mathematical  topics;  numeration,  notation, 
and  the  four  fundamental  operations  are  discussed  in  order  for  integers,  then 
the  same  topics  for  fractions  in  the  common  form;  then  for  fractions  in  the 
decimal  form;  then  percentage;  then  the  applications  of  percentage  to  busi- 
ness life.  By  a spiral  plan  is  meant  one  in  which  within  a given  range  of 
numbers,  say  one  tc  one  hundred,  notation,  numeration,  and  certain  proc- 
esses are  considered;  later  the  range  of  numbers,  the  kind  of  numbers,  the 
processes,  and  the  difficulty  of  the  applications  are  extended  repeatedly.  By 
a combination  of  the  two  plans  is  meant  a course  in  which,  while  the  spiral 
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topics  as  bank  accounts,  partial  payments,  commercial  and  bank  discount, 
partnership,  insurance,  taxes,  stocks  and  bonds,  exchange,  and  interest.  In 
mensuration  is  included  the  discussion  of  the  area  and  the  volume  of  the 
common  plane  and  solid  figures,  sQuare,  and  cube  root.  Besides  these  topics, 
the  metric  system,  longitude  and  time,  ratio,  and  proportion  are  commonly 
included  in  the  texts.  On  account  of  the  influences  noted  in  former  para- 
graphs, the  tendency  in  the  better  schools  of  the  country  is  to  work  for 
thoroughness  and  utility  by  omitting  such  topics  as  partial  payments,  part- 
nership, exchange,  bank  discount  on  interest-bearing  notes,  the  more  diffi- 
cult work  in  stocks  and  bonds,  longitude  and  time,  some  portions  of  the 
mensuration  of  solids,  cube  root,  and  the  metric  system.  In  short,  theie  is 
great  freedom  in  omitting  such  topics  as  are  not  in  harmony  with  modern 
life  or  as  have  been  found  unnecessarily  confusing  for  the  pupils.  The  time 
thus  gained  is  devoted  to  the  remaining  topics  and  to  additional  drill  on  the 
essentials. 

The  problem  material  is  contained  as  a rule  in  the  book  which  each  pupil 
possesses.  These  texts  are  written  for  the  country  at  large,  not  to  suit  local 
conditions.  The  problems  are  designed  to  illustrate  the  particular  mathe- 
matical idea  or  application  under  discussion;  they  are  usually  miscellaneous 
in',  character.  The  influences  noted  in  former  paragraphs  are  responsible 
for  a new  attitude  toward  the  problem  material.  An  effort  is  now  made  to 
have  one  set  of  ideas  running  through  a particular  set  of  problems.  For 
example,  the  arithmetical  idea  being  discussed  may  be  percentage;  instead 
of  giving  as  problems  a miscellaneous  lot  of  applications  of  the  percentage 
idea,  the  problems  may  all  be  based  upon  information  about  the  population 
of  the  country  for  a period  of  years.  In  other  words,  the  problem  material 
possesses  a certain  unity,  as  a result  of  which  information  is  conveyed  to  the 
pupils  on  the  subject  from  which  the  material  is  drawn.  A second  charac- 
teristic of  the  problems  now  coming  into  use  is  that  they  are  selected  so  as 
to  give  the  children  some  insight  into  industrial,  business,  and  social  condi- 
tions of  the  city,  the  State,  and  the  country.  Thus  there  are  groups  of  prob- 
lems about  the  railroad,  the  mining,  the  agricultural,  the  manufacturing 
interests;  about  the  population,  area,  and  the  wealth  of  the  city,  the  State, 
the  Nation;  problems  drawn  from  the  local  newspaper;  problems  involving 
the  local  tax  rate,  local  real  estate  values,  local  interest,  discount  and  com- 
mission rates,  the  stocks  and  bonds  of  local  corporations.  This  material  the 
teachers  must  place  before  the  pupils  either  orally  or  on  the  blackboard, 
although  some  school  boards  are  issuing  pamphlets  containing  these  supple- 
mentary problems  for  use  in  their  own  schools.  This  is  a serious  attempt 
to  socialize  arithmetic.  It  makes  the  course  consist  less  of  figuring  and  more 
of  discussion.  Under  banking  for  example,  the  nature,  function,  and  conduct 
of  a bank  is  discussed;  under  stocks  and  bonds,  effort  is  made  to  show  again 
the  kinds,  purpose,  value,  and  manner  of  sale  of  bonds  and  stocks;  under 
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taxes,  the  various  purposes  for  which  taxes  are  collected  and  the  sources 
from  which  they  are  obtained.  The  content  of  the  problems  is  considered 
quite  as  important  as  the  solution  of  the  problems. 


COURSES  CONTAINING  ALGEBRA. 

The  other  type  of  course  in  mathematics  includes  some  work  in  algebra, 
and  sometimes  in  geometry.  These  courses  vary  even  more  than  those  dis- 
cussed previously,  because  the  work  is  relatively  new.  In  some  places  the 
arithmetic  work  of  these  two  grades  is  curtailed  and  condensed  so  as  to  be 
completed  entirely  by  the  end  of  the  seventh  grade  or  by  the  end  of  the  first 
half  of  the  eighth  grade,  the  latter  being  the  more  common  plan;  the  re- 
maining time  is  then  devoted  to  algebra.  In  other  places,  work  in  algebra 
is  introduced  into  the  seventh  and  eighth  or  the  eighth  grade  without  drop- 
ping the  arithmetic;  there  is  in  this  case  little  effort  to  bring  about  any  vital 
connection  between  the  two  subjects;  the  time  is  merely  distributed  so  as  to 
cover  the  two  subjects.  Again,  in  a few  places,  an  effort  is  made  to  introduce 
the  algebra  into  the  arithmetic  course  in  a natural  way. 

When  algebra  is  taught  in  either  of  the  first  two  ways,  the  work  is  guided 
by  a text.  This  text  is  in  some  cases  a brief  elementary  algebra  written  for 
the  eighth  grade  classes,  or  consists  of  a few  chapters  added  on  to  the  arith- 
metic text.  As  a rule,  the  sequence  of  topics  covered  is  that  of  the  usual 
high-school  text.  When  the  algebra  is  introduced  in  the  third  form,  it  is 
presented  through  the  regular  arithmetic  text,  where  it  is  introduced  as 
opportunity  permits.  For  example,  preceding  the  work  in  percentage,  the 
first  notions  of  literal  numbers  are  introduced;  then  the  percentage  law  is 
expressed  as  a formula,  p — br.  Thereafter  this  formula  is  used  in  the  solu- 
tion of  problems,  for  example,  such  as  require  the  determination  of  the  rate 
when  the  base  and  the  percentage  are  given.  Later  this  literal  arithmetic 
may  be  extended,  although  it  is  quite  clear  that  no  very  extended  amount 
of  algebra  can  be  introduced  in  this  natural  manner. 

So  far  an  attempt  has  been  made  to  present  briefly  the  various  forms 
in  which  algebra  is  taught  in  the  grades.  JNo  definite  statistics  are  available 
to  form  the  basis  of  a definite  statement  as  to  the  prevalence  of  the  teach- 
ing of  algebra.  One  investigation  showed  that  about  30  to  35  per  cent  of  the 
schools  of  a certain  class  taught  algebra  and  these  were  schools  of  the  larger 
cities;  taking  the  country  at  large,  it  is  unlikely  that  more  than  this  per- 
centage of  them  teach  the  subject. 


PURPOSE  OF  ALGEBRA  IN  THE  GRADES. 

Algebra  was  introduced  into  and  is  retained  in  the  grades  for  a number 
of  reasons.  Some  hoped  thereby  to  interest  some  pupils  in  the  subject  to 
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such  an  extent  that  they  would  be  led  to  enter  high  school  to  complete  it; 
others  hoped  that  thereby  the  pupils  who  did  enter  high  school  would  have  a 
more  successful  time  in  their  mathematics  work — in  other  words,  it  was  a 
device  for  “bridging  the  gap.”  With  others,  there  was  the  desire  to  “abridge 
and  enrich”  the  arithmetic  course;  after  abridging  it,  they  felt  that  the  nat- 
ural means  for  maintaining  the  mathematical  element  in  the  curriculum  was 
to  introduce  the  next  higher  mathematical  subject,  which  happened  to  be 
algebra.  It  was  hoped  by  some  that  the  use  of  the  literal  number  and  of  the 
equation  would  eliminate  some  of  the  difficulties  the  pupils  experienced  in 
analyzing  and  solving  some  of  the  arithmetic  problems  in  the  eighth  grade 
course.  Those  interested  in  the  mathematical  element  in  education  desired 
to  carry  to  another  stage  of  their  logical  generalization  certain  arithmetical 
ideas. 

Two  tendencies  in  regard  to  the  position  of  algebra  are  to  be  noted.  With 
the  public  at  large,  the  subject  has  never  appeared  as  one  of  any  “practical” 
value.  With  the  current  tendency  to  exalt  in  the  schools  those  subjects  which 
appear  to  have  “practical”  value  is  coming  a feeling  that  algebra  does  not 
have  a place  in  the  eighth  grade,  especially  in  the  form  in  which  it  has  been 
taught.  One  of  the  largest  cities  of  the  country  has  recently  entirely  dropped 
it  from  the  course,  replacing  it  by  the  study  of  certain  phases  of  local  his- 
tory and  local  business  and  industrial  conditions.  Another  city,  somewhat 
smaller  in  size  but  recognized  as  progressive  in  educational  efforts  has  intro- 
duced about  the  same  idea  into  its  course,  although  there  the  next  tendency 
to  be  mentioned  has  been  recognized.  These  efforts,  entirely  independent, 
are  typical  of  the  feeling  in  some  of  our  school  systems. 

The  other  tendency  is  toward  an  extension  of  the  third  plan  of  teaching 
algebra.  There  is  in  this  country  a growing  belief  that  in  the  past  too  sharp 
lines  of  demarkation  have  existed  between  arithmetic,  algebra,  and  geometry 
and  there  are  efforts  being  made  to  bring  the  three  into  closer  relation.  In 
the  elementary  school,  as  early  as  the  sixth  grade,  certainly  no  later  than 
the  seventh,  certain  elements  of  generalized  arithmetic  should  be  introduced 
and  should  be  carried  along  with  the  arithmetic  until  the  pupils  become 
familiar  with  literal  notation  and  the  equation.  This  work  is  not  properly 
called  algebra  as  the  number  field  would  not  necessarily  be  extended  to 
include  negative  as  well  as  positive  numbers.  This  form  of  literal  arithmetic 
presents  all  that  is  practical  of  algebra  for  ordinary  purposes.  So  much  of 
it  is  decidedly  of  utilitarian  value  since  the  mechanics  of  to-day  who  wish 
to  read  trade  journals  need  to  be  familiar  with  it.  This  form  of  literal  arith- 
metic has  in  its  favor  most  if  not  all  that  can  be  said  for  algebra  as  an 
eighth-grade  subject. 

It  seems  probable  at  the  present  time  that  these  two  tendencies  will  be- 
come more  pronounced,  i.e.,  there  is  almost  certain  to  be  more  dissatisfaction 
with  the  extreme  form  of  algebra  brought  down  from  the  high  school,  and 
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as  teachers  are  trained  for  the  work,  there  is  to  be,  it  is  hoped,  greater  in- 
terest in  the  form  of  generalized  arithmetic  outlined. 


GEOMETRY  IX  THE  GRADES. 

The  mensuration  of  certain  geometric  figures  has  always  been  included 
in  American  arithmetics.  In  recent  years,  as  has  been  said,  there  has  been 
a decrease  in  the  extent  of  this  work.  It  was  formerly  the  practice  to  have 
this  wTork  consist  mainly  of  definitions,  formulas,  and  problems.  This  has 
been  changed  by  giving  experimental  and  intuitive  verifications  of  the 
formulas.  It  has  been  uncommon  to  have  any  other  form  of  geometry,  except 
in  isolated  places  where  some  form  of  constructional,  inventional,  or  con- 
crete geometry  has  been  introduced.  The  motive  has  been  to  teach  certain 
elementary  ideas  of  geometric  forms,  to  train  the  hand  in  the  use  of  custom- 
ary drawing  tools,  to  train  the  eye  in  its  judgment  of  geometric  forms  and 
relations,  and  to  train  the  mind  in  such  general  functions  as  observation  and 
generalization  as  pertaining  to  geometric  data.  This  work  has  been  at- 
tempted usually  under  the  guidance  of  a pamphlet  prepared  for  some  specific 
school  by  those  interested  in  such  work. 

The  movement  has  not  spread  much.  Possibly  one  reason  for  the  slow- 
ness of  the  introduction  of  this  work  has  been  the  custom  of  including  in  the 
art  course  usually  given  in  American  schools  some  "mechanical”  drawing — 
constructions  with  the  straightedge  and  compasses.  This  custom  has  been 
unfortunate,  at  least  from  the  mathematical  standpoint,  as,  in  the  drawing 
course,  the  emphasis  has  been  upon  the  results;  the  possible  cultivation  of 
desirable  habits  of  geometric  study,  and  the  possible  training  of  the  powers 
of  observation  and  generalization  have  been  largely  neglected.  A further 
reason  for  the  lack  of  such  is  the  scarcity  of  teachers  acquainted  with  and 
prepared  to  teach  geometry  inductively.  The  majority  have  studied  geom- 
etry only  in  the  Euclidean  form. 


EXAMINATIONS. 

Examinations  given  in  the  schools  are  of  three  kinds:  (a)  Those  given 
by  the  teachers  themselves;  (b)  those  given  by  the  supervisory  officers  of 
the  schools;  (c)  those  given  by  a school  to  determine  the  qualifications  of 
pupils  who  wish  to  enter  the  school. 

The  examinations  given  by  the  teachers  are  of  two  kinds:  The  ordinary 
written  recitation  and  the  stated  examinations  which  may  be  required  by 
the  school  regulations.  The  first  should  not  be  called  examinations  in  one 
sense  of  the  word,  since  they  cover  usually  only  a short  interval  of  previous 
instruction  and  are  given  as  a means  of  affording  the  same  sort  of  drill  for 
all  of  the  class  or  as  a means  of  detecting  weaknesses  as  a basis  for  further 
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teaching.  Such  written  lessons  are  left  entirely  to  the  teacher,  although  it 
is  advised  that  they  be  given  frequently.  Such  “examinations”  are  in  every 
respect  desirable. 

The  other  form  of  examination  given  by  teachers  is  more  formidable. 

Most  school  systems  provide  that  the  standing  of  a pupil  in  a class  shall  be 
determined  in  part  by  examinations  given  at  stated  times.  The  examina- 
tions may  occur  monthly,  quarterly,  semiannually,  or  annually.  They  count 
from  one-half  down  in  determining  a pupil’s  standing.  When  the  questions 
are  prepared  by  the  teacher,  the  questions  and  the  papers  are  at  the  dis- 
posal of  the  principal  or  other  supervisors.  The  teacher  has  an  opportunity 
to  adapt  the  examination  to  the  capabilities  of  the  class,  and  can  allow  for 
the  individuality  of  the  pupils.  Tncler  this  plan  a sympathetic  influence  is 
likely  to  pervade  the  examination.  As  a means  of  administration  this  form 
of  examination  depends  for  its  success  upon  the  teachers  and  the  opportunity 

of  inspection.  As  an  educational  practice  it  is  to  be  commended  as  com-  j 

pared  with  those  examinations  which  are  not  prepared  with  the  same  sympa- 
thetic recognition  of  the  pupils’  interests,  which  the  teachers  are  likely  to  j 

; 

display. 

As  a rule  uniform  tests  are  given  in  most  school  systems  for  administra- 
tive purposes.  The  questions  are  prepared  either  by  the  superintendent,  or  ; 

by  a committee  of  principals  or  teachers — usually  principals  w 01  king  undei  , 

the  direction  of  the  superintendent.  In  few  cases  do  the  teacheis  ha\e  any 
choice  concerning  the  questions  which  they  submit  to  their  classes.  The 
teachers  grade  the  papers  and  then  submit  them  to  the  principals.  These 

examinations  are  given  to  set  standards  of  work,  to  interpret  the  course  of  ' 

study,  to  promote  uniformity  throughout  the  system,  to  bring  out  the  weak 

points  in  the  teaching,  and  to  point  out  conditions  in  the  school.  In  some  j 

cases  it  is  urged  that  these  examinations  train  the  pupils  to  prepare  their  j 

thoughts  on  a subject  in  good  order  in  a limited  time.  In  general  the  interests 
of  the  pupils  are  served  only  indirectly  by  these  examinations  as  the  em- 
phasis is  upon  the  administrative  advantages.'  The  results  aie  sometimes 
used  in  determining  a pupil’s  fitness  for  promotion,  although  it  is  seldom 
that  failure  in  these  examinations  is  allowed  to  retard  a pupil’s  progress. 

These  examinations  are  an  effective  administrative  device.  Their  success  -j 

depends  upon  the  experience,  the  wisdom,  and  the  ideals  of  the  supei\isoi\ 
staff.  As  a rule,  these  examinations  do  not  meet  with  favor  among  the 

teachers.  There  is  a feeling  that  the  test  is  one  of  themsek  es  rathei  than  ; 

of  their  pupils.  From  what  has  been  said  this  appears  to  be  true,  although 

it  depends  upon  the  purposes  of  the  supervisors.  The  better  teacheis  lecog- 

nize  the  advantages  to  be  gained,  and,  having  the  proper  professional  spiiit, 

they  are  willing  to  have  their  work  compared  with  that  of  their  colleagues 

in  other  schools.  The  examinations  are  opposed  also  because  of  their  effect 

upon  the  pupils.  It  is  contended  that  the  pupils  are  subjected  to  a severe 
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nervous  strain  so  that  they  do  not  do  themselves  or  their  teachers  justice. 
This  is  possibly  true.  The  evil  results,  however,  may  be  minimized  under 
wise  supervision.  If  the  teachers  adequately  prepare  the  pupils  for  the  tests 
by  reviews,  and  if  the  tests  are  adapted  to  the  possible  ability  of  the  pupils, 
the  evil  results  mentioned  are  not  necessary.  In  the  larger  cities  the  diffi- 
culty of  conducting  these  examinations  is  great,  owing  to  the  wide  diversity 
in  the  population  in  various  parts  of  the  city.  Another  objection  raised  to 
such  examinations  is  that  thereby  the  teachers  are  hampered  in  their  work, 
with  the  result  that  there  is  little  progress  from  year  to  year.  This  again 
may  or  may  not  be  true,  dependent  upon  the  supervision.  As  a rule,  the 
supervisors  of  the  schools  will  see  that  the  tests  promote  rather  than  retard 
progress. 

Another  form  of  examination  proposed  at  the  present  time  is  that  desig- 
nated as  the  “standardized”  test.  For  a complete  discussion  of  the  nature 
of  these  tests,  see  the  report  by  Dr.  C.  W.  Stone,  in  the  report  of  subcom- 
mittee No.  2 of  this  general  committee.  As  to  current  practice,  it  is  safe  to 
say  that  little  work  of  this  nature  is  done  in  the  schools.  As  to  tendencies, 
there  is  little  evidence  upon  which  to  base  a statement  one  way  or  another. 
It  would  seem  well  for  those  in  charge  of  the  general  tests  just  discussed  to 
introduce  into  them  such  of  the  elements  of  these  standardized  tests  as  seem 
applicable  to  their  needs  and  purposes. 

In  the  eighth  grade  tests  are  sometimes  given  to  determine  the  fitness  of 
pupils  for  promotion  to  high  school.  This  is  not  a common  practice,  how- 
ever. 


METHODS  OF  INSTRUCTION. 

It  is  possible  to  speak  only  in  a general  way  of  methods  of  instruction 
as  these  vary  with  schools  and  with  teachers.  Much  that  can  be  said  on  this 
topic  for  the  two  upper  grades  would  apply  equally  well  for  the  other  grades. 


CLASS  INSTRUCTION. 

In  all  of  the  schools  instruction  is  given  to  groups  of  pupils  varying  in 
number  from  5 to  30  or  more — groups  called  classes.  The  average  size  of 
classes  is  probably  in  the  neighborhood  of  20  and  a strong  effort  is  being 
made  in  all  cities  to  cut  down  larger  classes  to  this  number.  This  form  of 
instruction  is  called  class  instruction.  There  have  been  numerous  attempts 
to  modify  this  form  of  instruction  by  various  forms  of  individual  instruction 
in  order  to  meet  in  a better  way  the  needs  of  weak  pupils.  In  some  schools 
special  teachers  are  employed  to  take  charge  of  any  pupils  from  any  class 
who  are  backward  in  their  work.  As  a rule,  however,  the  regular  class 
teacher  does  this  herself  either  before  or  after  regular  school  hours.  An 
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effort  is  made  of  course  to  organize  the  classes  so  that  all  pupils  in  the  class 
will  have  as  uniform  ability  as  possible. 


RECITATION  AND  STUDY  TIME. 

In  most  schools  the  arithmetic  class  meets  daily  for  from  20  to  30  min- 
utes. This  time  is  known  as  recitation  time.  Besides  this  the  pupils  of  the 
class  usually  have  in  school  another  period  of  equal  length  for  the  study  of 
arithmetic.  This  makes  the  total  time  for  arithmetic  vary  from  200  to  300 
minutes  per  week.  In  most  schools  the  children  do  no  studying  on  arith- 
metic at  home;  in  the  upper  grades  they  probably  do,  although  the  tendency 
to-day  is  to  relieve  pupils  of  any  home  preparation  in  mathematics  in  the 
elementary  schools.  Each  pupil  possesses  a book.  This  book  is  not  merely 
a collection  of  problems;  it  is  usually  a text  providing  the  necessary  theory 
and  such  explanation  as  seemed  wise  to  the  author.  From  the  terminology 
used  to  denote  the  two  periods,  it  is  obvious  that  at  some  time  the  pupils 
were  expected  to  prepare  themselves  in  the  "study”  period  on  certain  assign- 
ments in  the  text  upon  which  they  later  recited  in  the  "recitation”  period. 
This  was  especially  true  in  the  upper  grades,  and  unfortunately  is  probably 
true  in  many  classrooms  to-day.  In  the  majority  of  schools  this  condition 
has  undoubtedly  changed;  the  recitation  period  shotild  properly  be  called 
the  "teaching”  period  and  the  study  period  might  better  be  called  the  "work” 
period.  The  class  time  was  formerly  given  over  often  to  indiscriminate  reci- 
tation on  the  solutions  which  the  pupils  had  performed  outside  of  class;  it  is 
now  given  over  either  to  carefully  planned  drill  or  to  instruction  by  the 
teacher  on  some  new  topic.  The  study  time  is  used  to  supplement  the  class 
time. 

DIVISION  OF  THE  CLASS  TIME. 

One  of  the  characteristic  features  of  the  teaching  period  is  the  mental 
work.  It  is  common  practice  to  direct  the  teachers  to  devote  from  one-third 
to  one-h^lf  of  the  class  time  to  oral-mental  work.  It  is  oral  in  the  sense 
that  the  teacher  gives  the  directions  orally;  it  is  mental  in  the  sense  that 
the  pupils  perform  the  necessary  computations  without  use  of  pencil  and 
paper.  The  responses  of  the  pupils  are  given  either  orally  or  in  writing. 
This  work  is  designed  either  to  maintain  efficiency  through  wise  drilling  on 
topics  previously  taught  or  to  lead  up  to  and  teach  some  new  topic.  This 
must  be  considered  a feature  of  current  teaching  method,  since  formerly 
much  of  the  class  time  was  given  over  to  "recitation”  by  the  pupils  on  work 
which  they  placed  upon  the  blackboard. 

There  are  occasions  when  it  is  worth  while  to  have  the  whole  class  solve 
problems  in  writing;  this  is  especially  true  in  the  upper  grades  where  the 
conditions  of  the  problems  become  more  confusing.  As  a rule,  however, 
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written  work  is  done  outside  of  class.  In  the  past  pupils  have  been  required 
to  present  more  or  less  elaborate  analyses  of  the  solutions  for  their  prob- 
lems. The  desire  was  to  have  the  pupil  set  forth  in  detail  the  process  of 
thinking  by  which  the  solution  was  accomplished.  The  advantage  of  such 
solutions  to  the  teacher  is  obvious;  it  is  an  equally  obvious  fact  that  such 
formality  is  entirely  foreign  to  the  natural,  rational  mode  of  presentation 
which  an  adult  would  use  in  ordinary  life.  Such  a requirement  is  subject 
to  criticism  also  because  it  confuses  the  pupils.  The  tendency  now  is  to  ask 
the  pupils  to  give  a clear  presentation  in  good  form;  in  the  upper  grades, 
they  are  encouraged  to  use  any  “short  cuts”  of  which  they  know,  and  to  do 
mentally  as  much  of  the  computation  as  they  can.  Another  reform  which 
has  been  accomplished  is  the  discontinuance  of  elaborate  forms  of  ruling  on 
the  papers,  a practice  which  has  been  altogether  too  prevalent  in  the  past. 

RAPIDITY  AND  ACCURACY. 

The  teachers  of  the  upper  two  grades  seek  to  develop  in  their  pupils  skill 
in  computing  which  will  enable  them  to  perform  ordinary  calculations  with 
rapidity  and  accuracy.  In  the  lower  grades  the  pupils  are  taught  the  proc- 
esses and  the  number  facts;  in  the  upper  grades  the  emphasis  is  properly 
turned  in  this  other  direction. 

The  mental  work  has  this  as  its  aim.  The  pupils  are  frequently  given 
problems  to  solve  in  a limited  amount  of  time;  they  are  encouraged  to  com- 
pete with  one  another  by  being  invited  to  rise  when  they  have  solved  the 
problems;  they  are  given  honorable  notice  in  various  ways  for  achievement 
in  these  respects. 


CONCRETE  METHODS. 

On  account  of  the  influences  mentioned  in  former  paragraphs,  the 
teachers  endeavor  to  make  the  instruction  as  concrete  as  they  can  without 
going  to  the  extreme  of  objectifying  relations  which  are  obvious.  Thus  in 
the  discussion  of  commercial  forms,  actual  samples  are  exhibited;  checks  of 
some  real  or  imaginary  bank  are  drawn  in  class;  account  books  are  kept 
by  the  pupils  and  are  balanced  monthly,  each  child  filling  in  records  of  real 
transactions  when  possible;  interest-bearing  and  noninterest-bearing  notes 
are  shown;  banks  are  visited  or  conducted  in  the  schoolroom;  the  class 
resolves  itself  into  a stockbroker’s  office,  one  member  acting  as  the  broker 
and  the  remaining  members  of  the  class  acting  as  buyers  or  sellers  of  stocks 
or  bonds.  In  mensuration,  actual  measurements  are  used  when  possible; 
problems  are  sought  in  the  manual  training  department;  formulas  are  ob- 
tained by  experimental  methods  instead  of  being  taken  on  faith  and  then 
used.  The  teachers  endeavor  to  give  to  their  classes  clear  impressions  of  a 
few  things  rather  than  superficial  word  knowledge  of  many  things. 
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DEPARTMENTAL  TEACHING. 

One  especially  characteristic  feature  of  the  seventh  and  eighth  grade 
work  is  the  practice  of  having  the  mathematics,  and  some  of  the  other  sub- 
jects, taught  by  teachers  who  as  a rule  teach  no  othei  subjects.  In  the  lowei 
grades  this  is  not  common.  This  is  known  as  departmental  instruction.  It 
is  quite  common  in  the  larger  school  systems  and  is  being  extended  as  rapidly 
as  circumstances  permit.  The  teachers  in  charge  of  the  departmental  work 
are  usually  the  more  experienced  teachers  of  the  system  and  as  a rule  ha\  e 
had  special  training  for  their  work.  In  many  cases  college  graduates  are 
obtained  for  these  positions,  whereas  usually  the  teachers  in  the  elementary 

schools  do  not  have  collegiate  training. 

Departmental  instruction  is  favored  because  of  the  obvious  advantage 
of  having  for  this  upper  grade  work  teachers  who  are  specially  interested  in 
and  qualified  to  teach  their  subject.  Departmental  instruction  has  the  dis- 
advantage of  placing  the  training  of  young  children  in  the  hands  of  each 
of  several  teachers,  working  independently,  with  the  result  that  often  the 
emphasis  is  placed  upon  teaching  the  subject  rather  than  upon  the  education 
of  the  child.  This  difficulty  is  obviated  by  wise  supervision,  under  which 
there  will  be  cooperation  between  the  various  departmental  teachers  in  any 
one  school. 


INDUCTION  AND  DEDUCTION 

It  is  very  likely  that  no  conscious  thought  is  given  to  these  two  types  of 
teaching  methods  by  the  majority  of  teachers.  At  the  same  time  it  may  be 
said  that  the  instruction  is  either  by  inductive  methods  or  by  rule  followed 
by  practice.  The  habit  of  proceeding  from  "the  known  to  the  unknown, 
from  “the  simple  to  the  complex,”  b so  characteristic  of  the  teacheis  that 
they  approach  new  topics  whenever  it  is  possible  by  inductive  means.  Foi  ex- 
ample, the  nature  and  the  meaning  of  “paying  interest”  for  the  use  of  money 
may  be  approached  through  the  acquaintance  the  pupils  have  with  the  prac- 
tice of  paying  “rent”  for  the  use  of  a house;  the  nature  and  meaning  of 
shares  of  stock  may  be  approached  through  the  pupils'  experience  in  con- 
tributing their  share  toward  the  expense  of  a picnic.  On  the  other  hand, 
when  it  comes  to  a process  such  as  finding  the  square  root  of  a number,  the 
books  as  a rule  develop  the  process  in  the  usual  way  with  the  aid  of  the 
formula  for  the  square  of  a binomial;  but  the  teachers  are  commonly  ad- 
vised to  simply  illustrate  the  process  and  then  fix  it  in  the  minds  of  the 
pupils  by  adequate  drill. 
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Committee  No.  III.  Public  General  Secondary  Schools: 


I.  General  Report. 


THE  CURRICULUM. 

Directive  influences. — The  curriculum  iri  mathematics  is  determined  in 
general  by  the  admission  requirements  of  colleges.  This  is,  of  course,  con- 
fessedly so  in  the  States  in  which  there  is  a complete  and  State-wide  organi- 
zation of  education,  with  the  university  recognized  as  the  final  stage.  It  is 
also  true  in  other  States,  and  even  in  the  smaller  communities  where  few,  if 
any,  of  the  pupils  may  be  planning  to  go  to  college,  and  where  the  local 
school  committee  disclaim  the  intention  of  following  university  guidance; 
and  it  is  true  of  the  mathematical  curriculum  even  where  it  is  not  true  of 
other  subjects  of  study.  The  reason  for  this  nearly  universal  dependence  on 
college  definitions  is  that  mathematics  is  not  otherwise  defined  by  any  au- 
thority that  the  schools  feel  willing  to  accept. 

The  definite  and  legal  enactment  of  all  public  high-school  courses  of 
study  is  in  all  cases  made  by  the  school  committee  (often  called  the  school 
board,  or  the  trustees).  Only  occasionally  does  this  body  contain  members 
able  or  willing  to  decide  upon  details  of  a subject  that  seems  to  the  ordinary 
layman  so  abstract  as  mathematics.  Where  the  definitions  of  the  university 
are  not  accepted  bodily,  the  advice  of  the  principal  is  generally  sought,  oc- 
casionally that  of  the  head  of  the  department,  or  of  the  special  teacher  of 
mathematics. 

Importance  of  the  textbook.—1 There  are  States  in  which  the  textbooks 
are  prescribed;  in  one  all  the  textbooks  of  mathematics  are  prescribed  as 
those  of  a certain  author,  reliance  being  placed  on  the  publishers  to  keep  his 
productions  up  to  date.  Some  of  the  teachers  replying  to  the  questions  of  the 
committee  state  that  no  deviations  from  the  textbooks  are  allowed ' but  this 
is  doubtless  the  decree  of  the  local  authorities  rather  than  of  the  State,  and 
is  undoubtedly  due  to  the  unpleasant  experience  of  trying  to  connect  the 
work  of  a radical  experimenter  with  that  of  a successor  incapable  of  appreci- 
ating and  pursuing  a wide  and  uncharted  departure  from  the  orthodox  course. 

Correlation  of  mathematical  subjects  with  each  other. — The  different 
branches  of  high-school  mathematics  are  not  in  general  correlated  with  each 
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other,  but  are  pursued  one  after  the  other  with  such  differences  of  method 
and  of  point  of  view  that  algebra  is  often  forgotten  by  the  time  geometry  is 
completed.  Of  recent  years  the  teachers  in  a small  number  of  schools  have, 
of  their  own  accord  and  with  considerable  difficulty,  arranged  the  geometry 
w;ork  so  that  algebra  can  be  applied  to  some  of  the  numerical  problems  given 
in  illustration  of  the  metrical  theorems.  More  than  anything  else  the  subject 
of  proportion  is  treated  algebraically.  In  a still  smaller  number  of  high 
schools  there  is  a well-organized  blending  of  the  different  subjects,  algebra, 
geometry,  and  trigonometry,  into  a general  and  progressive  course  in  rnathe- 
njiatics. 

The  customary  independence  of  these  mathematical  subjects  is  restricted 
aflmost  everywhere  by  the  requirement  that  a pupil  must  have  “passed 
sjdgebra”  before  he  is  permitted  to  begin  geometry. 

Correlation  with  science. — The  mathematics  work  is  little  correlated 


with  physics,  though  many  schools  insist  on  algebra  at  least,  and  sometimes 
jgeometry  or  even  trigonometry,  before  beginning  physics.  The  requirement 
jof  algebra  for  chemistry  students  also  is  not  unknown.1 


THE  SUBJECT  MATTER. 


Elementary  algebra  and  plane  geometry. — Every  regular  high  school  in 
the  United  States  offers  algebra  and  plane  geometry  for  at  least  one  year  each. 
Half  of  them  give  algebra  for  an  extra  half  year;  less  than  20  per  cent  give 
algebra  for  two  full  years.  A very  few  schools  give  algebra  for  two  years  and 
a half,  and  a very  few  give  plane  geometry  for  a year  and  a half. 

Solid  geometry,  trigonometry , and  college  algebra. — Solid  geometry  for 
a half  year,  plane  trigonometry  (often  with  spherical  right  triangles,  oc- 
casionally with  the  general  spherical  triangle2)  for  a half  year,  and  advanced 
algebra,  so  called,  including  certain  special  topics  listed  below,  for  a half 
year,  are  given  in  some  of  the  larger  high  schools  or  in  some  of  the  smaller 
ones  that  definitely  prepare  for  college. 

The  textbook  as  evidence. — The  fact  that  few  of  the  high-school  teachers 
of  mathematics  are  thoroughly  trained  in  their  subject  and  that  the  subject 
matter  is  settled  for  the  most  part  without  their  initiative  indicates  that  the 
content  of  the  curriculum  will  be  closely  defined  by  the  textbooks  used.  This 
is  also  the  comment  of  publishing  houses  in  discussing  new  textbook  proj- 


1.  An  ideal  state  of  things  is  described  by  Miss  Thirmuthis  Brookman,  as  the  result 
of  12  years’  development  in  the  high  school  of  Lincoln,  Nebr.  Here  an  “inspirational” 
half-year  course  in  general  science  serves  as  an  introduction  to  a course  in  mathematics, 
where  each  week’s  work  is  “'a  definite  and  clear-cut  section  of  a well-proportioned 
system,”  including  algebra,  geometry,  and  trigonometry.  Pupils  showing  marked  in- 
ability in  the  general  science  introduction  are  not  urged  to  enter  the  work  in  mathe- 
matics.— School  Review,  January,  1910. 

2.  More  than  a half  year  is  taken  in  this  case. 
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ects:  “We  must  have  a book  that  the  ordinary  teacher  can  follow  without 
change;  it  is  only  the  exceptional  teacher  that  can  strike  out  independently 
of  its  guidance.” 

The  kind  of  textbook  in  general  use  up  to  12  or  15  years  ago,  and  the 
kind  most  widely  used  to-day,  will  enable  us  to  define  the  subject  matter  and 
the  methods  of  algebra,  geometry,  and  trigonometry  as  presented  to  more 
than  75  per  cent  of  the  high-school  pupils  of  the  United  States.  Hereon  is 
based  the  following  outline.3 

THE  ORTHODOX  SYLLABUS. 

I.  ALGEBRA  TO  QUADRATICS. 

Introductory. — Definitions  and  “axioms,”  discussion  of  negative  quanti- 
ties, brief  practice  in  algebraic  expression  and  interpretation,  one  or  two 
lessons  in  the  use  of  algebra  for  problems  so  simple  that  algebra  adds  to 
their  difficulty. 

The  four  operations. — Addition,  subtraction,  multiplication,  and  division, 
completed  successively  in  that  order,  with  formal  rules  of  manipulation  (not 
necessarily  stated  in  advance) ; literal  and  fractional  coefficients  and  expo- 
nents used;  ingeniously  involved  parentheses,  brackets,  and  braces;  and  ex- 
pressions sometimes  more  complicated  than  most  of  the  pupils  will  ever  see 
again. 

Factors. — Factoring  expressions,  such  as  the  difference  of  two  squares, 
ax-  _|_  fox  -j-  c,  xn  ± yn  (often  with  “demonstrations,”  as  of  the  case  where 
the  sign  is  + and  n is  odd) ; factoring  “by  parts;”  forms  like  x4  + x 2 y*  + y4 1 
expressions  such  as  can  be  obtained  from  the  simpler  forms  by  substituting 
binomials  for  one  or  more  of  the  letters.  Usually  no  application  is  made  of 
these  feats  except  in  the  reduction  of  fractions,  and  in  highest  common  factor 
and  least  common  multiple,  which  follow  as  introductory  to  'fractions. 

Highest  common  factor  and  lowest  common  multiple.  Highest  common 
factor,  first  by  factoring,  then  by  the  Euclidean  method.  A demonstration  is 
usually  given  for  this,  but  is  hardly  ever  assipnilated  by  the  pupils.  Not 
seldom  the  proof  given  is  applicable  only  to  numbers — that  is,  it  will  not 
hold  for  literal  expressions  in  which,  as  is  usual,  some  of  the  dividends  have 
to  be  multiplied  and  some  monomial  factors  have  to  be  saved  out.  Lowest 
common  multiple,  generally  by  factoring  only,  with  a perfunctory  comment 
on  the  method  which  utilizes  the  highest  common  factor. 

Fractions. — Fractions,  with  the  rules  of  transformation  formally  demon- 
strated, and  the  four  operations  each  completed  in  its  turn.  Expressions  of 
ingenious  complexity  are  handled  under  each  head. 

3.  For  the  purpose  of  this  outline  only,  “numbers”  will  be  understood  as  expressed 
without  letters,  and  “problems”  will  be  understood  as  “clothed”  in  words. 
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Simple  equations  and  problems. — “Simple”  equations,  that  is,  equations 
of  the  first  degree  with  one  unknown  letter,  and  abounding  in  parentheses 
and  fractions ; and,  at  last,  problems  to  be  solved  by  means  of  such  equations, 
| except  that  the  equations  needed  for  the  purpose  are  really  simple. 

Linear  elimination  and  problems. — Two-letter  linear  equations,  includ- 
ing fractional  and  literal  equations;  three-letter  equations  of  the  first  degree, 
and  occasionally  simple  four  or  five  letter  sets.  Equations  solved  for  the 
reciprocals  of  the  letters  involved.  Problems  leading  to  equations  of  the  first 
degree  in  two  or  more  letters.  Literal  equations  are  scattered  at  random 
under  this  topic  and  the  preceding  one. 

: Inference  of  equations. — The  model  examples  worked  out  in  the  textbook 

| generally  indicate  the  inference  of  an  equation  from  the  preceding  work  by 

; means  of  phrases  printed  at  the  side,  such  as  “transposing,”  “clearing  of 

fractions,”  “adding  to  eliminate  the  x terms,”  etc.  No  expectation  is  indi- 
cated that  the  pupil  will  use  any  substitute  for  these  annotations, 
j Neglect  of  practice  in  devising  equations. — The  number  of  problems  given 

I under  this  topic  and  the  preceding  one  is  generally  insufficient  to  give  real 

facility  in  algebraic  expression,  and  their  introduction  seems  isolated,  an  in- 
terruption in  the  progress  of  manipulation.  Haste  or  neglect  at  this  point 
is  explained  by  the  fact  that  no  topic  is  more  difficult  to  test  adequately  in  a 
written  examination  than  the  devising  of  equations,  and  where  time  is  scant 
it  will  be  devoted  to  topics  that  show. 

Involution  and  evolution. — Under  the  title  “Involution”  next  are  treated 
I powers  of  numbers  and  of  monomials,  and  squares  and  cubes  of  binomials; 

i under  the  title  “Evolution”  are  treated  square  roots  and  cube  roots  of  poly- 

nomials. Some  details  of  the  theory  of  exponents  are  necessarily  included 
under  these  heads, 

I Radicals  and  radical  equations. — Radicals,  including  the  rationalization 

l of  binomial  denominators,  and  the  square  root  of  a binomial  surd  (generally 

given  without  adequate  demonstration) ; radical  equations,  carefully  selected 
or  constructed  so  as  to  give,  upon  rationalization,  equations  of  the  first  de- 
i gree.  Extraneous  solutions,  sometimes  declared  admissible  because  of  the 

I “ambiguous”  sign  of  the  square  root.  Problems  again,  few  in  number,  lead- 

ing with  suitable  choice  of  letters  to  radical  equations. 

Exponents. — Theory  of  exponents,  without  any  mention  of  logarithms; 
good  correlation  with  the  preceding  topic. 


ii.  quadratics  and  beyond. 


Quadratics  in  one  and  two  unknowns. — Quadratics  in  one  unknown,  first 
without  the  second  term  (“pure”  quadratics)  and  then  complete  quadratics 
(“affected”  quadratics) ; problems  leading  to  such  quadratics.  Linear- 
quadratic  pairs,  elimination  by  substitution;  special  cases  of  quadratic 
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pairs  solved  by  devices  suited  to  each  case;  special  emphasis  on  symmetrical 
equations,  solved  by  reducing  to  values  for  x -j-  y and  x — y.  Very  few 
problems.  Literal  equations  at  random  under  this  topic. 

Ratio  and  proportion. — Ratio  and  proportion,  including  the  traditional 
transformations  of  a proportion;  examples  of  literal  equations  and  problems 
to  which  proportion  can  be  applied  if  one  insists;  no  mention  of  its  applica- 
tion in  geometry,  and  no  comment  on  the  relation  of  this  subject  to  frac- 
tional equations.  This  topic  is  not  referred  to  under  any  other  part  of  the 
work  in  algebra. 

The  progressions. — Arithmetical  progression;  formulas  for  the  nth  term 
and  for  the  sum  of  the  terms,  any  three  of  the  five  constants  being  given,  to 
find  the  other  twro. 

Geometrical  progression;  formulas  for  the  »th  term  and  for  the  sum  of 
the  terms,  certain  groups  of  three  of  the  five  constants  being  given  to  find 
the  other  two  constants.  Formula  for  the  “sum  of  the  series”  when  the  ratio 
is  less  than  one  and  the  number  of  terms  indefinitely  great;  recurring 
decimals. 

Inserting  means. — Arithmetic  and  geometric  mean;  insertion  of  two  or 
more  arithmetic  or  geometric  means  between  two  given  numbers. 

Binomial  theorem. — The  binomial  theorem  for  positive  integral  expo- 
nents; proof  of  the  same;4  application  to  powers  of  a binomial  of  which  the 
terms  may  be  complicated  with  fractions,  with  radical  signs  or  with  expo- 
nents that  may  or  may  not  be  positive  or  integral.  Formula  by  which  any 
term  of  any  power  may  be  written  down. 

III.  PLANE  GEOMETRY. 

The  jive  books.— The  sequence  in  all  the  ordinary  textbooks  is  that  of 
Legendre;  five  books,  the  first  on  lines,  angles,  triangles,  and  other  polygons; 
the  second  on  circles  and  the  measurement  of  angles ; the  third  on  proportion 
(treated  as  an  algebraic  subject)  and  similar  figures;  the  fourth  on  areas;  the 
fifth  on  regular  polygons  and  the  measurement  of  the  circle. 

Incommensurables. — Incommensurable  ratios  occur  in  Books  II,  III,  IV, 
and  V ; in  most  schools  an  attempt  is  made  at  every  one  of  these  points  to 
master  the  explanations  given  in  the  book. 

Construction. — Geometrical  constructions,  to  be  made  as  with  Euclid  by 
the  use  of  the  compass  and  unmarked  straightedge,  are  given  in  a logical 
place  among  the  other  propositions.  Locus  theorems  are  given,  beginning 
with  the  bisectors  of  angles  and  the  perpendicular  bisectors  of  lines  in  Book  I. 

Original  exercises  (“riders”) . — Exercises  are  given  for  practice  in  the  in- 
vention of  demonstrations  similar  to  those  in  the  text,  and  in  the  application 
of  available  theorems  to  numerical  data.  These  exercises  reach  the  number 

4.  In  most  classes  this  proof  is  omitted  in  teaching. 
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of  500  or  600,  and  are  often  accompanied  by  suggestive  notes  or  diagrams. 
They  are  for  the  most  part  rigidly  confined  to  subject  matter  like  that  in  the 
text,  so  that  successful  practice  with  them  does  not  add  materially  to  the 
geometrical  information  of  the  student. 

IV.  SOLID  GEOMETRY. 

Order  of  topics. — This  includes  successively  the  following  topics:  Per- 
pendicular and  parallel  lines  and  planes;  diedral,  triedral  and  polyedral 
angles  (including  the  ratio  of  incommensurable  diedrals) ; equivalence  and 
congruence  among,  and  the  measurement  of,  parallelopipeds,  prisms,  pyra- 
mids. cylinders,  and  cones;  the  geometry  of  great-circle  diagrams  on  a 
spherical  surface,  with  scant  reference  to  the  corresponding  polyedral  angles 
at  the  center  of  the  sphere;  the  surface  and  volume  of  the  sphere. 

Mensuration  theorems . — Development  is  almost  never  used  for  the  lat- 
eral areas  of  cones  and  cylinders,  and  the  assumption  that  there  is  a quantity 
spoken  of  as  “the  area”  of  a cylinder,  cone,  or  a sphere  is  tacitly  made  (a 
similar  assumption  having  been  made  for  the  “length”  of  the  circumfer- 
ence in  plane  geometry),  the  areas  of  successively  approximating  figures  ap- 
proaching this  assumed  quantity  as  a limit.  The  important  distinction  be- 
tween area  and  volume  in  this  respect  is  not  commented  upon. 

Method  of  limits.-— There  are  about  a dozen  places  in  plane  and  solid 
geometry  in  which  the  method  of  limits  is  used  to  deal  with  the  incommen- 
surable numbers  which  have  arisen  in  the  work.  In  nearly  all  cases  the 
proofs  are  so  cast  that  a variable  number  is  determined  in  two  different  ways 
independent  of  each  other,  and  use  is  made  of  the  following  “Theorem  of 
Limits”: 

“If  two  variables  are  equal  and  each  approaches  a limit,  the  limits  are 
equal.” 

Pupils  seem  to  be  able  to  learn  to  repeat  the  words  of  this  theorem  while 
failing  in  many  cases  to  appreciate  the  cogency  of  the  proof  in  which  it  is 
used.  The  treatment  of  limits  in  geometry  is  the  source  of  much  discontent 
not  only  among  the  teachers  themselves,  but  also  among  the  university 
examiners  and  professors. 


V.  TRIGONOMETRY. 

Introductory. — Definition  of  the  functions  of  an  acute  angle;  generaliza- 
tion to  angles  in  any  quadrant.  Representation  of  the  functions  by  lines 
drawn  on  a unit  circle;  change  in  the  values  of  functions  from  one  quadrant 
to  another. 

Formulas. — Proof  of  the  formulas  for  the  sine  and  cosine  of  the  sum  and 
of  the  difference  of  two  angles;  of  the  tangent  of  the  sum  and  of  the  differ- 
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ence;  of  the  sine,  cosine,  and  tangent  of  the  double  and  the  half  of  an  angle; 
formulas  for  the  transformation  of  the  sum  or  the  difference  of  two  sines  or 
two  cosines  into  products;  practice  in  the  use  of  all  these  formulas  in  re- 
ductions. 

Logarithms. — Generally  logarithms  are  studied  at  this  point. 

Triangles. — Application  of  logarithms  to  computation  of  a right  triangle; 
proofs  of  formulas  for  an  oblique  triangle,  using  trigonometric  algebra  as 
much  as  possible.  Simple  applications  to  surveying  and  navigation. 

VI.  ADVANCED  ALGEBRA. 

Topics  treated. — Under  this  head  are  given  various  disconnected  topics 
including:  Theory  of  quadratic  equations,  with  graphs  of  y = ax'2  + bx  -f-  c; 
solution  of  numerical  equations  of  higher  degree  in  one  unknown,  with 
graphical  illustration;  occasionally  successive  derivatives  of  algebraic  poly- 
nomials, geometrically  interpreted,  are  incidentally  taken  up  as  far  as  ad- 
visable in  utilizing  graphs  for  explanation;  occasionally  trigonometric  solu- 
tions are  given  for  certain  equations.  Choice  and  chance.  Determinants, 
with  practice  in  reduction  and  evaluation  (the  multiplication  theorem 
omitted) . Indeterminate  coefficients. 

Purpose. — The  sole  purpose  in  this  course  seems  to  be  to  furnish  infor- 
mation that  may  be  useful  in  later  mathematical  study. 

Confusion  of  title.— In  many  schools  the  latter  part  of  the  course  in  ele- 
mentary algebra  described  previously  is  styled  "Advanced  algebra.”  This 
usage  is  confusing  and  should  be  avoided. 

VII.  ARITHMETIC. 

In  addition  to  the  subjects  which  are  generally  recognized  as  secondary 
school  studies,  many  high  schools  give  a half  year  in  arithmetic.  In  smaller 
schools  and  in  districts  where  the  elementary  schools  are  not  so  effective, 
either  on  account  of  short  terms  or  on  account  of  more  recent  establishment 
of  public  school  education,  this  is  given  at  the  beginning  of  high  school 
work;  in  other  schools  it  is  given  after  the  years  devoted  to  algebra  and 
geometry,  and  is  called  "Advanced  arithmetic.”  The  topics  are  not  in  any 
respect  different  from  those  treated  in  elementary  schools,  though  the  prob- 
lems are  somewhat  more  difficult  and  aim  at  a closer  correlation  with  com- 
mercial practice.  There  is  a decided  purpose  to  attain  facility  and  accuracy 
in  routine  operations.  Little  or  no  effort  is  made  to  treat  arithmetic  as  a 
science,  or  as  having  any  real  connection  with  the  other  mathematical  sub- 
jects in  high  school  work. 
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RECENT  PROGRESS. 

The  last  10  years. — In  the  last  10  years  changes  in  the  details  of  high- 
school  mathematics  have  been  radical  and  rapid.3  They  are  largely  the  re- 
sult of  the  active  interest  taken  in  the  work  of  high-school  teachers  by 
university  professors,  and  of  the  conference  between  high-scl  ool  men  of 
different  localities.  Both  of  these  influences  have  made  themselves  felt 
through  teachers’  associations.  So  far  as  the  changes  and  tendencies  referred 
to  have  actually  begun  to  affect  teaching,  they  appear  in  recently  published 
textbooks  in  good  use.  For  this  reason  the  committee  has  examined  some 
thirty  of  the  recent  high-school  books  on  algebra,  geometry,  and  trigonom- 
etry, and  presents  the  results  of  that  examination  here. 

The  order  of  topics. — In  almost  all  these  books  geometry  is  supposed  to 
follow  a year’s  work  in  algebra,  though  there  are  one  or  two  books,  whose 
success  is  still  not  completely  assured,  which  essay  a combination  of  the  two 
subjects.  A combination  (or  “blending”)  of  plane  and  solid  geometry  does 
not  seem  to  have  been  seriously  attempted. 

In  algebra  the  order  of  topics  is  only  slightly  varied  from  the  following: 

1.  Introduction,  negative  numbers,  etc. 

2.  “The  four  operations.” 

3.  Factors,  H.  C.  F.  and  L.  C.  M.  by  factoring. 

4.  Fractions. 

5.  Simple  equations  and  problems. 

6.  Elimination,  linear  systems. 

7.  Powers  and  roots,  exponents,  radicals. 

8.  Quadratic  equations. 

9.  Elimination  of  quadratics. 

10.  Literal  equations,  generalization. 

11.  Proportion,  “the  progressions,”  logarithms. 

12.  The  binomial  theorem. 


In  geometry  the  order  of  development  is  still  mostly  that  of  Legendre, 
the  five  books  of  plane  geometry  being  successively  polygons,  circles,  similar 
figures,  areas,  and  regular  polygons;  and  the  solid-geometry  order  being 
planes  and  lines,  polyhedral  angles,  prisms  and  pyramids,  and  the  “three 
round  bodies.”  Two  books  transpose  the  third  and  fourth  books  of  plane 
geometry;  here  and  there  also  is  shown  a disposition  to  group  propositions  \ 

in  smaller  lists  than  the  “books,”  without,  however,  changing  the  order  much. 

The  textbooks  in  trigonometry  agree  fairly  well  on  the  topics  which  { 


5.  See  “Present  Tendencies  in  the  Teaching  of  Geometry”  (in  the  United  States)  in 
A.  W.  Stamper’s  History  of  the  Teaching  of  Geometry,  New  York,  Columbia  University 
(1906). 
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should  be  taken,  but  differ  widely  in  their  estimate  of  the  relative  impor- 
tance of  these  topics. 

A common  arrangement  of  topics  is  the  following:  Functions  of  an  acute 
angle;  solution  of  right  triangles  by  natural  functions  and  by  logarithms; 
functions  of  any  angle;  general  value  of  an  angle;  the  addition  and  sub- 
traction formulas;  formulas  for  double  an  angle  and  half  an  angle;  the  con- 
version formulas;  and  the  solution  of  oblique  triangle  by  logarithms.  In 
addition  to  these  topics,  we  find  the  radian  measure,  inverse  functions,  and 
the  line  representation  of  functions,  and,  in  some  books,  graphical  discus- 
sion of  functions  and  a careful  treatment  of  the  measurement  of  angles  near 

0°  and  90°. 

Graphical  methods  oj  discussion. — For  some  15  years  there  has  been  in- 
creasing pressure  for  the  introduction  of  Cartesian  coordinates  as  an  instru- 
ment of  study  in  elementary  algebra.  It  began  to  appear  in  the  schoolbooks 
about  1898.  All  but  one  of  the  books  here  examined  make  use  of  this  de- 
vice; sometimes  it  is  given  in  a separate  chapter,  in  one  case  in  an  appen- 
dix. In  a few  others  it  is  made  an  effective  part  of  the  structure  of  the 
subject.  The  word  "function”  is  sometimes  used,  but  even  without  it  the 
work  generally  begins  by  plotting  curves  in  which  y is  a non-algebraic  func- 
tion of  x,  so  that  the  student  gets  some  insight  into  the  functional  relation. 

The  graph  of  a two-letter  linear  equation  is  pointed  out  as  a straight 
line.  No  proof  is  given,  though  one  book  remarks  that  the  proof  follows 
easily  from  the  geometry  of  similar  triangles.”  Elimination  of  linear  pairs  is 
illustrated,  generally  also  linear-quadratic  and  quadratic  paiis.  No  com 
ment  is  made,  as  a general  thing,  on  the  limitation  of  this  illustration  to  two- 

letter  equations.  . 

In  about  one-half  of  the  books  the  solution  of  a numerical  quadratic 

equation  by  the  use  of  a standard  parabola  ( y = x 2)  and  a straight  edge 
is  mentioned,  and  its  use  recommended  as  a check  on  the  solution  obtained 
by  the  algebraic  process. 

Computation.— In  spite  of  the  fact  that  John  Perry’s  propositions  for 
reform  in  mathematical  teaching  have  been  widely  and  on  the  whole  favora- 
bly considered  in  this  country,  not  one  of  the  textbooks  of  algebra,  and  only 
one  of  those  in  geometry,  makes  any  reference  to  the  number  of  significant 
figures  in  a number  as  a criterion  of  the  degree  of  approximation.  None  gives 
any  directions  for  economical  methods  of  computation  having  regard  to  the 
degree  of  accuracy  warranted  by  the  data,  or  gives  problems  with  data 
appropriate  for  such  practice. 

In  a geometry  textbook  of  excellent  character  and  long  use,  problems 
appear  in  which  the  data  are  such  as  would  occur  under  the  actual  circum- 
stances described  in  the  problem;  but  no  directions  were  given  for  dealing 
economically  with  the  difficulties  of  arithmetic  thus  introduced,  and  the 
problems  were  considered  unsuitable  by  the  schools.  In  the  more  modem 
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books  here  examined  the  data  are  all  of  the  predigested  sort  tone  or  two- 

figure  integers) . , ■ 1 

In  trigonometry  the  subject  of  approximate  computation  m general  an 

the  fact  that  only  approximate  results  can  be  obtained  by  the  use  of  trigo- 
nometric functions,  are  rarely  ref en eel  to. 

Checks. — The  practice  of  checking  the  solution  of  an  equation  in  algebra 

by  substituting  the  roots,  and  checking  an  algebraic  transformation  by  su  - 
stituting  arbitrary  values,  appears  in  almost  all  the  algebra  textboo  s.  n 
trigonometry  the  subject  of  checks  for  the  solution  of  triangles  is  no  care- 
fully treated — several  books  give  no  checks  except  the  odvious  one  01  i 
angles  when  the  sides  of  the  triangle  are  given.  The  topic  does  not  appear  a 
all  in  geometry  No  reference  is  made  anywhere  to  methods  of  checking  t le 
details  of  computation;  it  being  assumed,  no  doubt,  that  the  matter  has  been 
adequately  treated  in  the  study  of  arithmetic.  The  textbooks  in  tha  sub- 
ject, and  the  irresponsible  habits  of  the  pupils  m imputing,  do  not  furnish 
good  ground  for  such  an  assumption. 

Notation. — In  algebra  there  is  a tendency  to  break  the  monopoly  that 
the  letter  * has  had  in  representing  numbers  whose  value  is  sought.  1 ie 
symbol  ^ for  “is  not  equal  to”  and  the  symbol  = for  algebraic  identity 
have  come  into  use.  In  geometry  the  symbol  = is  apparently  favore.  m 
congruence,  instead  of  =,  which  already  had  good  authority.  For  the  ex- 
ceedingly mysterious  thing  which  some  authors  call  the  intrinsic  sign  of 
a number,  a diminutive  plus  or  minus  sign  is  sometimes  used. 

The  notation  of  lower-case  letters  for  lines  and  for  lengths  of  lines  has 
at  last  been  .introduced  into  elementary  geometry  textbooks,  to  the  grea 
advantage  of  the  algebraic  proofs.  This  appears  in  three  of  these  books,  one 
of  which  applies  it  very  imperfectly.  The  same  book  also  uses  lower-case 
letters  to  represent  the  number  of  degrees  in  an  angle,  thougi  ana  ogy  o ie 
unlimited  and  the  limited  straight  lines  would  suggest  using  a capital  foi 

both  the  point  and  its  associated  magnitude,  the  angle. 

Logical  terms.— The  technical  terms  of  logic  are  mostly  avoided  ^ ie 
term  “reductio  ad  absurdum”  occurs  in  three;  the  same  thing  is  cal  e in- 
direct proof”  in  four  others;  the  “method  of  exclusion”  is  pointed  out  in  three. 
“Reductio  ad  absurdum”  and  the  “method  of  exclusion”  are  both  classi  e 
as  “indirect  proof”  in  one  book,  while  “indirect  proof  and  the  method  of 
exclusion”  are  both  classified  as  “reductio  ad  absurdum  m another.  One 

book  manages  to  avoid  all  mention  of  these  terms. 

The  logical  inverse  is  called  the  converse  in  all  current  textbooks,  and 
there  is  no  exception  in  these  latest  books.  The  obverse  is  so  called  in  one 
book  is  called  the  opposite  in  two  others,  and  is  omitted  m the  iest.  e 
contraposite  is  so  called  in  one,  is  called,  curiously,  the  contradictory  m an- 
other, and  is  not  mentioned  in  the  rest,  although  one  book  points  out  the 
equivalence  of  the  converse  and  the  opposite. 
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The  term  “immediate  inference”  is  given  and  much  used  in  one  book. 
Homothetic  position  is  used  for  the  similarity  theorems  in  two  of  these 
textbooks,  but  under  different  names  (“radially  situated,”  “in  perspective  ), 
and  in  only  one  of  them  is  it  systematically  used  as  a means  of  demonstra- 
tion. 

Innovations. — The  changes  in  the  subject  matter  of  algebra  have  been 
referred  to  under  preceding  heads.  Those  in  geometry  are  much  less  exten- 
sive, no  doubt  because  of  a widespread  belief  in  the  invulnerability  of  the 
logical  structure  represented  by  the  successively  dependent  propositions. 
The  treatment  of  incommensurable  magnitudes  in  geometry  seems,  in  par- 
ticular, to  be  protected  by  sacred  tradition. 

The  theorem  of  limits,  namely,  that  “if  two  variables  are  equal  and  each 
approaches  a limit,  the  limits  are  equal,”  is  used  systematically  in  all  but 
two  of  the  books  examined,  and  one  of  these  puts  it  in  an  appendix. 

The  similarity  theorems  are  based  on  the  area  theorems  in  two.  Axial 
and  central  symmetry  are  both  used  in  three,  and  neither  appears  alone. 
The  idea  of  symmetry  is  used  for  comment  and  illustration  rather  than  as  a 
method  of  attack  or  as  a resource  in  argument. 

A decided  innovation  is  the  custom  of  explaining  methods  of  attack  for 
new  theorems;  this  iu  '.ontained  in  almost  all  of  the  newer  textbooks. 

The  word  “congruent”  is  used  in  four  books,  one  of  the  others  using  the 
old-fashioned  phrase,  “equal  in  all  respects.”  Only  one  of  the  books  using 
the  word  “congruent”  uses  the  word  “equal”  in  the  sense  of  “equivalent. 

In  solid  geometry  also  there  are  few  innovations — that  is,  innovations  so 
far  a 3 really  popular  use  is  concerned.  Among  them  are  shaded  figures  or 
photographs  of  actual  models,  the  spherical  degree  (or  “spherid”  as  one 
book  calls  it)  as  the  unit  of  area  on  the  sphere,  and  the  prismoidal  formula. 
None  of  the  books  speaks  of  a “unit  of  solid  angle;”  it  is  always  a “unit  of 
area  on  the  sphere.”  Some,  even  of  the  most  enterprising  of  these  authors, 
adhere  to  the  trirectangular  triangle  as  a unit.  The  prismoidal  formula  is 
apparently  not  introduced  as  a means  of  simplifying  the  logical  structure; 
it  is  rather  a new  addition  to  the  old  task. 

Problems  in  algebra. — Much  more  space  is  given  to  equations,  and  to 
problems  giving  rise  to  equations,  as  a response  to  the  frequently  repeated 
contention  of  teachers,  uttered  in  magazine  articles  and  in  teachers’  associa- 
tions, that  the  equation  should  be  the  fundamental  work  at  least  for  the 
first  year.  In  most  cases,  however,  the  preparatory  study  of  transformations 
(multiplication  and  division,  factoring,  fractions,  etc.)  is  carried  to  a degree 
far  beyond  what  is  necessary  for  the  manipulation  of  any  reasonably  prob- 
able equations,  certainly  beyond  what  are  given  during  first-year  work.  The 
study  presents,  therefore,  a somewhat  disconnected  aspect — first,  transforma- 
tions treated  in  a systematic  and  fairly  complete  fashion,  with  a few 
intrusive  illustrations  of  the  application  of  them  to  equations  that  do  not 
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need  much;  then,  equations  treated  as  material  for  practice  of  a small  part 
of  this  manipulation;  and,  finally,  problems,  hopefully  sought  from  newer 
quarries,  designed  to  show  how  equations  might  arise  that  could  be  managed 
by  this  manipulative  skill. 

It  would  probabaly  be  easy  for  a young  person  of  good  judgment,  en- 
gaged in  reviewing  his  high-school  algebra,  to  learn  that  problems  cause  the 
invention  of  equations,  and  that  transformations  are  necessary  for  the  solu- 
tion of  equations.  The  prominence  given,  however,  to  this  systematic  de- 
velopment of  what  must  be  considered  the  mechanical  side  of  algebra  tends 
to  weaken  the  interest  of  the  pupil  in  that  part  of  the  subject  that  is  of  mos 
value  not  only  to  him  whose  education  stops  with  the  high  sc  oo  , u^ 
surely  also  with  the  future  student  of  engineering  or  of  pure  mathematics; 
the  study,  that  is,  of  expressing  the  conditions  of  actuality  in  mathematica 
form,  and  of  interpreting  mathematical  results  in  terms  of  time,  space,  and 

thmThe  problems  in  all  these  books  are  very  plentiful  ; sometimes  the  teacher 
is  warned  that  the  work  should  not  include  the  solution  of  all  the  problems, 
and  that  their  profusion  is  his  opportunity  to  vary  his  work  rom  c ass  o 
class  and  to  specify  fresh  problems  for  review  lessons.  While  the  character 
of  the  problems  in  three  of  the  books  is  strictly  orthodox,  the  others  take 
their  data  freely  from  geometry,  physics,  and  even  from  engineering  an 
dietetics  (!)  There  is  no  hesitation  in  utilizing  the  properties  of  similar  n- 
angles,  or  the  phenomena  of  falling  bodies;  but  there  is  a chaste  reluctance 
to  do  anything  more  than  mention  the  existence  of  reasons  at  the  back  of 
the  facts  and  formulas  used.  Our  old  friend  the  clock  problem  survives  he 
dead  and  buried  hare  and  hound,  and  the  solution  in  odd  elevenths  of 

second  continues  to  pass  without  challenge.  . 

Long  division,  square  root,  and  generally  cube  root  of  algebraic  expres- 
sions are  still  treated  at  length,  without  any  comment  on  the  futility  of  the 
pupil's  attempt  when  the  result  does  not  “come  out  even.  , 

The  comment  that  an  extraneous  root  of  a radical  equation  can  be  made 
to  satisfy  the  equation  “by  suitably  choosing  between  the  two  possible  signs 

of  a square  root”  is  passing  out  of  use.  _ . , . , 

Problems  in  geometry.— The  number  of  “original”  exercises  to  which  e 
pupil  is  expected  to  apply  his  newly  acquired  knowledge  varies  from  600  to 
1 200  in  plane  geometry,  and  from  300  to  600  in  solid.  Some  of  them  use  freely 
the  results  of  the  modern  geometry  of  the  triangle  and  of  projective  geom- 
etry but  without  any  introduction  of  the  corresponding  modern  methods  in 
the  text.  One  book,  however,  includes  the  nine-point  circle,  the  radical  axis 
and  the  notion  of  reciprocal  theorems  in  the  regular  text,  but  omits  a 

mention  of  symmetry. 

6.  See  Missouri  Teachers'  Course  in  Algebra,  § I <M,  8 X,  (c).  School  Science, 
April,  1908. 

342 


s 


International  Commission  / The  American  Report  (Secondary  Schools) 

Some  effort  is  made  to  create  a “practical”  atmosphere,  and  one  or  two 
modern  books  are  rich  in  allusions  to  and  illustrations  of  such  things  as 
surveying,  parquetry,  and  architecture.  They  are  dealt  with,  however,  by 

the  sometimes  cumbrous  methods  of  Euclidean  geometiy,  instead  of  by  sue  jj 

means  as  practical  men  would  use.  1 

The  fundamental  definitions  of  trigonometry  appear,  ana  m a couple  ot  1 

books  the  tables  of  natural  functions;  in  one  there  are  twe -place  tables,  m J 

the  other  a four-place,  while  in  both  is  used  what  seems  to  be  a three-figure  j 

angle  (degrees,  and  tenths  by  interpolation) . ...  j 

Loci. — The  definition  of  a locus  is  introduced  at  the  very  beginning  in  | 

one  textbook;  in  Book  II  in  another;  in  most  of  them  it  appears  in  Book  I | 

in  connection  with  the  theorems  about  perpendiculars  and  bisectors.  In  no  j 

textbook  does  the  locus  of  an  algebraic  equation  in  two  variables  appear  j 

though  this  would  seem  a not  inadvisable  corollary  of  the  introduction  of  j 

gra.phs  into  algebra.  The  nearest  thing  to  it  is  the  problem  to  find  the  locus  | 

of  a point  moving  so  that  the  figures  determining  it  retain  certain  numerical 
properties,  as  in  the  locus  of  the  vertex  of  a triangle  with  fixed  base  and  con- 
stant perimeter.  The  “real”  or  “practical”  locus  problem  is  still  rare;  a 
type  of  such  is  the  artisan’s  way  of  testing  the  cross-section  of  a cylindrica 

core  box  with  a steel  square.  . . 

While  no  reference  whatever  is  made  to  the  locus  of  an  equation  in  the 
text  books  on  geometry,  some  of  the  trigonometries  use  it  in  tracing  the 
changes  in  the  values  of  sine,  tangent,  etc.,  as  the  angle  varies;  all  of  them, 
however,  make  some  reference  to  the  representation  of  the  trigonometric 
ratios  by  lines  related  to  a unit  circle.  Only  one  comments  on  the  important 
fact  that  here  we  have  a line  representing  a pure  number. 

Problems  in  trigonometry.— The  problems  in  trigonometry  textbooks 
comprise  the  proofs  of  identities  and  the  numerical  solution  of  equations  as 

opportunities  for  practice  in  the  transformations  of  trigonometric  expres  j 

sions;  and  also  the  solutions  of  plane  triangles,  with  applications  to  ques-  j 

tions  of  surveying,  civil  engineering,  and  navigation.  The  pupil  is  expected 

to  remember  all  the  formulas  referred  to  on  page  21.  < . j 

Spherical  trigonometry  is  usually  considered  a college  subject,  but  spheri-  1 

cal  right  (and  quadrants  1)  triangles  are  often  dealt  with  in  the  secondary  . 

school.  With  these  the  so-called  Napier’s  Rules  furnish  the  possibility  of 
memorizing  formulas,  apparently  an  indispensable  requisite  in  subjects  of 
fered  for  admission  examinations. 

Only  one  of  these  books  mentions  the  fact  that  oblique  triangles  may  be  . 

solved  by  dividing  them  into  right  triangles.  The  idea  of  projection  and  of 
the  angle  functions  as  projection  ratios  does  not  enter  into  these  books.  One 

book  refers  to  it,  but  makes  little  use  of  it. 

The  solution  of  oblique  triangles  comes  late,  following  the  addition  and 
subtraction  formulas.  One  book  gives  a geometric  proof  for  the  tangent  , 
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formula.  Angles  are  generally  expressed  in  degrees,  minutes,  and  seconds; 
two  books  have  degrees,  minutes,  and  decimals  of  a minute,  and  one  has  a 
set  of  examples  in  which  degrees  and  decimals  of  a degree  are  used.  Few 
books  have  a discussion  of  the  theory  of  logarithms.  It  is  evidently  assumed 
that  the  student  has  received  from  algebra  a knowledge  of  the  nature  and 
properties  of  logarithms  sufficient  for  the  practical  application  to  the  solu- 
tion of  triangles.  The  use  of  the  augmented  characteristic  in  the  case  of  a 
negative  logarithm  is  almost  universal. 

We  find  in  one  textbook  the  radian  measurement  introduced  on  the 
second  page  in  the  book  and  no.  further  use  made  of  it,  while  in  another 
book  it  is  found  well  along  in  the  book,  where  an  excellent  discussion  of  it 
is  given,  and  frequent  use  is  made  of  it  in  equations,  identities,  and  prob- 
lems. We  find  a similar  condition  of  affairs  when  we  look  for  the  inverse 
functions. 

Only  one  of  the  books  completes  the  solution  of  plane  oblique  triangles 
before  entering  upon  the  discussion  of  the  standard  formulas  of  trigono- 
metric algebra. 


METHODS. 

Relative  popularity. — In  the  questionnaire  issued  by  this  committee  12 
methods  were  listed,  the  names  being  taken  from  well-known  books  on  the 
teaching  of  mathematics.  The  replies  indicated  clearly,  by  practice  or 
preference,  that  five  of  these  methods  were  most  popular: 

Measurement  and  computation. 

Laboratory  method. 

Use  of  models. 

Use  of  cross-section  paper. 

Individual  method. 

Next  in  order  of  popularity,  after  a considerable  interval,  come  the 
following: 

Combination  of  algebra  and  geometry. 

Out-of-door  work. 

Paper  folding. 

Observational  geometry,  to  precede  deductive  geometry. 

The  least  popular  of  the  12  suggestions  offered  were  the  combination  of 
plane  and  solid  geometry  and  of  geometry  and  trigonometry;  next  to  them 
in  unpopularity,  curiously  enough,  is  the  “heuristic”  method;  and,  in  view 
of  the  noticeable  tendency  in  recent  and  widely  adopted  textbooks,  the  in- 
ference is  unavoidable  that  this  apparent  unpopularity  is  due  to  the  fact  that 
“heuristic”  is  a hard  word. 
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On  the  other  hand,  the  low  position  of  “observational”  geometry  in  these 
reports  is  significant.  A progressive  teacher  in  Arkansas  writes:  \Ve  tried  a 

six  weeks’  course  in  observational  geometry  in  the  second  lngh-school  ye 
and  saved  time  by  it,  but  the  pupils  did  not  like  it;  they  were  too  old.  The 
most  successful  work  in  observational  geometry  has  been  in  sc  1 
it  could  be  done  by  pupils  of  12  years  of  age;  the  six-year  high  school  is 

probably  a necessary  condition  for  the  best  use  of  this  expedient. 

Outdoor  work  and  paper  folding  depend  on  local  conditions  and  me  1- 
vidual  teachers,  respectively.  One  high-school  teacher  borrows  a transi 
from  the  city  engineer  every  spring.  Paper  folding,  usee  occasions,  y 
symmetry  propositions  at  tile  beginning  of  geometry,  has  not  bee 

available  for  much  else.  . ,,  _ 

The  combination  of  algebra  and  geometry  has  a good  start  m the  .ens 

that  algebra  is  applied  to  the  discussion  of  geometry  problems  rnvo rving 

numerical  relations,  but  except  in  isolated  cases  there  has  been  no  blend  g 

or  interweaving  of  the  two  subjects  into  one.  , 

The  five  topics  listed  as  the  most  popular  emphasize  the  decided  to  - 
dency  to  cultivate  the  intuitional  side,  to  utilize  sight,  touch,  and  muscular 

sense  as  avenues  to  the  pupils  intelligence. 

Separate  problem  book.- One  or  two  attempts  have  been  made  by  pub- 
lishers to  present  algebra  by  means  of  a manual  and  an  exercise  boo  < sepa- 
rately, but  except  for  review  work  this  plan  is  hardly  ever  followe  . lin" 
ciples  and  practice  appear  not  only  in  the  same  book,  but  as  nearly  as  pos- 
sible on  the  same  page.  , 

The  use  of  models.— Models,  in  most  cases  made  by  the  pupils  them- 
selves with  cardboard,  wire,  and  fine  cord,  or  thread,  are  very  much  used  in 

solid  geometry.  . , . 

The  model  for  equivalent  parallelopipeds  and  for  the  dissection  of  a tri- 
angle prism  into  three  equivalent  pyramids  can  not  generally  be  so  made 
and  the  school  owns  the  patterns,  if  it  is  not  so  fortunate  as  to  own  the  right 
sort  of  teacher.  The  spherical  blackboard  is  generally  used. 

Squared  paper—  Cross-section  paper  is  very  much  used,  general  y or  ie 
illustration  of  elimination,  sometimes  also  for  the  introduction  o ie  1 ea 
of  function.  A considerable  opportunity  here  for  the  correlation  of  algebra 
and  geometry  seems  to  be  entirely  neglected.  Little  or  no  attempt  is  made 
to  find  approximate  solutions  graphically,  in  cases  where  elementary  algebra. 

will  not  help  out.  . , 

Computation. — Measurement  and  computation  are  undertaken  in  true 

schoolroom  style.  No  attempt  is  made  to  work  to  a specified  degree  o ac- 
curacy, or  to  acquire  convenient  and  systematic  habits  of  computation. 
Logarithms  are  only  used  in  the  trigonometry  class,  and  the  slide  rule  has 

not  appeared  in  high  schools.  , 

Improvement  of  problems. — Search  is  being  made  everywhere  01  pio 
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lems  that  make  a more  direct  appeal  to  the  interest  of  the  pupil  than  the 
collections  handed  down  by  previous  generations.  Even  in  the  not  infre- 
quent case  where  these  problems  are  themselves  highly  improbable  as  in- 
stances of  perplexity  in  human  beings,  some  gain  is  made  by  clothing  the 
inventions  of  the  schoolmaster  in  the  words  of  people  that  walk  the  streets 
to-day,  and  a great  many  of  them  are  “real”  problems  of  “practical”  import. 


AIMS. 

General  culture  and  college. — The  aim  of  high-school  education,  so  far  as 
mathematics  is  concerned,  is  general  culture,  and  at  the  same  time  is  prepa- 
ration for  college.  There  is  a slight  preponderance  of  popularity  in  favor  of 
the  former  reply,  but  the  latter  is  close  enough  to  it  to  make  it  clear  that 
in  the  minds  of  school  committees  and  other  official  bodies,  general  culture 
seems  to  need  the  sort  of  mathematics  that  is  prescribed  for  admission  to 
college.  A considerable  fraction — from  25  per  cefnt  in  the  Middle  West  to 
75  per  cent  in  the  Atlantic  States — include  preparation  for  technical  insti- 
tutes as  a part  of  the  purpose  that  mathematical  education  is  to  fulfill. 

Not  for  occupation. — Of  the  careers  that  teachers  are  consciously  look- 
ing forward  to  for  their  pupils,  those  of  the  merchant  or  accountant,  the  civil 
or  mechanical  engineer,  the  teacher,  the  farmer,  and  the  “woman  of  the 
house”  are  frequently  mentioned.  It  may  well  be  doubted  whether  the 
mathematical  training  received  in  high  schools  gives  added  efficiency  to  any 
degree,  in  any  of  these  callings;  that  is  to  say,  the  effect  of  the  kind  for- 
merly acclaimed  and  now  discredited  under  the  name  of  general  discipline; 
certainly  not  to  any  greater  degree  than  the  same  amount  of  time  and  inter- 
est applied  to  geology,  or  chemistry,  or  even  to  music.  The  pupil  learns  to 
solve  algebraic  equations,  but  does  not  apply  them  to  devising  balanced 
rations  for  the  farm  stock  out  of  the  crop  he  raises;  he  learns  about  similar 
triangles,  but  knows  not  so  much  as  his  grandfather  about  the  thrust  on  a 
girder,  or  about  the  way  of  mapping  a river,  or  of  estimating  the  amount  of 
excavation  in  grading  the  house  lot.  He  is  brighter  and  keener,  because  he 
has  been  educated,  and  he  has  self-reliance  because  he  has  done  things  by 
his  own  thinking  power;  but  he  has  had  nothing  directly  contributory  to  the 
special  knowledge  or  aptitude  required  for  these  occupations  that  he  may 
follow — except  teaching;  surely  he  can  teach  what  he  has  been  taught,  and 
he  does.  Thus  schools  inherit. 

The  college  determines  the  aim  of  high-school  work. — Since  the  high 
school  does  not  prepare  by  means  of  mathematical  teaching  for  occupations 
in  which  the  pupils  may  subsequently  engage,  and  since  mathematics  as 
deemed  desirable  for  general  culture  is  defined  by  the  entrance  examinations 
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of  the  university,  the  whole  question  of  the  aim  of  this  subject  in  high  schools 
must  be  decided  by  the  views  of  university  people,  and  made  known, 
from  the  scanty  information  of  catalogues,  by  the.  character  o examma  1 
questions.  On  this  account  the  report  on  examinations  will  be  of  great 

“'presumption  is,  then,  that  the  subjects  of  high-school  mathematics 
contain  information  and  cultivate  aptitudes  that  are  necessary  and  useful  n 
college  mathematical  work;  or  that  so  far  as  they  do  not  do  so  they  ale 
more  useful  in  other  ways  than  subjects  that  would  do  so  T1 

No  systematic  study  of  the  desiderata.- The  subject  of  geometry  for 
example,  passed  down  from  the  university  to  the  high  schoo  , con  mue  0 
taught  with  little  change  of  content  or  method  as  a consequence 
transfer.  There  is  no  indication  that  the  present  syllabus  of 
mathematics  has  been  adjusted  by  university  professors  to  the  needs  of  th 
departments.  Nobody  knows  what  parts  of  it  are  absolutely  necessary 
subsequent  work  in  exact  science,  or  whether  any  of  the  necessmy  P 
could  with  advantage  be  postponed  to  the  university  and  replaced  by  topics 

of  interest  and  of  greater  value  to  high-school  pupils. 

The  uuestion  is  not  discussed  in  such  a systematic  way  as  that.  Changes 
that  have  been  brought  about,  mostly  additions,  have  been  fortunate  guesses 
proposed  by  tentative  examination  questions  and  afterwards  reenforced  by 
argument  and  formal  demand.  Such  are  the  locus  problem  and  e origi 
Crider-  in  geometry,  the  use  of  graphs  in  algebra.  Within  a few  years  some 
inconsiderable  omissions  have  been  made,  such  as  the  division  process  for 
H.  C.  F.  in  algebra,  the  square  root  of  a binomial  surd,  and  so  on , an 
decidedly  critical  attitude  has  been  maintained  against  the  tradition*  ype 
of  problems  based  on  highly  impractical  data.  All  these  things,  while  not 
aimless,  can  fairly  be  called  tinkering  rather  than  scientific  reconstructio  . 

Influence  of  teachers’  associations.— The  formation  of  associa  ions  o 
mathematical  teachers,  in  which  university  professors  are  actively  inter- 
ested, is  bringing  about  a different  attitude  on  this  subject  Several  of  t m 
have  prepared  and  published  reports  on  aims  and  methods  in  algebra  and 
geometry.  The  most  thorough  and  scientific  work  may  be  expected  from  the 
committee  appointed  recently  by  the  National  Education  Agnation  to 
form  a syllabus  of  elementary  geometry.  The  plans  of  thac  committee  in- 
clude an  inquiry  into  all  the  considerations  that  should  weigh  in  determining 
the  s.  ope  of  the  subject,  and  its  membership  is  such  as  to  warrant  the  ex- 
pectation  of  valuable  results. 
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II.  Reports  of  Subcommittees. 


SUBCOMMITTEE  9.  FAILURES  IN  THE  TECHNIQUE  OF  THE  TEACHING 
OF  SECONDARY  MATHEMATICS:  THEIR  CAUSES  AND  REMEDIES. 


INTRODUCTION. 


In  this  commercial  age,  which  makes  efficiency  the  controlling  factor  in 
all  walks  of  life,  the  teacher  must  not  expect  to  escape  a searching  scrutiny 
of  his  results  or  criticism  of  his  methods.  The  general  public  has  at  last 
begun  to  watch  with  interest,  not  entirely  free  from  meddlesome  curiosity, 
the  work  of  its  tax-supported  schools.  It  is  well  that  it  should  be  so.  For 
may  not  many  of  the  educational  crises  of  the  past  be  traced  to  the  aloofness 
of  the  average  teacher  from  the  active  world?  Separated  from  the  noise  and 
the  merciless  competition  of  real  life,  the  school  frequently  fails  to  make 
those  unavoidable  readjustments  which  a business  establishment  effects 
almost  automatically  in  its  effort  to  remain  “up  to  date.” 

Thus  it  happens  that  the  educational  process  so  often  is  “behind  the 
times.”  With  majestic  inertia  the  school  system  glides  on  in  its  accustomed 
and  “approved”  course,  long  after  the  familiar  landmarks  have  disappeared 
and  the  compass  needle  points  to  strange  and  untried  seas.  Finally  there 
are  dangerous  collisions  and  the  passengers  complain  of  the  wearisome,  aim- 
less trip.  Then  the  educational  pilots  are  roused  from  their  stupor  and 
frantic  efforts  are  made  to  ascertain  the  “new  course.”  A “reform  wave”  is 
suddenly  espied,  and  carried  by  this  “new  movement”  the  distressed  craft 


tries  to  regain  its  bearings. 

Another  reason  for  this  lack  of  adjustment  lies  in  the  difficulty  of  the 
educational  process.  A new  machine  is  easily  installed.  A mechanical  im- 
provement can  readily  be  tested.  Not  so  the  infinitely  subtle  machinery  of 
the  mind.  A well-known  psychologist  frankly  admitted  that  in  regard  to 
many  aspects  of  the  educational  problem  psychology  is  as  silent  as  a sphinx. 
Scientific  pedagogy  is  only  in  its  infancy.  It  will  be  found  that  in  most  cases 
the  successful  teacher,  cautioned  of  course  by  scientific  study  against  obvious 
blunders,  rises  on  the  basis  of  sympathy  and  tact  to  the  experimental  acqui- 
sition of  a satisfactory  technique.  But  all  experimenting  takes  time.  Unless 
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undertaken  with  the  utmost  care,  it  is  almost  sure  to  mean  educational 
waste.  To  this  should  be  added  the  fact  that  the  average  teacher  holds 
office  for  a short  period  only  and  that  many  schools  have  practically  new 
faculties  every  year.  The  new  and  inexperienced  teacher  either  follows  the 
rut  left  by  his  predecessors  or  indulges  in  experimentation  of  a more  or  less 
doubtful  character.  Only  a small  percentage  of  secondary  teachers  have 
specialized  in  their  work  sufficiently  to  become  really  creative. 

Thus  we  have  a constant  oscillation  from  stagnation  to  frantic  reform. 
And  it  is  difficult  to  determine  which  is  more  amusing:  The  abyssal,  cock-' 
sure  self-complacency  of  the  orthodox  old-timer,  or  the  innocent  glee  of  the 
reformer  who  announces  a new  patent  remedy  for  all  educational  ills.  What 
we  really  need  is  a less  jerky  and  erratic  development,  less  dangerous  stag- 
nation and  more  genuine  progress. 

PURPOSE  OF  THIS  REPORT. 

The  present  inquiry  was  undertaken  with  a view  to  answering  the  fol- 
lowing questions : 

(1)  Are  the  results  obtained  in  the  teaching  of  secondary  mathematics 
satisfactory? 

(2)  If  not,  is  mathematics  taught  more  poorly  than  other  high-school 
subjects? 

(3)  In  case  it  is  taught  as  well,  and  yet  the  results  are  poor,  what  gen- 
eral or  specific  causes  of  failure  can  be  pointed  out? 

(4)  What  remedies  can  be  suggested? 


CAUSES  OF  FAILURE — PRELIMINARY  ANALYSIS. 

If  we  turn  now  to  a consideration  of  the  causes  of  failure,  it  becomes  at 
once  apparent  that  our  problem  is  both  general  and  specific.  General,  in 
that  mathematics  is  not  alone  in  its  inferior  results,  a fact  proved  beyond 
dispute  by  statistics.  Specific,  in  that  we  must  determine  the  particular 
aspects  which  this  general  deficiency  assumes  in  the  mathematical  class- 
room, as  well  as  the  particular  remedies  that  mathematics  may  offer  for 
overcoming  the  general  weakness.  The  individual  teacher,  when  confronted 
by  a large  number  of  failures,  rarely  takes  a sufficiently  broad  view  of  the 
situation.  In  some  cases  he  frankly  blames  his  own  limited  preparation,  his 
prosaic  and  uninteresting  methods,  his  lack  of  enthusiasm.  Usually  it  is  the 
pupils  who  are  condemned  in  toto,  or  it  is  the  school  system  or  any  number 
of  other  factors. 

There  is  little  doubt  that  nearly  every  high  school  subject  is  taught  with 
clearer  perception  of  its  aim,  methods,  and  content  than  a generation  ago. 
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It  is  even  claimed  by  some  that  results  are  better  than  formerly.  (Cf.  Report 
on  the  Norwich  tests,  School  Review,  May,  1910.)  If  in  spite  of  this  im- 
provement and  this  increased  effort  our  expectations  are  so  poorly  realized, 
must  we  not  first  of  all  look  for  underlying  causes  and  conditions  beyond 
the  control  of  the  average  teacher  or  even  the  average  school? 

It  has  been  said  over  and  over  again  that  we  are  living  in  a transition 
period.  Old  standards  are  being  replaced  by  uncertainty  and  scepticism. 
Education  is  powerfully  affected  by  this  general  unrest.  Hence,  any  con- 
sideration of  the  causes  of  failure  would  be  incomplete  and  meaningless 
without  a study — however  brief  and  imperfect — of  the  influences  that  are 
transforming  our  educational  system. 

TRANSFORMING  INFLUENCES  IN  EDUCATION. 

For  a brief  summary  of  the  present  tendencies  in  education  we  may  refer 
to  a paper  read  by  the  chairman  of  this  committee  at  the  Cleveland  meeting 
of  the  N.  E.  A.  (published  in  School  Science  and  Mathematics,  November, 
1908).  The  following  quotations  are  taken  from  it: 


1.  In  the  first  place,  modern  industrialism,  with  its  demand  for  tangible  success, 
has  led  to  a great  outcry  for  more  practical  school  work.  There  is  an  increasing  con- 
tempt of  “mere  theory.”  This  feeling  finds  its  expression  in  the  establishment  of  trade 
and  technical  schools.  Mathematics,  as  usually  taught,  furnishes  a welcome  target  to 
the  utilitarian  educator.  As  a result  there  is  a growing  fear  that  we  may  drift  too  far 
from  the  ideal  of  liberal  culture  and  that  the  direct  bread-winning  power  of  a subject 
may  be  made  the  sole  criterion  of  its  usefulness. 

2.  Our  large  cities,  the  natural  centers  of  industry,  are  also  becoming  great  centers 
of  population.  Naturally  the  struggle  for  existence  is  becoming  keener.  Many  parents 
are  now  sending  their  children  to  the  high  school  to  fit  them,  in  the  briefest  possible 
time,  for  a more  comfortable  life  than  they  themselves  enjoy.  This  has  made  the  high 
school  population  more  diversified  than  ever  before,  and  the  demands  imposed  upon 
the  schools  have  become  more  numerous  from  year  to  year.  For  the  first  time  in  his- 
tory, secondary  education  is  truly  democratic.  But  it  can  not  be  denied  that  the  assimi- 
lation of  so  much  raw  material  from  homes  giving  no  cultural  impulses,  and  of  so  many 
students  having  no  intention  of  entering  higher  institutions  of  learning,  is  one  of  the 
most  serious  problems  of  the  high  school. 

3.  More  far-reaching  than  these  changes  of  ideal  and  environment  have  been  certain 
revolutions  in  school  curricula  and  methods  of  instruction.  The  natural  sciences  have 
risen  from  comparative  obscurity  to  great  prominence.  Their  inductive  method  of 
investigation  is  considered  by  many  as  the  great  panacea  for  all  our  troubles.  The 
influence  of  the  laboratory  method  is  undeniable.  It  is  reacting,  for  example,  on  the 
teaching  of  history  and  the  languages.  In  so  far  as  it  insists  on  self-reliance  and  definite- 
ness of  results  and  is  productive  of  greater  interest,  it  is  excellent.  But  it  lengthens 
school  hours,  calls  for  costly  equipment,  and  demands  much  outside  work  on  the  part 
of  pupil  and  teacher. 

4.  It  would  be  difficult,  moreover,  to  overestimate  the  effect  of  the  “new  educa- 
tion.” Its  fundamental  precept  that  all  work  must  be  arranged  psychologically  and 
adapted  strictly  to  the  child’s  power  of  comprehension  is  eminently  sound.  But  it  has 
also  given  us  the  enriched  curriculum,  and  the  doctrine  of  interest  which  replaces  all 
objective  standards  by  the  subjective  attitude  of  the  child.  Unquestionably  this  means 
at  once  a distinct  advance  and  a veiy  real  source  of  danger.  The  complaint  is  not 
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infrequent  that  in  many  eases  the  young  are  learning  to  depend  too  much  upon  the 
inspirational  powers  of  the  teacher,  that  all  real  difficulties  are  carefully  avoided,  and 
that  the  very  aim  of  all  true  education,  to  develop  a strong  character  and  to  cieate 

self-activity  and  initiative,  is  thereby  defeated.  . . ,,  , , 

During  the  past  five  years  we  have  heard  much  of  the  social  function  of  the  ool. 
Playgrounds,  evening  schools,  social  centers,  school  clubs,  a multitude  of  new  school 
activities,  claim  the  attention  of  teachers  and  pupils.  A prominent  professoi  k . \y 

informed  us  that  until  exercises  in  spelling,  mental  arithmetic,  and  foimal 
should  have  become  merely  incidental  and  subsidiary,  the  high-water  mark  in  teaching 
would  not  have  been  reached.  It  is  exaggerations  of  this  sort  that  rob  many  otheiwis 
excellent  ideas  of  their  legitimate  influence  and  place  upon  them  the  stigma  of  the 

faddist. 


A corollary  of  this  new  gospel  of  social  efficiency  is  the  new  doctrine  of 
mental  discipline.  Although  not  yet  clearly  formulated,  its  main  contentions 
are:  (1)  That  mental  discipline  as  ordinarily  conceived  is  a myth,  in  the 
sense  that  no  “general  training”  is  to  be  derived  from  the  intensive  study 
of  one  or  more  subjects,  such  as  Latin,  algebra,  etc.,  (2)  that  the  discipli 
nary  value  of  a subject  is  a function  of  the  interest  which  it  inspires  and 
of  the  motive  guiding  the  student;  (3)  that  the  cultural  value  of  a subject 
depends  on  the  extent  to  which  that  subject  can  be,  and  actually  is,  linked 
with  the  activities  and  the  thought  content  of  real  life.  In  this  way  the  old 
static,  historic,  idealistic  conception  of  mental  discipline  is  being  replaced 
by  a dynamic,  realistic,  practical  view.  (Cf.  Formal  Discipline,  by  C.  J.  C. 
Bennett,  in  Teachers  College  Series,  Columbia  University.) 

It  is  not  so  much  this  new  theory  itself,  as  the  hasty  inferences  drawn 
from  it  by  superficial  minds  that  we  must  regard  as  dangerous.  In  the  first 
place,  it  requires  no  proof  that  the  mere  completion,  however  mechanical 
and  stereotyped,  of  so  much  “prescribed”  Latin  or  mathematics  does  not 
make  an  educated  person.  It  is  equally  true  that  not  all  boys  and  girls  find 
the  old  school  subjects  profitable,  and  for  a certain  number  of  them  indus- 
trial or  commercial  studies  are  preferable.  This  proves  nothing  concerning 
the  presence  or  absence  of  inherent  disciplinary  value  in  the  present  curricu- 
lum. The  early  and  onesided  introduction  of  professionalism,  no  matter 
how  successfully  managed,  is  always  deplorable.  Wherever  it  becomes  im- 
perative, it  should  be  looked  upon  as  a necessary  evil.  For  “it  is  difference  in 
culture,  far  more  than  difference  in  wealth  or  position,  which  separates  man 
from  man,  and  class  from  class.”  The  blending  of  liberal  education  and 
technical  training  is  the  supreme  educational  problem  of  our  day.  In  Europe 
it  has  been  solved  by  a differentiation  of  schools.  America  may  have  to 
follow  that  plan.  Secondly,  the  new  theory  of  discipline  does  not  imply  the 
cultural  equivalence  of  all  subjects.  On  the  contrary,  it  demolishes  that 
view  completely.  If  it  can  be  shown  that  mathematics  can  be  linked  with  a 
larger  range  of  actual  thought  processes  and  activities  than  typewriting  or 
bookkeeping,  for  example,  then  the  greater  disciplinary  value  of  mathe- 
matics will  have  been  established.  Hence,  instead  of  crowding  out  the  “old 
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studies,  the  new  conception  of  mental  discipline  simply  gives  a better 

criterion  for  testing  their  value  and  should  have  the  effect  of  securing  better 
training. 

Last,  not  least,  the  mathematical  curriculum  has  been  affected  power- 
fully by  two  other,  mutually  opposing,  forces.  The  Perry  movement,  a direct 
outgrowth  of  the  trend  toward  more  practical  mathematics,  aims  to  abolish 
from  the  course  all  unnecessary  details  and  to  substitute  experimental  veri- 
fication for  logical  deduction.  On  the  other  hand,  the  tremendous  progress 
of  scientific  research,  effected  by  men  like  Pasch,  Peano,  Klein,  Hilbert 
Veronese,  Poincare,  has  called  attention  to  the  many  flaws  in  the  logic  of 

our  text-books  and  has  given  new  impetus  to  the  demand  for  genuine  mathe- 
matical rigor. 


general  causes  of  failure 

All  these  transforming  influences  if  overlooked  or  ignored  by  the  teacher 
may  become  prolific  sources  of  failure.  The  constant  shifting  of  the  educa- 
tional background  demands  on  the  part  of  the  teacher  sound  judgment, 
quick  insight,  wide  training,  and  the  capacity  for  sane,  conservative,  re- 
adjustment. The  new  situation  makes  each  educational  factor  both  an  active 
and  a passive  participant  in  the  educational  process.  The  latter  distinction 
is  important,  as  it  should  save  many  teachers  from  unnecessary  discourage- 
ment. We  shall  proceed  to  examine  briefly  the  principal  educational  factors 
as  causes  of  failure,  either  in  an  active  or  in  a passive  role. 

1.  THE  TEACHER. 

Granted  that  the  teacher  meets  all  the  obvious  preliminary  requirements, 
such  as  a strong  and  yet  sympathetic  personality,  tact,  enthusiasm,  he 
nevertheless  frequently  becomes  a serious  cause  of  failure  through  any  one 
of  the  following  factors: 

(1)  Lack  af  professional  preparation.— This  is  perhaps  the  most  vital 
and  distressing  point  of  weakness  in  American  secondary  education.  The 
only  hopeful  thing  about  it  is  that  we  are  beginning  to  feel  this  weakness. 
Much  pounding  was  required  to  rouse  us.  At  first  it  was  the  foreign  critic* 
or  the  acclimated  American,  who  put  his  finger  on  the  sore.  Who  has  not 
lead  x rof.  Munsterberg  s scathing  criticisms?  And  now  every  number  of  the 
educational  magazines  sings  the  same  melody.  “Wanted — a teacher/7  ex- 
claimed James  H.  Canfield,  of  Columbia  University,  10  years  ago  (Educa- 
tional Review,  December,  1900).  Some  reported  cases  of  professional  ignor- 
ance seem  almost  incredible.  Time  was  when  everybody  thought  he  could 
teach  everything.  This  miserable  Jacotot  fallacy  gradually  dominated 
American  education,  because  it  harmonized  so  splendidly  with  the  American 
spirit  of  self-activity  and  independence.  Mr.  E.  George  Payne,  in  a report 
published  by  the  Kentucky  Department  of  Education,  1909,  tells  of  a young 
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woman  who  planned  to  make  her  entire  preparation  to  teach  German  in 
“one  of  the  leading  high  schools”  in  Kentucky  by  spending  six  weeks  on  the 
subject  at  a summer  school.  Then  he  says,  “I  insist  that  90  per  cent  of  those 
attempting  to  teach  the  modern  languages  in  the  American  schools,  espe- 
cially in  the  Kentucky  schools,  do  not  perform  better  work  than  this  lady 
did  in  first-year  German.”  (See  School  Review,  June,  1910,  p.  433.)  Shock- 
ing, if  true.  New  York  State  three  years  ago  had  only  32.2  per  cent  of  col- 
lege graduates  among  its  4,668  secondary  teachers.  This  means  that  the 
remaining  number  had  only  the  equivalent  of  a high-school  education  in 
mathematics.  Their  horizon  was  only  a little  above  that  of  their  pupils. 
How  many  high-school  teachers  of  mathematics  at  the  present  day  have 
ever  studied  analytics,  not  to  speak  of  the  calculus?  How  many  have  ever 
seen  Crystal’s  Algebra,  or  Hilbert’s  Foundations  of  Geometry,  or  have  read 
the  pedagogical  works  of  Smith  or  Young?  All  honor  to  the  noble  men  and 
women  who,  in  spite  of  serious  handicaps,  have  done  good  work.  But  every 
effort  should  be  made  from  now  on  by  individuals  and  by  schools  to  secure 
better  professional  equipment. 

(2)  Lack  of  'professional  contact. — Owing  to  the  vast  extent  of  the  coun- 
try it  has  been  hard  to  develop  esprit  de  corps  outside  of  the  big  centers. 
Departmental  organization  in  the  large  schools  was  the  first  step  in  the  light 
direction.  Associations  of  teachers  soon  followed,  and  any  ambitious  teacher 
can  now  make  it  possible  to  meet  his  colleagues  at  the  educational  gather- 
ings. For  those  who  can  not  go  to  these  meetings  the  printed  reports  pub- 
lished in  the  new  mathematical  journals  furnish  a substitute.  Lack  of  con- 
tact has  been  and  still  is  a great  source  of  stagnation.  Let  us  hope  it  may 
speedily  be  removed. 

(3)  Overwork. — It  need  hardly  be  said  that  any  teacher  who  has  more 
than  25  periods  a week  of  required  work  can  not  do  that  work  effectively. 
Entirely  indefensible  is  the  practice  of  loading  on  a teacher  three  or  foui 
different  subjects,  especially  if  they  are  entirely  “out  of  her  line.  Caieless, 
half-hearted,  indifferent  teaching  or  incessant  worry  is  the  inevitable  result 
in  most  cases.  Many  classes  are  altogether  too  large.  We  hear  so  much  about 
individual  instruction  and  personal  attention  and  yet  expect  a teacher  to 
inspire  40  young  people  at  a time.  So  long  as  these  conditions  prevail  to  any 
considerable  extent  no  improvement  can  follow. 

(4)  Short  and  unstable  tenure  of  office.— Another  very  real  source  of 
failure:  There  is  altogether  too  much  shifting  of  positions.  It  takes  several 
years  to  grow  into  a new  position.  A teacher  who  finds  herself  at  a different 
school  every  two  or  three  years  can  not  expect  to  be  of  great  service  to  that 
school.  A very  large  number  of  teachers  drop  out  every  year,  either  to  be 
married  or  to  begin  a different  occupation.  At  the  1909  meeting  of  the 
American  Association  for  the  Advancement  of  Science  Prof.  William  C. 
Ruediger,  of  George  Washington  University,  presented  the  results  of  some 
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investigations  of  the  qualities  of  merit  in  teachers.  He  claimed  that  the  best 
teachers  had  taught  an  average  of  14  years  and  the  poorest  8 years.  No 
teacher  who  ranked  first  or  second  had  taught  less  than  5 years.  (See 
Science,  for  Apr.  15,  1910.)  The  shortness  of  the  average  teacher’s  service 
is  due  largely  to  the  appallingly  low  salaries  and  to  the  uncertainty  of  tenure 
of  office.  Salaries  often  are  not  up  to  the  standard  of  even  the  street  laborer. 
No  great  improvement  in  teaching  need  be  expected  until  we  shall  have  (1) 
better  salaries,  (2)  permanent  appointment  after  a limited  trial  period,  (3) 
a pension  guarantee  after  a fixed  term  of  service. 

2.  THE  PUPIL. 

So  long  as  human  nature  is  imperfect  the  problem  of  the  pupil  will  re- 
main with  us,  especially  during  the  critical  period  of  adolescence.  However, 
many  of  the  difficulties  besetting  the  teacher  would  all  but  disappear  if  it 
were  not  for  the  following  great  causes  of  failure: 

(1)  Immaturity. — This  is  an  entirely  indefensible  factor,  in  view  of  the 
work  done  in  European  schools  by  pupils  of  the  same  age.  The  enrollment 
of  the  Chicago  public  schools  in  January,  1909,  showed  the  following  ar- 
rangement of  ages: 


Ages. 

High  school. 

ii 

12 

13 

14 

15 

16 

17 

18 

19 

20+ 

Total. 

First-year  pupils  . , 

2 

45 

708 

2,291 

2,104 

1,045 

257 

60 

14 

19 

6,555 

Second-year  pupils  , 

0 

2 

47 

467 

1,236 

1,062 

532 

159 

27 

14 

3,546 

(2)  Lack  of  'preparation. — A large  majority  of  the  teachers  reporting  to 
us  emphasized  this  point.  It  seems  that  our  elementary  schools  either  find 
the  problem  of  democratic  education  too  big  a task  or  use  methods  that  do 
not  produce  lasting  results.  A very  large  percentage  of  children  do  not  com- 
plete the  school  course  (Chicago,  1909:  First  grade,  38,239;  eighth  grade, 
14,795). 

(3)  Aimlessness. — The  “life-career  motive,”  discussed  by  President  Eliot 
at  the  1910  meeting  of  the  National  Education  Association,  is  becoming  more 
essential  in  proportion  as  increased  competition  demands  greater  technical 
or  professional  equipment.  Altogether  too  many  pupils  have  no  dominant 
purpose  that  might  keep  them  at  work.  A moderate  vocational  tendency 
may  prove  a partial  remedy,  although  it  would  be  a grievous  mistake  to 
make  vocational  studies  the  sole  basis  of  our  secondary  education. 

(4)  Social  diversions. — Pupils  must,  of  course,  have  a certain  amount  of 
relaxation.  But  many  pupils  have  too  much  fun,  too  much  athletics  of  the 
grand-stand  type,  too  many  social  functions.  They  often  develop  the  habits 
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of  grown-ups,  become  priggish,  domineering,  sluggish,  and  incapable  of  per- 
sistent effort.  Lack  of  home  training  is  responsible  foi  much  of  this.  A real 
educational  crusade  must  be  begun  to  convince  parents  of  the  necessity  of 
careful  moral  and  social  training  of  their  children.  The  increasing  agita- 
tion against  fraternities  and  athletics  is  a welcome  indication  of  a sound  le- 
action  against  the  social  evils  of  the  high  school. 

3.  HIGH-SCHOOL  ORGANIZATION 

The  fact  is  that  the  high  school  has  outgrown  its  present  form  of  or- 
ganization. It  is  sinning  every  moment  against  the  law  that  two  material 
bodies  can  not  occupy  the  same  space  at  the  same  time.  It  loses  a tremen- 
dous number  of  its  pupils  (Chicago,  1909:  First  year,  6,555;  fourth  year, 
1,467).  Those  who  graduate  have  an  education  that  must  be  pronounced 
both  unsymmetric  and  superficial. 

(1)  Lack  of  symmetry. — This  defect  is  apparent  not  only  in  the  cui- 
riculum  as  a whole,  but  is  felt  in  nearly  every  subject,  especially  in  mathe- 
matics, history,  and  science.  The  average  high-school  graduate  can  at  best 
solve  an  ordinary  quadratic  equation  or  analyze  a simple  geometric  prob- 
lem. The  geometry  of  solids  remains  foreign  to  him,  the  most  helpful  trigo- 
nometric relations  do  not  form  part  of  his  equipment,  and,  above  all,  he 
has  not  learned  to  apply  his  mathematics  to  the  realities  of  life*  This 
meager  outfit,  so  laboriously  acquired,  is  speedily  lest  because  it  is  not 
broad  enough  to  be  of  real  use. 

(2)  Lack  of  thoroughness. — President  Rush  Rhees,  of  the  University  of 
Rochester,  after  a year  abroad  devoted  to  a careful  inspection  of  European 
technical  schools,  stated  at  a recent  educational  meeting  that  lack  of 
thoroughness  is  the  most  widespread  defect  of  the  educational  woik  of  oui 
American  schools.  He  said  that  the  American  educational  system  gives  in- 
tellectual power,  but  fails  to  impart  intellectual  life,  and  that  in  practical 
work  it  fails  with  reference  to  methods  of  study.  In  mathematics  all  these 
defects  become  accentuated  through  the  tandem  system  first  algebra,  then 
geometry,  then  a year  of  complete  interruption,  then  a review  of  entirely 
forgotten  principles.  A fairly  good  algebraic  foundation  may  be  laid  in  a 
year,  but  geometry  most  certainly  requires  more  time.  A comparison  of  the 
percentage  of  failures  in  elementary  algebra  and  plane  geometry  in  the 
tables  of  the  appendix  shows  that  geometry  is  less  successfully  taught  than 
algebra,  although  the  poorest  pupils  drop  out  at  the  end  of  the  first  year, 
thus  leaving  a smaller  and  more  mature  body  of  students. 

The  effort  to  make  the  elective  system  remedy  these  defects  may  be  lik- 
ened to  an  attempt  to  cure  dyspepsia  with  liberal  doses  of  olive  oil.  The  di- 
gestive apparatus  would  probably  function  normally  if  proper  mastication 
were  not  rendered  impossible  by  too  rapid  and  ill-arranged  feeding.  The 
group  system,  which  is  now  being  substituted  for  an  excessive  elective  sys- 
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tern,  will  secure  greater  thoroughness,  but  not  necessarily  greater  synrmetry. 
Hence,  unless  the  principle  of  a cosmopolitan  high  school  is  to  be  given  up 
and  vocational  schools  are  to  take  its  place  a different  remedy  must  be  found. 

SPECIFIC  CAUSES  OF  FAILURE. 

Under  this  head  we  must  limit  ourselves  to  a brief  consideration  of  the 
aim,  the  content,  and  the  methods  of  secondary  mathematics  teaching. 

Aim. — The  one-sided  doctrine  of  mental  discipline  must  go.  There  need 
not  be  any  antagonism  between  theory  and  practice.  Neither  Euclid  alone  nor 
Perry  alone  should  be  our  guide.  We  ought  to  have  a fusion  of  the  abstract 
and  the  concrete,  a fusion  dictated  by  common  sense  and  free  from  radicalism 
in  either  direction.  A teacher  who  dwells  exclusively  on  half-compiehended, 
nonproductive  subtleties  is  as  much  to  blame  as  one  who  emphasizes  merely 
the  How  and  not  the  Why.  Real  applications  should  be  introduced  system- 
atically, but  the  acquisition  of  a satisfactory  technique  must  not  be  al- 
lowed to  suffer.  Much  of  the  indifference  so  often  prevailing  in  mathematical 
classrooms  would  disappear  if  the  teachers  would  take  pains  to  make  x 
and  y talk  realities  and  if  they  poured  some  life  blood  into  the  chimerical 
formulas  of  geometry. 

Subject  matter. — In  very  many  classrooms  the  textbook  or  the  syllabus 
of  an  examining  body  seems  to  be  the  only  authority  for  the  content  and 
the  relative  prominence  of  the  topics  considered.  Very  many  pupils  fail  to 
get  the  right  point  of  view.  In  algebra  the  wThole  course  must  be  built  around 
two  leading  ideas,  (1)  the  equation  as  a means  of  stating  and  solving  nu- 
merical relations,  (2)  the  development  of  the  number  system.  In  geometry 
propositions  should  be  arranged  topically,  and  theorems  having  small  in- 
herent value  or  not  serving  as  building  stones  for  the  whole  system  should 
be  omitted.  The  teaching  of  incommensurables  and  limits  will  soon  become 
optional.  In  all  cases  the  "thought  nodes”  should  stand  out  prominently  in 
the  pupil’s  mind.  The  course  in  secondary  mathematics  should  not  be  a 
monotonous  array  of  facts  stretching  away  on  an  endless  wire,  but  a land- 
scape showing  a few  towering  mountains  and  many  connecting  valleys. 

Method.— A discussion  of  method  is  always  dangerous,  for  here  the 
experienced  teacher  considers  himself  on  terra  firm  a.  It  would  be  the 
height  of  conceit,  however,  not  to  acknowledge  a connection  between  our 
poor  results  and  our  methods  of  instruction. 

1.  In  the  first  place,  our  school  hours  should  be  periods  of  instruction,  of 
actual  thinking  and  doing,  and  not  merely  " recitations.”  There  is  no 
doubt  that  the  "little  red  schoolhouse,”  with  its  insufficient  equipment,  is 
responsible  for  the  plan  of  assigning  lessons  from  a book  without  previous 
classroom  discussion.  In  that  little  school  such  a practice  was  a deplorable 
necessity,  since  the  one  teacher  in  charge  was  not  equal  to  the  task  of  m- 
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structing  many  classes  at  once,  or  of  mastering  all  the  prescribed  subjects. 
When  the  pupils  had  done  their  "studying,”  they  were  kept  busy  at  the 
board  or  were  given  much  written  work  to  do.  In  this  way  the  textbook  and 
the  blackboard  gradually  usurped  the  place  of  the  teacher,  who  soon  became 
a lesson-hearing  automaton  registering  the  "marks.  That  which  at  first 
had  been  a mere  makeshift,  finally  crystallized,  under  the  misunderstood 
maxims  of  Rousseau,  Frobel,  Jacotot,  into  a national  policy.  For  this  sys- 
tem of  teaching  was  supposed  to  give  full  play  to  the  development  ^of  in- 
dividual initiative,  of  self-activity,  etc.  Thus  it  seemed  to  meet  all  the  re- 
quirements of  an  ideal  education.  Apparently  it  turned  out  self-made  men 
and  it  was  cheap.  How  many  slow  pupils  remained  submerged  forever  was 
not  determined.  That  this  outgrowth  of  the  pioneer  days  of  the  country 
should  retain  so  much  of  its  power  in  the  modern  high  school  is  a new  proof 
of  the  overwhelming  influence  of  Anglo-Saxon  conservatism.  The  grotesque- 
ness of  the  idea  becomes  apparent  when  we  imagine  Socrates  assigning  a 
lesson  from  Homer  to  Plato  or  Aristotle. 

2.  The  "recitations”  should  be  less  monotonous  and  less  mechanical.  The 
usual  procedure  consists  in  giving  a brief  explanation  of  the  advanced  lesson, 
then  sending  a large  number  of  pupils  to  the  board,  where  they  consume 
from  five  minutes  to  a whole  period.  In  geometry  there  is  a little  more  varia- 
tion. It  has  been  said,  to  be  sure,  that  mathematics  must  be  written  into  the 
mind.  But  mechanical  writing  is  useless.  First  the  thought,  then  the  symbol. 
How  little  real  thinking  excessive  written  work  often  represents  is  proved  by 
those  pupils  who  get  splendid  marks  in  algebra  but  are  put  down  as  hope- 
less cases  in  gometry.  The  blackboard  is  a very  valuable  piece  of  furniture, 
but  it  should  be  reserved  for  reviews  or  snappy  drill  work.  Some  teachers 
have  very  good  success  with  a system  of  cards,  kept  in  a filing  cabinet. 
These  cards  are  given  out  to  pupils  for  miscellaneous  blackboard  drill. 

3.  The  class,  and  not  the  individual,  should  be  the  working  unit. . This 
is  true  because  individual  instruction  is  usually  impossible.  Training  a 
class  from  the  beginning  to  respond  in  a body  makes  for  greater  economy 
of  effort,  secures  more  uniform  results,  and  leaves  time  for  applied  work 
and  laboratory  methods.  This  is  the  real  secret  of  the  excellent  results  ob- 
tained in  many  European  schools.  Every  teacher  of  mathematics  should 
read  Prof.  J.  W.  A.  Young’s  "The  Teaching  of  Mathematics  in  the  Schools 
of  Prussia.”  Two  members  of  this  committee  in  recent  years  made  a per- 
sonal comparative  study  of  American  and  European  schools,  Mr.  Betz  in 
Germany  and  Miss  Wardwell  in  England.  A detailed  account  of  the  French 
system,  from  the  American  standpoint,  was  furnished  to  the  Rochester  sec- 
tion of* the  Association  of  Teachers  in  the  Middle  States  and  Maryland  by 
Prof.  Etzel,  of  Rochester,  the  latter  having  taught  more  than  two  decades  in 
French  secondary  schools.  The  reports  all  agree  in  finding  in  European 
schools  greater  concentration  of  effort,  as  well  as  greater  certainty  and  um- 
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formity  of  good  training,  although  these  results  are  perhaps  obtained  at  the 
expense  of  originality  and  spontaneity.  The  first  thing  that  astonishes  the 
American  visitor  is  the  small  blackboard  and  the  immense  amount  of  oral 
work.  A limited  use  of  the  Prussian  method  can  be  recommended  uncondi- 
tionally. A number  of  American  teachers  have  tried  it  and  speak  highly  of  it. 

And  yet,  no  method  can  possibly  take  the  place  of  a real  enthusiastic 
teacher.  The  true  teacher  is  an  artist.  He  is  ever  watching  for  improve- 
ments. He  is  not  dogmatic,  but  eclectic.  The  best  thoughts  of  all  ages  and 
climes  help  him  to  wield  an  influence  which,  through  his  skillful  leadership, 
produces  a satisfactory  harmony. 


REMEDIES 

Throughout  this  report  remedies  have  been  considered  in  connection  with 
the  causes  of  failure.  The  remedies  suggested  in  our  questionnaire  were  all 
received  favorably  by  the  teachers  except  the  first,  which  called  for  “more 
through  teaching  by  taking  more  time,  e.  g.,  six-year  curriculum.”  Only  a 
small  number  expressed  an  opinion  in  regard  to  it,  thus  indicating  that  the 
plan  is  not  sufficiently  clear. 

At  the  risk  of  some  repetition  we  propose  the  following  additional 
remedies : 

I.  A six-year  curriculum,  to  begin  at  the  end  of  the  present  sixth  grade. — 
Not  a single  valid  objection  can  be  urged  against  the  plan.  The  present 
cramped  curriculum  seriously  interferes  with — 

(1)  The  right  sort  of  approach  to  each  subject. 

(2)  Thoroughness  of  assimilation. 

(3)  Permanence  of  impressions. 

(4)  Applications  of  vital  interest  to  pupils. 

(5)  The  coordination  and  proper  sequence  of  studies. 

Many  other  reasons  may  be  presented  why  we  need  more  time  than  for- 
merly. The  following  list  might  easily  be  extended: 

(1)  We  must  get  away  from  mechanical  textbook  teaching. 

(2)  The  prevalence  of  laboratory  methods  consumes  more  time.  The 
spirit  of  discovery  is  inconsistent  with  machine  routine. 

(3)  The  old  curriculum  paid  almost  no  attention  to  the  demands  of 
actual  life.  It  ignored  applications. 

(4)  The  requirements  of  the  higher  institutions  and  of  the  professions 
are  becoming  more  intensive  and  extensive. 

(5)  The  complexity  of  modern  life  furnishes  so  many  distractions  to  the 
young  student  that  more  thorough  teaching  and  more  reviews  are  necessary 
than  formerly. 

The  plan  has  been  tried  in  some  American  cities.  For  a detailed  account 
we  must  refer  to  the  report  of  subcommittee  8.  The  six-year  curriculum 
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seems  to  solve  many  of  our  difficulties.  All  possible  objections  should  be  re- 

moved  by  considerations  such  as  the  following. 

1.  It  has  been  tried  in  Europe.  In  England,  France,  and  Germany  sec- 
ondary education  begins  much  earlier,  usually  at  the  age  of  9 This  long- 
continued,  unified  period  of  instruction,  administered  by  carefully  prepare 
teachers,  is  primarily  responsible  for  the  supremacy  of  Europe  in  science 
and — perhaps — in  foreign  commerce.  Excellent  accounts  of  the  Prussian 
system  may  be  found  in  the  above-named  book  of  Prof.  Young,  and  m 
Prof.  Klein’s  Vortrage  liber  den  Mathematischen  Unterricht  an  den  hoheren 
Schulen  (Leipzig,  1907) . A brief  resume  of  present-day  teaching  of  geom- 
etry in  Europe  and  America  is  given  in  A.  W.  Stamper’s  “A  History  of  the 
Teaching  of  Elementary  Geometry”  (Teachers  College,  Columbia  Univer- 
sity 1909) . The  German  high-school  boy,  in  the  three  types  of  secondary 
schools,  is  given  a total  of  1,360,  1,680,  1,880  hours,  respectively,  of  unified 
mathematical  instruction.  This  work  is  compulsory,  and  all  but  the  first 
two  or  three  years  of  it  corresponds  to  secondary  mathematics  in  our  coun- 
try; so  that  960,  1,280,  1,480  hours,  respectively,  are  given  to  secondary 
mathematics.  Plane  geometry  extends  over  a period  of  from  five  to  six  years; 
solid  geometry  over  a period  of  four  years;  trigonometry,  foui  yeais,  a ge 
bra,  six  years.7  Compare  with  this  our  less  than  200  algebra  periods  and  200 
geometry  periods.  A pupil  who  takes  four  years  of  mathematics  in  our 
high  schools  gets  a maximum  of  less  than  800  periods  of  instruction,  while 
the  German  minimum  is  960. 

2.  A six-year  curriculum  will  secure  closer  contact  with  the  elementary 

schools.  . 

3.  There  is  no  reason  why  our  educational  system  should  not  consist  o 

three  periods  of  equal  length— primary  (6-12),  secondary  (13-18),  higher 

(19-24) . _ . 

4.  In  a more  extended  secondary  course  it  will  be  easier  to  discover  a 

pupil’s  special  aptitudes. 

5.  The  proper  psychological  moment  for  teaching  certain  subjects,  e.  g., 
modern  languages,  can  be  utilized. 

6.  An  increasing  number  of  pupils  find  it  impossible  to  complete  the 
present  course  in  four  years.  Instead  of  compelling  them  to  fail  and  drop 
out,  we  could  adapt  the  work  better  to  their  capacity. 

7.  The  six-year  curriculum  offers  the  only  hope  of  overcoming  the  tandem 
system.  All  efforts. to  secure  unified  mathematical  instruction  have  been 
useless  under  existing  conditions. 

II.  The  mathematics  teachers  of  the  future  must  lay  a much  broadei 
foundation  in  their  own  preparation.  No  candidate  lacking  a knowledge  of 

7.  It  is  of  course  necessary  to  remember  that  ordinarily  four  weekly  periods  are 
devoted  to  unified  mathematics,  not  to  algebra  or  geometry  alone. 
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the  rudiments  of  trigonometry,  analytics,  the  calculus,  and  elementary 
mechanics,  ought  to  be  appointed  to  a high-school  position  in  mathematics. 
A familiarity  with  surveying  and  shop  work  is  also  very  desirable.  Salaries 
must  be  made  sufficiently  high  to  justify  this  increased  requirement. 

III.  There  must  be  more  expert  supervision.  This  should  not  be  of  the 
nature  of  petty  fault-finding,  but  should  be  administered  with  a spirit  of 
cooperation  and  inspiration.  The  experience  of  other  countries  justifies  the 
belief  that  this  is  a much  more  effective  method  of  stimulating  teachers  to 
better  efforts  than  our  periodic  examinations,  which  frequently  seem  to  be 
narrow  and  pedantic,  and  to  select  incidentals  rather  than  essentials. 


PART  THREE:  1920-1937 

The  “1923  Report”  and  Gonnectionism 

in  Arithmetic 


The  major  historical  document  of  this  period  is  cleaily  The  Be 
organization  of  Mathematics  in  Secondary  E ducat  wn,  the  report 
o/the  National  Committee  on  Mathematical  Requirements  wine 
is  commonly  called  the  “1923  Report.”  Because  of  this  report  s 
significance  and  lack  of  general  availability,  all  of  part  1 of 
report  has  been  selected.  The  report  was  written  by  many  notables 
of  the  time,  including  David  Eugene  Smith,  J.  W.  A.  Youn0,  and 

1 Q Q 0 

Of  particular  importance  in  this  report  was  the  solidification 
of  the  junior  high  school-senior  high  school  curriculum.  The  foun- 
dations for  the  junior  high  school  program  were  laid  m i the  pi 
period.  The  result,  as  seen  in  this  period,  was  the  mteB  „ 

fused  course  we  now  frequently  call  “general  mathematics 
General  mathematics,  as  originally  conceived,  is  best  represented 
by  the  mathematics  course  commonly  taught  today  in  grades  7 and 
8 This  course  was  conceived  as  a course  for  all  studen  a la 
than  as  a separation  point  for  college-bound  and  non-college-bouud 
students.  Only  later  did  the  grade  9 coursS  act  as  a sepaiation 

1>0  The  influence  of  the  “1923  Report  ” continued  until  the  report 
in  1959  of  the  Commission  on  Mathematics  of  the  College  n lance 
Examination  Board  (chapters  of  which  are  included  m Part : Foui  )• 
That  this  influence  did  not  create  a corresponding  change  in  piac- 
tice  was  due  mainly  to  the  traditional  inertia  in  educational  piac- 

tice  and  the  depression  of  the  1930s. 

A major  report  which  has  received  less  stress  is  the  matl  e- 
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matics  report  of  the  Commission  on  the  Reorganization  of  Sec- 
ondary Education  appointed  by  the  National  Education  Associa- 
tion. (The  same  commission  prepared  Cardinal  Principles  of 
Secondary  Education  in  1918.)  The  report,  The  Problem  of  Math- 
ematics in  Secondary  Education , was  published  in  1920.  It  had 
fewer  mathematics  educators  of  distinction  as  authors ; and  only 
one  man,  Raleigh  Schorling,  served  on  this  commission  and  also 
worked  on  the  4 £ 1923  Report.”  The  Problem  of  Mathematics  in 
Secondary  Education  discusses  needs  for  mathematics  and  the 
needs  of  students,  and  it  spends  little  time  on  course  outlines.  The 
committee  concentrated  on  the  curriculum  for  junior  high  school. 

The  geometry  selection  written  by  George  D.  Birklioff  and 
Ralph  Beatley  (1930)  is  an  example  of  material  that  appeared  be- 
fore its  time.  Their  approach  to  geometry  anticipated  the  recent 
surge  in  secondary  geometry  curriculum  and  methodology. 

In  arithmetic,  the  first  decade  of  me  1920-37  interval  was 
marked  by  the  arrival  of  connectionism  as  the  dominant  psychology. 
Two  major  interpreters  of  this  theory,  Edward  L.  Thorndike  and 
Frederick  B.  Knight,  selections  from  whose  writings  are  included 
here,  were  themselves  psychologists.  Each  wrote  influential  series 
of  arithmetic  texts.  But  like  the  u faculty”  doctrine  popular  fifty 
years  earlier  and  the  “ methods”  of  the  turn  of  the  century,  con- 
nectionism was  seen  to  be  overapplied.  An  alternative  theory  that 
gained  some  acceptance  was  Gestalt  psychology.  Gestalt  theory 
made  insight  and  discovery  key  elements  in  learning  and  denied 
the  connectionistic  tenet  that  learning  consists  of  stimulus-response 
bonds  induced  by  drill. 

William  Brownell’s  meaning  theory,  expounded  in  an  article 
included  in  this  section,  was  compatible  with  the  Gestalt  point  of 
view.  Meaning  theory  was,  however,  less  bound  to  any  school  of 
psychology  or  philosophy  than  its  predecessor.  For  while  the 
theory  is  generally  consistent  Gestalt  psychology,  it  is  worthy  of 
note  that  Brownell  does  not  cite  psychological  sources  in  justifica- 
tion of  his  theory  in  the  major  statement  included  here.  Although 
Brownell  denied  being  eclectic,  he  can  be  seen  to  fulfill  the  interpre- 
tive function  of  the  mathematics  educator  in  the  tradition  of  David 
Eugene  Smith. 
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The  Problem  of  Mathematics  in  Secondary  Education. 


I.  Introduction. 

Few  subjects  taught  in  the  secondary  school  elicit  more  contradictory 
statements  of  view  than  does  mathematics.  What  should  be  taught,  how 
much  of  it,  to  whom,  how,  and  why,  are  matters  of  disagreement.  There  is 
every  variety  of  position.  A conservative  group  would  keep  substantially 
unchanged  the  customary  content  and  division  into  courses,  and  find  the 
hope  of  improvement  in  a more  adequate  preparation  of  teachers.  To  this 
limited  reform  an  increasing  number  object,  with  little  agreement,  however, 
among  themselves.  Amid  the  conflict  of  opinions  the  committee  on  the  prob- 
lem of  mathematics  in  secondary  education  believes  that  a reconsideration 
of  the  whole  question  is  desirable. 

To  present  the  finished  details  of  a working  plan  would  have  been  most 
gratifying  to  the  committee,  but  this  has  been  judged  impossible.  The 
situation  seems  to  force  the  limitation.  To  carry  weight,  such  a detailed 
plan  would  have  to  be  based  upon  a wider  range  of  experiment  than  in  fact 
exists.  Only  recently  has  there  been  serious  effort  to  consider  the  problem 
of  the  proper  content  and  arrangement  of  the  courses  in  secondary  mathe- 
matics. The  pertinent  experiments  available  for  study  do  not  as  yet  present 
a variety  of  type  and  testing  sufficient  to  establish  the  necessary  conclusions. 
Within  the  time  allotment  available  to  the  committee  there  seemed  then 
only  the  choice  between  no  report  and  an  admittedly  preliminary  report. 
The  committee  has  chosen  the  latter  alternative,  and  proposes  to  lay  before 
the  American  educational  public  (1)  some  of  the  considerations  that  de- 
mand a fresh  study  of  the  problems  involved,  (2)  some  of  the  factors  that 
bear  upon  the  solution  of  the  problem,  and  (3)  certain  tentative  suggestions 
for  experimentation  to  develop  new  and  better  courses.1  It  is  but  fair  to  say 
that  few  of  the  specific  suggestions  made  are  in  fact  new,  many  being  al- 
ready somewhere  actually  in  practice. 


1.  It  is  gratifying  to  note  that  the  Mathematical  Association  of  America  is  pushing  a 
program  of  study  and  experimentation  along  lines  quite  similar  to  those  here  discussed. 
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II.  The  Demand  for  an  Inquiry. 

An  inquiry  into  the  advisability  of  reorganizing  and  reconstituting  sec- 
ondary mathematics  is  demanded  from  a variety  of  considerations. 

1.  It  is  being  insisted  as  never  before  that  each  subject  and  each  item 
in  the  subject  justify  itself;  or,  negatively,  that  no  subject  or  item  be  re- 
tained in  any  curriculum  unless  its  value,  viewed  in  relation  to  other  topics 
and  to  time  involved,  can  be  made  reasonably  probable.  No  longer  should 
the  force  of  tradition  shield  any  subject  from  this  scrutiny.  A better  in- 
sight into  the  conditions  of  social  welfare,  and  the  many  changes  among  these 
conditions,  alike  make  inherently  probable  a different  emphasis  upon  ma- 
terials in  ohe  curriculum,  if  not  a different  selection  of  actual  subject  matter. 
This  calls  for  a review  and  revaluation,  in  particular,  of  all  our  older  studies, 
mathematics  not  least. 

2.  Moreover,  a growing  science  of  education  has  come  to  place  appre- 
ciably different  values  upon  certain  psychological  factors  involved,  chief 
among  which  is  that  relating  to  “mental  discipline.”  No  one  inclusive  formu- 
lation of  the  older  position  can  be  asserted,  yet  on  the  whole  there  was 
acceptance  of  the  “faculty”  psychology  with  an  uncritical  belief  in  the 
possibility  of  a good-for-all  training  of  the  several  “faculties.”  To  the  ex- 
tremist of  this  school  the  “faculty  of  reasoning,”  for  example,  could  be 
trained  on  any  material  where  reasoning  was  involved  (the  more  evident 
the  reasoning,  the  better  the  training) , and  any  facility  of  reasoning  gained 
in  that  particular  activity,  could,  it  was  thought,  be  accordingly  directed  at 
will  with  little  loss  of  effectiveness  to  any  other  situation  where  good  reason- 
ing was  desired.  In  probably  no  study  did  this  older  doctrine  of  “mental 
discipline”  find  larger  scope  than  in  mathematics,  in  arithmetic  to  an  ap- 
preciable extent,  more  in  algebra,  most  of  all  in  geometry. 

With  the  scientific  scrutiny  of  the  conditions  under  which  “transfer”  of 
training  takes  place,  the  inquiry  grows  continually  more  insistent  as  to 
whether  our  mathematical  courses  should  continue  unchanged,  now  that 
so  much  of  their  older  justification  has  been  modified.  Possibly  both  pur- 
pose and  content  need  to  be  changed. 

3.  Yet  another  demand  for  reconstruction  is  found  in  the  now  generally 
accepted  belief  that  not  all  high-school  pupils  should  take  the  same  studies. 
The  fact  of  marked  individual  differences  has  been  scientifically  established. 
The  principles  of  adaptation  to  such  individual  differences,  that  is,  to  in- 
dividual needs  and  capacities,  is  now  widely  accepted  in  the  high  schools 

366 


mam 


B 


1SEA  / The  Problem  of  Mathematics  in  Secondary  Education 


of  America,  The  exception  calls  for  scrutiny.  Traditionally,  algebra  and 
geometry  have  been  required  for  graduation.  Is  this  necessary  or  ad  A isable  ? 

In  this  growing  practice  of  differentiation  and  adaptation  we  have  then  a 
third  reason  for  at  least  reconsidering  the  cm  tomary  mathematics  courses. 

4.  A demand  for  reconsideration  well  worthy  of  our  attention  is  found 

in  the  insistent  question  whether  a content  chosen  to  furnish  preparation  for 
further  but  remote  study  does  necessarily  or  even  probably  include  the  wis- 
est selection  of  knowledge  useful  for  those  who  do  not  reach  that  advanced 
stage  of  study.  Whether  all  should  learn  first  the  more  assuredly  useful 
topics,  or  whether  alternative  courses  should  be  offered,  are  proper  subjects 
of  inquiry.  In  either  event  we  find  in  this  consideration  a fourth  reason  for  ; 

studying  anew  the  offerings  of  our  high-school  mathematics.  ; 

5.  A fifth  reason  for  reconsideration  is  found  in  the  problem  of  method. 

Educators  are  studying  now  with  new  zeal  the  proper  presentation  of  subject  I 

matter  in  all  school  work.  Should  not  this  study  extend  to  secondary  mathe-  jj 

matics?  Have  we  arranged  the  subject  matter  of  that  field  in  the  best  form  1 

for  appropriation?  Might  it  even  be  possible  that  mathematics  should  | 

be  reorganized  in  a way  to  run  across  customary  lines  of  division?  Or  1 

might  this  be  true  of  some  parts  of  mathematics  for  some  groups  of  pupils  1 

and  not  be  true  of  all?  The  proper  answers  to  such  questions  are  not  at  I 

once  evident,  but  certainly  there  is  enough  point  in  the  inquiry  to  add  a fifth  1 

reason  for  our  proposed  investigation.  1 


367 


msm i 


III.  Analysis  of  the  Situation. 


1.  The  'problem  of  presentation.—  Far-reaching  differences  of  method 
carry  with  them  widely  different  organizations  of  subject  matter,  especially 
in  introductory  courses.  From  this  consideration,  at  least,  there  are  certain 
advantages  in  discussing  as  the  first  factor  in  the  situation  the  problem  of 
presentation. 

The  traditional  school  method  has  been  that  based  upon  the  “logical” 
arrangement  of  subject  matter.  Thus  our  fathers  studied  English  grammar 
before  they  took  up  composition,  the  “science”  being  “logically”  anterior  to 
the  “art.”  The  science,  in  this  case  grammar,  began  with  a definition  of  itself 
and  the  analysis  of  the  subject  into  its  four  principal  divisions.  Then  came 
the  definitions  of  the  “parts  of  speech.”  It  was  a long  and  generally  dreary 
—road  before  the  pupil  could  see  any  bearing  of  what  he  learned  upon  any- 
thing else.  At  length,  after  toilsome  memorizing,  there  appeared  within 
the  subject  itself  a new  variety  of  mental  gymnastics  which  called  forth 
from  some  a certain  show  of  activity.  In  the  end  the  survivors  caught  some 
glimpse  of  what  it  had  all  been  about.  But  when  they  took  up  the  art  of 
composition,  the  “science”  proved  of  small  assistance.  Somehow  the  “art” 
had  to  be  learned  as  if  it  alone  faced  the  actual  demand. 

From  an  implicit  reliance  upon  this  “logical”  arrangement  there  has  come 
a revolt,  not  yet  universal,  but  still  unmistakably  at  hand.  The  demand  has 
now  become  insistent  that  in  arranging  subject  matter  for  learning,  consid- 
eration be  given,  not  to  “logic”  as  formerly  conceived,  but  to  economy  in 
learning  and  effective  control  of  subject  matter.  This  reversal  of  method, 
coupled  with  a distrust  of  the  theory  of  discipline,  has  thus  not  only  re- 
duced grammar  to  a small  fraction  of  its  former  self,  but  has,  besides, 
greatly  rearranged  and  rewritten  the  study. 

Keeping  before  us  the  demand  for  economy  in  learning  and  effective 
control  of  subject  matter,  what  can  we  say  about  method?  How  does  learn- 
ing in  fact  take  place?  (1)  Repetition  is  a factor  in  learning  known  to  all. 
(2)  An  inclusive  “set”  which  shall  predispose  the  attention,  focus  available 
inner  resources,  and  secure  repetition  is  a necessary  condition  less  com- 
monly considered.  (3)  The  effect  of  accompanying  satisfaction  to  fostei 
habit  formation  is  a third  factor  to  be  noted.-'  These  three  factors  are  neces- 

2.  The  behaviorist  psychologist  by  definition  rejects  the  subjective  connotation  of 
“satisfaction.”  If  we  had  access  to  the  actual  psychology  involved,  possibly  the  differ- 
ence of  statement  would  in  effect  disappear. 
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sary,  then,  to  adequate  consideration  of  the  problem  of  method.  It  accor  s 
with  these  considerations  and  with  undisputed  observation  that,  other  t mgs 
being  equal,  any  item  is  more  readily  learned  if  its  bearing  and  need  are 
dehaitely  recognized.  The  felt  need  predisposes  attention,  calls  into  play 
accessory  mental  resources,  and  in  proportion  to  its  strength  secures  the 
necessary  repetition.  As  the  need  is  met,  satisfaction  ensues.  All  factors 
thus  cooperate  to  fix  in  place  the  new  item  of  knowledge.  The  element  of 
felt  need  thus  secures  not  only  the  learning  of  the  new  item,  but  it  has  at 
the  same  time  called  into  play  the  allied  intellectual  resources  so  that  new 
and  old  are  welded  together  in  effective  organization  with  reference  to  the 

need  which  originally  motivated  the  process. 

Lest  some  should  fear  that  by  need  is  here  meant  a mere  “bread  and 
butter  demand,”  the  committee  hastens  to  say  that  it  is  psychologic  and 
not  economic  need  which  acts  as  the  factor  in  learning.  Economic  need  may 
indeed  be  felt;  and,  if  so,  may  then  serve  to  influence  learning;^ but  there 
is  nothing  in  the  foregoing  argument  to  deny  that  a purely  “theoretic 
interest  might  not  be  as  potent  as  any  other  to  bring  about  the  learning 

and  organization  of  subject  matter. 

To  speak  of  the  bearing  and  need  of  any  new  material  is  to  imply  the 
presence  and  functioning  of  already  existent  purposes  and  interests.  From 
this  consideration  thus  related  to  the  foregoing  the  committee  believes 
that,  speaking  generally,  introductory  mathematics  ordinarily  conceived 
as  separate  courses  in  algebra,  geometry,  and  trigonometry— should  be  given 
in  connection  with  the  solving  of  problems  and  the  executing  of  projects  in 
fields  where  the  pupils  already  have  both  knowledge  and  interest.  This 
would  make  the  study  of  mathematics  more  nearly  approximate  a laboratory 
course,  in  which  individual  differences  could  be  considered  and  the  effective 
devices  of  supervised  study  be  utilized.  The  minimum  of  the  course  might 
well  in  this  way  be  cared  for  in  the  recitation  period,  reserving  the  outside 
work  rather  for  allied  projects  and  problems  in  which  individual  interests 

and  capacities  were  prominent  factors. 

The  significant  element  in  this  conception  is  the  utilization  of  ideas  and 
interests  already  present  with  the  pupils  as  a milieu  within  which  the  mathe- 
matical conception  or  process  to  be  taught  finds  a natural  setting,  and  from 
which  a need  to  use  the  conception  or  process  can  as  a consequence  be  easily 
developed.  Where  this  state  of  affairs  exists,  the  bearing  and  felt  need 
utilize  the  laws  of  learning  as  was  discussed  above,  and  the  mathematical 
knowledge  or  skill  is  fixed  in  a manner  distinctly  economical  as  regards 

both  present  effort  and  future  applicability. 

As  was  stated  at  the  outset,  this  suggested . procedure  reaches  beyond 
the  questions  of  economy  of  learning  and  application  controlling  though 
these  here  are— to  the  question  of  content.  The  procedure  here  contem- 
plated makes  definite  demand  for  an  appropriate  introductory  content.  To 
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work  along  this  line  there  must  be  made  a selection  of  conceptions  and  proc- 
esses which  can  serve  the  pupils  as  instruments  to  the  attainment  of  the 
ends  set  before  them  in  the  projects  or  problems  upon  which  they  are  at 
work.  This  instrumental  character  becomes  then  the  essential  factor  in  any 
introductory  course.  It  is  these  instrumental  needs  and  not  “logical”  inter- 
connectedness which  must  give  unity  to  such  a course.  A content  thus  instru- 
mental^ selected  will,  on  the  one  hand,  be  free  of  the  old  formal  puzzles, 
the  complex  instances,  the  verbal  problems  which  in  the  past  have  wasted  so 
much  time  and  destroyed  so  much  potential  interest;  and  will,  on  the  other, 
run  across  the  divisions  heretofore  separating  algebra,  geometry,  and 
trigonometry. 

A distinct  advantage  in  the  procedure  here  suggested  is  the  better  promise 
it  holds  out  of  meeting  in  one  introductory  course  the  needs  of  both  those 
who  will  go  on  to  advanced  study  in  mathematical  lines  and  those  who  will 
not.  Where  the  basis  of  selection  and  procedure  is  instrumental,  all  can 
begin  together.  The  future  specializes  in  mathematics  will  as  the  course 
proceeds  take  increasing  interest  in  the  mathematical  relationships  involved 
and  will  stress  this  aspect  in  their  individual  problems  and  projects.  Those 
whose  tastes  and  aptitudes  lead  them  elsewhere  will  in  the  meanwhile  have 
had  the  opportunity  to  learn  in  practical  situations  some  of  the  mathe- 
matical concepts  and  processes  which  they  will  later  use  in  their  own  chosen 
fields.  Their  individual  projects  in  the  course  can  serve  well  as  connecting 
links  between  the  mathematics  taught  and  their  later  field  of  vocational 

application.  . . 

After  the  introductory  course  has  been  completed,  and  differentiation 
has  begun,  the  same  principles  still  hold,  though  in  the  different  fields.  Those 
who  have  chosen  to  continue  the  study  of  mathematics  as  such  will  find  theii 
problems  or  projects  within  the  field  of  mathematics  itself,  quite  likely 
examining  anew  in  the  light  of  wider  acquaintance  assumptions  freely  made 
in  the  earlier  period.  Euclid’s  system  of  axioms  and  postulates  might  heie 
receive  its  first  careful  consideration.  Those  who  had  elected  to  prepare  for 
engineering  and  the  like  might  continue  to  find  their  mathematics  in  con- 
nection with  problems  or  projects  devoted  now  particularly  to  a preliminary 
engineering  content.  Conceptions  usually  reserved  for  college  analytics  and 
calculus— if  not  indeed  already  used  in  the  introductory  course— can  well 
have  a place  here.  Their  rich  instrumental  character  will  justify  their  pres- 
ence, even  if  they  lack  somewhat  in  relationship  to  a fully  developed  logical 

system.  ... 

2.  The  several  needs  for  mathematics — Among  the  multiplicity  of  spe- 
cific occasions  for  using  mathematics  and  among  the  various  types  of  sub- 
ject matter,  there  are  certain  possible  groupings  which  promise  aid  in  the 

determination  of  the  mathematical  courses. 

Without  implying  the  possibility  always  of  sharp  differentiation,  we 
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may  distinguish  in  the  realm  of  mathematical  knowledge  (1)  those  items 
^immediate  use  of  which  involve  a minimum  of  thinking,  as,  foe  ^ , 
adding  a column  of  figures,  and  (ii)  those  items  which  are  'y  «se  I 

as  notions  or  concepts  in  the  furtherance  of  thinking.  18  c 
distinction  here  is  of  the  way  in  which  the  knowledge  is  usee  anc 
the  knowledge  itself;  for  any  item  of  knowledge  might  at  one  time  s 
one  function  and  at  another  time  the  other.  It  would  st.  1 remain  tin  how- 
ever, that  certain  groups  of  people  might  have  characteristically  d ffeie 
needs  along  the  two  lines.  Under  the  first  head  we  should  me  ude 
ohanic’s  use  of  a formula,  the  surveyor’s  use  of  his  tables,,  the ?, 
finding  of  the  quartile.  The  man  in  the  street  would  call  this  J ' 
use  of  mathematics.  Under  the  other  head  we  should  include  the  mtellige 
reader’s  use  of  mathematical  language  by  which  he  would  understand  an  ac- 
count  of  Kepler’s  three  famous  laws.  Some  may  wish  to  call  this  the 
Zl’’  lie  Of  mathematics.  The  term  “interpretative”  might,  however,  more 

exactly  express  the  differentiating  idea.  . . , 

We  may  next  ask  whether  there  are  differentiable  groups  among  high- 
school  pupils  whose  probable  destinations  or  activities  determine  within 
reasonable  limits  the  extent  and  type  of  their  future  mathematical  needs. 
In  a democracy  like  ours,  questions  of  probable  destination  are  o com 
very  difficult.  There  must  be  no  caste-like  perpetuation  of  economic  and  cul- 
tural differences;  and  definite  effort  must  be  made  to  keep  wide  open  the 
door  of  further  study  for  those  who  may  later  change  leu  mm  s. 
differentiating  choices  are  in  fact  made ; and  in  view  of  the  wea  i o 
on  the  one  hand  and  of  individual  differences  on  the  other,  such  choices  must 
be  made.  Properly  safeguarded  by  an  intelligent  effort  to  adopt  social  de- 
mands to  individual  taste  and  aptitude,  these  choices  should  w 
advantage  both  of  the  individual  and  of  the  group.  The  committee  cons.deis 
that  four  groups  of  users  of  mathematics  may  be  distinguished . 

(а)  The  “general  readers,”  who  will  find  their  use  of  mathematics  be- 
yond arithmetic  confined  largely  to  the  interpretative  function  described 

(б)  Those  whose  work  in  certain  trades  will  make  limited,  but  still 

specific,  demand  for  the  “practical”  use  of  mathematics. 

(c)  Those  whose  practical  work  as  engineers  or  as  students  of  certain 

sciences  requires  considerable  knowledge  of  mathematics.  _ 

(d)  Those  who  specialize  in  the  study  of  mathematics  with  a view  either 
to  research  or  to  teaching  or  to  the  mere  satisfaction  of  extended  study  in 

^It  is  at  once  evident  that  these  groups  are  not  sharply  marked  off  from 
each  other;  and  that  the  needs  of  the  first  group  are  shared  by  the  others 
It  is,  moreover,  true  that  the  “general  readers’’  represent  a wide  range  o 
interest.  The  committee  has  taken  all  these  things  into  accoun  , an  si 
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believes  that  the  division  here  made  will  prove  of  substantial  utility  in  ar- 
ranging the  offerings  of  high-school  mathematics. 

3.  Comparative  values. — Out  of  the  conflict  of  topics  for  a place  in  the 
program  there  emerges  one  general  principle,  already  suggested  in  these 
pages,  which  is  being  increasingly  accepted  for  guidance  by  students  of  edu- 
cation. In  briefest  negative  terms:  No  item  shall  be  retained  for  any  specific 
group  of  pupils  unless,  in  relation  to  other  items  and  to  time  involved,  its 
(probable)  value  can  be  shown.  So  stated  the  principle  seems  a truism,  but 
properly  applied  it  proves  a grim  pruning  hook  to  the  dead  limbs  of  tradition. 
A final  method  of  ascertaining  such  comparative  values  remains  to  be 
worked  out;  but  the  feasibility  of  a reasonable  application  of  the  principle 
will  hardly  be  denied.  In  accordance  with  this,  many  topics  once  common 
have  been  dropped  from  the  curriculum  and  more  are  marked  to  go.  Thus 
our  better  practice  has  ceased  to  include  the  Euclidian  method  of  finding  the 
Ii.  C.  F.,  because  the  knowledge  of  this  method  is  nowhere  serviceable  in 
life;  and  in  secondary  algebra  itself  little  if  anything  else  depends  on  it.  In- 
deed, the  H.  C.  F.  itself  might  well  go,  as  it  is  used  almost  exclusively  in 
simplifying  fractions  made  for  the  purpose. 

In  a full  discussion,  many  terms  of  the  statement  would  need  considera- 
tion. What  constitutes  value  is  probably  the  point  where  most  questioning 
would  arise.  The  committee  takes  this  term  in  its  broadest  sense,  specifically 
denying  restriction  to  a abread  and  butter”  basis  or  other  mere  mateiial 
utility,  though  affirming  that  remunerative  employment  is  normally  a 
worthy  part  of  the  worthy  life.  What  the  statement  then  in  fact  demands 
is  (i)  that  the  value  of  the  topic  be  not  a mere  assumption  a positive  case 
must  be  made  out;  and  (ii)  that  the  value  of  the  topic  so  shown  be  suffi- 
ciently great  in  relation  to  other  topics  and  to  the  element  of  cost  (as  re- 
gards time,  labor,  money  outlay,  etc.)  to  warrant  its  inclusion  in  the  cui- 
riculum. 

This  principle  of  exclusion  seems  especially  applicable  to  those  items 
which  now  remain  merely  as  a heritage  from  the  past  and  to  those  which 
have  been  introduced  mainly  to  round  out  the  subject  or  where  the  unity 
of  the  subject  matter  has  been  found  in  the  content  itself  and  not  in  the 
relation  of  the  content  to  the  needs  of  the  pupil. 

In  offering  such  a principle  for  guidance,  the  committee  considers  that 
it  is  merely  stating  explicitly  what  has  been  implicitly  assumed  in  all  such 
controversies.  The  committee  none  the  less  believes  that  conscious  insistence 
on  the  point  is  necessary  in  order  to  disclose  whatever  indefensible  elements 
may  be  in  our  present  program  of  studies. 

4.  “Formal  discipline.” — A full  discussion  of  this  topic,  of  course,  is  im- 
possible within  the  limits  of  this  paper.  Such  a discussion  is,  moreover,  for 
our  purpose  unnecessary,  because  we  shall  wish  to  use  only  the  most  gen- 
eral conclusion,  in  which  there  is  substantial  concurrence.  We  can  thus 
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avoid  the  niceties  of  elaboration,  about  which  agreement  has  not  yet  been 
reached.  The  older  doctrine  assumed  uncritically  a very  high  degree  of  what 
we  now  call  “general  transfer”  of  training.  Modern  investigation,  to  speak 
generally,  restricts  very  considerably  the  amount  of  transfer  which  may 
reasonably  be  expected,  and  inquires  strictly  into  the  conditions  of  transfer. 
Under  the  older  doctrine  it  was  a sufficient  justification  for  the  requiring  of 
any  subject  that  pupils  should  gain  through  it  increased  ability  in  the  use 
of  any  important  “faculty,”  because  the  increase  in  ability  was  naively  as- 
sumed to  mean  an  increase  in  the  equally  naively  assumed  faculty  itself 
and  wTould  accordingly  be  effective  wherever  the  faculty  was  used.  As 
pupils  show  such  an  increase  of  ability  in  one  or  more  “faculties”  by  the 
iimple  fact  of  learning  any  new  subject,  the  convenience  of  this  older  doc- 
trine for  curriculum  defense  is  evident.  When  this  old  psychological  doc- 
trine was  first  called  in  question  by  scientific  measurement,  the  idea  gained 
popular  currency  that  all  transfer  wras  denied.  No  such  claim  has  serious 
support.  The  psychologists,  however,  have  so  far  found  it  difficult  to  agree 
upon  any  final  situation  as  to  the  aipount  of  transfer  which  in  any  particular 
situation  may  be  a priori  expected.  All  agree,  none  the  less,  in  greatly  re- 
ducing the  old  claim  both  as  to  the  amount  and  as  to  the  generality  of  con- 
ditions under  which  transfer  may  be  expected.  In  accordance  with  these 
considerations  the  committee  has  not  used  the  factor  of  “formal  discipline” 
in  determining  the  content  of  the  mathematical  courses  to  be  recommended 
in  this  report. 

5.  The  needs  of  the  several  groups. — With  these  several  principles  and 
factors  before  us,  we  are  now  ready  to  consider  more  fully  the  needs  of  the 
several  groups  of  users  as  distinguished  above.  We  are  particularly  con- 
cerned to  ask  whether  or  not  their  respective  group  needs  are  compatible 
with  one  introductory  course  to  be  taken  in  common;  and  if  yes,  when  the 
differentiation  from  such  a common  course  should  begin. 

(1)  The  “ general  readers.”—^ This  group  will  need  to  use  in  “practical” 
fashion  but  little  of  mathematics  other  than  ordinary  arithmetic.  As  gen- 
eral readers,  however,  they  will  still  require  a certain  acquaintance  with 
mathematical  language  and  concepts.  Just  what  terms,  symbols,  and  con- 
cepts would  meet  the  requirements  of  this  group  will  have  to  be  determined 
by  extensive  inductive  studies.  Assuming,  however,  ordinary  arithmetic  and 
mensuration,  some  items  can  be  at  once  named  as  fairly  certain  to  be  in- 
cluded: How  to  interpret  and  evaluate  a simple  literal  formula;  the  mean- 
ing and  use  of  an  algebraic  equation  of  one  unknown ; the  notion  and  use  of 
negative  numbers  in  such  simple  cases  as  temperature,  latitude,  and  stock 
fluctuations;  the  simpler  conception  of  space  relations  (inductively  ob- 
tained) ; the  notion  of  function  (the  dependence  of  one  quantity  upon  an- 
other) ; the  graph  as  a means  of  interpreting  statistical  information,  with 
such  terms  as  average  and  median. 
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(2)  The  group  preparing  for  certain  trades.— Under  this  head  the  com- 
mittee would  group  those  whose  use  of  “practical  mathematics  is,  while 
generally  quite  definite,  still  relatively  small— such,  for  example,  as  ma- 
chinists plumbers,  sheet -metal  workers,  and  the  like.  The  general  run  o 
the  need  here  contemplated  can  be  gathered  from  the  requirements  laid  down 
for  machinists  in  one  of  the  more  recent  vocational  surveys— simple  equa- 
tions, use  of  formulas,  measurement  of  angles,  measurements  of  areas  and 
volumes  square  root,  making  and  reading  of  graphs,  solution  of  right  tn 
angles,  geometry  of  the  circle.  Much  practice  would  of  course  be  necessary 
to  make  even  this  small  amount  of  mathematics  function  adequately. 

It  is  at  once  evident  that  if  no  more  algebra  is  needed  than  formulas, 
simple  equations  and  the  graph,  and  no  more  geometry  than  is  here  sug- 
gested, then  the  ordinary  high-school  courses  in  these  subjects  are  but  ill- 
adapted  to  the  needs  of  such  pupils.  It  would  seem  to  follow  that  this 
group  of  pupils  has  no  need  to  follow  courses  in  mathematics  other  than  (1) 
arithmetic,  (ii)  the  “interpretative”  (introductory)  mathematics  discussed 
above,  and  (iii)  the  special  applications  of  these  to  the  specific  subject 

matter  of  their  several  specializations. 

This  group  might  then  well  study  in  common  with  the  preceding  until 
the  completion  of  the  work  there  laid  out.  The  presentation  of  this  com- 
mon course  along  the  lines  previously  laid  down  (p.  11)  would  well  har- 
monize the  somewhat  diverse  interests  of  the  two  groups.  What  little  addi- 
tional content  and  whatever  practice  in  specialized  application  this  second 
group  might  need  could  then  be  given  either  in  a parallel  or  m a succeeding 

course  (or  courses)  especially  devised  for  that  purpose.. 

(3)  The  group  preparing  for  engineering This  group  will  consist 
mostly  of  boys  intending  to  study  in  engineering  schools.  In  contrast  with 
the  two  preceding  groups,  appreciably  more  mathematics  is  here  needed. 
In  contrast  with  the  following  group,  there  are  here  specific  aims  external  to 
mathematics  itself  which  define  and  limit  the  mathematical  knowledge  and 
skill  needed.  Although  recognizing  that  the  individual  teacher  will  require 
a certain  leeway  as  regards  content  in  getting  his  class  effectively  to  work 
at  any  topic,  we  may  still  profitably  ask  as  to  the  minimum  content  fixed 
for  this  group  by  its  peculiar  needs. 

The  minimum  mathematical  content  suitable  for  the  use  of  this  group 
can  probably  best  be  secured  by  working  simultaneously  along  two  lines: 
First,  to  ascertain  inductively  what  mathematics  the  engineer  needs  (in- 
cluding experiment  to  find  out  what  part  of  this  can  best  be  taught  in  the 
secondary  school) ; second,  to  criticize  the  existing  courses  to  see  what  they 
lack  and  what  they  include  that  is  useless  for  this  group.  It  is  much  to  be 
hoped  that  necessary  inductive  studies  and  experiments  along  the  first  line 
of  procedure  may  be  vigorously  pushed.  The  second  in  important  respects 
waits  for  the  first,  but  it  is  possible  from  certain  inherent  considerations  at 
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once  to  exclude  some  matter  now  customarily  taught. 

Taking  the  customary  high-school  mathematics  as  a basis  for  compari- 
son, we  find  at  least  three  principles  of  criteria  for  exclusion  from  the  pres- 
ent offerings:  (a)  Exclude  all  those  items  which  are  not  themselves  to  be 
directly  used  in  practical  situations  or  which  are  not  reasonably  necessary 
to  the  intelligent  mastery  or  use  of  such  “practical”  items;  (6)  exclude,  all 
involved  and  complicated  instances  of  otherwise  useful  topics  or  applica- 
tions which  do  not  serve  to  clarify  the  main  point  under  consideration;  (c) 
exclude  all  such  proofs  and  discussions  as  do  not  in  fact  help  the  pupil  to  an 
intelligent  use  of  the  topic.  It  is  probably  correct  to  say  that  these  exclu- 
sions relate  to  material  introduced  from  considerations  of  theory  rather 
than  of  intelligent  practical  mastery ; from  considerations  of  the  pleasure 
that  theorizers  (teachers  mostly  ) get  from  the  study  of  mathematics  rather 
than  from  a conscious  purpose  to  give  that  familiarity  and  grasp  which  the 
future  practical  man  will  need. 

Under  the  head  of  (a)  topics  excluded  as  not  needed  in  this  group  the 
committee  would  mention  such  as  the  H.  C.  F.  and  the  L.  C.  M.;  operations 
with  literal  coefficients  (except  for  a few  formulas) ; radical  equations,  the 
theory  of  exponents,  except  the  simplest  operations  with  fractional  and 
negative  exponents  (these  to  be  retained  to  give  meaning  to  logarithms  and 
the  slide  rule);  operations  with  imaginaries;  cube  root;  proportion  as  a 
separate  topic  (the  simple  equation  suffices) ; the  progressions. 

Among  (6)  excluded  complex  applications  might  be  mentioned  the  fol- 
lowing: All  lengthy  exercises  in  multiplication  and  division;  factoring  be- 
yond the  simplest  instances  of  the  four  forms  (i)  ax  -f-  ay,  (ii)  a-  b2, 
(iii)  a2  + 2ab  + b2,  (iv)  x2  + (a  + b)  x + ab;  all  but  the  simplest  frac- 
tonal  forms  (the  more  complicated  are  in  fact  given  to  illustrate  factoring)  , 
all  radicals  beyond  s/  ab  and  \/  a -j-  b;  simultaneous  equations  of  moie 
than  two  unknowns;  simultaneous  quadratics  (except  possibly  a quadratic 
and  a linear)  ; the  clock,  hare  and  hounds,  and  courier  problems  and  the 
like;  the  extended  formal  demonstrative  geometry  of  our  ordinary  schools; 
most  trigonometry  beyond  the  use  of  sine,  cosine,  and  tangent  in  triangle 


work. 

(c)  Proofs  excluded  or  deferred  are  mostly  cared  for  in  (a)  and  (6). 
The  chief  instances  in  the  past  (too  often  yet  remaining  for  the  special- 
izers”)  have  been  the  distinction  between  negative  quantities  and  negative 
numbers,  the  (supposedly)  rigorous  generalizing  of  am  X a"  = m+n,  the 
proof  of  too  evident  propositions  in  geometry,  the  incommensurable  cases  in 

geometry,  the  general  proof  of  sin  (x  -f-  y) . 

It  may  be  mentioned  in  this  connection  that  teachers  of  mathematics  fiom 
arithmetic  onward  only  too  frequently  deceive  themselves  as  to  the  place 
that  the  presentation  of  a rigorously  logical  proof  plays  in  bringing  convic- 
tion. The  worth  of  a sense  of  logical  cogency  can  hardly  be  overestimated; 
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but  we  who  teach  not  infrequently  overreach  ourselves  in  our  zeal  for  it. 
The  teacher  of  introductory  mathematics  can  well  take  lessons  from  the 
laboratory,  where  careful  measurement  repeated  under  many  different  con- 
ditions will  bring  a conviction  often  otherwise  unknown  to  the  pupil  who  is 
not  gifted  in  abstract  thinking.  Probably  in  most  instances  an  inductively 
reached  conviction  is  the  best  provocative  of  an  appetite  for  a yet  more 
thoroughgoing  proof. 

Everything  so  far  points  to  one  common  introductory  course.  With  this 
group  as  with  the  preceding,  the  point  of  differentiation  would  seem  to  come 
at  the  end  of  the  interpretative  course  first  discussed  for  the  "general  read- 
ers.” Whether  this  third  (engineering)  group  should  proceed  further  in  com- 
mon with  the  fourth  group  (of  specializers),  we  later  consider  further  in 
common  with  the  fourth  group. 

(4)  The  group  of  specializers. — This  group  Will  include  those  pupils,  both 
boys  and  girls,  who  "like”  mathematics.  While  these  best  of  all  could 
continue  to  work  with  the  present  offerings,  the  considerations  urged  under 
the  discussion  on  presentation  suffice,  in  the  committee’s  opinion,  to  demand 
even  for  this  group  a far-reaching  reorganization  of  practically  all  of  sec- 
ondary mathematics. 

Since  we  are  here  planning  for  those  who  specialize  in  mathematics,  we 
are  not  called  upon — after  meeting  the  interpretative  need — to  consider  any 
external  demands  upon  mathematics,  but  only  such  a selection  and  arrange- 
ment within  the  subject  itself  as  best  furthers  the  mathematical  activity. 
Hitherto,  the  arrangement  within  the  course  has  been  made,  as  we  saw  in 
the  discussion  on  presentation,  in  answer  to  considerations  rather  of  "logi- 
cal” organization  than  of  psychological  experiencing  and  growth.  The  re- 
sults have  not  been  satisfactory.  Algebra,  geometry,  and,  to  a lesser  degree, 
trigonometry  have  been  treated  as  separate  logical  entities,  with  conse- 
quent loss  to  the  pupil  of  both  interest  and  power.  The  committee  thinks 
that  the  selection  and  organization  should  be  made  in  the  light  of  experi- 
ment as  to  which  conceptions  do  in  fact  prove  successively  most  strategic  in 
the  pupils’  continued  approach  to  mathematical  power.  The  result  would 
probably  take  a form  somewhat  analogous  to  the  "general  science”  course 
which  is  now  being  worked  out  in  that  field. 

That  this  group  should  take  its  introductory  work  in  common  with  the 
others  has  perhaps  been  sufficiently  implied.  The  intelligent  choice  of  a 
specialty  could  hardly  precede  the  actual  experiencing  of  taste  and  aptitude. 
How  far  beyond  the  common  introductory  course  this  group  should  go  in 
company  with  the  third  (the  preliminary  engineering)  is  not  easy  to  say. 
In  all  but  the  largest  schools  administrative  considerations  will  probably 
keep  the  two  together  in  whatever  work  is  offered.  Where  numbers  and 
funds  suffice,  differentiation  may  well  begin  immediately  upon  the  comple- 
tion of  the  common  introductory  course,  according  to  considerations  already 
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laid  down.  In  that  case  the  preliminary  engineering  group  would  get  their 
mathematics  more  in  terms  of  engineering  content  and  situations;  those 
specializing  in  mathematics  would  get  theirs  more  directly  in  terms  of 
“pure”  mathematics.  The  contents  of  such  courses  could  well  differ  con- 
siderably. 

6.  Selecting  mathematical  ability. — From  the  point  of  view  both  of  so- 
ciety and  its  needs  and  of  the  individual  and  his  satisfactions,  it  is  highly 
desirable  that  ability,  or  the  lack  thereof,  be  disclosed  in  order  that  intelli- 
gent choice  may  be  made.  Mathematical  ability  as  expressed  in  mathe- 
matical achievement  and  application  is  a most  powerful  agency  in  advanc- 
ing civilization.  In  order  that  society  may  profit  by  its  available  stock  of 
mathematical  ability,  there  is  urgent  need  of  some  process  that  shall  dis- 
close this  ability.  Analogous  considerations  demand  that  the  individual 
learn  by  a less  costly  process  than  occupational  trial  what  degree  of  probable 
success  he  may  expect  from  an  occupation  in  which  mathematical  ability 
is  an  important  factor.  We  hope  much  from  further  psychological  study  in 
this  field  of  disclosing  specific  abilities,  but  as  matters  now  stand  the  op- 
portunity in  the  high  school  for  trial  of  mathematical  success  and  liking  is 
at  least  one  important  part  in  the  disclosing  of  mathematical  ability.  This 
factor  must  be  taken  into  account  in  arranging  the  introductory  work  in 
mathematics. 
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IV.  Suggestions  as  to  Courses. 

Each  valid  consideration  in  the  foregoing  discussion  should  have  its 
effect  in  the  resulting  determination  of  the  mathematics  courses.  Consider- 
ations of  presentation  demanded  that  we  give  up  the  "logical”  arrangement 
of  subject  matter,  especially  for  introductory  work,  and  find  instead  an 
organization  based  upon  the  successful  attack  of  projects  and  problems  in 
connection  with  which  the  pupils  already  have  both  knowledge  and  poten- 
tial interest.  Four  groups  of  pupils  judged  by  probable  destination  showed 
four  types  of  mathematical  needs:  (i)  The  “general  readers,”  whose  needs 
lie  largely  in  the  “interpretative”  function  of  mathematics;  (ii)  those  who, 
expecting  to  enter  trades,  would  have  a small  but  still  definite  need  for 
“practical”  mathematics;  (iii)  those  who,  as  prospective  engineers,  would 
need  a considerable  body  of  content  determined  by  the  demands  of  engi- 
neering study  and  practice;  (iv)  those  specializing  in  mathematics  who 
would  wish  a content  determined  by  the  satisfactions  inherent  in  the  ac- 
tivity and  by  the  demands  of  further  study.  From  considerations  of  com- 
parative values  nothing  should  enter  into  the  curriculum  except  as  it  can 
show  probable  value  in  relation  to  other  topics  and  to  time  involved.  “Formal 
discipline”  was  not  considered  by  the  committee  in  determining  the  con- 
tent of  courses  to  be  recommended.  Care  should  be  given  that  at  an  early 
stage  mathematical  taste  and  ability  may  be  disclosed  so  as  to  allow  ap- 
propriate choice  of  school  work  and  occupational  preparation.  It  seemed 
clear  that  a new  introductory  course  should  be  offered  which  all  the  students 
should,  normally,  take  in  common.  College  entrance  considerations,  except 
as  inherently  cared  for  above,  are  deliberately  disregarded. 

With  these  demands  before  us,  can  an  appropriate  school  procedure  be 
devised  and  feasibly  operated? 

The  task  certainly  is  great.  Nothing  short  of  extended  study  and  experi- 
mentation can  meet  the  situation.  The  committee  makes  the  following 
tentative  suggestions  as  possible  lines  along  which  research  and  trial  might 
prove  profitable. 

1.  The  work  of  the  junior  high  school. — It  seems  to  the  committee  that 
the  work  of  grades  7,  8,  and  9 should,  in  addition  to  whatever  review  of 
previous  arithmetic  may  be  necessary,  include — 

A.  A body  of  processes  and  conceptions  commonly  called  arithmetic, 
where  the  study,  however,  is  of  social  activities — trade  or  otherwise — which 
need  mathematics,  rather  than  of  mathematical  topics  artificially  “moti- 
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v ate  cl”  by  social  relationships.  As  a constituent  part  of  these  processes  the 
committee  would  include  any  use  of  algebra  or  intuitive  geometry  within 
easy  reach  of  the  pupils  which  can  prove  its  worth  by  actual  service  in  com- 
mon life  outside  of  the  school. 

B.  A body  of  mathematical  symbols,  concepts,  information,  and  pro- 
cesses — commonly  thought  of  as  belonging  to  algebra  and  geometry  or  be- 
yond— which  the  intelligent  general  reader  of  high  school  or  college  stand- 
ing will  need  in  order  to  meet  the  demands  of  his  social  and  intellectual  life. 
As  a part  of  this  content,  it  seems  safe  to  suggest  the  ordinary  algebraic 
symbols,  the  use  of  the  formula,  the  simple  equation,  and  the  (statistical) 

graph. 

C.  The  opportunity  for  at  least  a preliminary  testing  of  mathematical 
taste  and  aptitude.3 

D.  Such  additional  content — relatively  small  in  amount  as  may  be 
needed  to  make  effective  the  teaching  of  the  foiegoing. 

The  appropriate  contents  of  parts  A and  B can  be  fixed  only  by  a care- 
fully made  inductive  study  of  the  demands  as  they  actually  exist,  the  con 
tents  of  parts  C and  D,  only  after  extended  experimentation.  The  contents 
of  B,  C,  and  D,  respectively,  the  committee  judges  to  be  in  the  descending 
order  of  size  and  importance.  Pending  the  scientific  determination  of  these 
several  contents,  the  committee  feels  that  a wide  diversity  of  offerings  is  to 
be  welcomed  as  a sign  of  healthy  variation  likely  to  promote  progiess. 

Just  what  course  groupings  of  the  foregoing  should  be  made  must  like- 
wise be  for  some  time  a matter  of  experimentation.  Some  will  wish  to  con- 
sider the  whole  three  years’  work  as  one  unity,  the  various  items  being 
presented  in  such  connections  among  themselves  and  with  the  situations  of 
application  as  good  teaching  may  suggest.  Others  will  wish  to  give  A in 
grade  7,  and  devote  grades  8 and  9 to  an  extended  treatment  of  B,  C,  D. 
Still  others  will  give  two  years  to  A,  probably  reducing  the  weekly  tune  al- 
lowance, and  in  the  ninth  grade  concentrate  on  B,  C,  D. 

Especial  attention  is  called  to  the  course  to  be  made  up  of  B,  C,  and  D 
(whether  extending  through  one  year  or  two) . This  is  the  common  intro- 
ductory course  referred  to  many  times  in  these  pages.  It  is  assumed  that  as 
a rule  all  pupils  would  take  it  (or  at  least  begin  on  it),  and  that  no  further 
mathematics  would  be  customarily  required  for  college  entrance.4  ^ 

2.  Trade  mathematics. — For  the  groups  of  small  but  definite  practical 
use  the  committee  judges  that  the  foregoing  will  commonly  suffice  so  far  as 


3.  We  have  grounds  for  hoping  that  psychological  tests  may  prove  of  material 
assistance  in  this  connection. 

4.  Any  pupil  would  of  course  be  permitted  to  offer  for  entrance  credit  any  other 
mathematics  he  had  elected  in  his  secondary  school.  It  is,  moreover,  probable  that 
certain  college  courses  open  to  freshmen  would  specify  as  a necessary  prerequisite  an 
amount  of  mathematics  greater  than  that  here  included  in  this  “general  readers  course. 
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concerns  specific  mathematical  content.  In  some  of  the  trade  curriculums, 
however,  it  will  be  necessary  to  provide  a specific  course  (or  courses)  in 
which  sufficient  practice  in  the  trade  application  can  be  found.  The  more 
directly  such  courses  can  be  connected  with  the  work  of  application  the 
better. 

3.  Preliminary  engineering. — For  the  preliminary  engineering  group 
there  are,  after  the  common  introductory  course,  several  possibilities.  One 
would  be  to  have  this  group  work  as  heretofore  with  the  “specializers”  (see 
4 below).  This  is  perhaps  less  desirable,  but  will  probably  continue  for  some 
time  to  come  as  the  more  usual  procedure,  especially  in  the  secondary  school 
of  not  more  than  moderate  size  and  income.  Another  possibility  would  be  to 
construct  a course  specifically  for  this  group  from  a careful  study  of  the 
specific  demands  of  their  future  work  (see  pages  18  and  19  above) . Such  a 
content  could  then  be  given  according  to  the  principles  of  presentation  dis- 
cussed earlier  (see  p.  11).  Here  again  experimentation  will  be  necessary  to 
develop  an  effective  organization  and  procedure.  Such  experimentation  may 
be  expected  to  show  a wide  range  of  variation — at  the  one  extreme  an  ap- 
proximation to  the  old  formal  “logical”;  at  the  other,  an  effort  to  make 
all  mathematics  teaching  purely  incidental  to  other  work.  And  again,  a 
wide  diversity  is  at  the  first  a healthy  indication. 

4.  For  the  specializers. — Where  numbers  and  income  warrant,  there 
should  be  elective  work  during  the  grades  10,  11,  and  12  for  those  specializ- 
ing in  mathematics.  There  is  need,  as  previously  stated,  to  reorganize  the 
customary  offerings  for  these  years  in  such  a way  as  to  displace  a presenta- 
tion based  on  classification  for  a presentation  based  on  experimentally  de- 
termined conditions  in  growth,  in  interest,  and  power. 

Such  a reorganization  will  naturally  run  across  the  lines  of  division 
heretofore  maintained,  and  will  probably  anticipate  certain  conceptions  and 
procedures  confined  now  to  analytics  and  calculus.  Where  the  preliminary 
engineering  group  is  included  with  this  group  it  may  prove  advisable  to 
utilize  to  a considerable  extent  problems  and  projects  from  the  natural  sci- 
ences to  give  a certain  desirable  concreteness  of  thinking.  This  may  well  re- 
sult in  benefit  to  all  concerned.  With  progress  in  the  work  should  come, 
however,  for  the  group  of  specializers  an  increased  interest  in  and  desire  for 
mathematics  on  its  own  account.  Such  a reorganization  as  is  suggested 
above  would  probably  reduce  in  appreciable  degree  the  quantity  of  formal 
demonstrative  geometry,  a result  that  the  committee  anticipates  with  equa- 
nimity. It  seems  probable  that  by  suitable  experimentation  a new  course 
can  be  worked  out  which  will  prove  more  alluring  to  the  pupil  and  at  the 
same  time  furnish  a better  introduction  to  the  further  study  of  the  subject. 
Various  efforts  tending  to  corroborate  this  belief  have  already  been  made 
both  in  this  country  and  abroad. 

It  may  be  asked  whether  all  secondary  schools  should  try  to  make  full 
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offerings  of  the  courses  here  suggested.  The  committee  thinks  not.  It  will 
expect  that  work  substantially  equivalent  to  that  here  suggested  for  the 
grades  7,  8,  and  9 will  everywhere  be  offered;  that  the  trade  courses  will 
naturally  be  restricted  to  trade  curriculums;  but  that  the  elective  work  for 
the  senior  high  school  may  be  restricted  in  small  schools  where  the  income 
is  not  large.  It  seems  probable  that  the  relative  reduction  attending  elective 
mathematics  in  the  college  will  extend  itself  similarly  to  the  secondary 
school.  The  committee  in  conclusion  deprecates  the  continued  disposition 
on  the  part  of  some  colleges  unwisely  to  dictate  the  contents  of  courses  in 
secondary  schools.  It  feels  that  such  a usurpation  of  power  operates  to  pre- 
vent the  secondary  school  from  making  the  most  intelligent  adaptation  of 
its  work  to  the  needs  of  its  pupils. 
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PREFACE 


The  National  Committee  on  Mathematical  Requirements  was  organized 
in  the  late  summer  of  1916  under  the  auspices  of  The  Mathematical  Associa- 
tion of  America  for  the  purpose  of  giving  national  expression  to  the  move- 
ment for  reform  in  the  teaching  of  mathematics,  which  had  gained  con- 
siderable headway  in  various  parts  of  the  country,  but  which  lacked  the 
power  that  coordination  and  united  effort  alone  could  give. 

The  original  nucleus  of  the  committee,  appointed  by  E.  R.  Hedrick,  then 
president  of  the  association,  consisted  of  the  following:  A.  R.  Urathorne, 
University  of  Illinois;  E.  H.  Moore,  University  of  Chicago;  D.  E.  Smith, 
Columbia  University;  H.  W.  Tyler,  Massachusetts  Institute  of  Technology; 
Oswald  Veblen,  Princeton  University;  and  J.  W.  Young,  Dartmouth  College, 
chairman.  This  committee  was  instructed  to  add  to  its  membership  so  as 
to  secure  adequate  representation  of  secondary  school  interests,  and  then 
to  undertake  a comprehensive  study  of  the  whole  problem  concerned  with 
the  improvement  of  mathematical  education  and  to  cover  the  field  of  sec- 
ondary and  collegiate  mathematics. 

This  group  held  its  first  meeting  in  September,  1916,  at  Cambridge, 
Mass.  At  that  meeting  it  was  decided  to  ask  each  of  the  three  large  associa- 
tions of  secondary  school  teachers  of  mathematics  (The  Association  of 
Teachers  of  Mathematics  in  New  England,  The  Association  of  Teachers  of 
Mathematics  in  the  Middle  States  and  Maryland,  and  The  Central  Associa- 
tion of  Science  and  Mathematics  Teachers)  to  appoint  an  official  repre- 
sentative on  the  committee.  At  this  time  also  a general  plan  for  the  work 
of  the  committee  was  outlined  and  agreed  upon. 

In  response  to  the  request  above  referred  to  the  following  were  appointed 
by  the  respective  associations:  Miss  Vevia  Blair,  Horace  Mann  School, 
New  York  City,  representing  the  Middle  States  and  Maryland  Association; 
G.  W.  Evans,  Charlestown  High  School,  Boston,.  Mass.,  representing  the 
New  England  Association;1  and  J.  A.  Foberg,  Crane  Technical  High  School, 
Chicago,  111.,  representing  the  Central  Association. 

At  later  dates  the  following  members  were  appointed:  A.  C.  Olney,  Com- 
missioner of  Secondary  Education,  Sacramento,  Calif.;  Raleigh  Schorling, 
The  Lincoln  School,  New  York  City;  P,  H.  Underwood,  Ball  High  School, 


1.  Mr.  Evans  resigned  in  the  summer  -919,  owing  to  an  extended  trip  abroad;  his 
place  was  taken  by  W.  F.  Downey,  Engird i High  School,  Boston,  Mass. 
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Galveston,  Tex.;  and  Miss  Eula  A.  Weeks,  Cleveland  High  School,  St.  Louis, 

M°From  the  very  beginning  of  its  deliberations  the  committee  felt  that  the 
work  assigned  to  it  could  not  be  done  effectively  without  adequate  fiuMCia 
support.  The  wide  geographical  distribution  of  its  membership  made  a i 
attendance  at  meetings  of  the  committee  difficult  if  not  impossible  without 
financial  resources  sufficient  to  defray  the  traveling  expenses  of  nrenrbei., 
the  expenses  of  clerical  assistance,  etc.  Above  all,  it  was  felt  that,  in  o. dei 
to  give  to  the  ultimate  recommendations  of  the  committee  the  authon  y an 
effectiveness  which  they  should  have,  it  was  necessary  to  arouse  the  intci  cs 
and  secure  the  active  cooperation  of  teachers,  administrators,  and  organisa- 
tions throughout  the  country-that  the  work  of  the  committee  should  repre- 

sent  a cooperative  effort  on  a truly  national  scale. 

For  over  two  years,  owing  in  large  part  to  the  "W  orld  W ar,  a emp  b o 
secure  adequate  financial  support  proved  unsuccessful.  Inevita ) y a so  ie 
war  interfered  with  the  committee’s  work.  Several  members  were  engaged 
in  war  work2  and  the  others  were  carrying  extra  burdens  on  account  of  such 

work  undertaken  by  their  colleagues. 

In  the  spring  of  1919,  however,  and  again  in  1920,  the  committee  was 
fortunate  in  securing  generous  appropriations  from  the  General  Education 
Board  of  New  York  City  for  the  prosecution  of  its  work.' 

This  made  it  possible  greatly  to  extend  the  committees  activities  T e 
work  was  planned  on  a large  scale  for  the  purpose  of  organizing  a tiuly 
nation-wide  discussion  of  the  problems  facing  the  committee  and  J.  VV . 
Young  and  J.  A.  Foberg  were  selected  to  devote  their  whole  time  to  the 
work  of  the  committee.  Suitable  office  space  was  secured  and  adequate  steno- 
graphic and  clerical  help  was  employed.  , . 

The  results  of  the  committee’s  work  and  deliberations  are  presented  in 
the  following  report.  A word  as  to  the  methods  employed  may  however,  be 
of  interest  at  this  point.  The  committee  attempted  to  establish  working 
contact  with  all  organizations  of  teachers  and  others  mtereste  in  1 s pro 
lems  and  to  secure  their  active  assistance.  Nearly  100  such  organizations 
have  taken  part  in  this  work.  A list  of  these  organizations  will  be  found  m 
the  appendix  to  this  report  (p.  632).  Provisional  reports  on  various  phases 
of  the  problem  were  submitted  to  these  cooperating  organizations  in  adA  ance 
of  publication,  and  criticisms,  comments,  and  suggestions  for  improvement 
were  invited  from  individuals  and  special  cooperating  committees.  ie  re- 
ports previously  published  for  the  committee  by  the  United  States  Bureau  of 

2 Professor  Yehlen  resigned  in  1917  on  account  of  the  pressure  of  his  war  duties.  His 
place  was  taken  on  the  committee  by  Professor  C.  N.  Moore,  University  of  Cmemna 

' 2 Aeain  in  November  1921,  the  General  Education  Board  made  appiopuations  t 
cover  tl^expen^of "publishing  and  debuting  the 

committee  to  carry  on  certain  phases  of  its  work  during  the  >ea.s  1922  1923. 
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Education4  and  in  The  Mathematics  Teacher5  and  designated  as  “prelimi- 
nary” are  the  result  of  this  kind  of  cooperation.  The  value  of  such  assist- 
ance can  hardly  be  overestimated  and  the  committee  desires  to  express  to  all 
individuals,  organizations,  and  educational  journals  that  have  taken  part 
its  hearty  appreciation  and  thanks.  The  committee  believes  it  is  safe  to  say, 
in  view  of  the  methods  used  in  formulating  them,  that  the  recommendations 
of  this  final  report  have  the  approval  of  the  great  majority  of  progressive 
teachers  throughout  the  country. 

No  attempt  has  been  made  in  this  report  to  trace  the  origin  and  histoiy 
of  the  various  proposals  and  movements  for  reform  nor  to  give  credit  either 
to  individuals  or  organizations  for  initiating  them.  A convenient  starting 
point  for  the  history  of  the  modern  movement  in  this  country  may  be  found 
in  E.  H.  Moore’s  presidential  address  before  the  American  Mathematical 
Society  in  1902. 6 But  the  movement  here  is  only  one  manifestation  of  a 
movement  that  is  world-wide  and  in  which  very  many  individuals  and  or- 
ganizations have  played  a prominent  part.  The  student  interested  in  this 
phase  of  the  subject  is  referred  to  the  extensive  publications  of  the  Inter- 
national Commission  on  the  Teaching  of  Mathematics,  to  the  Bibliography 
of  the  Teaching  of  Mathematics,  1900-1912,  by  D.  E.  Smith  and  C.  Goldziher 
(U.  S.  Bureau  of  Education,  Bulletin,  1912,  No.  29)  and  to  the  bibliogiaphy 
(since  1912)  to  be  found  in  this  report  (Chap.  XVI,  p.  539/) . 

The  National  Committee  expects  to  maintain  its  office,  with  a ceitain 
amount  of  clerical  help,  during  the  year  1922-23  and  perhaps  for  a longer 
period.  It  is  hoped  that  in  this  way  it  may  continue  to  serve  as  a clearing 
house  for  all  activities  looking  to  the  improvement  of  the  teaching  of  mathe- 
matics in  this  country,  and  to  assist  in  bringing  about  the  effective  adoption 
in  practice  of  the  recommendations  made  in  the  following  report,  with  such 
modifications  of  them  as  continued  study  and  experimentation  may  show 
to  be  desirable. 


4.  The  Reorganization  of  the  First  Courses  in  Secondary  School  Mathematics,  U.  S. 
Buieau  of  Education,  Secondary  School  Circular,  No.  5,  Februaiy,  1920.  11  PP ■ l?111®1 

High  School  Mathematics,  U.  S.  Bureau  of  Education,  Secondary  School  Circular,  No.  6, 
July,  1920.  10  pp.  The  Function  Concept  in  Secondary  School  Mathematics,  Secondary 

School  Circular,  No.  8,  June,  1921.  10  pp.  v , 

5 Terms  and  Symbols  in  Elementary  Mathematics,  The  Mathematics  Teachei  Vol. 
M (March  1921),  pp.  107-118.  Elective  Courses  in  Mathematics  for  Secondary  Schools, 
The  Mathematics  Teacher,  vol.  14  (April,  1921),  pp.  161-170.  College  Entrance  Require- 
ments in  Mathematics.  The  Mathematics  Teacher,  vol.  14  (May,  1921),  pp.  224-245. 

6.  E.  H.  Moore:  On  the  Foundations  of  Mathematics,  Bulletin  of  the  American 
Mathematical  Society,  vol.  9 (1902-3),  p.  402;  Science,  vol.  17,  p.  401. 
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Part  I.  General  Principles  and 
Recommendations 


CHAPTER  I 
A Brief  Outline  of  the  Report 

The  present  chapter  gives  a brief  general  outline  of  the  contents  of  this 
report  for  the  purpose  of  orienting  the  reader  and  making  it  possible  foi 
him  to  gain  quickly  an  understanding  of  its  scope  and  the  problems  which 
it  considers. 

The  valid  aims  and  purposes  of  instruction  in  mathematics  are  consid- 
ered in  Chapter  II.  A formulation  of  such  aims  and  a statement  of  geneial 
principles  governing  the  committee’s  work  is  necessary  as  a basis  for  the 
later  specific  recommendations.  Here  will  be  found  the  reasons  for  including 
mathematics  in  the  course  of  study  for  all  secondary  school  pupils. 

To  the  end  that  all  pupils  in  the  period  of  secondary  education  shall 
gain  early  a broad  view  of  the  whole  field  of  elementary  mathematics,  and, 
in  particular,  in  order  to  insure  contact  with  this  important  element  in  sec- 
ondary education  on  the  part  of  the  very  large  number  of  pupils  who,  for 
one  reason  or  another,  drop  out  of  school  by  the  end  of  the  ninth  year,  the 
National  Committee  recommends  emphatically  that  the  course  of  study  in 
mathematics  during  the  seventh,  eighth,  and  ninth  years  contain  the  funda- 
metal  notions  of  arithmetic,  of  algebra,  of  intuitive  geometry,  of  numerical 
trigonometry,  and  at  least  an  introduction  to  demonstrative  geometry,  and 
that  this  body  of  material  be  required  of  all  secondary  school  pupils. 

A detailed  account  of  this  material  is  given  in  Chapter  III.  Careful 
study  of  the  later  years  of  our  elementary  schools,  and  comparison  with 
European  schools,  have  shown  the  vital  need  of  reorganization  of  mathe- 
matical instruction,  especially  in  the  seventh  and  eighth  years.  The  very 
strong  tendency  now  evident  to  consider  elementary  education  as  ceasing 
at  the  end  of  the  sixth  school  year,  and  to  consider  the  years  from  the 
seventh  to  the  twelfth  inclusive  as  comprising  years  of  secondary  educa- 
tion, gives  impetus  to  the  movement  for  reform  of  the  teaching  of  mathe- 
matics at  this  stage. 
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While  Chapter  III  is  devoted  to  a consideration  of  the  body  of  ma- 
terials of  instruction  in  mathematics  that  is  regarded  as  of  sufficient  im- 
portance to  form  part  of  the  course  of  study  for  all  secondary  school  pupils, 
Chapter  IV  is  devoted  to  consideration  of  the  types  of  material  that  prop- 
erly enter  into  courses  of  study  for  pupils  who  continue  their  study  of  mathe- 
matics beyond  the  minimum  regarded  as  essential  for  all  pupils.  Here  will 
be  found  recommendations  concerning  the  traditional  subject  matter  of 
the  tenth,  eleventh,  and  twelfth  school  years,  and  also  certain  material  that 
heretofore  has  been  looked  upon  in  this  country  as  belonging  rather  to 
college  courses  of  study;  as,  for  instance,  the  elementary  ideas  and  pro- 
cesses of  the  calculus. 

Chapter  V is  devoted  to  a study  of  the  types  of  secondary  school  in- 
struction in  mathematics  that  may  be  looked  upon  as  furnishing  the  best 
preparation  for  successful  work  in  college.  This  study  leads  to  the  con- 
clusion that  there  is  no  conflict  between  the  needs  of  those  pupils  who  ulti- 
mately go  to  college  and  those  who  do  not.  Certain  very  definite  recom- 
mendations are  made  as  to  changes  that  appear  desirable  in  the  statement 
of  college  entrance  requirements  and  in  the  type  of  college  entrance 
examination. 

Chapter  VI  contains  lists  of  propositions  and  constructions  in  plane  and 
in  solid  geometry.  The  propositions  are  classified  in  such  a way  as  to  sepa- 
rate from  others  of  less  importance  those  which  are  regarded  as  so  funda- 
mental that  they  should  form  the  common  minimum  of  any  standard  course 
in  the  subject. 

The  statement  previously  made  in  preliminary  reports  of  the  National 
Committee  and  repeated  in  Chapter  II,  that  the  function  concept  should 
serve  as  a unifying  element  running  throughout  the  instruction  in  the 
mathematics  of  the  secondary  school,  has  brought  many  requests  for  a more 
precise  definition  of  the  role  of  the  function  concept  in  secondary  school 
mathematics.  Chapter  VII  is  intended  to  meet  this  demand. 

Recommendations  as  to  the  adoption  and  use  of  terms  and  symbols  in 
elementary  mathematics  are  contained  in  Chapter  VIII.  It  is  intended  to 
present  a norm  embodying  agreement  as  to  best  current  practice. 

The  remaining  chapters  (Part  II)  give  for  the  most  part  the  results  of 
special  investigations  conducted  for  the  National  Committee.  The  contents 
of  these  chapters  are  indicated  sufficiently  in  the  general  table  of  contents 
and  in  the  tables  of  contents  preceding  many  of  the  chapters  in  question. 
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CHAPTER  II 


Aims  of  Mathematical  Instruction — General  Principles 


I.  INTRODUCTION. 

A discussion  of  mathematical  education,  and  of  ways  and  means  of  en- 
hancing its  value,  must  be  approached  first  of  all  on  the  basis  of  a piecise 
and  comprehensive  formulation  of  the  valid  aims  and  purposes  of  such 
education.1  Only  on  such  a basis  can  we  approach  intelligently  the  prob- 
lems relating  to  the  selection  and  organization  of  material,  the  methods  of 
teaching  and  the  point  of  view  which  should  govern  the  instruction,  and 
the  qualifications  and  training  of  the  teachers  who  impart  *t.  Such  aims 
and  purposes  of  the  teaching  of  mathematics,  moreover,  must  be  sought  in 
the  nature  of  the  subject,  the  role  it  plays  in  the  practical,  intellectual,  and 
spiritual  life  of  the  world,  and  in  the  interests  and  capacities  of  the  students. 

Before  proceeding  with  the  formulation  of  these  aims,  however,  we  may 
properly  limit  to  some  extent  the  field  of  our  enquiry.  We  are  concerned 
primarily  with  the  period  of  secondary  education  comprising,  in  the  modern 
junior  and  senior  high  schools,  the  period  beginning  with  the  seventh  and 
ending  with  the  twelfth  school  year,  and  concerning  itself  with  pupils  rang- 
ing in  age  normally  from  12  to  18  years.  References  to  the  mathematics  of 
the  grades  below  the  seventh  (mainly  arithmetic)  and  beyond  the  senior 
high  school  will  be  only  incidental. 

Furthermore,  we  are  primarily  concerned  at  this  point  with  what  may 
be  described  as  “general”  aims,  that  is  to  say  aims  which  are  valid  for  large 
sections  of  the  school  population  and  which  may  properly  be  thought  of  as 
contributing  to  a general  education  as  distinguished  from  the  specific  needs 
of  vocational,  technical,  or  professional  education. 

1.  Reference  may  here  be  made  to  the  formulation  of  the  principal  aims  in  education 
to  be  found  in  the  Cardinal  Principles  of  Secondary  Education,  published  by  the  U.  b. 
Bureau  of  Education  as  Bulletin  No.  55,  1918.  The  main  objectives  of  education  are 
there  stated  to  be:  1.  Health;  2.  Command  cf  fundamental  processes;  3 Worthy  home 
membership;  4.  Vocation;  5.  Citizenship;  6.  Worthy  use  of  leisure;  7.  Ethical  character. 
These  objectives  are  held  to  apply  to  all  education— elementary,  secondary,  and  higher 
—and  all  subjects  of  instruction  are  to  contribute  to  their  achievement. 

390 


tasa 


mmmmm 


MAA  / The  Reorganization  of  Mathematics  in  Secondary  Education 

II.  THE  AIMS  OF  MATHEMATICAL  INSTRUCTION 

With  these  limitations  in  mind  we  may  now  approach  the  problem  of 
formulating  the  more  important  aims  that  the  teaching  of  mathematics 
should  serve.  It  has  been  customary  to  distinguish  three  classes  of  aims: 
(1)  Practical  or  utilitarian,  (2)  disciplinary,  (3)  cultural;  and  such  a 
classification  is  indeed  a convenient  one.  It  should  be  kept  clearly  in  mind, 
however,  that  the  three  classes  mentioned  are  not  mutually  exclusive  and 
that  convenience  of  discussion  rather  than  logical  necessity  often  assigns 
a given  aim  to  one  or  the  other  of  these  classes.  Indeed,  any  truly  discipli- 
nary aim  is  practical  and,  in  a broad  sense,  the  same  is  true  of  cultural  aims. 

Practical  aims. — By  a practical  or  utilitarian  aim,  in  the  narrower  sense, 
we  mean  then  the  immediate  or  direct  usefulness  in  life  of  a fact,  method, 
or  process  in  mathematics. 

1.  The  immediate  and  undisputed  utility  of  the  fundamental  processes 
of  arithmetic  in  the  life  of  every  individual  demands  our  first  attention.  The 
first  instruction  in  these  processes,  it  is  true,  falls  outside  the  period  of  in- 
struction which  we  are  considering.  By  the  end  of  the  sixth  grade  the  child 
should  be  able  to  carry  out  the  four  fundamental  operations  with  integers 
and  with  common  and  decimal  fractions  accurately  and  with  a fair  degree 
of  speed.  This  goal  can  be  reached  in  all  schools — as  it  is  being  reached  in 
many — if  the  work  is  done  under  properly  qualified  teachers  and  if  drill 
is  confined  to  the  simpler  cases  which  alone  are  of  importance  in  the  prac- 
tical life  of  the  great  majority.  (See  more  specifically,  Chapter  III,  p.  21.) 
Accuracy  and  facility  in  numerical  computation  are  of  such  vital  importance, 
however,  to  every  individual  that  effective  drill  in  this  subject  should  be 
continued  throughout  the  secondary  school  period,  not  in  general  as  a sepa- 
rate topic,  but  in  connection  with  the  numerical  problems  arising  in  other 
work.  In  this  numerical  work,  besides  accuracy  and  speed,  the  following 
aims  are  of  the  greatest  importance: 

(а)  A progressive  increase  in  the  pupil’s  understanding  of  the  nature  of 
the  fundamental  operations  and  power  to  apply  them  in  new  situations. 
The  fundamental  laws  of  algebra  are  a potent  influence  in  this  direction. 
(See  3,  below.) 

(б)  Exercise  of  common  sense  and  judgment  in  computing  from  approxi- 
mate data,  familiarity  with  the  effect  of  small  errors  in  measurements,  the 
determination  of  the  number  of  figures  to  be  used  in  computing  and  to  be 
retained  in  the  result,  and  the  like. 

(c)  The  development  of  self-reliance  in  the  handling  of  numerical  prob- 
lems through  the  consistent  use  of  checks  on  all  numerical  work. 

2.  Of  almost  equal  importance  to  every  educated  person  is  an  under- 
standing of  the  language  of  algebra  and  the  ability  to  use  this  language  in- 
telligently and  readily  in  the  expression  of  such  simple  quantitative  rela- 
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tions  as  occur  in  every-day  life  and  in  the  normal  reading  of  the  educated 
person. 

Appreciation  of  the  significance  of  formulas  and  ability  to  work  out 
simple  problems  by  setting  up  and  solving  the  necessary  equations  must 
nowadays  be  included  among  the  minimum  requirements  of  any  program 
of  universal  education. 

3.  The  development  of  the  ability  to  understand  and  to  use  such  ele- 
mentary algebraic  methods  involves  a study  of  the  fundamental  laws  of 
algebra  and  at  least  a certain  minimum  of  drill  in  algebraic  technique, 
which,  when  properly  taught,  will  furnish  the  foundation  for  an  understand- 
ing of  the  significance  of  the  processes  of  arithmetic  already  referred  to. 
The  essence  of  algebra  as  distinguished  from  arithmetic  lies  in  the  fact  that 
algebra  concerns  itself  with  the  operations  upon  numbers  in  general,  while 
arithmetic  confines  itself  to  operations  on  particular  numbers. 

4.  The  ability  to  understand  and  interpret  correctly  graphic  representa- 
tions of  various  kinds,  such  as  nowadays  abound  in  popular  discussions  of 
current  scientific,  social,  industrial,  and  political  problems,  will  also  be 
recognized  as  one  of  the  necessary  aims  in  the  education  of  every  individual. 
This  applies  to  the  representation  of  statistical  data  which  are  becoming  in- 
creasingly important  in  the  consideration  of  our  daily  problems,  as  well  as 
to  the  representation  and  understanding  of  various  sorts  of  dependence  of 
one  variable  quantity  upon  another 

5.  Finally,  among  the  practical  aims  to  be  served  by  the  study  of  mathe- 
matics should.be  listed  familiarity  with  the  geometric  forms  common  in  na- 
ture, industry,  and  life;  the  elementary  properties  and  relations  of  these 
forms,  including  their  mensuration;  the  development  of  space-perception; 
and  the  exercise  of  spatial  imagination.  This  involves  acquaintance  with 
such  fundamental  ideas  as  congruence  and  similarity  and  with  such  funda- 
mental facts  as  those  concerning  the  sum  of  the  angles  of  a triangle,  the 
Pythagorean  proposition,  and  the  areas  and  volumes  of  the  common  geo- 
metric forms. 

Among  directly  practical  aims  should  also  be  included  the  acquisition 
of  the  ideas  and  concepts  in  terms  of  which  the  quantitative  thinking  of  the 
world  is  done,  and  of  ability  to  think  clearly  in  terms  of  those  concepts.  It 
seems  more  convenient,  however,  to  discuss  this  and,  in  a broad  sense,  the 
same  is  true  of  cultural  aims. 

Disciplinary  aims. — We  would  include  here  those  aims  wdiich  relate  to 
mental  training,  as  distinguished  from  the  acquisition  of  certain  specific 
skills  discussed  in  the  preceding  section.  Such  training  involves  the  develop- 
ment of  certain  more  or  less  general  characteristics  and  the  formation  of 
certain  mental  habits  which,  besides  being  directly  applicable  in  the  setting 
in  which  they  are  developed  or  formed,  are  expected  to  operate  also  in  more 
or  less  closely  related  fields — that  is,  to  "transfer”  to  other  situations. 
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The  subject  of  the  transfer  of  training  has  for  a number  of  years  been 
a very  controversial  one.  Only  recently  has  there  been  any  evidence  of 
agreement  among  the  body  of  educational  psychologists.  We  need  not  at 
this  point  go  into  detail  as  to  the  present  status  of  disciplinary  values  since 
this  forms  the  subject  of  a separate  chapter  (Chap.  IX;  see  also  Chap.  X). 
It  is  sufficient  for  our  present  purpose  to  call  attention  to  the  fact  that  most 
psychologists  have  abandoned  two  extreme  positions  as  to  transfer  of  train- 
ing. The  first  asserted  that  a pupil  trained  to  reason  well  in  geometry  would 
thereby  be  trained  to  reason  equally  well  in  any  other  subject;  the  second 
denied  the  possibility  of  any  transfer  and  hence  the  possibility  of  any  gen- 
eral mental  training.  That  the  effects  of  training  do  transfer  from  one  field 
of  learning  to  another  is  now,  however,  recognized.  The  amount  of  transfer 
in  any  given  case  depends  upon  a number  of  conditions.  If  these  conditions 
are  favorable,  there  may  be  considerable  transfer,  but  in  any  case  the 
amount  of  transfer  is  difficult  to  measure.  Training  in  connection  with  cer- 
tain attitudes,  ideals,  and  ideas  is  now  almost  universally  admitted  by  psy- 
chologists to  have  general  value.  It  may,  therefore,  be  said  that,  with 
proper  restrictions,  general  mental  discipline  is  a valid  aim  'n  education. 

The  aims  which  we  are  discussing  are  so  important  in  the  restricted 
domain  of  quantitative  and  spatial  (i.  e.,  mathematical  or  partly  mathe- 
matical) thinking  which  every  educated  individual  is  called  upon  to  per- 
form that  we  do  not  need  for  the  sake  of  our  argument  to  raise  the  question 
as  to  the  extent  of  transfer  to  less  mathematical  situations. 

In  formulating  the  disciplinary  aims  of  the  study  of  mathematics  the 
following  should  be  mentioned : 

(1)  The  acquisition,  in  precise  form,  of  those  ideas  or  concepts  in  terms 
of  which  the  quantitative  thinking  of  the  world  is  done.  Among  these  ideas 
and  concepts  may  be  mentioned  ratio  and  measurement  (lengths,  areas, 
volumes,  weights,  velocities,  and  rates  in  general,  etc.),  proportionality  and 
similarity,  positive  and  negative  numbers,  and  the  dependence  of  one  quan- 
tity upon  another. 

(2)  The  development  of  ability  to  think  clea7'ly  in  terms  of  such  ideas 
and  concepts.  This  ability  involves  training  in — 

(а)  Analysis  of  a complex  situation  into  simpler  parts.  This  includes 
the  recognition  of  essential  factors  and  the  rejection  of  the  irrelevant. 

(б)  The  recognition  of  logical  relations  between  interdependent  factors 
and  the  understanding  and,  if  possible,  the  expression  of  such  relations  in 
precise  form. 

(c)  Generalization;  that  is,  the  discovery  and  formulation  of  a general 
law  and  an  understanding  of  its  properties  and  applications. 

(3)  The  acquisition  of  mental  habits  and  attitudes  which  will  make 
the  above  training  effective  in  the  life  of  the  individual.  Among  such  habit- 
ual reactions  are  the  following:  a seeking  for  relations  and  their  precise 
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expression;  an  attitude  of  enquiry;  a desire  to  understand,  to  get  to  the  bot- 
tom of  a situation;  concentration  and  persistence;  a love  for  precision,  ac- 
curacy, thoroughness,  and  clearness,  and  a distaste  for  vagueness  and  in- 
completeness; a desire  for  orderly  and  logical  organization  as  an  aid  to 
understanding  and  memory. 

(4)  Many  of  these  disciplinary  aims  are  included  in  the  broad  sense  of 
the  idea  of  relationship  or  dependence — in  what  the  mathematician  in  his 
technical  vocabulary  refers  to  as  a "function”  of  one  or  more  variables. 
Training  in  "functional  thinking,”  that  is  thinking  in  terms  of  and  about  re- 
lationships, is  one  of  the  most  fundamental  disciplinary  aims  of  the  teaching 
of  mathematics. 

Cultural  aims. — By  cultural  aims  we  mean  those  somewhat  less  tangible 
but  none  the  less  real  and  important  intellectual,  ethical,  esthetic  or  spiritual 
aims  that  are  involved  in  the  development  of  appreciation  and  insight  and 
the  formation  of  ideals  of  perfection.  As  will  be  at  once  apparent  the  realiza- 
tion of  some  of  these  aims  must  await  the  later  stages  of  instruction,  but 
some  of  them  may  and  should  operate  at  the  very  beginning. 

More  specifically  we  may  mention  the  development  or  acquisition  of — 

(1)  Appreciation  of  beauty  in  the  geometrical  forms  of  nature,  art,  atid 
industry. 

(2)  Ideals  of  perfection  as  to  logical  structure,  precision  of  statement 
and  of  thought,  logical  reasoning  (as  exemplified  in  the  geometric  demon- 
stration), discrimination  between  the  true  and  the  false,  etc. 

(3)  Appreciation  of  the  power  of  mathematics — of  what  Byron  expres- 
sively called  "the  power  of  thought,  the  magic  of  the  mind”2 — and  the  role 
that  mathematics  and  abstract  thinking,  in  general,  have  played  in  the  de- 
velopment of  civilization;  in  particular  in  science,  in  industry,  and  in 
philosophy.  In  this  connection  mention  should  be  made  of  the  religious  ef- 
fect, in  the  broad  sense,  which  the  study  of  the  infinite  and  of  the  perma- 
nence of  laws  in  mathematics  tends  to  establish.3 


III.  THE  POINT  OF  VIEW  GOVERNING  INSTRUCTION 

The  practical  aims  enumerated  above,  in  spite  of  their  vital  importance, 
may  without  danger  be  given  a secondary  position  in  seeking  to  formulate 
the  general  point  of  view  which  should  govern  the  teacher,  provided  only 


2.  D.  E.  Smith:  Mathematics  in  the  Training  for  Citizenship,  Teachers  College 
Record,  vol.  18  (May,  1917),  p.  6. 

3.  For  an  elaboration  of  the  ideas  here  presented  in  the  barest  outline,  the  reader  is 
referred  to  the  article  by  D.  E.  Smith  already  mentioned  and  to  his  presidential  address 
before  the  Mathematical  Association  of  America.  “Religio  Matematici”,  American 
Mathematical  Monthly,  vol.  28  (Oct.,  1921),  pp.  339-349,  also  published  in  The  Mathe- 
matics Teacher,  vol.  14  (Dec.,  1921),  pp.  413-426. 
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that  they  receive  due  recognition  in  the  selection  of  material  and  that  the 
necessary  minimum  of  technical  drill  is  insisted  upon. 

The  'primary  purposes  of  the  teaching  of  mathematics  should  be  to  de- 
velop those  powers  of  understanding  and  of  analyzing  relations  of  quantity 
and  of  space  which  are  necessary  to  an  insight  into  and  control  over  our 
environment  and  to  an  appreciation  of  the  progress  of  civilization  in  its 
various  aspects,  and  to  develop  those  habits  of  thought  and  of  action  which 
will  make  these  powers  effective  in  the  life  of  the  individual. 

All  topics,  processes,  and  drill  in  technique  which  do  not  directly  con- 
tribute to  the  development  of  the  powers  mentioned  should  be  eliminated 
from  the  curriculum.  It  is  recognized  that  in  the  earlier  periods  of  instruc- 
tion the  strictly  logical  organization  of  subject-matter4  is  of  less  importance 
than  the  acquisition,  on  the  part  of  the  pupil,  of  experience  as  to  facts  and 
methods  of  attack  on  significant  problems,  of  the  power  to  see  relations, 
and  of  training  in  accurate  thinking  in  terms  of  such  relations.  Care  must 
be  taken,  however,  through  the  dominance  of  the  course  by  certain  general 
ideas  that  it  does  not  become  a collection  of  isolated  and  unrelated  details. 

Continued  emphasis  throughout  the  course  must  be  placed  on  the  de- 
velopment of  ability  to  grasp  and  to  utilize  ideas,  processes,  and  principles 
in  the  solution  of  concrete  problems  rather  than  on  the  acquisition  of  meie 
facility  or  skill  in  manipulation.  The  excessive  emphasis  now  commonly 
placed  on  manipulation  is  one  of  the  main  obstacles  to  intelligent  progress. 
On  the  side  of  algebra,  the  ability  to  understand  its  language  and  to 
use  it  intelligently,  the  ability  to  analyze  a problem,  to  formulate  it 
mathematically,  and  to  interpret  the  result  must  be  dominant  aims.  Drill 
in  algebraic  manipulation  should  be  limited  to  those  processes  and  to  the 
degree  of  complexity  required  for  a thorough  understanding  of  principles 
and  for  pi'obable  applications  either  in  common  life  or  in  subsequent  courses 
which  a substantial  proportion  of  the  pupils  will  take.  It  must  be  con- 
ceived throughout  as  a means  to  an  end,  not  as  an  end  in  itself.  Within 
these  limits,' skill  in  algebraic  manipulation  is  important,  and  drill  in  this 
subject  should  be  extended  far  enough  to  enable  students  to  carry  out  the 
essential  processes  accurately  and  expeditiously. 

On  the  side  of  geometry  the  formal  demonstrative  work  should  be  pre- 
ceded by  a reasonable  amount  of  informal  work  of  an  intuitive,  experi- 
mental, and  constructive  character.  Such  work  is  of  great  value  in  itself, 
it  is  needed  also  to  provide  the  necessary  familiarity  with  geometric  ideas, 
forms,  and  relations,  on  the  basis  of  which  alone  intelligent  appreciation  of 

formal  demonstrative  work  is  possible. 

The  one  great  idea  which  is  best  adapted  to  unify  the  course  is  that  of 

4.  “The  logical  from  the  standpoint  of  subject  matter  represents  the  goal,  the  last 
term  of  training,  not  the  point  of  departure.’’  Dewey,  “How  We  Think,  p.  62. 
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the  functional  relation.  The  concept  of  a variable  and  of  the  dependence  of 
one  variable  upon  another  is  of  fundamental  importance  to  everyone.  It  is 
true  that  the  general  and  abstract  form  of  these  concepts  can  become 
significant  to  the  pupil  only  as  a result  of  very  considerable  mathematical 
experience  and  training.  There  is  nothing  in  either  concept,  however,  which 
prevents  the  presentation  of  specific  concrete  examples  and  illustrations  of 
dependence  even  in  the  early  parts  of  the  course.  Means  to  this  end  will  be 
found  in  connection  with  the  tabulation  of  data  and  the  study  of  the  formula 
and  of  the  graph  and  of  their  uses. 

The  primary  and  underlying  principle  of  the  course  should  be  the  idea 
of  relationship  between  variables,  including  the  methods  of  determining  and 
expressing  such  relationship.  The  teacher  should  have  this  idea  constantly 
in  mind,  and  the  pupil’s  advancement  should  be  consciously  directed  along 
the  lines  which  will  present  first  one  and  then  another  of  the  ideas  upon 
which  finally  the  formation  of  the  general  concept  of  functionality  depends. 
(For  a more  detailed  discussion  of  these  ideas  see  Chapter  VII).  • 

The  general  ideas  which  appear  more  explicitly  in  the  course  and  under 
the  dominance  of  one  or  another  of  which  all  topics  should  be  brought  are : 
(1)  The  formula,  (2)  graphic  representation,  (3)  the  equation,  (4)  measure- 
ment ancl  computation,  (5)  congruence  and  similarity,  (6)  demonstration. 
These  are  considered  in  more  detail  in  a later  section  of  the  report  (Chaps. 
Ill  and  IV). 


IV.  THE  ORGANIZATION  OF  SUBJECT  MATTER 

“General”  courses. — We  have  already  called  attention  to  the  fact  that, 
in  the  earlier  periods  of  instruction  especially,  logical  principles  of  organiza- 
tion are  of  less  importance  than  psychological  and  pedagogical  principles. 
In  recent  years  there  has  developed  among  many  pi  igressive  teachers  a 
very  significant  movement  away  from  the  older  rigid  division  into  “sub- 
jects” such  as  arithmetic,  algebra,  and  geometry,  each  of  which  shall  be 
“completed”  before  another  is  begun,  and  toward  a rational  breaking  down 
of  the  barriers  separating  these  subjects,  in  the  interest  of  an  organization 
of  subject-matter  that  will  offer  a psychologically  and  pedagogically  more 
effective  approach  to  the  study  of  mathematics. 

There  has  thus  developed  the  movement  toward  what  are  variously 
called  “composite,”  “correlated,”  “unified,”  or  “general”  courses.  The  ad- 
vocates of  this  new  method  of  organization  base  their  claims  on  the  obvious 
and  important  interrelations  between  arithmetic,  algebra,  and  geometry 
(mainly  intuitive),  which  the  student  must  grasp  before  he  can  gain  any 
real  insight  into  mathematical  methods  and  which  are  inevitably  obscured 
by  a strict  adherence  to  the  conception  of  separate  “subjects.”  The  move- 
ment has  gained  considerable  new  impetus  by  the  growth  of  the  junior  high 
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school  and  there  can.be  little  question  that  the  results  already  achieved  by 
those  who  are  experimenting  with  the  new  methods  of  organisation  war- 
rant the  abandonment  of  the  extreme  “water-tight  compartment  method  of 

presentation.  . . , . , . 

The  newer  method  of  organization  enables  the  pupil  to  gain  a broad  view 

of  the  whole  field  of  elementary  mathematics  early  in  his  high-school  course. 

In  view  of  the  very  large  number  of  pupils  who  drop  out  of  school  at  the  end 
of  the  eighth  or  the  ninth  school  year  or  who  for  other  reasons  then  cease 
their  study  of  mathematics,  this  fact  offers  a weighty  advantage  over  the 
older  type  of  organization  under  which  the  pupils  studied  algebra  alone 
during  the  ninth  school  year,  to  the  complete  exclusion  of  all  contact  with 

geometry.  , 

It  should  be  noted,  however,  that  the  specific  recommendations  as  to 

content  given  in  the  next  two  chapters  do  not  necessarily  imply  the  adop- 
tion of  a different  type  of  organization  of  the  materials  of  instruction, 
large  number  of  high  schools  will  for  some  time  continue  to  find  it  desirable 
to  organize  their  courses  of  study  in  mathematics  by  subjects— algebra,  p ane 
geometry,  etc.  Such  schools  are  urged  to  adopt  the  recommendations  made 
with  reference  to  the  content  of  the  separate  subjects.  These,  in  the  mam, 
constitute  an  essential  simplification  as  compared  with  present  practice. 
The  economy  of  time  that  will  result  in  courses  in  ninth-year  algebra,  tor 
instance,  will  permit  of  the  introduction  of  the  newer  type  of  material,  in- 
cluding intuitive  geometry  and  numerical  trigonometry,  and  thus  the  way 
will  be  prepared  for  the  gradual  adoption  in  larger  measure  of  the  recom- 
mendations of  this  report.  . 

At  the  present  time  it  is  not  possible  to  designate  any  particular  order 

of  topics  or  any  organization  of  the  materials  of  instruction  as  being  le 
best  or  as  calculated  most  effectively  to  realize  the  aims  and  purposes  here 
set  forth  More  extensive  and  careful  .experimental  work  must  be  done  by 
teachers  and  administrators  before  any  such  designation  can  be  made  that 
shall  avoid  undesirable  extremes  and  that  shall  bear’ the  stamp  o genera 
approval.  This  experimental  work  will  prove  successful  in  proportion  to 
the  skill  and  insight  exercised  in  adapting  the  aims  and  purposes  of  instiuc- 
tion  to  the  interests  and  capacities  of  the  pupils.  One  of  the  greatest  weak 
nesses  of  the  traditional  courses  is  the  fact  that  both  the  interests  an  e 
capacities  of  pupils  have  received  insufficient  consideration  and  study.  For 
a detailed  account  of  courses  in  mathematics  at  a number  of  the  most  suc- 
cessful experimental  schools  the  reader  is  referred  to  Chapter  XII  of  this 

rGP  Required  courses.— The  National  Committee  believes  that  the  material 
described  in  the  next  chapter  should  be  required  of  all  pupils  and  that  under 
favorable  conditions  this  minimum  of  work  can  be  completed  by  the  end  of 
the  ninth  school  year.  In  the  junior  high  school,  comprising  grades  seven, 
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eight,  and  nine,  the  course  for  these  three  years  should  be  planned  as  a unit 
with  the  purpose  of  giving  each  pupil  the  most  valuable  mathematical  train- 
ing he  is  capable  of  receiving  in  those  years , with  little  reference  to  courses 
which  he  may  or  may  not  take  in  succeeding  years.  In  particular,  college  en- 
trance requirements  shoffld,  during  these  years,  receive  no  specific  considera- 
tion. Fortunately  there  appears  to  be  no  conflict  of  interest  during  this 
period  between  those  pupils  who  ultimately  go  to  college  and  those  who  do 
not;  a course  planned  in  accordance  with  the  principle  just  enunciated  will 
form  a desirable  foundation  for  college  preparation.  (See  Chapter  V ; also, 
the  experience  of  the  schools  described  in  Chapter  XII.) 

Similarly,  in  case  of  the  at  present  more  prevalent  8-4  school  organiza- 
tion, the  mathematical  material  of  the  seventh  and  eighth  grades  should  be 
selected  and  organized  as  a unit  with  the  same  purpose;  the  same  applies 
to  the  work  of  the  first  year  (ninth  grade)  of  the  standard  four-year  high 
school,  and  to  later  years  in  which  mathematics  may  be  a required  subject. 

In  the  case  of  some  elective  courses  the  principle  needs  to  be  modified  so 
as  to  meet  whatever  specific  vocational  or  technical  purposes  the  courses 
may  have.  (See  Chap.  IV.) 

The  movement  toward  correlation  of  the  work  in  mathematics  with 
other  courses  in  the  curriculum,  notably  those  in  science,  is  as  yet  in  its 
infancy.  The  results  of  such  efforts  will  be  watched  with  the  keenest  interest. 

The  junior  high-school  movement. — Reference  has  several  times  been 
made  to  the  junior  high  school.  The  National  Committee  adopted  the  fol- 
lowing resolution  on  April  24,  1920: 

The  National  Committee  approves  the  junior  high  school  form  of  organi- 
zation, and  urges  its  general  adoption  in  the  conviction  that  it  will  s't’ure 
greater  efficiency  in  the  teaching  of  mathematics. 

The  committee  on  the  reorganization  of  secondary  education,  appointed 
by  the  National  Education  Association,  in  its  pamphlet  on  the  “Cardinal 
Principles  of  Secondary  School  Education,”  issued  in  1918  by  the  Bureau 
of  Education,  advocates  an  organization  of  the  school  system  whereby  the 
first  six  years  shall  be  devoted  to  elementary  education  and  the  following 
six  years  to  secondary  education  to  be  divided  into  two  periods  which  may  be 
designated  as  junior  and  senior  periods. 

To  those  interested  in  the  study  of  the  questions  relating  to  the  history 
and  present  status  of  the  junior  high  school  movement,  the  following  books 
are  recommended:  Principles  of  Secondary  Education,  by  Inglis  (Houghton 
Mifflin  & Co.,  1918) ; The  Junior  High  School,  The  Fifteenth  Yearbook  (Pt. 
Ill)  of  the  National  Society  for  the  Study  of  Education  (Public  School  Pub- 
lishing Co.,  1919) ; The  Junior  High  School,  by  Bennett  (Warwick  & York, 
1919) ; The  Junior  High  School,  by  Briggs  (Houghton  Mifflin  & Co.,  1920)  ; 
and  The  Junior  High  School,  by  Koos  (Harcourt,  Brace  & Howe,  1920) . 
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V.  THE  TRAINING  OF  TEACHERS 

While  the  greater  part  of  this  report  concerns  itself  with  the  content  of 
courses  in  mathematics,  their  organization  and  the  point  of  view  which 
should  govern  the  instruction,  and  investigations  1 elating  theieto,  ohe  Na 
tional  Committee  must  emphasize  strongly  its  conviction  that  even  moie 
fundamental  is  the  problem  of  the  teacher— his  qualifications  and  training, 

his  personality,  skill,  and  enthusiasm. 

The  greater  part  of  the  failure  of  mathematics  is  due  to  poor  teaching. 
Good  teachers  have  in  the  past  succeeded,  and  will  continue  to  succeed,  in 
achieving  highly  satisfactory  results  with  the  traditional  material;  pool 
teachers  will  not  succeed  even  with  the  newer  and  better  material. 

The  United  States  is  far  behind  Europe  in  the  scientific  and  professional 
training  required  of  its  secondary  school  teachers  (see  Chap.  XIV).  The 
equivalent  of  two  or  three  years  of  graduate  and  professional  training  in 
addition  to  a general  college  course  is  the  normal  requirement  for  secondary 
school  teachers  in  most  European  countries.  Moreover,  the  recognized  posi- 
tion of  the  teacher  in  the  community  must  be  such  as  to  attract  men  and 
women  of  the  highest  ability  into  the  profession.  This  means  not  only  higher 
salaries  but  smaller  classes  and  more  leisure  for  continued  study  and  pro- 
fessional advancement.  It  will  doubtless  require  a considerable  time  before 
the  public  can  be  educated  to  realize  the  wisdom  of  taxing  itself  sufficiently 
to  bring  about  the  desired  result.  But  if  this  ideal  is  continually  advanced 
and  supported  by  sound  argument  there  is  every  reason  to  hope  that  in  time 
the  goal  may  be  reached. 

In  the  meantime  everything  possible  should  be  done  to  improve  the 
present  situation.  One  of  the  most  vicious  and  widespread  practices  con- 
sists in  assigning  a class  in  mathematics  to  a teacher  who  has  had  no  special 
training  in  the  subject  and  whose  interests  lie  elsewhere  because  in  the  con- 
struction of  the  time  schedule  he  or  she  happens  to  have  a vacant  period  at 
the  time.  This  is  done  on  the  principle,  apparently,  that  “anybody  can  teach 
mathematics”  by  simply  following  a textbook  and  devoting  90  per  cent  of 
the  time  to  drill  in  algebraic  manipulation  or  to  the  recitation  of  the  mem- 
orized demonstration  of  theorems  in  geometry. 

It  will  be  apparent  from  the  : mdy  of  this  report  that  a successful  teacher 
of  mathematics  must  not  only  be  highly  trained  in  his  subject  and  have  a 
genuine  enthusiasm  for  it  but  must  have  also  peculiar  attributes  of  person- 
ality and  above  all  insight  of  a high  order  into  the  psychology  of  the  learn- 
ing process  as  related  to  the  higher  mental  activities.  Administrators 
should  never  lose  sight  of  the  fact  that  while  mathematics  if  piopeily  taught 
is  one  of  the  most  important,  interesting,  and  valuable  subjects  of  the  cur- 
riculum, it  is  also  one  of  the  most  difficult  to  teach  successfully. 
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Standards  for  teachers.— It  is  necessary  at  the  outset  to  make  a funda- 
mental distinction  between  standards  in  the  sense  of  requirements  foi  ap- 
pointment to  teaching  positions,  and  standards  of  scientific  attainment  whic  i 
shall  determine  the  curricula  of  colleges  and  normal  schools  aiming  to  give 
candidates  the  best  practicable  preparation.  The  former  requirements  should 
be  high  enough  to  insure  competent  teaching,  but  they  must  not  be  so  lg 
as  to  form  a serious  obstacle  to  admission  to  the  profession  even  for  candi- 
dates who  have  chosen  it  relatively  late.  The  main  factors  determining  le 
level  of  these  requirements  are  the  available  facilities  for  preparation,  the 
needs  of  the  pupils,  and  the  economic  or  salary  conditions. 

Relatively  few  young  people  deliberately  choose  before  entering  college 
the  teaching  of  secondary  mathematics  as  a life  jvork.  In  the  more  fre- 
quent or  more  typical  case,  the  college  student  who  will  ultimately  become 
a teacher  of  secondary  mathematics  makes  the  choice  gradually,  perhaps 
unconsciously,  late  in  the  college  course  or  even  after  its  completion  per- 
haps after  some  trial  of  teaching  in  other  fields.  The  possible  supply  o 
young  people  who  have  the  real  desire  to  become  teachers  of  mathematics 
is  so  meager  in  comparison  with  the  almost  unlimited  needs  of  the  country 
that  every  effort  should  be  made  to  develop  and  maintain  that  desire  and 
all  possible  encouragement  given  those  who  manifest  it.  If,  as  will  usual  y 
be  the  case,  the  desire  is  associated  with  the  necessary  mathematical  ca- 
pacity, it  will  not  be  wise  to  hamper  the  candidate  by  requiring  too  ig 
attainments,  though  as  a matter  of  course  he  will  need  guidance  in  continu- 
ing his  preparation  for  a profession  of  exceptional  difficulty  and  exceptional 

opportunity.  . 

Another  factor  which  must  tend  to  restrict  requirements  of  high  mathe- 
matical attainment  is  the  importance  to  the  candidate  of  breadth  of  prepa- 
ration. In  college  he  may  be  in  doubt  as  to  becoming  a teacher  of  mathe- 
matics or  physics  or  some  other  subject.  It  is  unwise  to  hasten  the  choice. 
In  many  cases  the  secondary  teacher  must  be  prepared  in  more  than  one 
field,  and  to  the  future  teacher  of  mathematics  preparation  in  physics  and 
drawing,  not  to  mention  chemistry,  engineering,  etc.,  may  be  at  least  as 
valuable’  as  purely  mathematical  college  electives  beyond  the  calculus. 

In  the  second  sense — of  standards  of  scientific  attainment  to  be  held  by 
the  colleges  and  normal  schools— these  institutions  should  make  every 

effort — 

1.  To  awaken  interest  in  the  subject  and  the  teaching  of  it  in  as  man^ 
young  people  of  the  right  sort  as  possible. 

2 To  give  them  the  best  possible  opportunity  for  professional  prepara- 
tion and  improvement,  both,  before  and  after  the  beginning  of  teach- 

ing. 

How  the  matter  of  requirements  for  appointment  will  actually  work  out 
in  a given  community  will  inevitably  depend  upon  conditions  of  time  and 
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Place,  varying  widely  in  character  and  degree.  Tn  many  communities  it  is 
already  practicable  and  customary  to  require  not  less  than  two  yeuis  o 
college  work  in  mathematics,  including  elementary  calculus,  with  provision 
for  additional  electives.  Such  a requirement  the  committee  would  stiongly 
recommend,  recognizing,  however,  that  in  some  localities  it  would  be 
the  present  too  restrictive  of  the  supply.  In  some  cases  preparation  m the 
pedagogy,  philosophy,  and  history  of  mathematics  could  be  reasonably  de- 
manded or  at  least  given  weight;  in  other  cases,  any  considerable  tune  spent 
upon  them  would  be  of  doubtful  value.  In  all  cases  requirements  should  be 
carefully  adjusted  to  local  conditions  with  a view  to  recognizing  le 
both  of  broad  and  thorough  training  on  the  part  of  those  entering  « i pio- 
fession  and  of  continued  preparation  and  improvement  by  summer  woik  a 
the  like.  Particular  pains  should  be  taken  that  such  preparation  is  d 
accessible  and  attractive  in  the  colleges  and  normal  schools  f.om  which 

teachers  are  drawn.  . , ,,  . 

It  is  naturally  important  that  entrance  to  the  profession  should 
be  much  delayed  by  needlessly  high  or  extended  requirements  and  the 
danger  of  creating  a teacher  who  may  be  too  much  a specialist  for  school 
work  and  too  little  for  college  teaching  must  be  guarded  against.  T 
may  naturally  also  be  a wide  difference  between  requirements  in  a strong 
school  offering  many  electives  and  a weaker  one  or  a junior  high  school. 
Practically,  it  may  be  fair  to  expect  that  the  stronger  schools  will  main- 
tain their  standards  not  by  arbitrary  or  general  requirements  01  en  ranee 
to  the  profession  but  often  by  recruiting  from  other  schools  teachers  who 
have  both  high  attainments  and  successful  teaching  experience. 

Programs  of  courses  for  colleges  and  normal  schools  preparing  teachers 
in  secondary  mathematics  will  be  found  in  Chapter  XIV,  together  with  an 
account  of  existing  conditions. 


CHAPTER  III 


Mathematics  for  Years  Seven,  Eight,  and  Nine 


I.  INTRODUCTION 

There  is  a well-marked  tendency  among  school  administrators  to  con- 
sider grades  one  to  six,  inclusive,  as  constituting  the  elementary  school  and 
to  consider  the  secondary  school  period  as  commencing  with  the  seventh 
grade  and  extending  through  the  twelfth.1  Conforming  to  this  view,  the  con- 
tent of  the  courses  of  study  in  mathematics  for  grades  seven,  eight  and  nine 
are  considered  together.  In  the  succeeding  chapter  the  content  for  giades 

ten,  eleven,  and  twelve  is  considered.  - 

The  committee  is  fully  aware  of  the  widespread  desire  on  the  part  ol 

teachers  throughout  the  country  for  a detailed  syllabus  by  yeais  or  ai 
years  which  shall  give  the  best  order  of  topics  with  specific  time  allotments 
for  each.  This  desire  can  not  be  met  at  the  present  time  for  the  simp  e 
reason  that  no  one  knows  what  is  the  best  order  of  topics,  nor  iow  muci 
time  should  be  devoted  to  each  in  an  ideal  course.  The  committee  feels  that 
its  recommendations  should  be  so  formulated  as  to  give  every  encouragemen 

to  further  experimentation  rather  than  to  restrict  the  teacher  s lee  om  ya 

standardized  syllabus.  . , 

However,  certain  suggestions  as  to  desirable  arrangements 
terial  are  offered  in  a later  section  (Sec.  Ill)  of  this  chapter,  and  in  Chapter 
XII  there  will  be  found  detailed  outlines  giving  the  order  of  presentation  and 
time  allotments  in  actual  operation  in  schools  of  various  types.  11s  ma- 
terial should  be  helpful  to  teachers  and  administrators  m planning  courses 

to  fit  their  individual  needs  and  conditions.  . ....  . 

It  is  the  opinion  of  the  committee  that  the  material  included  in  n 
chapter  should  be  required  of  all  pupils.  It  includes  mathematical  knowl- 

1 “We  therefore  recommend  a reorganization  of  the  school  system  whereby  the  hist 
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edge  and  training  which  is  likely  to  be  needed  by  every  citizen.  Differentia- 
tion due  to  special  needs  should  be  made  after  and  not  before  the  comple- 
tion of  such  a general  minimum  foundation.  Such  portions  of  the  recom- 
mencleu  content  as  have  not  been  completed  by  the  end  of  the  ninth  year 
should  be  required  in  the  following  year. 

The  general  principles  which  have  governed  the  selection  of  the  material 
presented  in  the  next  section  and  which  should  govern  the  point  of  view  of 
the  teaching  have  already  been  stated  (Chap.  ID.  At  this  point  it  seems 
desirable  to  recall  specifically  what  was  then  said  concerning  principles 
governing  the  organization  of  material,  the  importance  to  be  attached  to  the 
development  of  insight  and  understanding  and  of  ability  to  think  clearly  in 
terms  of  relationships  (dependence),  and  the  limitations  imposed  on  drill 
in  algebraic  manipulation.  In  addition  we  would  call  attention  to  the  fol- 
lowing considerations: 

It  is  assumed  that  at  the  end  of  the  sixth  school  year  the  pupil  will  be 
able  to  perform  with  accuracy  and  with  a fair  degree  of  speed  the  funda- 
mental operations  with  integers  and  with  common  and  decimal  fractions. 
The  fractions  here  referred  to  are  such  simple  ones  in  common  use  as  are 
set  forth  in  detail  under  A(c)  in  the  following  section.  It  may  be  pointed 
out  that  the  standard  of  attainment  here  implied  is  met  in  a large  number 
of  schools,  as  is  shown  by  various  tests  now  in  use  (see  Chap.  XIII  ),  and 
can  easily  be  met  generally  if  time  is  not  wasted  on  the  relatively  unimpor- 
tant parts  of  the  subject. 

In  adapting  instruction  in  mathematics  to  the  mental  traits  of  pupils 
care  should  be  taken  to  maintain  the  mental  growth  too  often  stunted  by 
secondary  school  materials  and  methods,  and  an  effort  should  be  made  to 
associate  with  inquisitiveness,  the  desire  to  experiment,  the  wish  to  know 
“how  and  why”  and  the  like,  the  satisfaction  of  these  needs. 

In  the  years  under  consideration  it  is  also  especially  important  to  give 
the  pupils  as  broad  an  outlook  over  the  various  fields  of  mathematics  as  is 
consistent  with  sound  scholarship.  These  years  especially  are  the  ones  in 
which  the  pupil  should  have  the  opportunity  to  find  himself,  to  test  his  abili- 
ties and  aptitudes,  and  to  secure  information  and  experience  which  will  help 
him  choose  wisely  his  later  courses  and  ultimately  his  life  work. 

II.  MATERIAL  FOR  GRADES  SEVEN,  EIGHT,  AND  NINE 

Tn  the  material  outlined  in  the  following  pages  no  attempt  is  made  to 
indie  +e  the  most  desirable  order  of  presentation.  Stated  by  topics  rather 
than  years  the  mathematics  of  grades  seven,  eight,  and  nine  may  properly 
be  expected  to  include  the  following: 

A.  Arithmetic. — (a)  The  fundamental  operations  of  arithmetic. 

(6)  Tables  of  weights  and  measures  in  general  practical  use,  including 
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the  most  common  metric  units  (meter,  centimeter,  millimeter,  kilometei, 
gram,  kilogram,  liter).  The  meaning  of  such  foreign  monetary  units  as 
pound,  franc,  and  Mark. 

(c)  Such  simple  fractions  as  Mi,  Vii,  %,  14,  %,  M,  16;  others  than  these  to 
have  less  attention. 

(d)  Facility  and  accuracy  in  the  four  fundamental  operations;  time 
tests,  taking  care  to  avoid  subordinating  the  teaching  to  the  tests  or  to  use 
the  tests  as  measures  of  the  teacher’s  efficiency.  (See  Chap.  XIII.) 

(e)  Such  simple  short  cuts  in  multiplication  and  division  as  that  of  >e- 
placing  multiplication  by  25  by  multiplying  by  100  and  dividing  by  4. 

(f)  Percentage.  Interchanging  common  fractions  and  per  cents;  finding 
any  per  cent  of  a number;  finding  what  per  cent  one  number  is  of  another; 
finding  a number  when  a certain  per  cent  of  it  is  known;  and  such  applica- 
tions of  percentage  as  come  within  the  student’s  experience. 

( g ) Line,  bar,  and  circle  graphs,  wherever  they  can  be  used  to  advantage. 

(h)  Arithmetic  of  the  home:  household  accounts,  thrift,  simple  book- 
keeping, methods  of  sending  money,  parcel  post. 

Arithmetic  of  the  community:  property  and  personal  insurance,  taxes. 

Arithmetic  of  banking:  savings  accounts,  checking  accounts. 

Arithmetic  of  investment:  real  estate,  elementary  notions  of  stocks  and 

bonds,  postal  savings. 

( i ) Statistics:  fundamental  concepts,  statistical  tables  and  graphs;  picto- 


grams;  graphs  showing  simple  frequency  distributions. 

It  will  be  seen  that  the  material  listed  above  includes  some  material  of 
earlier  instruction.  This  does  not  mean  that  this  material  is  to  be  made  the 
direct  object  of  study  but  that  drill  in  it  shall  be  given  in  connection  with 
the  new  work.  It  is  felt  that  this  shift  in  emphasis  will  make  the  arithmetic 
processes  here  involved  much  more  effective  and  will  also  result  in  a gieat 
saving  of  time. 

The  amount  of  time  devoted  to  arithmetic  as  a distinct  subject  should  be 


greatly  reduced  from  what  is  at  present  customary.  This  does  not  mean  a 
lessening  of  emphasis  on  drill  in  arithmetic  processes  for  the  purpose  of  se- 
curing accuracy  and  speed.  The  need  for  continued  arithmetic  work  and 
numerical  computation  throughout  the  secondary  school  period  is  recognized 
elsewhere  in  this  report.  (Chap.  II.) 

The  applications  of  arithmetic  to  business  should  be  continued  late 
enough  in  the  course  to  bring  to  their  study  the  pupil’s  greatest,  maturity, 
experience,  and  mathematical  knowledge,  and  to  insure  real  significance  of 
this  study  in  the  business  and  industrial  life  which  many  of  the  pupils  will 
enter  at  the  close  of  the  eighth  or  ninth  school  year.  (See  I,  below.)  In  this 
connection  care  should  be  taken  that  the  business  practices  taught  in  the 
schools  are  in  accord  with  the  best  actual  usage.  Arithmetic  should  not  be 
completed  before  the  pupil  has  acquired  the  power  of  using  algebra  as  an  aid. 
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B.  Intuitive  geometry.- (a)  The  direct  measurement  of  distances  and 
angles  by  means  of  a linear  scale  and  protractor.  The  approximate  character 
of  measurement.  An  understanding  of  what  is  meant  by  the  degree  o pie- 

cision  as  expressed  by  the  number  of  “significant  figuies. 

(b)  Areas  of  the  square,  rectangle,  parallelogram,  triangle,  and  trape- 
zoid;  circumference  and  area  of  a circle;  surfaces  and  volumes  of  solids  o 
corresponding  importance;  the  construction  of  the  corresponding  formulas. 

(c)  Practice  in  numerical  computation  with  due  regard  to  the  num  ei 

of  figures  used  or  retained.  . i „ 

(d)  Indirect  measurement  by  means  of  drawings  to  scale;  use  of  square 

ruled  paper.  . , . , , 

(e)  Geometry  of  appreciation;  geometric  forms  in  nature,  architecture, 

manufacture,  and  industry. 

(/)  Simple  geometric  constructions  with  ruler  and  compasses,  l-squaie, 
and  triangle,  such  as  that  of  the  perpendicular  bisector,  the  bisector  of  an 

angle,  and  paiallel  lines.  ......  . .1  on°_fjo0 

(g)  Familiarity  with  such  forms  as  the  equilateral  triangle,  the  30  bU 

right  triangle,  and  the  isosceles  right  triangle;  symmetry;  a knowledge  of 
such  facts  as  those  concerning  the  sum  of  the  angles  of  a triangle  an  le 
Pythagorean  relation;  simple  cases  of  geometric  loci  in  the  plane  and  in 

space.  b ... 

{li)  Informal  introduction  to  the  idea  of  similarity. 

The  work  in  intuitive  geometry  should  make  the  pupil  familiar  wit  le 
elementary  ideas  concerning  geometric  forms  in  the  plane  and  in  space  vi 
respect  to  shape,  size,  and  position.  Much  opportunity  should  be  provided 
for  exercising  space  perception  and  imagination.  The  simpler  geometric 
ideas  and  relations  in  the  plane  may  properly  be  extended  to  three  imen- 
sions.  The  work  should,  moreover,  be  carefully  planned  so  as  to  bring  ou 
geometric  relations  and  logical  connections.  Before  the  end  of  this  in  ui  ive 
work  the  pupil  should  have  definitely  begun  to  make  inferences  and  to  draw 
valid  conclusions  from  the  relations  discovered.  In  other  words,  this  in- 
formal work  in  geometry  should  be  so  organized  as  to  make  it  a gia  ua 
approach  to,  and  provide  a foundation  for,  the  subsequent  work  in  demon- 
strative geometry.  . 

C Algebra.— 1 The  formula— its  construction,  meaning,  and  use 

(a)  as  a concise  language;  (b)  as  a shorthand  rule  tor  computation;  (c)  as 
a general  solution;  (d)  as  an  expression  of  the  dependence  of  one  variable 

upon  another.  . 

The  pupil  will  already  have  met  the  formula  in  connection  with  intuitive 

geometry.  The  work  should  now  include  translation  from  English  into 
algebraic  language,  and  vice  versa,  and  special  care  should  be  taken  to 
make  sure  that  the  new  language  is  understood  and  used  intelligently.  I he 
nature  of  the  dependence  of  one  variable  in  a formula  upon  another  should 
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be  examined  and  analyzed,  with  a view  to  seeing  “how  the  formula  works. ” 
(See  Chap.  VII.) 

2.  Graphs  and  graphic  representations  in  general — their  construction  and 
interpretation  in  (a)  representing  facts  (statistical,  etc.)  ; (6)  representing 
dependence;  (c)  solving  problems. 

After  the  necessary  technique  has  been  adequately  presented  graphic 
representation  should  not  be  considered  as  a separate  topic  but  should  be 
used  throughout,  whenever  helpful,  as  an  illustrative  and  interpretative 
instrument. 

3.  Positive  and  negative  numbers — their  meaning  and  use:  (a)  as  ex- 
pressing both  magnitude  and  one  of  two  opposite  directions  or  senses;  ( b ) 
their  graphic  representation;  (a)  the  fundamental  operations  applied  to 
them. 

4.  The  equation — its  use  in  solving  problems : 

(a)  Linear  equations  in  one  unknown — their  solution  and  applications. 

( b ) Simple  cases  of  quadratic  equations  when  arising  in  connection  with 
formulas  and  problems. 

(c)  Equations  in  two  unknowns,  with  numerous  concrete  illustrations. 

(d)  Various  simple  applications  of  ratio  and  proportion  in  cases  in  which 
they  are  generally  used  in  problems  of  similarity  and  in  other  problems  of 
ordinary  life.  In  view  of  the  usefulness  of  the  ideas  and  training  involved, 
this  subject  may  also  properly  include  simple  cases  of  variation. 

5.  Algebraic  technique:  (a)  The  fundamental  operations. 

Their  connection  with  the  rules  of  arithmetic  should  be  clearly  brought 
out  and  made  to  illuminate  numerical  processes.  Drill  in  these  operations 
should  be  limited  strictly  in  accordance  with  the  principle  mentioned  .in 
Chapter  II,  page  11.  In  particular,  “nests”  of  parentheses  should  be 
avoided,  and  multiplication  and  division  should  not  involve  much  beyond 
monomial  and  binomial  multipliers,  divisors,  and  quotients. 

(b)  Factoring.  The  only  cases  that  need  be  considered  are  (i)  common 
factors  of  the  terms  of  a polynomial;  (ii)  the  difference  of  two  squares; 
(iii)  trinomials  of  the  second  degree  that  can  be  easily  factored  by  trial. 

(c)  Fractions.  Here  again  the  intimate  connection  with  the  correspond- 
ing processes  of  arithmetic  should  be  made  clear  and  should  serve  to  illumi- 
nate such  processes.  The  four  fundamental  operations  with  fractions  should 
be  considered  only  in  connection  with  simple  cases  and  should  be  applied 
constantly  throughout  the  course  so  as  to  gain  the  necessary  accuracy  and 
facility. 

( d ) Exponents  and  radicals.  The  work  done  on  exponents  and  radicals 

should  be  confined  to  the  simplest  material  required  for  the  treatment  of 
formulas.  The  laws  for  positive  integral  exponents  should  be  included.  The 
consideration  of  radicals  should  be  confined  to  transformations  of  the  fol- 
lowing types:  ■%/ ci2b  — a -\Zb)\/a/b  = ■^r'\/ab  and  \/ci/b  — \/b’,  and 
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to  the  numerical  evaluation  of  simple  expressions  involving  the  radical  sign. 
A process  for  finding  the  square  root  of  a number  should  be  included,  but 
not  for  finding  the  square  root  of  a polynomial. 

(0)  Stress  should  be  laid  upon  the  need  for  checking  solutions. 

D.  Numerical  trigonometry. — (a)  Definition  of  sine,  cosine,  and  tan- 
gent. 

(6)  Their  elementary  properties  as  functions. 

(c)  Their  use  in  solving  problems  involving  right  triangles. 

( d ) The  use  of  tables  of  these  functions  (to  three  or  four  places). 

The  introduction  of  the  elementary  notions  of  trigonometry  into  the 
earlier  courses  in  mathematics  has  not  been  as  general  in  the  United  States 
as  in  foreign  countries.  (See  Chap.  XI.)  Among  the  reasons  for  an  early 
introduction  of  this  topic  are  these:  Its  practical  usefulness  for  many  citi- 
zens; the  insight  it  gives  into  the  nature  of  mathematical  methods,  particu- 
larly those  concerned  with  indirect  measurement,  and  into  the  role  that 
mathematics  plays  in  the  life  of  the  world;  the  fact  that  it  is  not  difficult  and 
that  it  offers  wide  opportunity  for  concrete  and  significant  application;  and 
the  interest  it  arouses  in  the  pupils.  It  should  be  based  upon  the  work  in 
intuitive  geometry,  with  which  it  has  intimate  contacts  (see  B,  d,  h,  above), 
and  should  be  confined  to  the  simplest  material  needed  for  the  numerical 
treatment  of  the  problems  indicated.  Relations  between  the  trigonometric 
functions  need  not  be  considered. 

E.  Demonstrative  geometry. — The  demonstration  of  a limited  number 
of  propositions,  with  no  attempt  to  limit  the  number  of  fundamental  as- 
sumptions, the  principal  purpose  being  to  show  to  the  pupil  what  “demon- 
stration” means. 

Many  of  the  geometric  facts  previously  inferred  intuitively  may  be  used 
as  the  basis  upon  which  the  demonstrative  work  is  built.  This  is  not  in- 
tended to  preclude  the  possibility  of  giving  at  a later  time  rigorous  proofs 
of  some  of  the  facts  inferred  intuitional ly.  Ir  should  be  noted  that  from  the 
strictly  logical  point  of  view  the  attempt  to  reduce  to  a minimum  the  list 
of  axioms,  postulates,  or  assumptions*  is  not  at  all  necessary,  and  from  a peda- 
gogical point  of  view  such  an  attempt  in  an  elementary  course  is  very  un- 
desirable. It  is  necessary,  however,  that  those  propositions  which  are  to  be 
used  as  the  basis  of  subsequent  formal  proofs  be  explicitly  listed  and  their 
logical  significance  recognized. 

In  regard  to  demonstrative  geometry  some  teachers  have  objected  to  the 
introduction  of  such  work  below  the  tenth  grade  on  the  ground  that  with 
such  immature  pupils  as  are  found  in  the  ninth  grade  nothing  worth  while 
could  be  accomplished  in  the  limited  time  available.  These  teachers  may  be 
right  with  regard  to  conditions  prevailing  or  likely  to  prevail  in  the  ma- 
jority of  schools  in  the  immediate  future.  The  committee  has  therefore  in 
a later  section  of  this  chapter  (Sec.  Ill)  made  alternative  provision  for  the 
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omission  of  work  in  demonstrative  geometry. 

On  the  other  hand,  it  is  proper  to  call  attention  to  the  fact  that  certain 
teachers  have  successfully  introduced  a limited  amount  of  work  in  demon- 
strative geometry  into  the  ninth  grade  (see  Chap.  XII)  and  that  it  would 
seem  desirable  that  others  should  make  the  experiment  when  conditions  are 
favorable.  Much  of  the  opposition  is  probably  due  to  a failure  to  realize  the 
extent  to  which  the  work  in  intuitive  geometry,  if  properly  organized,  will 
prepare  the  way  for  the  more  formal  treatment,  and  to  a .misconception  of 
the  purposes  and  extent  of  tin  work  in  demonstrative  geometry  that  is  pro- 
posed. In  reaching  a decision  on  this  question  teachers  should  keep  in  mind 
that  it  is  one  of  their  important  duties  and  obligations,  in  the  grades  under 
consideration,  to  show  their  pupils  the  nature,  content,  and  possibilities 
of  later  courses  in  their  subject  and  to  give  to  each  pupil  an  opportunity  to 
determine  his  aptitudes  and  preferences  therefor.  The  omission  in  the 
earlier  courses  of  all  work  of  a demonstrative  nature  in  geometry  would 
disregard  one  educationally  important  aspect  of  mathematics. 

F.  History  and  biography. — Teachers  are  advised  to  make  themselves 
reasonably  acquainted  with  the  leading  events  in  the  history  of  mathe- 
matics, and  thus  to  know  that  mathematics  has  developed  in  answer  to 
human  needs,  intellectual  as  well  as  technical.  They  should  use  this  material 
incidentally  throughout  their  courses  for  the  purpose  of  adding  to  the  inter- 
est of  the  pupils  by  means  of  informal  talks  on  the  growth  of  mathematics 
and  on  the  lives  of  the  great  makers  of  the  science. 

G.  Optional  topics. — Certain  schools  have  been  able  to  cover  satis- 
factorily the  work  suggested  in  sections  A to  F before  the  end  of  the  ninth 
grade  (see  Chap.  XII).  The  committee  looks  with  favor  on  the  efforts,  in 
such  schools,  to  introduce  earlier  than  is  now  customary  certain  topics  and 
processes  which  are  closely  related  to  modern  needs,  such  as  the  meaning  and 
use  of  fractional  and  negative  exponents,  the  use  of  the  slide-rule,  the  use 
of  logarithms  and  of  other  simple  tables,  and  simple  work  in  arithmetic 
and  geometric  progressions,  with  modern  applications  to  such  financial  topics 
as  interest  and  annuities  and  to  such  scientific  topics  as  falling  bodies  and 
laws  of  growth. 

H.  Topics  to  be  omitted  or  postponed. — In  addition  to  the  large 
amount  of  drill  in  algebraic  technique  already  referred  to,  the  following 
topics  should,  in  accordance  with  our  basic  principles,  be  excluded  from 
the  work  of  grades  seven,  eight,  and  nine;  some  of  them  will  properly  be  in- 
cluded in  later  courses  (see  Chap.  IV) : 

Highest  common  factor  and  lowest  common  multiple,  except  the  simplest 
cases  involved  in  the  addition  of  simple  fractions. 

The  theorems  on  proportion  relating  to  alternation,  inversion,  composi- 
tion, and  division. 

Literal  equations,  except  such  as  appear  in  common  formulas,  including 
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the  derivation  of  formulas  and  of  geometric  relations,  or  to  show  how  need- 
less computation  may  be  avoided. 

Radicals,  except  as  indicated  in  a previous  section. 

Square  root  of  polynomials. 

Cube  root. 

Theory  of  exponents. 

Simultaneous  equations  in  more  than  two  unknowns. 

The  binomial  theorem. 

Imaginary  and  complex  numbers. 

Radical  equations  except  such  as  arise  in  dealing  with  elementary 
formulas. 

I.  Problems. — As  already  indicated,  much  of  the  emphasis  now  gen- 
erally placed  on  the  formal  exercise  should  be  shifted  to  the  “concrete”  or 
“verbal”  problem.  The  selection  of  problem  material  is,  therefore,  of  the 
highest  importance. 

The  demand  for  “practical”  problems  should  be  fully  met  in  so  far  as 
the  maturity  and  previous  experience  of  the  pupil  will  permit.  But  above  all, 
the  problems  must  be  “real”  to  the  'pu'pil,  must  connect  with  his  ordinary 
thought,  and  must  be  within  the  world  of  his  experience  and  interest.  “The 
educational  utility  of  problems  is  not  to  be  measured  by  their  commercial 
or  scientific  value,  but  by  their  degree  of  reality  for  the  pupils.  . . . They 
must  exemplify  those  leading  ideas  which  it  is  desired  to  impart,  and  they 
must  do  so  through  media  which  are  real  to  those  under  instruction.  The 
reality  is  found  in  the  students,  the  utility  in  their  acquisition  of  principles.”2 

There  should  be,  moreover,  a conscious  effort  through  the  selection  of 
problems  to  correlate  the  work  in  mathematics  with  the  other  courses  of  the 
curriculum,  especially  in  connection  with  courses  in  science.  The  introduction 
of  courses  in  “general  science”  increases  the  opportunities  in  this  direction. 

J.  Numerical  computation,  use  of  tables,  etc. — The  solution  of  prob- 
lems should  offer  opportunity  throughout  the  grades  under  consideration 
for  considerable  arithmetical  and  computational  work.  In  this  connection 
attention  should  be  called  to  the  importance  of  exercising  common  sense 
and  judgment  in  the  use  of  approximate  data,  keeping  in  mind  the  fact  that 
all  data  secured  from  measurement  are  approximate.  A pupil  should  be 
led  to  see  the  absurdity  of  giving  the  area  of  a circle  to  a thousandth  of  a 
square  inch  when  the  radius  has  been  measured  only  to  the  nearest  inch.  He 
should  understand  the  conception  of  “the  number  of  significant  figures”  and 
should  not  retain  more  figures  in  his  result  than  are  warranted  by  the 
accuracy  of  his  data.  The  ideals  of  accuracy  and  of  self-reliance  and  the 
necessity  of  checking  all  numerical  results  should  be  emphasized.  An  in- 
sight into  the  nature  of  tables,  including  some  elementary  notions  as  to 


2.  Carson:  Mathematical  Education,  pp.  42-45. 
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interpolation,  is  highly  desirable.  The  use  of  tables  of  various  kinds  (such 
as  squares  and  square  roots,  interest,  and  trigonometric  functions)  to  fa- 
cilitate computation  and  to  develop  the  idea  of  dependence  should  be 

encouraged. 


XXL  SUGGESTED  ARRANGEMENTS  OF  MATERIAL 

In  approaching  the  problem  of  arranging  or  organizing  this  material  it  is 
necessary  to  consider  the  different  situations  that  may  have  to  be  met. 

1.  The  junior  high  school.-In  view  of  the  fact  that  ^erthisform 
of  school  organization  pupils  may  be  expected  to  remam  m scho 
end  of  the  junior  high  school  period  instead  of  leaving  m arge  num 
the  end  of  the  eighth  school  year,  the  mathematics  of  the  three  yea -of  the 
junior  high  school  should  be  planned  as  a unit,  and  should  include  the  ma- 
teidal  recommended  in  the  preceding  section.  There  remains  the  question 
as  to  the  order  in  which  the  various  topics  should  be  presente  an 
amount  of  time  to  be  devoted  to  each.  The  committee  has  area  y s a e 
its  reasons  for  not  attempting  to  answer  this  question  (see  Sec.  I of  this 
chanter)  The  following  plans  for  the  distribution  of  time  are  however,  sug 
gestd  n the  hope  thaUhey  may  be  helpfui;  but  no  one  of  them  . recom- 
mended as  superior  to  the  others,  and  only  the  large  dmsmns  of  matenal 

are  mentioned. 

PLAN  A. 

First  year:  Applications  of  arithmetic,  particularly  in  such  lines  as  relate  to  the 

home  to  thrift  and  to  the  various  school  subjects;  intuitive  geome  r>. 

Lond^ Algebra;  applied  arithmetic,  particularly  in  such  lines  as  relate  to 

commercial,  industrial  and  social  needs. 

Third  year:  Algebra,  trigonometry,  demonstrative  geome  ry 
By  this  plan  the  demonstrative  geometry  is  introduced  m the  third  >ear, 
arithmetic  is  practically  completed  in  the  second  year. 

PLAN  B. 

First  year:  Applied  arithmetic  (as  in  plan  A) ; intuitive  geometry. 

Second  vear:  Algebra,  intuitive  geometry,  trigonometry. 

Third  year-  Applied  arithmetic,  algebra,  trigonometry,  demonstrative  geome  y. 
Byl  plan  trigonometry-  is  taken  up  in  two  years,  and  the  anth, aerie  > trans- 

f erred  from  the  second  year  to  the  third  year. 

PLAN  C. 

First  year:  Applied  arithmetic  (as  in  plan  A),  intuitive  geometry,  algebra. 
Second  year:  Algebra,  intuitive  geometry. 

Third  year:  Trigonometry,  demonstrative  geometry,  applied  anthmet  . 

By  this  plan  Algebra  is  confined  chiefly  to  the  first  two  years. 

PLAN  D. 

First  year:  Applied  arithmetic  (as  in  plan  A),  intuitive  geometry. 
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Second  year:  Intuitive  geometry,  algebra. 

Third  year:  Algebra,  trigonometry,  applied  arithmetic. 

By  this  plan  Algebra  is  confined  chiefly  to  the  first  two  years. 

PLAN  E. 

First  year:  Intuitive  geometry,  simple  formulas,  elementary  principles  of  statis- 
tics, arithmetic  (as  in  plan  A) . 

Second  year:  Intuitive  geometry,  algebra,  arithmetic. 

Third  year:  Geometry,  numerical  trigonometry,  arithmetic. 

2.  Schools  organized  on  the  8-4  plan. — It  cannot  be  too  strongly  em- 
phasized that,  in  the  case  of  the  older  and  at  present  more  prevalent  plan 
of  the  8-4  school  organization,  the  work  in  mathematics  of  the  seventh, 
eighth,  and  ninth  grades  should  also  be  organized  to  include  the  materia 

here  suggested.  . . 

The  prevailing  practice  of  devoting  the  seventh  and  eighth  gra  es  a moo 

exclusively  to  the  study  of  arithmetic  is  generally  recognized  as  a wasteful 
marking  of  time.  It  is  mainly  in  these  years  that  American  children  fall 
behind  their  European  brothers  an  sisters.  No  essentially  new  arithmetic 
principles  are  taught  in  these  years,  and  the  attempt  to  apply  the  previ- 
ously learned  principles  to  new  situations  in  :he  more  advanced  business 
and  economic  aspects  of  arithmetic  is  doomed  to  failure  on  account  of  the 
fact  that  the  situations  in  question  are  not  and  cannot  be  made  real  and 
significant  to  pupils  of  this  age.  We  need  only  refer  to  what  has  already 
been  said  in  this  chapter  on  the  subject  of  problems  (I,  Sec.  II) . 

The  same  principles  should  govern  the  selection  and  arrangement  of 
material  in  mathematics  for  tiie  seventh  and  eighth  grades  of  a grade  school 
as  govern  the  selection  for  the  corresponding  grades  of  a junior  high  school, 
with  this  exception:  Under  the  8-4  form  of  organization  many  pupils  will 
leave  school  at  the  end  of  the  eighth  year.  This  fact  must  receive  due  consid- 
eration. The  work  of  the  seventh  and  eighth  years  should  be  so  planned  as  to 
give  the  pupils  in  these  grades  the  most  valuable  mathematical  information 
and  training  that  they  are  capable  of  receiving  in  those  years,  with  little 
reference  to  courses  that  they  may  take  in  later  years.  As  to  possibilities 
for  arrangement,  reference  may  be  made  to  the  plans  given  above  foi  the 
first  two  years  of  the  junior  high  school.  When  the  work  in  mathematics 
of  the  seventh  and  eighth  grades  has  been  thus  reorganized,  the  work  of  the 
first  year  of  a standard  four-year  high  school  should  complete  the  program 

suggested. 

Finally,  there  must  be  considered  the  situation  in  those  four-year  high 
schools  in  which  the  pupils  have  not  had  the  benefit  of  the  reorganized  in- 
struction recommended  for  grades  seven  and  eight.  It  may  be  hoped  that 
this  situation  will  be  only  temporary,  although  it  must  be  recognized  that, 
owing  to  a variety  of  possible  reasons  (lack  of  adequately  prepared  teachers 
in  grades  seven  and  eight,  lack  of  suitable  textbooks,  administrative  inertia, 
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and  the  like) , the  new  plans  will  not  be  immediately  adopted  and  that,  there- 
fore, for  some  years  many  high  schools  will  have  to  face  the  situation  im- 
plied. 

In  planning  the  work  of  the  ninth  grade  under  these  conditions  teachers 
and  administrative  officers  should  again  be  guided  by  the  principle  of  giving 
the  pupils  the  most  valuable  mathematical  information  and  training  which 
they  are  capable  of  receiving  in  this  year  with  little  reference  to  future 
courses  which  the  pupil  may  or  may  not  take.  It  is  to  be  assumed  that  the 
work  of  this  year  is  to  be  required  of  all  pupils.  Since  for  many  this  will 
constitute  the  last  of  their  mathematical  instruction,  it  should  be  so  planned 
as  to  give  them  the  widest  outlook  consistent  with  sound  scholarship. 

Under  these  conditions  it  would  seem  desirable  that  the  work  of  the 
ninth  grade  should  contain  both  algebra  and  geometry.  It  is,  therefore, 
recommended  that  about  two-thirds  of  the  time  be  devoted  to  the  most 
useful  parts  of  algebra,  including  the  work  on  numerical  trigonometry,  and 
that  about  one-third  of  the  time  be  devoted  to  geometry,  including  the 
necessary  informal  introduction  and,  if  feasible,  the  first  part  of  demonstra- 
tive geometry. 

It  should  be  clear  that  owing  to  the  greater  maturity  of  the  pupils  much 
less  time  need  be  devoted  in  the  ninth  grade  to  certain  topics  of  intuitive 
geometry  (such  as  direct  measurement,  for  example)  than  is  desirable  when 
dealing  with  children  in  earlier  grades.  Even  under  the  conditions  presup- 
posed, pupils  will  be  acquainted  wi+h  most  of  the  fundamental  geometric 
forms  and  with  the  mensuration  of  the  most  important  plane  and  solid 
figures.  The  work  in  geometry  in  the  ninth  grade  can  then  properly  be  made 
to  center  about  indirect  measurement  and  the  idea  of  similarity  (leading  to 
the  processes  of  numerical  trigonometry) , and  such  geometric  relations  as 
the  sum  of  the  angles  of  a triangle,  the  Pythagorean  proposition,  congruence 
of  triangles,  parallel  and  perpendicular  lines,  quadrilaterals,  and  the  more 
important  simple  constructions. 
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CHAPTER  IV 


Mathematics  for  Years  Ten,  Eleven,  and  Twelve 


I.  INTRODUCTION 

The  committee  has  in  the  preceding  chapter  expressed  its  judgment  that 
the  material  there  recommended  for  the  seventh,  eighth,  and  ninth1  years 
should  be  required  of  all  pupils.  In  the  tenth,  eleventh,  and  twelfth  years, 
however,  the  extent  to  which  election  of  subjects  is  permitted  will  depend 
on  so  many  factors  of  a general  character  that  it  seems  unnecessary  and 
inexpedient  for  the  present  committee  to  urge  a positive  requirement  beyond 
the  minimum  one  already  referred  to.  The  subject  must,  like  others,  stand 
or  fall  on  its  intrinsic  merit  or  on  the  estimate  of  such  merit  by  the  authori- 
ties responsible  at  a given  time  and  place.  The  committee  believes  never- 
theless that  every  standard  high  school  should  not  merely  offer  courses  in 
mathematics  for  the  tenth,  eleventh,  and  twelfth  years,  but  should  encourage 
a large  proportion  of  its  pupils  to  take  them.  Apart  from  the  intrinsic  inter- 
est and  great  educational  value  of  the  study  of  mathematics,  it  will  in  gen- 
eral be  necessary  for  those  preparing  to  enter  college  or  to  engage  in  the 
numerous  occupations  involving  the  use  of  mathematics  to  extend  their  work 
beyond  the  minimum  requirement. 

The  present  chapter  is  intended  to  suggest  for  students  in  general  courses 
the  most  valuable  mathematical  training  that  will  appropriately  follow  the 
courses  outlined  in  the  previous  chapter.  Under  present  conditions  most  of 
this  work  will  normally  fall  in  the  last  three  years  of  the  high  school;  that 
is,  in  general,  in  the  tenth,  eleventh,  and  twelfth  years. 

The  selection  of  material  is  based  on  the  general  principles  formulated 
in  Chapter  II.  At  this  point  attention  need  be  directed  only  to  the  following: 

1.  In  the  years  under  consideration  it  is  proper  that  some  attention  be 
paid  to  the  students’  vocational  or  other  later  educational  needs. 

2.  The  material  for  these  years  should  include  as  far  as  possible  those 
mathematical  ideas  and  processes  that  have  the  most  important  applications 
in  the  modern  world.  As  a result,  certain  material  will  naturally  be  in- 
cluded that  at  present  is  not  ordinarily  given  in  secondary  school  courses; 
as,  for  instance,  the  material  concerning  the  calculus.  On  the  other  hand, 
certain  other  material  that  is  now  included  in  college  entrance  requirements 
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will  be  excluded.  The  results  of  an  investigation  made  by  the  National 
Committee  in  connection  with  a study  of  these  requirements  indicates  that 
modifications  to  meet  these  changes  will  be  desirable  from  the  standpoint 
of  both  college  and  secondary  school  (see  Chap.  V). 

3.  During  the  years  now  under  consideration  an  increasing  amount  of 
attention  should  be  paid  to  the  logical  organization  of  the  material,  with 
the  purpose  of  developing  habits  of  logical  memory,  appreciation  of  logical 
structure,  and  ability  to  organize  material  effectively. 

It  cannot  be  too  strongly  emphasized  that  the  broadening  of  content  of 
high  school  courses  in  mathematics  suggested  in  the  present  and  in  previous 
chapters  will  materially  increase  the  usefulness  of  these  courses  to  those 
who  pursue  them.  It  is  of  prime  importance  that  educational  administrators 
and  others  charged  with  the  advising  of  students  should  take  careful  account 
of  this  fact  in  estimating  the  relative  importance  of  mathematical  courses 
and  their  alternatives.  The  number  of  important  applications  of  mathe- 
matics in  the  activities  of  the  world  is  today  very  large  and  is  increasing  at 
a very  rapid  rate.  This  aspect  of  the  progress  of  civilization  has  been  noted 
by  all  observers  who  have  combined  a knowledge  of  mathematics  with  an 
alert  interest  in  the  newer  developments  in  other  fields.  It  was  revealed  in 
very  illuminating  fashion  during  the  recent  war  by  the  insistent  demand  for 
persons  with  varying  degrees  of  mathematical  training  for  many  war  activi- 
ties of  the  first  moment.  If  the  same  effort  were  made  in  time  of  peace  to 
secure  the  highest  level  of  efficiency  available  for  the  specific  tasks  of  modern 
life,  the  demand  for  those  trained  in  mathematics  would  be  no  less  insistent; 
for  it  is  in  no  wise  true  that  the  applications  of  mathematics  in  modern  war- 
fare are  relatively  more  important  or  more  numerous  than  its  applications 
in  those  fields  of  human  endeavor  which  are  of  a constructive  nature. 

There  is  another  important  point  to  be  kept  in  mind  in  considering  the 
relative  value  to  the  average  student  of  mathematical  and  various  alterna- 
tive courses.  If  the  student  who  omits  the  mathematical  courses  has  need 
of  them  later,  it  is  almost  invariably  more  difficult,  and  it  is  frequently 
impossible,  for  him  to  obtain  the  training  in  which  he  is  deficient.  In  the 
case  of  a considerable  number  of  alternative  subjects  a proper  amount  of 
reading  in  spare  hours  at  a more  mature  age  will  ordinarily  furnish  him  the 
approximate  equivalent  to  that  which  he  would  have  obtained  in  the  way 
of  information  in  a high  school  course  in  the  same  subject.  It  is  not,  how- 
ever, possible  to  make  up  deficiencies  in  mathematical  training  in  so  simple 
a fashion.  It  requires  systematic  work  under  a competent  teacher  to  master 
properly  the  technique  of  the  subject,  and  any  break  in  the  continuity  of  the 
work  is  a handicap  for  which  increased  maturity  rarely  compensates.  More- 
over, when  the  individual  discovers  his  need  for  further  mathematical  train- 
ing it  is  usually  difficult  for  him  to  take  the  time  from  his  other  activities 
for  systematic  work  in  elementary  mathematics. 
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II.  RECOMMENDATIONS  FOR  ELECTIVE  COURSES 

The  following  topics  are  recommended  for  inclusion  in  the  mathematical 
• electives  open  to  pupils  who  have  satisfactorily  completed  the  work  outlined 
m the  preceding  chapter,  comprising  arithmetic,  the  elementary  notions  of 
algebra,  intuitive  geometry,  numerical  trigonometry,  and  a brief  introduc- 
tion to  demonstrative  geometry. 

1.  Plane  demonstrative  geometry — The  principal  purposes  of  the  in- 
struction in  this  subject  are;  Jo  exercise  further  the  spatial  imagination  of 
tie  student,  to  make  nim  familiar  with  the  great  basal  propositions  and  their 
applications,  to  develop  understanding  and  appreciation  of  a deductive 
proof  and  the  ability  to  use  this  method  of  reasoning  where  it  is  applicable, 
and  to  form  habits  of  precise  and  succinct  statement,  of  the  logical  organi- 
zation of  ideas,  and  of  logical  memory.  Enough  time  should  be  spent  on  this 
subject  to  accomplish  these  purposes. 

The  following  is  a suggested  list  of  topics  under  which  the  work  in 
demonstrative  geometry  may  be  organized:1  (a)  Congruent  triangles,  per- 
pendicular bisectors,  bisectors  of  angles;  (6)  arcs,  angles,  and  chords  in 
circles;  (c)  parallel  lines  and  related  angles,  parallelograms;  (d)  the  sum  of 
the  angles  for  triangle  and  polygon;  (e)  secants  and  tangents  to  circles  with 
related  angles,  regular  polygons;  (/)  similar  triangles,  similar  figures;  (g) 
aieas,  numeiical  commutation  of  lengths  and  areas,  based  upon  geometric 
theorems  already  established. 

Under  these  topics  constructions,  loci,  originals  and  other  exercises  are 
to  be  included. 

It  is  recommended  that  the  formal  theory  of  limits  and  of  incommensur- 
able cases  be  omitted,  but  that  the  ideas  of  limit  and  of  incommensurable 
magnitudes  receive  informal  treatment. 

It  is  believed  that  a more  frequent  use  of  the  idea  of  motion  in  the  dem- 
onstration of  theorems  is  desirable,  both  from  the  point  of  view  of  gaining 
greater  insight  and  of  saving  time.2  & 

If  the  great  basal  theorems  are  selected  and  effectively  organized  into 
a logical  system,  a considerable  reduction  (from  30  to  40  per  cent)  can  be 
made  in  the  number  of  theorems  given  either  in  the  Harvard  list  or  in  the 
lepoit  of  the  Committee  of  Fifteen.  Such  a reduction  is  exhibited  in  the 
lists  prepared  by  the  committee  and  printed  later  in  this  report  (Chap.  VI). 
In  this  connection  it  may  be  suggested  that  more  attention  than  is  now  cus- 
tomary may  profitably  be  given  to  those  methods  of  treatment  which  make 


1.  It  is  not  intended  that  the  order  here  given  should  imply  anything  as  to  the 
order  of  presentation.  (See  also  Chap.  VI.)  & 

__  l'JteleVnCe  iT7  h>T/r'be  made  t0  the  treatment  S‘ven  in  recent  French  texts  such 
as  those  by  Bourlet  and  Meray. 
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consistent  use  of  the  idea  of  motion  (already  referred  to),  continuity  (the 
tangent  as  the  limit  of  a secant,  etc.),  symmetry,  and  the  dependence  of  one 
geometric  magnitude  upon  another. 

If  the  student  has  had  a satisfactory  course  in  intuitive  geometry  and 
some  work  in  demonstration  before  the  tenth  grade,  he  may  find  it  possible 
to  cover  a minimum  course  in  demonstrative  geometry,  giving  the  great 
basal  theorems  and  constructions,  together  with  exercises,  in  the  90  periods 
constituting  a half  year’s  work. 

2.  Algebra. — (a)  Simple  functions  of  one  variable:  Numerous  illustra- 
tions and  problems  involving  linear,  quadratic,  and  other  simple  functions 
including  formulas  from  science  and  common  life.  More  difficult  problems 
in  variation  than  those  included  in  the  earlier  course. 

( b ) Equations  in  one  unknown:  Various  methods  for  solving  a quad- 
ratic equation  (such  as  factoring,  completing  the  square,  use  of  formula) 
should  be  given.  In  connection  with  the  treatment  of  the  quadratic  a very 
brief  discussion  of  complex  numbers  should  be  included.  Simple  cases  of  the 
graphic  solution  of  equations  of  degree  higher  than  the  second  should  be 
discussed  and  applied. 

(c)  Equations  in  two  or  three  unknowns:  The  algebraic  solution  of 
linear  equations  in  two  or  three  unknowns  and  the  graphic  solution  of  linear 
equations  in  two  unknowns  should  be  given.  The  graphic  and  algebraic 
solution  of  a linear  and  a quadratic  equation  and  of  two  quadratics  that 
contain  no  first  degree  term  and  no  xy  term  should  be  included. 

( d ) Exponents , radicals,  and  logarithms:  The  definitions  of  negative, 
zero,  and  fractional  exponents  should  be  given,  and  it  should  be  made  clear 
that  these  definitions  must  be  adopted  if  we  wish  such  exponents  to  conform 
to  the  laws  for  positive  integral  exponents.  Reduction  of  radical  expressions 
to  those  involving  fractional  exponents  should  be  given  as  well  as  the  inverse 
transformation.  The  rules  for  performing  the  fundamental  operations  on 
expressions  involving  radicals,  and  such  transformations  as 


y/ a/b  = -r  y/ ab”  1,  y/ a"b  — a y/b, 


a 


a 


(y/b  — y/c) 


y/b  4 -y/c 


should  be  included.  In  close  connection  with  the  work  on  exponents  and 
radicals  there  should  be  given  as  much  of  the  theory  of  logarithms  as  is 
involved  in  their  application  to  computation  and  sufficient  practice  in  their 
use  in  computation  to  impart  a fair  degree  of  facility. 

(e)  Arithmetic  and  geometric  progressions : The  formulas  for  the  nth 
term  and  the  sum  of  n terms  should  be  derived'  and  applied  to  significant 
problems. 

(/)  Binomial  theorem:  A proof  for  positive  integral  exponents  should 
be  given;  it  may  also  be  stated  that  the  formula  applies  to  the  case  of  nega- 
tive and  fractional  exponents  under  suitable  restrictions,  and  the  problems 


416 


MAA  / The  Reorganization  of  Mathematics  in  Secondary  Education 

may  include  the  use  of  the  formula  in  these  cases  as  well  as  in  the  case  of 
positive  integral  exponents. 

3.  Solid  geometry.— The  aim  of  the  work  in  solid  geometry  should  be 
to  exercise  further  the  spatial  imagination  of  the  student  and  to  give  him 
both  a knowledge  of  the  fundamental  spatial  relationships  and  the  powei 
to  work  with  them.  It  is  felt  that  the  work  in  plane  geometry  gives  enough 
training  in  logical  demonstration  to  warrant  a shifting  of  emphasis  in  the 
work  on  solid  geometry  away  from  this  aspect  of  the  subject  and  in  the 
direction  of  developing  greater  facility  in  visualizing  spatial  relations  and 
figures,  in  representing  such  figures  on  paper,  and  in  solving  problems  in 

mensuration.  . . . . 

For  many  of  the  practical  applications  of  mathematics  it  is  of  funda- 
mental importance  to  have  accurate  space  perceptions.  Hence  it  vould  seem 
wise  to  have  at  least  some  of  the  work  in  solid  geometry  come  as  early  as 
possible  in  the  mathematical  courses,  preferably  not  later  than  the  begin- 
ning of  the  eleventh  school  year.  Some  schools  will  find  it  possible  and  de- 
sirable to  introduce  the  more  elementary  notions  of  solid  geometiy  in  con- 
nection with  related  ideas  of  plane  geometry. 

The  work  in  solid  geometry  should  include  numerous  exercises  in  corn- 
nutation  based  on  the  formulas  established.  This  will  serve  to  correlate 
the  work  with  arithmetic  and  algebra  and  to  furnish  practice  in  computation. 

The  following  provisional  outline  of  subject  matter  is  submitted. 

(a)  Propositions  relating  to  lines  and  planes,  and  to  dihedral  and  tri- 

hedral angles. 

(b)  Mensuration  of  the  prism,  pyramid,  and  frustum;  the  (right  cir- 

cular) cylinder,  cone  and  frustum,  based  on  in  informal  treatment 
of  limits;  the  sphere,  and  the  spherical  triangle. 

(c)  Spherical  geometry. 

( d ) Similar  solids. 

Such  theorems  as  are  necessary  as  a basis  for  the  topics  here  outlined 
should  be  studied  in  immediate  connection  with  them. 

Desirable  simplification  and  generalization  may  be  introduced  into  the 
treatment  of  mensuration  theorems  by  employing  such  theorems  as  Cava- 
lieri’s  and  Simpson’s,  and  the  Prismoid  Formula;  but  rigorous  proofs  or 

derivations  of  these  need  not  be  included. 

Beyond  the  re  'ge  of  the  mensuration  topics  indicated  above,  it  seems 
preferable  to  employ  the  methods  of  the  elementary  calculus  (see  Section  6, 

below). 

It  should  be  possible  to  complete  a minimum  course  covering  the  topics 
outlined  above  in  not  more  than  one-third  of  a year. 

The  list  of  propositions  in  solid  geometry  given  in  Chapter  VI  should  be 
considered  in  connection  with  the  general  principles  stated  at  the  beginning 
of  this  section.  By  requiring  formal  proofs  to  a more  limited  extent  than 
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has  been  customary,  time  will  be  gained  to  attain  the  aims  indicated  and  to 
extend  the  range  of  geometric  information  of  the  pupil.  Care  must  be  ex- 
ercised to  make  sure  that  the  pupil  is  thoroughly  familiar  with  the  facts, 
with  the  associated  terminology,  with  all  the  necessary  formulas,  and  that 
he  secures  the  necessary  practice  in  working  with  and  applying  the  informa- 
tion acquired  to  concrete  problems. 

4.  Trigonometry. — The  work  in  elementary  trigonometry  begun  in  the 
earlier  years  should  be  completed  by  including  the  logarithmic  solution  of 
right  and  oblique  triangles,  radian  measure,  graphs  of  trigonometric  func- 
tions, the  derivation  of  the  fundamental  relations  between  the  functions 
and  their  use  in  proving  identities  and  in  solving  easy  trigonometric  equa- 
tions. The  use  of  the  transit  in  connection  with  the  simpler  operations  of 
surveying  and  of  the  sextant  for  some  of  the  simpler  astronomical  observa- 
tions, such  as  those  involved  in  finding  local  time,  is  of  value;  but  when  no 
transit  or  sextant  is  available,  simple  apparatus  for  measuring  angles  roughly 
may  and  should  be  improvised.  Drawings  to  scale  should  form  an  essential 
part  of  the  numerical  work  in  trigonometry.  The  use  of  the  slide-rule  in 
computations  requiring  only  three-place  accuracy  and  in  checking  other 
computations  is  also  recommended. 

5.  Elementary  statistics. — Continuation  of  the  earlier  work  to  include 
the  meaning  and  use  of  fundamental  concepts  and  simple  frequency  dis- 
tributions with  graphic  representations  of  various  kinds  and  measures  of 
central  tendency  (average,  mode,  and  median). 

6.  Elementary  calculus. — The  work  should  include: 

(а)  The  general  notion  of  a derivative  as  a limit  indispensable  for  the 
accurate  expression  of  such  fundamental  quantities  as  velocity  of  a moving 
body  or  slope  of  a curve. 

(б)  Applications  of  derivatives  to  easy  problems  in  rates  and  in  maxima 
and  minima. 

(c)  Simple  cases  of  inverse  problems;  e.g.,  finding  distance  from  velocity, 
etc. 

( d ) Approximate  methods  of  summation  leading  up  to  integration  as  a 
powerful  method  of  summation. 

(e)  Applications  to  simple  cases  of  motion,  area,  volume,  and  pressure. 

Work  in  the  calculus  should  be  largely  graphic  and  may  be  closely  re- 
lated to  that  in  physics;  the  necessary  technique  should  be  reduced  to  a 
minimum  by  basing  it  wholly  or  mainly  on  algebraic  polynomials.  No  for- 
mal study  of  analytic  geometry  need  be  presupposed  beyond  the  plotting  of 
simple  graphs. 

It  is  important  to  bear  in  mind  that,  while  the  elementary  calculus  is 
sufficiently  easy,  interesting,  and  valuable  to  justify  its  introduction,  special 
pains  should  be  taken  to  guard  against  any  lack  of  thoroughness  in  the 
fundamentals  of  algebra  and  geometry;  no  possible  gain  could  compensate 
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for  a real  sacrifice  of  such  thoroughness. 

It  should  also  be  borne  in  mind  that  the  suggestion  of  including  ele- 
mentary calculus  is  not  intended  for  all  schools  nor  for  all  teachers  or  all 
pupils  in  any  school.  It  is  not  intended  to  connect  in  any  direct  way  with 
college  entrance  requirements.  The  future  college  student  will  have  ample 
opportunity  for  calculus  later.  The  capable  boy  or  girl  who  is  not  to  have 
the  college  work  ought  not  on  that  account  to  be  prevented  from  learning 
something  of  the  use  of  this  powerful  tool.  The  applications  of  elementary 
calculus  to  simple  concrete  problems  are  far  more  abundant  and  more  inter- 
esting than  those  of  algebra.  The  necessary  technique  is  extremely  simple. 
The  subject  is  commonly  taught  in  secondary  schools  in  England,  France, 
and  Germany,  and  appropriate  English  texts  are  available.3 

7.  History  and  biography. — Historical  and  biographical  material 
should  be  used  throughout  to  make  the  work  more  interesting  and  significant. 

8.  Additional  electives. — Additional  electives  such  as  mathematics  of 
investment,  shop  mathematics , surveying  and  navigation,  descnptwe  or  pro- 
jective geometry  will  appropriately  be  offered  by  schools  which  have  special 
needs  or  conditions,  but  it  seems  unwise  for  the  National  Committee  to  at- 
tempt to  define  them  pending  the  results  of  further  experience  on  the  part 
of  these  schools. 


III.  PLANS  FOR  ARRANGEMENT  OF  THE  MATERIAL 

In  the  majority  of  high  schools  at  the  present  time  the  topics  suggested 
can  probably  be  given  most  advantageously  as  separate  units  of  a three- 
year  program.  However,  the  National  Committee  is  of  the  opinion  that 
methods  of  organization  are  being  experimentally  perfected  whereby  teachers 
will  be  enabled  to  present  much  of  this  material  more  effectively  in  com- 
bined courses  unified  by  one  or  more  of  such  central  ideas  as  functionality 
and  graphic  representation. 

As  to  the  arrangement  of  the  material  the  committee  gives  below  four 
plans  which  may  be  suggestive  and  helpful  to  teachers  in  arranging  their 
courses.  No  one  of  them  is,  however,  recommended  as  superior  to  the  others. 

plan  a. 

Tenth  year:  Plane  demonstrative  geometry,  algebra. 

Eleventh  year:  Statistics,  trigonometry,  solid  geometry. 

Twelfth  year:  The  calculus,  other  elective. 

PLAN  B. 

Tenth  year:  Plane  demonstrative  geometry,  solid  geometry. 

3.  Quotations  and  typical  problems  from  one  of  these  texts  will  be  found  in  a sup- 
plementary note  appended  to  this  chapter. 
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Eleventh  year:  Algebra,  trigonometry,  statistics. 

Twelfth  year:  The  calculus,  other  elective. 

PLAN  C. 

Tenth  year:  Plane  demonstrative  geometry,  trigonometry. 

Eleventh  year:  Solid  geometry,  algebra,  statistics. 

Twelfth  year:  The  calculus,  other  elective. 

PLAN  D. 

Tenth  year:  Algebra,  statistics,  trigonometry. 

Eleventh  year:  Plane  and  solid  geometry. 

Twelfth  year:  The  calculus,  other  elective. 

Additional  information  on  ways  of  organizing  this  material  will  be  found 
in  Chapter  XII. 


SUPPLEMENTARY  NOTE  ON  THE  CALCULUS  AS  A HIGH  SCHOOL  SUBJECT. 

In  connection  with  the  recommendations  concerning  the  calculus,  such 
questions  as  the  following  may  arise:  Why  should  a college  subject  like  this 
be  added  to  a high  school  program?  How  can  it  be  expected  that  high  school 
teachers  will  have  the  necessary  training  and  attainments  for  teaching  it? 
Will  not  the  attempt  to  teach  such  a subject  result  in  loss  of  thoroughness 
in  earlier  work?  Will  anything  be  gained  beyond  a mere  smattering  of  the 
theory?  Will  the  boy  or  girl  ever  use  the  information  or  training  secured? 
The  subsequent  remarks  are  intended  to  answer  such  objections  as  these 
and  to  develop  more  fully  the  point  of  view  of  the  committee  in  recom- 
mending the  inclusion  of  elementary  work  in  the  calculus  in  the  high  school 
program. 

By  the  calculus  we  mean  for  the  present  purpose  a study  of  rates  of 
change.  In  nature  all  things  change.  How  much  do  they  change  in  a given 
time?  How  fast  do  they  change?  Do  they  increase  or  decrease?  When  does 
a changing  quantity  become  largest  or  smallest?  How  can  rates  of  changing 
quantities  be  compared? 

These  are  some  of  the  questions  which  lead  us  to  study  the  elementary 
calculus.  Without  its  essential  principles  these  questions  cannot  be  an- 
swered with  definiteness. 

The  following  are  a few  of  the  specific  replies  that  might  be  given  in  an- 
swer to  the  questions  listed  at  the  beginning  of  this  note:  The  difficulties  of 
the  college  calculus  lie  mainly  outside  the  boundaries  of  the  proposed  work. 
The  elements  of  the  subject  present  less  difficulty  than  many  topics  now 
offered  in  advanced  algebra.  It  is  not  implied  that  in  the  near  future  many 
secondary  school  teachers  will  have  any  occasion  to  teach  the  elementary 
calculus.  It  is  the  culminating  subject  in  a series  which  only  relatively  strong 
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schools  will  complete  and  only  then  for  a selected  group  of  students.  In  such 
schools  there  should  always  be  teachers  competent  to  teach  the  elementary 
calculus  here  intended.  No  superficial  study  of  calculus  should  be  regarded 
as  justifying  any  substantial  sacrifice  of  thoroughness.  In  the  judgment  of 
the  committee  the  introduction  of  elementary  calculus  necessarily  includes 
sufficient  algebra  and  geometry  to  compensate  for  whatever  diversion  of 
time  from  these  subjects  would  be  implied. 

The  calculus  of  the  algebraic  polynomial  is  so  simple  that  a boy  or  girl 
who  is  capable  of  grasping  the  idea  of  limit,  of  slope,  and  of  velocity,  may  in 
a brief  time  gain  an  outlook  upon  the  field  of  mechanics  and  other  exact 
sciences,  and  acquire  a fair  degree  of  facility  in  using  one  of  the  most  power- 
ful tools  of  mathematics,  together  with  the  capacity  for  solving  a number 
of  interesting  problems.  Moreover,  the  fundamental  ideas  involved,  quite 
aside  from  their  technical  applications,  will  provide  valuable  training  in 
understanding  and  analyzing  quantitative  relations — and  such  training  is 
of  value  to  everyone. 

The  following  typical  extracts  from  an  English  text  intended  for  use  in 
secondary  schools  may  be  quoted: 

“It  has  been  said  that  the  calculus  is  that  branch  of  mathematics  which 
schoolboys  understand  and  senior  wranglers  fail  to  comprehend.  * * * So 
long  as  the  graphic  treatment  and  practical  applications  of  the  calculus  are 
kept  in  view,  the  subject  is  an  extremely  easy  and  attractive  one.  Boys  can 
be  taught  the  subject  early  in  their  mathematical  career,  and  there  is  no  part 
of  their  mathematical  training  that  they  enjoy  better  or  which  opens  up  to 
them  wider  fields  of  useful  exploration.  * * * The  phenomena  must  first  be 
known  practically  and  then  studied  philosophically.  To  reverse  the  order 
of  these  processes  is  impossible.”  v 

The  text  in  question,  after  an  interesting  historical  sketch,  deals  with  such 
problems  as  the  following: 

A train  is  going  at  the  rate  of  40  miles  an  hour.  Represent  this  graphi- 
cally. 

At  what  rate  is  the  length  of  the  daylight  increasing  or  decreasing  on 
December  31,  March  26,  etc.?  (From  tabular  data.) 

A cart  going  at  the  rate  of  5 miles  per  hour  passes  a milestone,  and  14 
minutes  afterwards  a bicycle,  going  in  the  same  direction  at  12  miles  an 
hour,  passes  the  same  milestone.  Find  when  and  where  the  bicycle  will  over- 
take the  cart. 

A man  has  4 miles  of  fencing  wire  and  wishes  to  fence  in  a rectangular 
piece  of  prairie  land  through  which  a straight  river  flows,  the  bank  of  the 
stream  being  utilized  as  one  side  of  the  enclosure.  How  can  he  do  this  so 
as  to  inclose  as  much  land  as  possible? 

A circular  tin  canister  closed  at  both  ends  has  a surface  area  of  100  square 
centimeters.  Find  the  greatest  volume  it  can  contain. 


The  “ 1923  Report ” and  Connectionism  in  Arithmetic  (1920-37) 


Post-office  regulations  prescribe  that  the  combined  length  and  giith  of  a 
parcel  must  not  exceed  6 feet.  Find  the  maximum  volume  of  a parcel  whose 

shape  is  a prism  with  the  ends  square. 

A pulley  is  fixed  15  feet  above  the  ground,  over  which  passes  a rope  30 
feet  long  with  one  end  attached  to  a weight  which  can  hang  freely,  and  the 
other  end  is  held  by  a man  at  a height  of  3 feet  from  the  ground.  The  man 
walks  horizontally  away  from  beneath  the  pulley  at  the  rate  of  3 feet  per 
second.  Find  the  rate  at  which  the  weight  rises  when  it  is  10  feet  above  the 

ground. 

The  pressure  on  the  surface  of  a lake  due  to  the  atmosphere  is  knbwn  to 
be  14  pounds  per  square  inch.  The  pressure  in  the  liquid  x inches  below  the 
surface  is  known  to  be  given  by  the  law  dp/dx  ■=  0.036.  Find  the  pressuie 
in  the  liquid  at  a depth  of  10  feet. 

The  arch  of  a bridge  is  parabolic  in  form.  It  is  5 feet  w ide  at  the  base 
and  5 feet  high.  Find  the  volume  of  water  that  passes  through  per  second 
in  a flood  when  the  water  is  rushing  at  the  rate  of  10  feet  per  second. 

A force  of  20  tons  compresses  the  spring  buffer  of  a railway  stop  through 
1 inch,  and  the  force  is  always  proportional  to  the  compression  produced. 
Find  the  work  done  by  a train  which  compresses  a pair  of  such  stops  through 
6 inches. 

These  may  illustrate  the  aims  and  point  of  view  of  the  proposed  work. 
It  will  be  noted  that  not  all  of  them  involve  calculus,  but  those  that  do  not 

lead  up  to  it. 
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CHAPTER  V 


College  Entrance  Requirements 


The  present  chapter  is  concerned  with  a study  of  topics  and  training  in 
elementary  mathematics  that  will  have  most  value  as  preparation  for  col- 
lege work,  and  with  recommendations  of  definitions  of  college  entrance  re- 
quirements in  elementary  algebra  and  plane  geometry. 

General  considerations. — The  primary  purpose  of  college  entrance  re- 
quirements is  to  test  the  candidate’s  ability  to  benefit  by  college  instruction. 
This  ability  depends,  so  far  as  our  present  inquiry  is  concerned,  upon  (1) 
general  intelligence,  intellectual  maturity,  and  mental  power;  (2)  specific 
knowledge  and  training  required  as  preparation  for  the  various  courses  of 
the  college  curriculum. 

Mathematical  ability  appears  to  be  a sufficient  but  not  a necessary  con- 
dition for  general  intelligence.1  For  this,  as  well  as  for  other  reasons,  it 
would  appear  that  college  entrance  requirements  in  mathematics  should  be 
formulated  primarily  on  the  basis  of  the  special  knowledge  and  training  re- 
quired for  the  successful  study  of  courses  which  the  student  will  take  in 
college. 

The  separation  of  prospective  college  students  from  the  others  in  the 
early  years  of  the  secondary  school  is  neither  feasible  nor  desirable.  It  is 
therefore  obvious  that  secondary  school  courses  in  mathematics  cannot  be 
planned  with  specific  reference  to  college  entrance  requirements.  Fortunately 
there  appears  to  be  no  real  conflict  of  interest  between  those  students  who 
ultimately  go  to  college  and  those  who  do  not,  so  far  as  mathematics  is 
concerned.  It  will  be  made  clear  in  what  follows  that  a course  in  this  sub- 
ject, covering  from  two  to  two  and  one-half  years  in  a standard  four-year 
high  school,  and  so  planned  as  to  give  the  most  valuable  mathematical 
training  which  the  student  is  capable  of  receiving,  will  provide  adequate 
preparation  for  college  work. 

1.  A recent  investigation  made  by  the  department  of  psychology  at  Dartmouth 
College  showed  that  all  students  of  high  rank  in  mathematics  had  a high  rating  on 
general  intelligence;  the  converse  was  not  true,  however. 
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Topics  to  be  included  in  high-school  courses. — In  the  selection  of 
material  of  instruction  for  high  school  courses  in  mathematics,  its  value  as 
preparation  for  college  courses  in  mathematics  need  not  be  specifically  con- 
sidered. Not  all  college  students  study  mathematics;  it  is  therefore  reason- 
able to  expect  college  departments  in  this  subject  to  adjust  themselves  to  the 
previous  preparation  of  their  students.  Nearly  all  college  students  do,  how- 
ever, study  one  or  more  of  the  physical  sciences  (astronomy,  physics,  chem- 
istry) and  one  or  more  of  the  social  sciences  (history,  economics,  political 
science,  sociology).  Entrance  requirements  must  therefore  insure  adequate 
mathematical  preparation  in  these  subjects.  Moreover,  it  may  be  assumed 
that  adequate  preparation  for  these  two  groups  of  subjects  will  be  sufficient 
for  all  other  subjects  for  which  the  secondary  schools  may  be  expected  to 
furnish  the  mathematical  prerequisites. 

The  National  Committee  recently  conducted  an  investigation  for  the 
purpose  of  securing  information  as  to  the  content  of  high  school  courses  of 
instruction  most  desirable  from  the  point  of  view  of  preparation  for  college 
work.  A number  of  college  teachers,  prominent  in  their  respective  fields, 
were  asked  to  assign  to  each  of  the  topics  in  the  following  table  an  estimate 
of  its  value  as  preparation  for  the  elementary  courses  in  their  respective  sub- 
jects. Table  1 gives  a summary  of  the  replies,  arranged  in  two  groups — 
“Physical  sciences,”  including  astronomy,  physics,  and  chemistry;  and 
Social  sciences,”  including  history,  economics,  sociology,  and  political 
science. 

The  high  value  attached  to  the  following  topics  is  significant:  Simple 
formulas — their  meaning  and  use;  the  linear  and  quadratic  functions  and 
variation;  numerical  trigonometry;  the  use  of  logarithms  and  other  topics 
relating  to  numerical  computation;  statistics.  These  all  stand  well  above 
such  standard  requirements  as  arithmetic  and  geometric  progression,  bi- 
nomial theorem,  theory  of  exponents,  simultaneous  equations  involving  one 
or  two  quadratic  equations,  and  literal  equations. 

These  results  would  seem  to  indicate  that  a modification  of  present  college 
entrance  requirements  in  mathematics  is  desirable  from  the  point  of  view 
of  college  teachers  in  departments  other  than  mathematics.  It  is  interesting 
to  note  how  closely  the  modifications  suggested  by  this  inquiry  correspond 
to  the  modifications  in  secondary  school  mathematics  foreshadowed  by  the 
study  of  needs  of  the  high  school  pupil  irrespective  of  his  possible  future  col- 
lege attendance.  The  recommendations  made  in  Chapter  II  that  functional 
relationship  be  made  the  “underlying  principle  of  the  course,”  that  the  mean- 
ing and  use  of  simple  formulas  be  emphasized,  that  more  attention  be  given 
to  numerical  computation  (especially  to  the  methods  relating  to  approxi- 
mate data),  and  that  work  on  numerical  trigonometry  and  statistics  be  in- 
cluded, have  received  widespread  approval  throughout  the  country.  That 
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Tablk  1.— Value  of  topics  as  preparation  for  elementary  college  courses . 

[In  the  headings  of  the  table,  E = essential,  C = of  considerable  value,  S = of  some  value,  0 = of  little  or  no 
value,  N = number  of  replies  received.  The  figures  in  the  first  four  columns  of  each  group  are  percentages 
of  the  number  of  replies  received.] 


2 un- 


is egative  numbers — their  meaning  and  use 

Imaginary  numbers — their  meaning  and  use 

Simple  formulas — their  meaning  a Uu  use 

Graphic  representation  of  statistical  data 

Graphs  (mathematical  and  empirical): 

(a)  As  a method  of  representing  dependence. 

(b)  As  a method  of  solving  problems 

The  linear  function,  y = mx-{-b 

The  quadratic  function,  yy*axl-\-bx-\-c 

Equations:  Problems  leading  to — 

Linear  equations  in  one  unknown 

Quadratic  equations  in  one  unknown 

Simultaneous  linear  equations  in  2 unknowns 
Simultaneous  linear  equations  in  more  than 

knowns 

One  quadratic  and  one  linear  equation  in  2 unknowns. 

Two  quadratic  equations  in  2 unknowns 

Equations  of  higher  degree  than  the  second 

Literal  equations  (other  than  formulas) 

Ratio  and  proportion 

Variation 

Numerical  computation: 

With  approximate  data — rational  use  of  significant 

figures. 

Short-cut  methods 

Use  of  logarithms t 

Use  of  other  tables  to  facilitate  computation 

Use  of  slide-rule 

Theory  of  exponents 

Theory  of  logarithms 

Arithmetic  progression 

Geometric  progression 

Binomial  theorem 

Probability 

Statistics: 

Meaning  and  use  of  elementary  concepts 

Frequency  distributions  and  frequency  curves 

Correlation 

Numerical  trigonometry: 

Use  of  sine,  cosine,  and  tangent  in  the  solution  of 

simple  problems  involving  right  triangles 

Demonstrative  geometry 

Plane  trigonometry  (usual  course) 

Analytic  geometry: 

Fundamental  conceptions  and  methods  in  the  plane 
Systematic  treatment  of— 

Straight  line 

Circle 

Conic  sections 

Polar  coordinates 


tions. 


Physical  sciences. 

Social 

sciences. 

E. 

C. 

S. 

O. 

N. 

E.  j 
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S. 

O. 

N. 

79 

5 

10 

5 

39 

45 

17 

22 

17 

18 

23 

21 

25 

31 

39 

13 

13 

37 

37 

16 

93 

5 

2 

41 

47 

20 

21 

5 

19 

57 

25 

15 

3 

40 

57 

24 

14 

5 

21 

62 

16 

22 



37 

15 

54 

15 

15 

13 

45 

20 

28 

6 

25 

18 

18 

46 

18 

11 

78 

14 

8 

— 

37 

29 

29 

14 

29 

14 

59 

21 

17 

3 

34 

8 

8 

33 

50 

12 

98 

2 

_ 

41 

40 

7 

20 

33 

15 

78 

15 

5 

2 

40 

31 

8 

8 

54 

13 

71 

24 

3 

3 

38 

33 

8 

— 

58 

12 

43 

29 

23 

6 

35 

8 

8 

17 

67 

12 

40 

24 

27 

9 

33 

— 

9 

9 

82 

11 

31 

19 

28 

22 

32 

— 

9 

— 

91 

11 

10 

32 

32 

26 

31  ! 

— 

— 

9 

91 

11 

43 

18 

32 

7 

28 

— 

10 

40 

50 

10 

84 

8 

3 

5 

39 

37 

26 

32 
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19 

50 

13 

20 

17 

| 30 

17 

33 

1 25 

25 

12 

61 

36 

3 

39 

40 

27 

20 

13 

12 

27 

38  : 

24 

10 

37 

29 

35 

23 

12 

17 

62 

29 

7 

2 

42 

12 

29 

29 

29 

17 

24 

45 

26 

5 

38 

18 

29 

41 

12 

17 

24 

39 

26 

12 

38 

11 

39 

28 

22 

18 

. 36 

31 

25 

8 

36 

— 

21 

21 

57 

14 

34 

26 

21 

18 

38 

7 

13 

20 

60 

15 

16 

32 

38 

13 

37 

23 

29 

12 

35 

17 

19 

27 

40 

14 

37 

23 

25 

18 

35 

17 

35 

32 

18 

13 

37 

13 

20 

27 

40 

15 

. 9 

32 

41 

19 

32 

20 

35 

35 

10 

20 

. 23 

28 

31 

17 

29 

55 

36 

5 

5 

22 

. 15 

19 

35 

32 

26 

47 

33 

10 

10 

21 

. 11 

18 

39 

32 

28 

33 

47 

14 

5 

21 

. 68 

21 

3 

8 

38 

__ 



25 

75 

12 

. 68 

15 

12 

6 

34 

— 

21 

43 

36 

14 

. 57 

27 

11 

5 

37 

8 

23 

3) 

38 

13 

. 32 

45 

19 

3 

31 

— 

15 

38 

46 

13 

. 34 

37 

20 

9 

35 

9 

9 

18 

64 

11 

. 29 

43 

20 

9 

35 

— 

18 

9 

73 

11 

. 18 

41 

26 

15 

34 

— 

9 

18 

73 

11 

. 18 

26 

41 

15 

34 

— 

— 

18 

82 

11 

. 12 

38 

38 

12 

34 

1 8 

— 

25 

67 

12 

they  should  be  in  such  close  accord  with  the  desires  of  college  teachers  in  the 
fields  of  physical  and  social  sciences  as  to  entrance  requirements  is  striking. 
We  find  here  the  justification  for  the  belief  expressed  earlier  in  this  report 
that  there  is  no  real  conflict  between  the  needs  of  students  who  ultimately 
go  to  college  and  those  who  do  not. 
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Table  2. 


-Topics  in  order  of  value  as  preparation  for  elementary  college  courses. 


. . , . , ..-pii  _rp  taken  from  Table  1,  taking  in  each  case  the  higher  of  the  two  E 

[The  figures  m the  c°lunm  lieaded  E k„E  + c„  gives  in  each  case  the  sum  of  the  two  ratings  for  E 

r;  “ ,«*» » ■>»*  ^ - **• ■>' ,h-  co,ick 

Entrance  Examination  Board.2]  


E. 


E + C. 


Linear  equations  in  one  unknown 

Simple  formulas— their  meaning  and  use 

*Ratio  and  proportion.  . ■ ■ ■ ’ 

^Negative  numbers— their  meaning  and  use. 

*Quadratic  equations  in  one  unknown 

The  linear  function:  y = WX+o. . . . Y ‘ 

^srs^SLSSSSTSi  WSK  '•*»  -m  i.<*  «**•  °' slmple 

problems  involving  right  triangles.  . . * 

* Demonstrative  geometry.  

Use  of  logarithms  in  computation  . 


98 

93 

84 

79 

78 

78 

71 


100 

98 

92 
84 

93 
92 
95 
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The  quadratic  function:  y = ax2Jrbx-\-c. 

Plane  trigonometry— usual  course.  ■ • • ■ 

Graphic  representation  of  statistical  data.  . • ■ • • ■ • * 

Statistics— meaning  and  use  of  elementary  concepts.  . . . . • 

SUti^tics — frequency  distributions  and  curves 

^Graphic  solution  of  problems 

•Simultaneous1' linear  equations  in  more  than  2 unknowns. 

^Simultaneous  equations,  one  quadratic,  one  linear 

^Theory  of  exponents 

*Binomial  theorem.  ■■■■■■■■■■■;  

Analytic  geometry  of  the  straight  line 

Theory  of  logarithms 

Statistics— correlation.  . • - • ■ ■ ■ 

Analytic  geometry — Fundamental  Conceptions 

*Simultaneous  quadratic  equations 

Analytic  geometry  of  the  circle. 

Short-cut  methods  of  computation . 

Use  of  tables  in  computation  (other 
Use  of  slide  rule. 


than  logarithms) . 


^Arithmetic  progression. 

*Geometric  progression. 

Imaginary  numbers.  . . . 

Probability 
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The  attitude  of  the  colleges.— Mathematical  instruction  in  this  count  y 
is  at  present  in  a period  of  transition.  While  a considerable  number  of  our 
most  progressive  schools  have  for  several  years  given  courses  embodying 
most  of  the  recommendations  contained  in  Chapters  II,  > an 
present  -port,  the  large  majority  of  schools  are  still  continumg . the  olde 

types  of  courses  or  are  only  just  beginning  to  introduce  m°dlfica*10“;  T 
movement  toward  reorganisation  is  strong,  however,  throughout  the  countiy, 


2-  The  Met  includes  all  the  req„— 

ta  clearly  implied,  though  not  e Hcitly  mentioned  in  the 

C.  E.  E.  B.  definitions. 
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not  only  in  the  standard  four-year  high  schools  but  also  in  the  newer  junior 
high  schools. 

During  this  period  of  transition  it  should  be  the  policy  of  the  colleges, 
while  exerting  a desirable  steadying  influence,  to  help  the  movement  toward 
a sane  reorganization.  In  particular,  they  should  take  care  not  to  place 
obstacles  in  the  way  of  changes  which  are  clearly  in  the  interest  of  more 
effective  college  preparation,  as  well  as  of  better  general  education. 

College  entrance  requirements  will  continue  to  exert  a powerful  influence 
on  secondary  school  teaching.  Unless  they  reflect  the  spirit  of  sound  progres- 
sive tendencies,  they  will  constitute  a serious  obstacle. 

In  the  present  chapter  revised  definitions  of  college-entrance  require- 
ments in  plane  geometry  and  elementary  algebra  are  presented.  So  far  as 
plane  geometry  is  concerned,  the  problem  of  definition  is  comparatively 
simple.  The  proposed  definition  of  the  requirement  in  plane  geometry  does 
not  differ  from  the  one  now  in  effect  under  the  College  Entrance  Examina- 
tion Board.  A list  of  propositions  and  constructions  has  however  been  pre- 
pared and  is  given  in  the  next  chapter  for  the  guidance  of  teachers  and 
examiners. 

In  elementary  algebra  a certain  amount  of  flexibility  is  obviously  neces- 
sary both  on  account  of  the  quantitative  differences  among  colleges  and  of 
the  special  conditions  attending  a period  of  transition.  The  former  differ- 
ences are  recognized  by  the  proposal  of  a minor  and  a major  requirement  in 
elementary  algebra.  The  second  of  these  includes  the  first  and  is  intended 
to  correspond  with  the  two-unit  rating  of  the  C.  E.  E.  B. 

In  connection  with  this  matter  of  units,  the  committee  wishes  particu- 
larly to  disclaim  any  emphasis  upon  a special  number  of  years  or  hours.  The 
unit  terminology  is  doubtless  too  well  established  to  be  entirely  ignored  in 
formulating  college  entrance  requirements,  but  the  standard  definition  of 
unit3  has  never  been  precise,  and  will  now  become  much  less  so  with  the  in- 
clusion of  the  newer  six-year  program.  A time  allotment  of  4 or  5 hours  per 
week  in  the  seventh  year  can  certainly  not  have  the  same  weight  as  the  same 
number  of  hours  in  the  twelfth  year,  and  the  disparity  will  vary  with  dif- 
ferent subjects.  What  is  really  important  is  the  amount  of  subject  matter 
and  the  quality  of  work  done  'in  it.  The  "unit”  can  not  be  anything  but  a 
crude  approximation  to  this.  The  distribution  of  time  in  the  school  pro- 
gram should  not  be  determined  by  any  arbitrary  unit  scale. 

As  a further  means  of  securing  reasonable  flexibility,  the  committee  rec- 
ommends that  for  a limited  time — say  five  years — the  option  be  offered  be- 

3.  The  following  definition,  formulated  by  the  National  Committee  on  Standards  of 
Colleges  and  Secondary  Schools,  has  been  given  the  approval  of  the  C.  E.  E.  B.  “A 
unit  represents  a year’s  study  in  any  subject  in  a secondary  school,  constituting  approxi- 
mately a quarter  of  a full  year’s  work.  A four-year  secondary  school  curriculum  should 
be  regarded  as  representing  not  more  than  16  units  of  work.” 
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tween  examinations  based  on  the  old  and  on  the  new  definitions,  so  far  as 
differences  between  them  may  make  this  desirable. 

In  view  of  the  changes  taking  place  at  the  present  time  in  mathematical 
courses  in  secondary  schools,  and  the  fact  that  college  entrance  requiie- 
ments  should  so  soon  as  possible  reflect  desirable  changes  and  assist  in  theii 
adoption,  the  National  Committee  recommends  that  either  the  American 
Mathematical  Society  or  the  Mathematical  Association  of  Ameiica  foi 
both)  maintain  a permanent  committee  on  college  entrance  requirements  in 
mathematics,  such  a committee  to  work  in  close  cooperation  with  other 
agencies  which  are  now  or  may  in  the  future  be  concerned  in  a responsible 
way  with  the  relations  between  colleges  and  secondary  schools. 

PROPOSED  DEFINITION  OF  COLLEGE  ENTRANCE  REQUIREMENTS 

elementary  algebra. 

Minor  requirement. — The  meaning,  use,  and  evaluation  (including  the 
necessary  transformations)  of  simple  formulas  involving  ideas  with  which 
the  student  is  familiar  and  the  derivation  of  such  formulas  from  rules  ex- 
pressed in  words. 

The  dependence  of  one  variable  upon  another.  Numerous  illustrations 
and  problems  involving  the  linear  function  y — mx  + b.  Illustrations  and 
problems  involving  the  quadratic  function  y = kx~. 

Graphs  and  graphic  representations  in  general;  their  construction  and 
interpretation,  including  the  representation  of  statistical  data  and  the  use 
of  the  graph  to  exhibit  dependence. 

Positive  and  negative  numbers;  their  meaning  and  use. 

Linear  equations  in  one  unknown  quantity;  their  use  in  solving  problems. 

Sets  of  linear  equations  involving  two  unknown  quantities;  their  use  in 
solving  problems. 

Ratio,  as  a case  of  simple  fractions;  proportion  without  the  theorems  on 
alternation,  etc.;  and  simple  cases  of  variation. 

The  essentials  of  algebraic  technique.  This  should  include — 

(а)  The  four  fundamental  operations. 

(б)  Factoring  of  the  following  types:  Common  factors  of  the  terms  of 
a polynomial ; the  difference  of  two  squares ; trinomials  of  the  second  degree 
(including  the  square  of  a binomial)  that  can  be  easily  factored  by  tiial. 

(c)  Fractions,  including  complex  fractions  of  a simple  type. 

(d)  Exponents  and  radicals.  The  laws  for  positive  integral  exponents, 
the  meaning  and  use  of  fractional  exponents,  but  not  the  formal  theory.  The 
consideration  of  radicals  may  be  confined  to  the  simplification  of  expres- 
sions of  the  form  Va^b  and  \Ta/b  and  to  the  evaluation  of  simple  expres- 
sions involving  the  radical  sign.  A process  for  extracting  the  square  root  of 
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a number  should  be  included  but  not  the  process  for  extracting  the  square 

root  of  a polynomial.  , 

Numerical  trigonometry.  The  use  of  the  sine,  cosine,  and  tangent  m solv- 
ing right  triangles.  The  use  of  three  or  four  place  tables  of  natural  functions. 
Major  requirement.— In  addition  to  the  minor  requirement  as  speci  e 

above,  the  following  should  be  included*.  . _ 2 

Illustrations  and  problems  involving  the  quadratic  function  y = ax 

| l)jQ  — |—  c. 

Quadratic  equations  in  one  unknown;  their  use  in  solving  problems. 
Exponents  and  radicals.  Zero  and  negative  exponents,  and  more  ex- 
tended treatment  of  fractional  exponents.  Rationalizing  denominators. 

Solution  of  simple  types  of  radical  equations. 

The  use  of  logarithmic  tables  in  computation  without  the  formal  theory. 
Elementary  statistics,  including  a knowledge  of  the  fundamental  con- 
cepts and  simple  frequency  distributions,  with  graphic  representations  of 

various  kinds.  ... 

The  binomial  theorem  for  positive  integral  exponents  less  than  »;  wi  1 

such  applications  as  compound  interest. 

The  formula  for  the  nth  term,  and  the  sum  of  n terms,  of  arithmetic  and 

geometric  progressions,  with  applications.  > . 

Simultaneous  linear  equations  in  three  unknown  quantities  and  simp  e 
cases  of  simultaneous  equations  involving  one  or  two  quadratic  equations; 

their  use  in  solving  problems.  _ _ . 

Drill  in  algebraic  manipulation  should  be  limited,  particularly  in  the 
minor  requirement,  by  the  purpose  of  securing  a thorough  understanding  of 
important  principles  and  facility  in  carrying  out  those  processes  which  are 
fundamental  and  of  frequent  occurrence  either  in  common  life  or  m the  sub- 
sequent courses  that  a substantial  proportion  of  the  pupils  will  study.  Ski 
in  manipulation  must  be  conceived  of  throughout  as1  a means  to  an  end,  not 
as  an  end  in  itself.  Within  these  limits,  skill  and  accuracy  in  algebraic  tech- 
nique are  of  prime  importance,  and  drill  in  this  subject  should  be  extended 
far  enough  to  enable  students  to  carry  out  the  fundamentally  essential  proc- 
esses accurately  and  with  reasonable  speed.  _ 

The  consideration  of  literal  equations,  when  they  serve  a significant 
purpose,  such  as  the  transformation  of  formulas,  the  derivation  of  a gen- 
eral solution  (as  of  the  quadratic  equation),  or  the  proof  of  a theorem,  is 
important.  As  a means  for  drill  in  algebraic  technique  they  should  be  used 

sparingly. 

The  solution  of  problems  should  offer  opportunity  throughout  the  course 
for  considerable  arithmetical  and  computational  work.  The  conception  of 
algebra  as  an  extension  of  arithmetic  should  be  made  significant  both  in 
numerical  applications  and  in  elucidating  algebraic  principles.  Emphasis 
should  be  placed  upon  the  use  of  common  sense  and  judgment  in  computing 
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from  approximate  data,  especially  with  regard  to  the  number  of  figures  re- 
tained, and  on  the  necessity  for  checking  the  results.  The  use  of  tables  to 
facilitate  computation  (such  as  tables  of  squares  and  square  roots,  of  inter- 
est, and  of  trigonometric  functions)  should  be  encouraged. 


PLANE  GEOMETRY. 

The  usual  theorems  and  construction^  of  good  textbooks,  including  the 
general  properties  of  plane  rectilinear  figures;  the  circle  and  the  measurement 
of  angles;  similar  polygons;  areas;  regular  polygons  and  the  measurement  of 
the  circle.  The  solution  of  numerous  original  exercises,  including  locus  prob- 
lems. Applications  to  the  mensuration  of  lines  and  plane  surfaces. 

The  scope  of  the  required  work  in  plane  geometry  is  indicated  by  the 
List  of  Fundamental  Propositions  and  Constructions,  which  is  given  in  the 
next  chapter.  This  list  indicates  in  Section  I the  type  of  proposition  which, 
in  the  opinion  of  the  committee,  may  be  assumed  without  proof  or  given 
informal  treatment.  Section  II  contains  52  propositions  and  19  constructions 
which  are  regarded  as  so  fundamental  that  they  should  constitute  the  com- 
mon minimum  of  all  standard  courses  in  plane  geometry.  Section  III  gives 
a list  of  subsidiary  theorems  which  suggests  the  type  of  additional  proposi- 
tions that  should  be  included  in  such  courses. 

College  entrance  examinations. — College  entrance  examinations  exert 
in  many  schools,  and  especially  throughout  the  eastern  section  of  the  coun- 
try, an  influence  on  secondary  school  teaching  which  is  very  far-reaching. 
It  is,  therefore,  well  within  the  province  of  the  National  Committee  to  in- 
quire whether  the  prevailing  type  of  examination  in  mathematics  serves 
the  best  interests  of  mathematical  education  and  of  college  preparation. 

The  reason  for  the  almost  controlling  influence  of  entrance  examinations 
in  the  schools  referred  to  is  readily  recognized.  Schools  sending  students  to 
such  colleges  for  men  as  Harvard,  Yale,  and  Princeton,  to  the  larger  col- 
leges for  women,  or  to  any  institution  where  examinations  form  the  only  or 
prevailing  mode  of  admission,  inevitably  direct  their  instruction  toward  the 
entrance  examination.  This  remains  true  even  if  only  a small  percentage 
of  the  class  intends  to  take  these  examinations,  the  point  being  that  the 
success  of  a teacher  is  often  measured  by  the  success  of  his  or  her  students 
in  these  examinations. 

In  the  judgment  of  the  committee,  the  prevailing  type  of  entrance  exami- 
nation in  algebra  is  primarily  a test  of  the  candidate's  skill  in  formal  ma- 
nipulation, and  not  an  adequate  test  of  his  understanding  or  of  his  ability  to 
apply  the  principles  of  the  subject.  Moreover,  it  is  quite  generally  felt  that 
the  difficulty  and  complexity  of  the  formal  manipulative  questions,  which 
have  appeared  on  recent  papers  set  by  colleges  and  by  such  agencies  as  the 
College  Entrance  Examination  Board,  has  often  been  excessive.  As  a result, 
teachers  preparing  pupils  for  these  examinations  have  inevitably  been  led 
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to  devote  an  excessive  amount  of  time  to  drill  in  algebraic  technique,  with- 
out insuring  an  adequate  understanding  of  the  principles  involved.  Far 
from  providing  the  desired  facility,  this  practice  has  tended  to  impair  it.  For 
“practical  skill,  modes  of  effective  technique,  can  be  intelligently,  non- 
mechanically  used  only  when  intelligence  has  played  a part  in  theii  ac- 
quisition.” (Dewey,  How  We  Think,  p.  52.) 

Moreover,  it  must  be  noted  that  authors  and  publishers  of  textbooks  aie 
under  strong  pressure  to  make  their  content  and  distribution  of  emphasis 
conform  to  the  prevailing  type  of  entrance  examination.  Teachers  in  turn 
are  too  often  unable  to  rise  above  the  textbook.  An  improvement  in  the 
examinations  in  this  respect  will  cause  a corresponding  improvement  in  text- 
books and  in  teaching. 

On  the  other  hand,  the  makers  of  entrance  examinations  in  algebra  can- 
not be  held  solely  responsible  for  the  condition  described.  Theirs  is  a most 
difficult  problem.  Not  only  can  they  reply  that  as  long  as  algebra  is  taught 
as  it  is,  examinations  must  be  largely  on  technique,4  but  they  can  also  claim 
with  considerable  force  that  technical  facility  is  the  only  phase  of  algebra 
that  can  be  fairly  tested  by  an  examination;  that  a candidate  can  rarely  do 
himself  justice  amid  unfamiliar  surroundings  and  subject  to  a time  limit  on 
questions  involving  real  thinking  in  applying  principles  to  concrete  situa- 
tions; and  thatwre  must  face  here  a real  limitation  on  the  power  of  an  exami- 
nation to  test  attainment.  Many,  and  perhaps  most,  teachers  will  agree  with 
this  claim.  Past  experience  is  on  their  side;  no  generally  accepted  and  effec- 
tive “power  test”  in  mathematics  has  as  yet  been  devised  and,  if  devised,  it 
might  not  be  suitable  for  use  under  conditions  prevailing  during  an  en- 
trance examination. 

But  if  it  is  true  that  the  power  of  an  examination  is  thus  inevitably 
limited,  the  wisdom  and  fairness  of  using  it  as  the  sole  means  of  admission 
to  college  is  surely  open  to  grave  doubt.  That  many  unqualified  candidates 
are  admitted  under  this  system  is  not  open  to  question.  Is  it  not  probable 
that  many  qualified  candidates  are  at  the  same  time  excluded?  If  the  en- 
trance examination  is  a fair  test  of  manipulative  skill  only,  should  not  the 
colleges  use  additional  means  for  learning  something  about  the  candidate’s 
other  abilities  and  qualifications? 

Some  teachers  believe  that  an  effective  “power  test”  in  mathematics  is 
possible.  Efforts  to  devise  such  a test  should  receive  every  encouragement. 

In  the  meantime,  certain  desirable  modifications  of  the  prevailing  type 
of  entrance  examination  are  possible.  The  College  Entrance  Examination 
Board  recently  appointed  a committee  to  consider  this  question  and  a con- 

4.  The  vicious  circle  is  now  complete.  Algebra  is  taught  mechanically  because  of 
the  character  of  the  entrance  examination;  the  examination,  in  order  to  be  fair,  must 
conform  to  the  character  of  the  teaching. 
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ference5  on  this  subject  was  held  by  representatives  of  the  College  En- 
trance Examination  Board,  members  of  the  National  Committee,  and 
others.  The  following  recommendations  are  taken  from  the  report  of  the 
committee  just  referred  to: 

Fully  one-third  of  the  questions  should  be  based  on  topics  of  such  fundamental 
importance  that  they  will  have  been  thoroughly  taught,  carefully  reviewed,  and 
deeply  impressed  by  effective  drill.  . . . They  should  be  of  such  a degree  of  diffi- 
culty that  any  pupil  of  regular  attendance,  faithful  application,  and  even  moderate 
ability  may  be  expected  to  answer  them  satisfactorily. 

There  should  be  both  simple  and  difficult  questions  testing  the  candidate  s 
ability  to  apply  the  principles  of  the  subject.  The  early  ones  of  the  easy  questions 
should  be  really  easy  for  the  candidate  of  good  average  ability  who  can  do  a little 
thinking  under  the  stress  of  an  examination;  but  even  these  questions  should  have 
genuine  scientific  content. 

There  should  be  a substantial  question  which  will  put  the  best  c.'  Mates  on 
their  mettle,  but  which  is  not  beyond  the  reach  of  a fair  proportion  o.  the  really 
good  candidates.  This  question  should  test  the  normal  workings  of  a well-trained 
mind.  It  should  be  capable  of  being  thought  out  in  the  limited  time  of  the  examina- 
tion. It  should  be  a test  of  the  candidate’s  grasp  and  insight — not  a catch  question 
or  a question  of  unfamiliar  character  making  extraordinary  demands  on  the  critical 
powers  of  the  candidate  or  one  the  solution  of  which  depends  on  an  inspiration. 
Above  all,  this  question  should  lie  near  to  the  heart  of  the  subject  as  all  well-prepared 
candidates  understand  the  subject. 

As  a rule,  a question  should  consist  of  a single  part  and  be  framed  to  test  one 
thing — not  pieced  together  out  of  several  unrelated  and  perhaps  unequally  important 
parts. 

Each  question  should  be  a substantial  test  on  the  topic  or  topics  which  it 
represents.  It  is,  however,  in  the  nature  of  the  case  impossible  that  all  questions 
be  of  equal  value. 

Care  should  be  used  that  the  examination  be  not  too  long.  * * * The  examiner 
should  be  content  to  ask  questions  on  the  important  topics,  so  chosen  that  their 
answers  will  be  fair  to  the  candidate  and  instructive  to  the  readers;  and  beyond 
this  merely  to  sample  the  candidate’s  knowledge  of  the  minor  topics. 


The  National  Committee  suggests  the  following  additional  principles: 
The  examination  as  a whole  should,  as  far  as  practicable,  reflect  the  piinci- 
ple  that  algebraic  technique  is  a means  to  an  end,  and  not  an  end  in  itself. 

Questions  that  require  of  the  candidate  skill  in  algebraic  manipulation 
beyond  the  needs  of  actual  application  should  be  used  very  sparingly. 

5.  At  this  conference  the  following  vote  was  unanimously  passed:  “Voted,  that  the 
results  of  examinations  (of  the  College  Entrance  Examination  Board),  be  reported  b> 
letters  A,  B,  C,  D,  E and  that  the  definition  of  the  groups  represented  bv  these  letters 
should  be  determined  in  each  year  by  the  distribution  of  ability  in  a standaid  gioup 
of  papers  representing  widely  both  public  and  private  schools. 
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An  effort  should  be  made  to  devise  questions  which  will  fairly  test  the 
candidate’s  understanding  of  principles  and  his  ability  to  apply  them, 
while  involving  a minimum  of  manipulative  complexity. 

The  examinations  in  geometry  should  be  definitely  constructed  to  test 
the  candidate’s  ability  to  draw  valid  conclusions  rather  than  his  ability  to 
memorize  an  argument. 

A chapter  on  mathematical  terms  and  symbols  is  included  in  this  report.6 
It  is  hoped  that  examining  bodies  will  be  guided  by  the  recommendations 
there  made  relative  to  the  use  of  terms  and  symbols  in  elementary  mathe- 
matics. 

The  College  Entrance  Examination  Board,  early  in  1921,  appointed  a 
commission  to  recommend  such  revisions  as  might  seem  necessary  in  the 
definitions  of  the  requirements  in  the  various  subjects  of  elementary  mathe- 
matics. The  recommendations  contained  in  the  present  chapter  have  been 
laid  before  this  commission.  It  is  hoped  that  the  commission’s  report,  when 
it  is  finally  made  effective  by  action  of  the  College  Entrance  Examination 
Board  and  the  various  colleges  concerned,  will  give  impetus  to  the  reorgani- 
zation of  the  teaching  of  elementary  mathematics  along  the  lines  recom- 
mended in  the  report  of  the  National  Committee. 


6.  See  Chap.  VIII. 
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CHAPTER  VI 


List  of  Propositions  in  Plane  ancl  Solid  Geometry 


General  basis  of  the  selection  of  material. — The  subcommittee  ap- 
pointed to  prepare  a list  of  basal  propositions  made  a careful  study  of  a 
number  of  widely  used  textbooks  on  geometry.  The  bases  of  selection  of 
the  propositions  were  two:  (1)  The  extent  to  which  the  propositions  and 
corollaries  were  used  in  subsequent  proofs  of  important  propositions  and 
exercises;  (2)  the  value  of  the  propositions  in  completing  important  pieces 
of  theory.  Although  the  list  of  theorems  and  problems  is  substantially  the 
same  in  nearly  all  textbooks  in  general  use  in  this  country,  the  wording,  the 
sequence,  and  the  methods  of  proof  vary  to  such  an  extent  as  to  render  diffi- 
cult a definite  statement  as  to  the  number  of  times  a proposition  is  used  in 
the  several  books  examined.  A tentative  table  showed,  however,  less  varia- 
tion than  might  have  been  anticipated. 

Classification  of  propositions. — The  classification  of  propositions  is 
not  the  same  in  plane  geometry  as  in  solid  geometry.  This  is  partly  due  to 
the  fact  that  it  is  generally  felt  that  the  student  should  limit  his  construc- 
tion work  to  figures  in  a plane  and  in  which  the  compasses  and  straight  edge 
are  sufficient.  The  propositions  have  been  divided  as  follows: 

Plane  geometry:  I.  Assumptions  and  theorems  for  informal  treatment; 

II.  Fundamental  theorems  and  constructions:  A.  Theorems,  B.  Constructions; 

III.  Subsidiary  theorems. 

Solid  geometry:  I.  Fundamental  theorems;  II.  Fundamental  proposi- 
tions in  mensuration;  III.  Subsidiary  theorems;  IV.  Subsidiary  propositions 
in  mensuration. 


PLANE  GEOMETRY 

I.  Assumptions  and  theorems  for  informal  treatment. — This  list 
contains  propositions  which  may  be  assumed  without  proof  (postulates)  and 
theorems  which  it  is  permissible  to  treat  informally.  Some  of  these  proposi- 
tions will  appear  as  definitions  in  certain  methods  of  treatment.  Moreover, 
teachers  should  feel  free  to  require  formal  proofs  in  certain  cases,  if  they 
desire  to  do  so.  The  precise  wording  given  is  not  essential,  nor  is  the  order 
in  which  the  propositions  are  here  listed.  The  list  should  be  taken  as  repre- 
sentative of  the  type  of  propositions  which  may  be  assumed,  or  treated  in- 
formally, rather  than  as  exhaustive. 
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1.  Through  two  distinct  points  it  is  possible  to  draw  one  straight  line,  and  only 

one. 

2.  A line  segment  may  be  produced  to  any  desired  length. 

3.  The  shortest  path  between  two  points  is  the  line  segment  joining  them. 

4.  One  and  only  one  perpendicular  can  be  drawn  through  a given  point  to  a 
given  straight  line. 

5.  The  shortest  distance  from  a point  to  a line  is  the  perpendicular  distance 
from  the  point  to  the  line. 

6.  From  a given  center  and  with  a given  radius  one  and  only  one  circle  can  be 
described  in  a plane. 

7.  A straight  line  intersects  a circle  in  at  most  two  points. 

S.  Any  figure  may  be  moved  from  one  place  to  another  without  changing  its 
shape  or  size. 

9.  All  right  angles  are  equal. 

10.  If  the  sum  of  two  adjacent  angles  equals  a straight  angle,  their  exterior 
sides  form  a straight  line. 

11.  Equal  angles  have  equal  complements  and  equal  supplements. 

12.  Vertical  angles  are  equal. 

13.  Two  lines  perpendicular  to  the  same  line  are  parallel. 

14.  Through  a given  point  not  on  a given  straight  line,  one  straight  line,  and 
only  one,  can  be  drawn  parallel  to  the  given  line. 

15.  Two  lines  parallel  to  the  same  line  are  parallel  to  each  other. 

16.  The  area  of  a rectangle  is  equal  to  its  base  times  its  altitude. 

II.  Fundamental  theorems  and  constructions. — It  is  recommended 
that  theorems  and  constructions  (other  than  originals)  to  be  proved  on 
college  entrance  examinations  be  chosen  from  the  following  list.  Originals 
and  other  exercises  should  be  capable  of  solution  by  direct  reference  to  one 
or  more  of  these  propositions  and  constructions.  It  should  be  obvious  that 
any  course  in  geometry  that  is  capable  of  giving  adequate  training  must 
include  considerable  additional  material.  The  order  here  given  is  not  in- 
tended to  signify  anything  as  to  the  order  of  presentation.  It  should  be 
clearly  understood  that  certain  of  the  statements  contain  two  or  more 
theorems,  and  that  the  precise  wording  is  not  essential.  The  committee 
favors  entire  freedom  in  statement  and  sequence. 


A.  Theorems. 

1.  Two  triangles  are  congruent  if1  (a)  two  sides  and  the  included  angle  of  one 
are  equal,  respectively,  to  two  sides  and  the  included  angle  of  the  other;  ( b ) two 


1.  Teachers  should  feel  free  to  separate  this  theorem  into  three  distinct  theorems 
and  to  use  other  phraseology  for  any  such  proposition.  For  example,  in  1,  “Two  triangles 
are  equal  if  * * “ a triangle  is  determined  by  * * etc.  Similarly  in  2,  the  state- 

ment might  read:  “Two  right  triangles  are  congruent  if,  besides  the  right  angles,  any 
two  parts  (not  both  angles)  in  the  one  are  equal  to  corresponding  parts  of  the  other.” 
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angles  and  a side  of  one  are  equal,  respectively,  to  two  angles  and  the  corresponding 
side  of  the  other;  (c)  the  three  sides  of  one  are  equal,  respectively,  to  the  three  sides 
of  the  other. 

2.  Two  right  triangles  are  congruent  if  the  hypotenuse  and  one  other  side  of 
one  are  equal,  respectively,  to  the  hypotenuse  and  another  side  of  the  other. 

3.  If  two  sides  of  a triangle  are  equal,  the  angles  opposite  these  sides  are  equal; 
and  conversely.2 

4.  The  locus  of  a point  (in  a plane)  equidistant  from  two  given  points  is  the 
perpendicular  bisector  of  the  line  segment  joining  them. 

5.  The  locus  of  a point  equidistant  from  two  given  intersecting  lines  is  the  pair 
of  lines  bisecting  the  angles  formed  by  these  lines. 

6.  When  a transversal  cuts  two  parallel  lines,  the  alternate  interior  angles  are 
equal;  and  conversely. 

7.  The  sum  of  the  angles  of  a triangle  is  two  right  angles. 

8.  A parallelogram  is  divided  into  congruent  triangles  In'  either  diagonal. 

9.  Any  (convex)  quadrilateral  is  a parallelogram  (a)  if  the  opposite  sides  are 
equal;  (6)  if  two  sides  are  equal  and  parallel. 

10.  If  a series  of  parallel  lines  cut  off  equal  segments  on  one  transversal  they 
cut  off  equal  segments  on  any  transversal. 

11.  (a)  The  area  of  a parallelogram  is  equal  to  the  base  times  the  altitude. 

(6)  The  area  of  a triangle  is  equal  to  one-half  the  base  times  the  altitude. 

(c)  The  area  of  a trapezoid  is  equal  to  half  the  sum  of  its  bases  times  its 
altitude. 

( d ) The  area  of  a regular  polygon  is  equal  to  half  the  product  of  its  apothem 
and  perimeter. 

12.  (a)  If  a straight  line  is  drawn  through  two  sides  of  a triangle  parallel  to 
the  third  side  it  divides  these  sides  proportionally. 

(6)  If  a line  divides  two  sides  of  a triangle  proportionally  it  is  parallel  to  the 
third  side.  (Proofs  for  commensurable  cases  only.) 

(c)  The  segments  cut  off  on  two  transversals  by  a series  of  parallels  are 
proportional. 

13.  Two  triangles  are  similar  if  (a)  they  have  two  angles  of  one  equal,  respec- 
tively, to  two  angles  of  the  other;  (6)  they  have  an  angle  of  one  equal  to  an  angle 
of  the  other  and  the  including  sides  are  proportional;  (c)  their  sides  are  respectively 
proportional. 

14.  If  two  chords  intersect  in  a circle,  the  product  of  the  segments  of  one  is 
equal  to  the  product  of  the  segments  of  the  other. 

15.  The  perimeters  of  two  similar  polygons  have  the  same  ratio  as  any  two 
corresponding  sides. 

16.  Polygons  are  similar,  if  they  can  be  decomposed  into  triangles  which  are 
similar  and  similarly  placed;  and  conversely. 

17.  The  bisector  of  an  (interior  or  exterior)  angle  of  a triangle  divides  the 


2.  It  should  be  understood  that  the  converse  of  a theorem  need  not  be  treated  in 
connection  with  the  theorem  itself,  it  being  sometimes  better  to  treat  it  later.  Further- 
more, a converse  may  occasionally  be  accepted  as  true  in  an  elementary  course,  if  the 
necessity  for  proof  is  made  clear.  The  proof  may  then  be  given  later. 
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opposite  side  (produced  if  necessary)  into  segments  proportional  to  the  adjacent 
sides, 

18.  The  areas  of  two  similar  triangles  (or  polygons)  are  to  each  other  as  the 
squares  of  any  two  corresponding  sides. 

19.  In  any  right  triangle  the  perpendicular  from  the  vertex  of  the  right  angle 
on  the  hypotenuse  divides  the  triangle  into  two  triangles  each  similar  to  the  given 
triangle. 

20.  In  a right  triangle  the  square  on  the  hypotenuse  is  equal  to  the  sum  of  the 
squares  on  the  other  two  sides. 

21.  In  the  same  circle  or  in  equal  circles,  if  two  arcs  are  equal,  their  central 
angles  are  equal;  and  conversely. 

22.  In  any  circle  angles  at  the  center  are  proportional  to  their  intercepted  arcs. 
(Proof  for  commensurable  case  only.) 

23.  In  the  same  circle  or  in  equal  circles,  if  two  chords  are  equal  their  corre- 
sponding arcs  are  equal;  and  conversely. 

24.  (a)  A diameter  perpendicular  to  a chord  bisects  the  chord  and  the  arcs 
of  the  chord.  ( b ) A diameter  which  bisects  a chord  (that  is  not  a diameter)  is 
perpendicular  to  it. 

25.  The  tangent  to  a circle  at  a given  point  is  perpendicular  to  the  rachus  at 
that  point;  and  conversely. 

26.  In  the  same  circle  or  in  equal  circles,  equal  chords  are  equally  distant  from 
the  center;  and  conversely. 

27.  An  angle  inscribed  in  a circle  is  equal  to  half  the  central  angle  having  the 
same  arc. 

28.  Angles  inscribed  in  the  same  segment  are  equal. 

29.  If  a circle  is  divided  into  equal  arcs,  the  chords  of  these  arcs  form  a regular 
inscribed  polygon  and  tangents  at  the  points  of  division  form  a regular  circum- 
scribed polygon. 

31.3  area  0f  a circle  is  equal  to  ? rr2.  (Informal  proof  only.) 

30.  The  circumference  of  a circle  is  equal  to  2ttv.  (Informal  proof  only.) 

The  treatment  of  the  mensuration  of  the  circle  should  be  based  upon  related 
theorems  concerning  regular  polygons,  but  it  should  be  informal  as  to  the  limiting 
processes  involved,  The  aim  should  be  an  understanding  of  the  concepts  involved, 
so  far  as  the  capacity  of  the  pupil  perrnits. 

B.  Constructions. 

1.  Bisect  a line  segment  and  draw  the  perpendicular  bisector. 

2.  Bisect  an  angle. 

3.  Construct  a perpendicular  to  a given  line  through  a given  point. 

4.  Construct  an  angle  equal  to  a given  angle. 

5.  Through  a given  point  draw  a straight  line  parallel  to  a given  straight  line. 

6.  Construct  a triangle,  given  (a)  the  three  sides;  ( b ) two  sides  and  the  in- 
cluded angle;  (c)  two  angles  and  the  included  side. 

7.  Divide  a line  segment  into  parts  proportional  to  given  segments. 

3.  The  total  number  of  theorems  given  in  this  list  when  separated,  as  will  probably 
be  found  advantageous  in  teaching,  including  the  converses  indicated,  is  52. 

437 


Bn mmmmsmmm 


mm 


The  “1923  Report”  and  Connectionism  in  Arithmetic  ( 1920— 37 ) 


8.  Given  an  are  of  a circle,  find  its  center. 

9.  Circumscribe  a circle  about  a triangle. 

10.  Inscribe  a circle  in  a triangle. 

11.  Construct  a tangent  to  a circle  through  a given  point. 

12.  Construct  the  fourth  proportional  to  three  given  line  segments. 

13.  Construct  the  mean  proportional  between  two  given  line  segments. 

14.  Construct  a triangle  (polygon)  similar  to  a given  triangle  (polygon). 

15.  Construct  a triangle  equal  to  a given  polygon. 

16.  Inscribe  a square  in  a circle. 

17.  Inscribe  a regular  hexagon  in  a circle. 

III.  Subsidiary  list  of  propositions. — The  following  list  of  propositions 
is  intended  to  suggest  some  of  the  additional  material  referred  to  in  the  in- 
troductory paragraph  of  Section  II.  It  is  not  intended,  however,  to  be  ex- 
haustive; indeed,  the  committee  feels  that  teachers  should  be  allowed  con- 
siderable freedom  in  the  selection  of  such  additional  material,  theorems, 
corollaries,  originals,  exercises,  etc.,  in  the  hope  that  opportunity  will  thus 
be  afforded  for  constructive  work  in  the  development  of  courses  in  geometry. 

1.  When  two  lines  are  cut  by  a transversal,  if  the  corresponding  angles  are 
equal  or  if  the  interior  angles  on  the  same  side  of  the  transversal  are  supplementary, 
the  lines  are  parallel. 

2.  When  a transversal  cuts  two  parallel  lines,  the  corresponding  angles  are  equal, 
and  the  interior  angles  on  the  same  side  of  the  transversal  are  supplementary. 

3.  A line  perpendicular  to  one  of  two  parallels  is  perpendicular  to  the  other  also. 

4.  If  two  angles  have  their  sides  respectively  parallel  or  respectively  perpen- 
dicular to  each  other,  they  are  either  equal  or  supplementary. 

5.  Any  exterior  angle  of  a triangle  is  equal  to  the  sum  of  the  two  opposite 
interior  angles. 

6.  The  sum  of  the  angles  of  a convex  polygon  of  n sides  is  2(n  — 2)  right  angles. 

7.  In  any  parallelogram  (a)  the  opposite  sides  are  equal;  (6)  the  opposite  angles 
are  equal;  (c)  the  diagonals  bisect  each  other. 

8.  Any  (convex)  quadrilateral  is  a parallelogram,  if  (a)  the  opposite  angles  are 
equal;  (6)  the  diagonals  bisect  each  other. 

9.  The  medians  of  a triangle  intersect  in  a point  which  is  two-thircls  of  the 
distance  from  a vertex  to  the  mid-point  of  the  opposite  side. 

10.  The  altitudes  of  a triangle  meet  in  a point. 

11.  The  perpendicular  bisectors  of  the  sides  of  a triangle  meet  in  a point. 

12.  The  bisectors  of  the  angles  of  a triangle  meet  in  a point, 

13.  The  tangents  to  a circle  from  an  external  point  are  equal 

14.4  (a)  If  two  sides  of  a triangle  are  unequal,  the  greater  side  has  the  greater 

4.  Such  inequality  theorems  as  these  are  of  importance  in  developing  the  notion  of 
dependence  or  functionality  in  geometry.  The  fact  that  they  are  placed  in  the  “Sub- 
sidiary list  of  propositions”  should  not  imply  that  they  are  considered  of  less  educational 
value  than  those  in  List  II.  They  are  placed  here  because  they  are  not  “fundamental” 
in  the  same  sense  that  the  theorems  of  List  II  are  fundamental. 
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angle  opposite  it,  and  conversely. 

( b ) If  two  sides  of  one  triangle  are  equal  respectively  to  two  sides  of  another 
triangle,  but  the  included  angle  of  the  first  is  greater  than  the  included  angle  of  the 
second,  then  the  third  side  of  the  first  is  greater  than  the  third  side  of  the  second, 
and  conversely. 

(c)  If  two  chords  are  unequal,  the  greater  is  at  the  less  distance  from  the 
center,  and  conversely. 

(d)  The  greater  of  two  minor  arcs  has  the  greater  chord,  and  conversely. 

15.  An  angle  inscribed  in  a semicircle  is  a right  angle. 

16.  Parallel  lines  cutting  a circle  intercept  equal  arcs  on  the  circle. 

17.  An  angle  formed  by  a tangent  of  a circle  and  a chord  drawn  through  the 
point  of  contact  is  measured  by  half  the  intercepted  arc. 

18.  An  angle  formed  by  two  intersecting  chords  is  measured  by  half  the  sum 

of  the  intercepted  arcs. 

19.  An  angle  formed  by  two  secants  or  by  two  tangents  to  a circle  is  measured 
by  half  the  difference  between  the  intercepted  arcs. 

20.  If  from  a point  without  a circle  a secant  and  a tangent  are  drawn,  the  tan- 
gent is  the  mean  proportional  between  the  whole  secant  and  its  external  segment. 

21.  Parallelograms  or  triangles  of  equal  liases  and  equal  altitudes  are  equal. 

22.  The  perimeters  of  two  regular  polygons  of  the  same  number  of  sides  are 
to  each  other  as  their  radii  and  also  as  their  apothems. 


SOLID  GEOMETRY 

In  the  following  list  the  precise  wording  and  the  sequence  are  not  con- 
sidered : 


I.  Fundamental  Theorems. 

1.  If  two  planes  meet,  they  intersect  in  a straight  line. . 

2.  If  a line  is  perpendicular  to  each  of  two  intersecting  lines  at  their  point  of 
intersection  it  is  perpendicular  to  the  plane  of  the  two  lines. 

3.  Every  perpendicular  to  a given  line  at  a given  point  lies  in  a plane  perpen- 
dicular to  the  given  line  at  the  given  point, 

4.  Through  a given  point  (internal  or  external)  there  can  pass  one  and  only 

one  line  perpendicular  to  a plane. 

5.  Two  lines  perpendicular  to  the  same  plane  are  parallel. 

6.  If  two  lines  are  parallel,  every  plane  containing  one  of  the  lines  and  only 
one  is  parallel  to  the  other. 

7.  Two  planes  perpendicular  to  the  same  line  are  parallel. 

8.  If  two  parallel  planes  are  cut  by  a third  plane,  the  lines  of  intersection  are 
parallel. 

9.  If  two  angles  not  in  the  same  plane  have  their  sides  respectively  parallel  in 
the  same  sense,  the}'  are  equal  and  their  planes  are  parallel. 

10.  If  two  planes  are  perpendicular  to  each  other,  a line  drawn  in  one  of  them 
perpendicular  to  their  intersection  is  perpendicular  to  the  other. 

11.  If  a line  is  perpendicular  to  a given  plane,  every  plane  which  contains  this 
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line  is  perpendicular  to  the  given  plane.  . , . 

12.  If  two  intersecting  planes  are  each  perpendicular  to  a nr  pane, 

p>—  ■» the  ed^ 

are  is  equal  t0  a right  prism  whose  base  is  equal  to  a right 

section  ot  the  oblique  prism  and  whose  altitude  is  equal  to  a lateral  edge  of  the 
oblique  prism. 

15.  The  opposite  faces  of  a parallelopiped  are  congruent  . , 

16.  The  plane  passed  through  two  diagonally  opposite  edges  o a para  e opipe 

divides  the  parallelopiped  into  two  equal  triangular  prisms. 

17.  If  a pyramid  (or  a cone)  is  cut  by  a plane  parallel  to  the  base: 

(а)  The  lateral  edges  (or  elements)  and  the  altitude  are  divided  proportiona  y, 

(б)  The  section  is  a figure  similar  to  the  base; 

(c)  The  area  of  the  section  is  to  the  area  of  the  base  as  the  square  of  the  is- 
tance  from  the  vertex  is  to  the  square  of  the  altitude  of  the  pyramid  or  cone). 

18  Two  triangular  pyramids  having  equal  bases  and  equal  a titu  es  are  eT^ 
IQ’.  All  points  on  a circle  of  a sphere  are  equidistant  from  either  pole  of  the 

C1IC  20  On  any  sphere  a point  which  is  at  a quadrant’s  distance  from  each  of  two 
other  points  not  the  extremities  of  a diameter  is  a pole  of  the  great  circle  passing 

through  these  two  points.  . . 

21.  If  a plane  is  perpendicular  to  a radius  at  its  extremity  on  a sphere,  it  is 

tangent  to  the  sphere.  , 1 „ 

22  A sphere  can  be  inscribed  in  or  circumscribed  about  any  tetrahedron. 

23.  If  one  spherical  triangle  is  the  polar  of  another,  then  reciprocally  the  secon 

18  ^24^^  angle  of  either  is  the  element  of  the  °PP°site 

side  of  the  other. 

25.  Two  symmetric  spherical  triangles  are  equal. 

II.  Fundamental  Propositions  in  Mensuration. 

26  The  lateral  area  of  a prism  or  a circular  cylinder  is  equal  to  the  product  of hi 
lateral  edge  or  element,  respectively,  by  the  perimeter  (circumference)  of  a n0ht 

27.  The  volume  of  a prism  (including  any  parallelopiped)  or  of  a circulai  cylin 

der  is  equal  to  the  product  of  its  base  by  its  altitude. 

28  The  lateral  area  of  a regular  pyramid  or  a right  circular  cone  is  equal  to  half 

the  product  of  its  slant  height  by  the  perimeter  (circumference)  of  its  base 

29.  The  volume  of  a pyramid  or  a cone  is  equal  to  one-third  the  produe 

base  by  its  altitude. 

30.  The  area  of  a sphere. 

31.  The  area  of  a spherical  polygon. 

32.  The  volume  of  a sphere. 

III.  Subsidiary  Theorems. 

33  If  from  an  external  point  a perpendicular  and  obliques  are  drawn  to  a plane, 
(a)  the  perpendicular  is  shorter  than  any  oblique;  (6)  obliques  meeting  the  p ane 
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at  equal  distances  from  the  foot  of  the  perpendicular  are  equal;  (c)  of  two  obliques 
meeting  the  plane  at  unequal  distances  from  the  foot  of  the  perpendicular,  the  more 
remote  is  the  longer. 

34.  If  two  lines  are  cut  by  three  parallel  planes,  their  corresponding  segments 
are  proportional. 

35.  Between  two  lines  not  in  the  same  plane  there  is  one  common  perpendicular, 
and  only  one. 

36.  The  bases  of  a cylinder  are  congruent. 

37.  If  a plane  intersects  a sphere,  the  line  of  intersection  is  a circle. 

38.  The  volume  of  two  tetrahedrons  that  have  a trihedral  angle  of  one  equal 
to  a trihedral  angle  of  the  other  are  to  each  other  as  the  products  of  the  three  edges 
of  these  trihedral  angles. 

39.  In  any  polyhedron  the  number  of  edges  increased  by  two  is  equal  to  the 
number  of  vertices  increased  by  the  number  of  faces. 

40.  Two  similar  polyhedrons  can  be  separated  into  the  same  number  of  tetra- 
hedrons similar  each  to  each  and  similarly  placed. 

41.  The  volumes  of  two  similar  tetrahedrons  are  to  each  other  as  the  cubes  of 
any  two  corresponding  edges. 

42.  The  volumes  of  two  similar  polyhedrons  are  to  each  other  as  the  cubes  of 
any  two  corresponding  edges. 

43.  If  three  face  angles  of  one  trihedral  angle  are  equal,  respectively,  to  the 
three  face  angles  of  another  the  trihedral  angles  are  either  congruent  or  symmetric. 

44.  Two  spherical  triangles  on  the  same  sphere  are  either  congruent  or  sym- 
metric if  (a)  two  sides  and  the  included  angle  of  one  are  equal  to  the  corresponding 
parts  of  the  other;  ( b ) two  angles  and  the  included  side  of  one  are  equal  to  the 
corresponding  parts  of  the  other;  (c)  they  are  mutually  equilateral;  (cl)  they  are 
mutually  equiangular. 

45.  The  sum  of  any  two  face  angles  of  a trihedral  angle  is  greater  than  the 
third  face  angle. 

46.  The  sum-  of  the  face  angles  of  any  convex  polyhedral  angle  is  less  than  four 
right  angles. 

47.  Each  side  of  a spherical  triangle  is  less  than  the  sum  of  the  other  two  sides. 

48.  The  sum  of  the  sides  of  a spherical  polygon  is  less  than  360°. 

49.  The  sum  of  the  angles  of  a spherical  triangle  is  greater  than  180°  and  less 
than  540°. 

50.  There  can  not  be  more  than  five  regular  polyhedrons. 

51.  The  locus  of  points  equidistant  (a)  from  two  given  points;  ( b ) from  two 
given  planes  which  intersect. 

IV.  Subsidiary  Propositions  in  Mensuration. 

52.  The  volume  of  a frustum  of  (a)  a pyramid  or  (6)  a cone. 

53.  The  lateral  area  of  a frustum  of  (a)  pyramid  or  ( b ) a cone  of  revolution. 

54.  The  volume  of  a prismoid  (without  formal  proof). 


CHAPTER  VII 


The  Function  Concept  in  Secondary  School  Mathematics  1 


In  Chapter  II,  and  incidentally  in  later  chapters,  considerable  emphasis 
has  been  placed  on  the  function  concept  or,  better,  on  the  idea  of  relationship 
between  variable  quantities  as  one  of  the  general  ideas  that  should  dominate 
instruction  in  elementary  mathematics.  Since  this  recommendation  is  pe- 
culiarly open  to  misunderstanding  on  the  part  of  teachers,  it  seems  desirable 
to  devote  a separate  chapter  to  a rather  detailed  discussion  of  what  the 
recommendation  means  and  implies. 

It  will  be  seen  in  what  follows  that  there  is  no  disposition  to  advocate 
the  teaching  of  any  sort  of  function  theory.  A prime  danger  of  misconcep- 
tion that  should  be  removed  at  the  very  outset  is  that  teachers  may  think  it 
is  the  notation  and  the  definitions  of  such  a theory  that  are  to  be  taught. 
Nothing  could  be  further  from  the  intention  of  the  committee.  Indeed,  it 
seems  entirely  safe  to  say  that  the  word  “function”  had  best  not  be  used  at 
all  in  the  early  courses. 

What  is  desired  is  that  the  idea  of  relationship  or  dependence  between 
variable  quantities  be  imparted  to  the  pupil  by  the  examination  of  numerous 
concrete  instances  of  such  relationship.  He  must  be  shown  the  workings  of 
relationships  in  a large  number  of  cases  before  the  abstract  idea  of  rela- 
tionship will  have  any  meaning  for  him.  Furthermore,  the  pupil  should  be 
led  to  form  the  habit  of  thinking  about  the  connections  that  exist  between 
related  quantities,  not  merely  because  such  a habit  forms  the  best  foundation 
for  a real  appreciation  of  the  theory  that  may  follow  later,  but  chiefly  be- 
cause this  habit  will  enable  him  to  think  more  clearly  about  the  quantities 
with  which  he  will  have  to  deal  in  real  life,  whether  or  not  he  takes  any 
further  work  in  mathematics. 

Indeed,  the  reason  for  insisting  so  strongly  upon  attention  to  the  idea 
of  relationships  between  quantities  is  that  such  relationships  do  occur  in 

1.  The  first  draft,  of  this  chapter  was  prepared  for  the  National  Committee  by 
E.  R.  Hedrick,  of  the  University  of  Missouri.  It  was  discussed  at,  the  meeting  of  the 
Committee,  Sept.  2-4,  1920;  revised  by  the  author,  and  again  discussed  Dec.  29-30,  1920, 
and  is  now  issued  as  part  of  the  committee’s  report. 
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real  life  in  connection  with  practically  all  of  the  quantities  with  which  we 
are  called  upon  to  deal  in  practice.  Whereas  there  can  be  little  doubt  about 
the  small  value  to  the  student  who  does  not  go  on  to  higher  studies  of  some 
of  the  manipulative  processes  criticized  by  the  National  Committee,  there 
can  be  no  doubt  at  all  of  the  value  to  all  persons  of  any  increase  in  theii 
ability  to  see  and  to  foresee  the  manner  in  which  related  quantities  affect 
each  other. 

To  attain  what  has  been  suggested,  the  teacher  should  have  in  mind 
constantly  not  any  definition  to  be  recited  by  the  pupil,  not  any  automatic 
response  to  a given  cue,  not  any  memory  exercise  at  all,  but  rather  a de- 
termination not  to  pass  any  instance  in  which  one  quantity  is  related  to 
another,  or  in  which  one  quantity  is  determined  by  one  or  more  others, 
without  calling  attention  to  the  fact,  and  trying  to  have  the  student  see 
how  it  works.”  These  instances  occur  in  literally  thousands  of  cases  in  both 
algebra  and  geometry.  It  is  the  purpose  of  this  chapter  to  outline  in  some 
detail  a few  typical  instances  of  this  character. 


I.  RELATIONSHIPS  IN  ALGEBRA 

In  algebra  the  instance  of  the  function  idea  which  usually  occurs  to  one 
first  is  in  connection  with  the  study  of  graphs.  While  this  is  natural  enough, 
and  while  it  is  true  that  the  graph  is  fundamentally  functional  in  character, 
the  supposition  that  it  furnishes  the  first  opportunity  for  observing  functional 
relations  between  quantities  betrays  a misconception  that  ought  to  be 
corrected. 

1.  Use  of  letters  for  numbers.— The  very  first  illustrations  given  in 
algebra  to  show  the  use  of  letters  in  the  place  of  numbers  are  essentially 
functional  in  character.  Thus,  such  relations  as  I = prt  and  A = n rr2,  as 
well  as  others  that  are  frequently  used,  are  statements  of  general  relation- 
ships. These  should  be  used  to  accustom  the  student  not  only  to  the  use  of 
letters  in  the  place  of  numbers  and  to  the  solution  of  simple  numerical  prob- 
lems, but  also  to  the  idea,  for  example,  that  changes  in  r affect  the  value  of 
A.  Such  questions  as  the  following  should  be  considered:  If  r is  doubled, 
what  will  happen  to  At  If  p is  doubled,  what  will  happen  to  It  Appreciation 
of  the  meaning  of  such  relationships  will  tend  to  clarify  the  entire  subject 
under  consideration.  Without  such  an  appreciation,  it  may  be  doubted 
whether  the  student  has  any  real  grasp  of  the  matter. 

2.  Equations. — Every  simple  problem  leading  to  an  equation  in  the 
first  part  of  algebra  would  be  better  understood  for  just  such  a discussion  as 
that  mentioned  above.  Thus,  if  two  dozen  eggs  are  weighed  in  a basket 
which  weighs  2 pounds,  and  if  the  total  weight  is  found  to  be  5 pounds,  what 
is  the  average  weight  of  an  egg?  If  x is  the  weight  in  ounces  of  one  egg,  the 
total  weight  with  the  2-pouncl  basket  wrould  be  2Ax  -f-  32  ounces.  If  the 
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student  will  first  try  the  effect  of  an  average  weight  of  1 ounce,  of  V/2  ounces, 
2 ounces,  2k>  ounces,  the  meaning  of  the  problem  will  stand  out  clearly.  In 
every  such  problem,  preliminary  trials  really  amount  to  a discussion  of  the 
properties  of  a linear  function. 

3.  Formulas  of  pure  science  and  of  practical  affairs. — The  study  of 
formulas  as  such,  aside  from  their  numerical  evaluation,  is  becoming  of 
more  and  more  importance.  The  actual  uses  of  algebra  are  not  to  be  found 
solely  nor  even  principally  in  the  solution  of  numerical  problems  for  numeri- 
cal answers.  In  such  formulas  as  those  for  falling  bodies,  levers,  etc.,  the 
manner  in  which  changes  in  one  quantity  cause  (or  correspond  to)  changes 
in  another,  are  of  prime  importance,  and  their  discussion  need  cause  no  diffi- 
culty whatever.  The  formulas  under  discussion  here  include  those  formulas 
of  pure  science  and  of  practical  affairs  which  are  being  introduced  more  and 
more  into  our  texts  on  algebra.  Whenever  such  a formula  is  encountered,  the 
teacher  should  be  sure  that  the  students  have  some  comprehension  of  the 
effects  of  changes  in  one  of  the  quantities  upon  the  other  quantity  or  quan- 
tities in  the  formula. 

As  a specific  instance  of  such  scientific  formulas,  consider,  for  example, 
the  force  F,  in  pounds,  with  which  a weight  IF,  in  pounds,  pulls  outward  on 
a string  (centrifugal  force)  if  the  weight  is  revolved  rapidly  at  a speed  v, 
in  feet  per  second,  at  the  end  of  a string  of  length  r feet.  This  force  is  given 
by  the  formula 


When  such  a formula  is  used  the  teacher  should  not  be  contented  with  the 
mere  insertion  of  numerical  values  for  W , v,  and  r to  obtain  a numerical 
value  for  F. 

The  advantage  obtained  from  the  study  of  such  a formula  lies  quite  as 
much  in  the  recognition  of  the  behavior  of  the  force  when  one  of  the  other 
quantities  varies.  Thus  the  student  should  be  able  to  answer  intelligently 
such  questions  as  the  following:  If  the  weight  is  assumed  to  be  twice  as 
heavy,  what  is  the  effect  upon  the  force?  If  the  speed  is  taken  twice  as  great, 
what  is  the  effect  upon  the  force?  If  the  radius  becomes  twice  as  large,  what 
is  the  effect  upon  the  force?  If  the  speed  is  doubled,  what  change  in  the 
weight  would  result  in  the  same  force?  Will  an  increase  in  the  speed  cause  an 
increase  or  decrease  in  the  force?  Will  an  increase  in  the  radius  r cause  an 
increase  or  a decrease  in  the  force? 

As  another  instance  (of  a more  advanced  character)  consider  the  formula 
for  the  amount  of  a sum  of  money  P,  at  compound  interest  at  r per  cent,  at 
the  end  of  n years.  This  amount  may  be  denoted  by  An.  Then  we  shall  have 
A„,  = iP  (1  — {-  Will  doubling  P result  in  doubling  An?  Will  doubling 

n result  in  doubling  A„?  Since  the  compound  interest  that  has  accumulated 
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is  equal  to  the  difference  between  P ancl  A„,  will  the  doubling  of  r double  the 
interest?  Compare  the  correct  answers  to  these  questions  with  the  answers 
to  the  similar  questions  in  the  case  of  simple  interest,  in  which  the  formula 
reads  An  = P + Pm  and  in  which  the  accumulated  interest  is  simply  Pm. 

The  difference  between  such  a study  of  the  effect  produced  upon  one 
quantity  by  changes  in  another  and  the  mere  substitution  of  numerical  values 
will  be  apparent  from  these  examples. 

4.  Formulas  of  pure  algebra. — Formulas  of  pure  algebra,  such  as  that 
for  (re  -|-  h)~,  will  be  better  understood  and  appreciated  if  accompanied  by 
a discussion  of  the  manner  in  which  changes  in  h cause  changes  in  the  total 
result.  This  can  be  accomplished  by  discussing  such  concrete  realities  as 
the  error  made  in  computing  the  area  of  a square  field  or  of  a square  room 
when  an  error  has  been  made  in  measuring  the  side  of  the  square.  If  x is 
the  true  length  of  the  side,  and  if  the  student  assumes  various  possible 
values  for  the  error  h made  in  measuring  x,  he  will  have  a situation  that 
involves  some  comprehension  of  the  functional  workings  of  the  formula 
mentioned.  The  same  formula  relates  to  such  problems  as  the  change  from 
one  entry  to  the  next  entry  in  a table  of  squares. 

A similar  situation,  and  a very  important  one,  occurs  with  the  pure 
algebraic  formula  for  (x  -f-  a)  {y  -+-  b).  This  formula  may  be  said  to  gov- 
ern the  question  of  the  keeping  of  significant  figures  in  finding  the  product 
xy.  For  if  a and  b represent  the  uncertainty  in  x and  y,  respectively,  the 
uncertainty  in  the  product  is  given  by  this  formula.  The  student  has  much 
to  learn  on  this  score,  for  the  retention  of  meaningless  figures  in  a product  is 
one  of  the  commonest  mistakes  of  both  student  and  teacher  in  computational 
work. 

Such  formulas  occur  throughout  algebra,  and  each  of  them  will  be  il- 
luminated by  such  a discussion.  The  formulas  for  arithmetic  and  geometric 
progression,  for  example,  should  be  studied  from  a functional  standpoint. 

5.  Tables. — The  uses  of  the  functional  idea  in  connection  with  numerical 
computation  have  already  been  mentioned  in  connection  with  the  formula 
for  a product.  Work  which  appears  on  the  surface  to  be  wholly  numerical 
may  be  of  a distinctly  functional  character.  Thus  any  table,  e.  g.,  a table 
of  squares,  corresponds  to  or  is  constructed  from  a functional  relation,  e.  g., 
for  a table  of  squares,  the  relation  y = xr.  The  differences  in  such  a table 
are  the  differences  caused  by  changes  in  the  values  of  the  independent  vari- 
able. Thus,  the  differences  in  a table  of  squares  are  precisely  the  differences 
between  .r2  and  (x  -f-  h)2  for  various  values  of  x. 

6.  Graphs. — The  functional  character  of  graphic  representations  was 
mentioned  at  the  beginning  of  this  section.  Every  graph  is  obviously  a 
representation  of  a functional  relationship  between  two  or  more  quantities. 
What  is  needed  is  only  to  draw  attention  to  this  fact  and  to  study  each 
graph  from  this  standpoint.  In  addition  to  this,  however,  it  is  desirable  to 
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point  out  that  functional  relations  may  be  studied  directly  by  means  of 
graphs  without  the  intervention  of  any  algebraic  formula.  Thus,  such  a 
graph  as  a population  curve,  or  a curve  representing  wind  pressure,  obvi- 
ously represents  a relationship  between  twro  quantities,  but  there  is  no  known 
formula  in  either  case.  The  idea  that  the  three  concepts,  tables,  graphs, 
algebraic  formulas,  are  all  representations  of  the  same  kind  of  connection 
between  quantities,  and  that  we  may  start  in  some  instances  with  any  of  the 
three,  is  a most  valuable  addition  to  the  student’s  mental  equipment,  and  to 
his  control  over  the  quantities  with  which  he  will  deal  in  his  daily  life. 

II.  RELATIONSHIPS  IN  GEOMETRY 

Thus  far  the  instances  mentioned  have  been  largely  algebraic,^  though 
certain  mensuration  formulas  of  geometry  have  been  mentioned.  While  the 
mensuration  formulas  may  occur  to  one  first  as  an  illustration  of  functional 
concepts  in  geometry,  they  are  by  no  means  the  earliest  relationships  that 

occur  in  that  study. 

1.  Congruence.— Among  the  earliest  theorems  are  those  on  the  con- 
gruence of  triangles.  In  any  such  theorem,  the  parts  necessary  to  establish 
congruence  evidently  determine  completely  the  size  of  each  other  part. 
Thus,  two  sides  and  the  included  angle  of  a triangle  evidently  determine  the 
length  of  the  third  side.  If  the  student  clearly  grasps  this  fact,  the  meaning 
of  this  case  of  congruence  will  be  more  vivid  to  him,  and  he  will  be  pre- 
pared for  its  important  applications  in  surveying  and  in  trigonometry.  Even 
if  he  never  studies  those  subjects,  he  will  nevertheless  be  able  to  use  his 
understanding  of  the  situation  in  any  practical  cases  in  which  the  angle 
between  two  fixed  rods  or  beams  is  to  be  fixed  or  is  to  be  determined,  in  a 
practical  situation  such  as  house  building.  Other  congruence  theorems 
throughout  geometry  may  well  be  treated  in  a similar  manner. 

2.  Inequalities. — In  the  theorems  regarding  inequalities,  the  functional 
quality  is  even  more  pronounced.  Thus,  if  two  triangles  have  two  sides 
of  one  equal  respectively  to  two  sides  of  the  other,  but  if  the  included  angle 
between  these  sides  in  the  one  triangle  is  greater  than  the  corresponding 
angle  in  the  other,  then  the  third  sides  of  the  triangles  are  unequal  in  the 
same  sense.  This  theorem  shows  that  as  one  angle  grows,  the  side  opposite 
it  grows,  if  the  other  sides  remain  unchanged.  A full  realization  of  the  feet 
here  mentioned  would  involve  a real  grasp  of  the  functional  relation  between 
the  angle  and  the  side  opposite  it.  Thus,  if  the  angle  is  doubled,  will  the  side 
opposite  it  be  doubled?  Such  questions  arise  in  connection  with  all  theorems 

on  inequalities. 

3.  Variations  in  figures. — A great  assistance  to  the  imagination  is 
gained  in  certain  figures  by  imagining  variations  of  the  figure  through  all 
intermediate  stages  from  one  case  to  another.  Thus,  the  angle  between  two 
lines  that  cut  a circle  is  measured  by  a proper  combination  of  the  two  arcs 
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cut  out  of  the  circle  by  the  two  lines.  As  the  vertex  of  the  angle  passes  from 
the  center  of  the  circle  to  the  circumference  and  thence  to  the  outside  of  the 
circle,  the  rule  changes  but  these  changes  may  be  borne  in  mind,  and  the 
entire  scheme  may  be  grasped,  by  imagining  a continuous  change  from  the 
one  position  to  the  other,  following  all  the  time  the  changes  in  the  inter- 
cepted arcs.  The  angle  between  a secant  and  a tangent  is  measured  in  a 
manner  that  can  best  be  grasped  by  another  such  continuous  motion,  watch- 
ing the  changes  in  the  measuring  arcs  as  the  motion  occurs.  Such  observa- 
tions are  essentially  functional  in  character,  for  they  consist  in  careful  ob- 
servations of  the  relationships  between  the  angle  to  be  measured  and  the  arcs 
that  measure  it. 

4.  Motion. — The  preceding  discussion  of  variable  figures  leads  naturally 
to  a discussion  of  actual  motion.  As  figures  move,  either  in  whole  or  in  part, 
the  relationships  between  the  quantities  involved  may  change.  To  note  these 
changes  is  to  study  the  functional  relationships  between  the  parts  of  the 
figures.  Without  the  functional  idea,  geometry  would  be  wholly  static.  The 
study  of  fixed  figures  should  not  be  the  sole  purpose  of  a course  in  geometry, 
for  the  uses  of  geometry  are  not  wholly  on  static  figures.  Indeed,  in  all  ma- 
chinery, the  geometric  figures  formed  are  in  continual  motion,  and  the 
shapes  of  the  figures  formed  by  the  moving  parts  change.  The  study  of 
motion  and  of  moving  forms,  the  dynamic  aspects  of  geometry,  should  be 
given  at  least  some  consideration.  Whenever  this  is  done,  the  functional 
relations  between  the  parts  become  of  prime  importance.  Thus  a linkage 
of  the  form  of  a parallelogram  can  be  made  more  nearly  rectangular  by 
making  the  diagonals  more  nearly  equal,  and  the  linkage  becomes  a rec- 
tangle if  the  diagonals  are  made  exactly  equal.  This  principle  is  used  in 
practice  in  making  a rectangular  framework  precisely  true. 

5.  Proportionality  theorems. — All  theorems  which  assert  that  certain 
quantities  are  in  proportion  to  certain  others,  are  obviously  functional  in 
character.  Thus  even  the  simplest  theorems  on  rectangles  assert  that  the 
area  of  a rectangle  is  directly  proportional  to  its  height,  if  the  base  is  fixed. 
When  more  serious  theorems  are  reached,  such  as  the  theorems  on  similar 
triangles,  the  functional  ideas  involved  are  worthy  of  considerable  atten- 
tion. That  this  is  eminently  true  will  be.  realized  by  all  to  whom  trigonom- 
etry is  familiar,  for  the  trigonometric  functions  are  nothing  but  the  ratios 
of  the  sides  of  right  triangles.  But  even  in  the  field  of  elementary  geometry 
a clear  understanding  of  the  relation  between  the  areas  (and  volumes)  of 
similar  figures  and  the  corresponding  linear  dimensions  is  of  prime  impor- 
tance. 

III.  RELATIONSHIPS  IN  TRIGONOMETRY 

The  existence  of  functional  relationships  in  trigonometry  is  evidenced 
by  the  common  use  of  the  words  “trigonometric  functions”  to  describe  the 
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trigonometric  ratios.  Thus  the  sine  of  an  angle  is  a clef nite  ratio  whose 
value  depends  upon  and  is  determined  by  the  size  of  the  angle  to  which  it 
refers.  The  student  should  be  made  conscious  of  this  relationship  and  he 
should  be  asked  such  questions  as  the  following:  Does  the  sine  of  an  angle 
increase  or  decrease  as  the  angle  changes  from  zero  to  90 °?  If  the  angle  is 
doubled,  does  the  sine  of  the  angle  double?  If  not,  is  the  sine  of  double  the 
angle  more  or  less  than  twice  the  sine  of  the  original  angle?  How  does  the 
value  of  the  sine  behave  as  the  angles  increase  from  90°  to  180°?  From 
180°  to  270°?  From  270°  to  360°?  Similar  questions  may  be  asked  for  the 
cosine  and  for  the  tangent  of  an  angle. 

Such  questions  may  be  reinforced  by  the  use  of  figures  that  illustrate  the 
points  in  question.  Thus  an  angle  twice  a given  angle  should  be  drawn,  and 
its  sine  should  be  estimated  from  the  figure.  A central  angle  and  an  in- 
scribed angle  on  the  same  arc  may  be  drawn  in  any  circle.  If  they  have  one 
side  in  common,  the  relations  between  their  sines  will  be  more  apparent. 
Finally,  the  relationships  that  exist  may  be  made  vivid  by  actual  compari- 
son of  the  numerical  values  found  from  the  trigonometric  tables. 

Not  only  in  these  first  functional  definitions,  however,  but  in  a variety 
of  geometric  figures  throughout  trigonometry  do  functional  relations  appear. 
Thus  the  law  of  cosines  states  a definite  relationship  between  the  three  sides 
of  a triangle  and  any  one  of  the  angles.  How  will  the  angle  be  affected  by  in- 
crease or  decrease  of  the  side  opposite  it,  if  the  other  two  sides  remain 
fixed?  How  will  the  angle  be  affected  by  an  increase  or  a decrease  of  one  of 
the  adjacent  sides,  if  the  other  two  sides  remain  fixed?  Are  these  state- 
ments still  true  if  the  angle  in  question  is  obtuse? 

As  another  example,  the  height  of  a tree,  or  the  height  of  a building,  may 
be  determined  by  measuring  the  two  angles  of  elevation  from  two  points 
on  the  level  plain  in  a straight  line  with  its  base.  A formula  for  the  height 
( h ) in  terms  of  these  two  angles  (A,  B)  and  the  distance  (d)  between  the 
points  of  observation,  may  be  easily  written  dowm  [h  = d sinA  sin/?/sin 
(A — B )].  Then  the  effect  upon  the  height  of  changes  in  one  of  these  angles 
may  be  discussed. 

In  a similar  manner,  every  formula  that  is  given  or  derived  in  a course 
on  trigonometry  may  be  discussed  with  profit  from  the  functional  standpoint. 


IV.  CONCLUSION 


In  conclusion,  mention  should  be  made  of  the  great  role  which  the  idea 
of  functions  plays  in  the  life  of  the  world  about  us.  Even  when  no  calcu- 
lation is  to  be  carried  out,  the  problems  of  real  life  frequently  involve  the 
ability  to  think  correctly  about  the  nature  of  the  relationships  which  exist 
between  related  quantities.  Specific  mention  has  been  made  already  of  this 
type  of  problem  in  connection  with  interest  on  money.  In  everyday  affairs, 
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such  as  the  filling  out  of  formulas  for  fertilizers  or  tor  feeds  or  for  spraying 
mixtures  on  the  farm,  the  similar  filling  out  ot  recipes. for  cooking  (on  ci  - 
ferent  scales  from  that  of  the  book  of  recipes),  or  the  proper  balancing o 
the  ration  in  the  preparation  of  food,  many  persons  are  at  a loss  on  account 
of  their  lack  of  training  in  thinking  about  the  relations  between  quantities. 
Another  such  instance  of  very  common  occurrence  m real  life  is  m insurance. 
Yerv  few  men  or  women  attempt  intelligently  to  understand  the  meaning 
and  the  fairness  of  premiums  on  life  insurance  and  on  otrer  ornis > o i in- 
surance, chiefly  because  they  cannot  readily  grasp  the  relations 
and  of  chance  that  are  involved.  These  relations  are  not  particularly  com- 
plicated, and  they  do  not  involve  any  great  amount  of  calculation  01 
comprehension  of  the  meaning  and  of  the  fairness  of  the  rates.  Mechanics 
farmers,  merchants,  housewives,  as  well  as  scientists  and  cngmeeis  iaxe 
do  constantly  with  quantities  of  things,  and  the  quantities  with  which  they 
deal  are  related  to  other  quantities  in  ways  that  require  clear  thinking  f 

One  clement  that  should  not  be  neglected  is  the  occurrence  of  such  p o 
lems  in  public  questions  which  must  be  decided  by  the  votes  of  the  whole 
people.  The  tariff,  rates  of  postage  and  express,  freight  rates,  regulation  of 
insurance  rates,  income  taxes,  inheritance  taxes,  and  many  0 1C1  1)U  } 1 
questions  involve  relationships  between  quantities— for  example,  be  wee 
the  rate  of  income  taxation  and  the  amount  of  the  income  ia  lequn 
habits  of  functional  thinking  for  intelligent  decisions.  The  training  m sue  i 
habits  of  thinking  is  therefore  a vital  element  toward  the  creation  of  good 

citizenship.  , . , , 

It  is  believed  that  transfer  of  training  does  operate  between  such  topics 

as  those  suggested  in  the  body  of  this  paper  and  those  just  mentioned,  be- 
cause of  the  existence  of  such  identical  or  common  elements,  whereas  the 
transfer  of  the  training  given  by  courses  in  mathematics  that  do  not  em- 
phasize functional  relationships  might  be  questionable. 

While  this  account  of  the  functional  character  of  certain  topics  m geom- 
etry and  in  algebra  makes  no  claim  to  being  exhaustive  the  topics  men- 
tioned will  suggest  others  of  like  character  to  the  thoughtful  teachei.  It  s 
hoped  that  sufficient  variety  has  been  mentioned  to  demonstrate  the  exis  - 
ence  of  functional  ideas  throughout  elementary  algebra  and  geometry.  The 
committee  feels  that  if  this  is  recognized,  algebra  and  geometry  can  be  given 
new  meaning  to  many  children,  and  indeed  to  many  educators,  and  that  all 
students  will  be  better  able  to  control  the  actual  relations  which  they  mee 

in  their  own  lives. 
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CHAPTER  VIII 


Terms  and  Symbols  in  Elementary  Mathematics  1 


A.  Limitations  imposed  by  the  committee  upon  its  work. — The  com- 
mittee feels  that  in  dealing  with  this  subject  it  should  explicitly  recognize 
certain  general  limitations,  as  follows: 

1.  No  attempt  should  be  made  to  impose  the  phraseology  of  any  defi- 
nition, although  the  committee  should  state  clearly  its  general  views  as  to 
the  meaning  of  disputed  terms. 

2.  No  effort  should  be  made  to  change  any  well-defined  current  usage 
unless  there  is  a strong  reason  for  doing  so,  which  reason  is  supported  by 
the  best  authority,  and,  other  things  being  substantially  equal,  the  terms 
used  should  be  international.  This  principle  excludes  the  use  of  all  indi- 
vidual efforts  at  coining  new  terms  except  under  circumstances  of  great 
urgency.  The  individual  opinions  of  the  members,  as  indeed  of  any  teacher 
or  body  of  teachers,  should  have  little  weight  in  comparison  with  general 
usage  if  this  usage  is  definite.  If  an  idea  has  to  be  expressed  so  often  in 
elementary  mathematics  that  it  becomes  necessary  to  invent  a single  term 
or  symbol  for  the  purpose,  this  invention  is  necessarily  the  work  of  an  in- 
dividual; but  it  is  highly  desirable,  even  in  this  case,  that  it  should  receive 
the  sanction  of  wide  use  before  it  is  adopted  in  any  system  of  examinations. 

3.  On  account  of  the  large  number  of  terms  and  symbols  now  in  use,  the 
recommendations  to  be  made  will  necessarily  be  typical  rather  than  ex- 
haustive. 


I.  GEOMETRY 

B.  Undefined  terms. — The  committee  recommends  that  no  attempt  be 
made  to  define,  with  any  approach  to  precision,  terms  whose  definitions 
are  not  needed  as  parts  of  a proof. 

Especially  is  it  recommended  that  no  attempt  be  made  to  define  pre- 
cisely such  terms  as  space,  magnitude,  point , straight  line,  surface,  plane, 


1.  The  first  draft  of  this  chapter  was  prepared  by  a subcommittee  consisting  of  David 
Eugene  Smith  (chairman),  W.  W.  Hart,  H.  E.  Hawkes,  E.  R.  Hedrick,  and  H.  E.  Slaught. 
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direction,  distance,  and  solid,  although  the  significance  of  such  terms  should 
be  made  clear  by  informal  explanations  and  discussions. 

C.  Definite  usage  recommended.— It  is  the  opinion  of  the  committee 

that  the  following  general  usage  is  desirable: 

1.  Circle  should  be  considered  as  the  curve;  but  where  no  ambiguity 
arises,  the  word  “circle”  may  be  used  to  refer  either  to  the  curve  or  to  the 

part  of  the  plane  inclosed  by  it. 

2.  Polygon  (including  triangle,  square,  parallelogram , and  the  1 ej 
should  be  considered,  by  analogy  to  a circle,  as  a closed  broken  line;  but 
where  no  ambiguity  arises,  the  word  polygon  may  be  used  to  le  ei  ei  ier 
to  the  broken  line  or  to  the  part  of  the  plane  inclosed  by  it.  Similar  y, 
segment  of  a circle  should  be  defined  as  the  figure  formed  by  a chord  and 

either  of  its  arcs.  . v 

3.  Area  of  a circle  should  be  defined  as  the  area  (numerical  measure) 

of  the  portion  of  the  plane  inclosed  by  the  circle.  Area  of  a polygon  should 
be  treated  in  the  same  way. 

4 Solids.  The  usage  above  recommended  with  respect  to  plane  ngures 
is  also  recommended  with  respect  to  solids.  For  example,  sphere  should  be 
regarded  as  a surface,  its  volume  should  be  defined  in  a manner  similar  o 
the  area  of  a circle,  and  the  double  use  of  the  word  should  be  allowed  where 
no  ambiguity  arises.  A similar  usage  should  obtain  with  respect  to  such 

terms  as  polyhedron,  cone,  and  cylinder. 

5.  Circumference  should  be  considered  as  the  length  (numerical  meas- 
ure) of  the  circle  (line).  Similarly,  perimeter  should  be  defined  as  the 
length  of  the  broken  line  which  forms  a polygon;  that  is,  as  the  sum  of  the 

lengths  of  the  sides. 

6.  Obtuse  angle  should  be  defined  as  an  angle  greater  than  a right  angle 
and  less  than  a straight  angle,  and  should  therefore  not  be  defined  merely 

as  an  angle  greater  than  a right  angle. 

7.  The  term  right  triangle  should  be  preferred  to  “right-angled  triangle, 
this  usage  being  now  so  standardized  in  this  country  that  it  may  pioperly 
be  continued  in  spite  of  the  fact  that  it  is  not  international.  Similarly  for 

acute  triangle,  obtuse  triangle,  and  oblique  triangle.  _ 

8.  Such  English  plurals  as  formulas  and  polyhedrons  should  be  used  in 
place  of  the  Latin  and  Greek  plurals.  Such  unnecessary  Latin  abbreviations 

as  Q.  E.  D.  and  Q.  E.  F.  should  be  dropped, 

9.  The  definitions  of  axiom  and  postulate  vary  so  much  that  the  com- 
mittee does  not  undertake  to  distinguish  between  them. 

D.  Terms  made  general.— It  is  the  recommendation  of  the  committee 
that  the  modern  tendency  of  having  terms  made  as  general  as  possible  should 

be  followed.  For  example:  . 

1.  Isosceles  triangle  should  be  defined  as  a triangle  having  two  equal 

sides.  There  should  be  no  limitation  to  two  and  only  two  equal  sides. 
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2.  Rectangle  should  be  considered  as  including  a square  as  a special  case. 

3.  Parallelogram  should  be  considered  as  including  a rectangle,  and  hence 
a square,  as  a special  case. 

4.  Segment  should  be  used  to  designate  the  part  of  a straight  line  in- 
cluded between  two  of  its  points  as  well  as  the  figure  formed  by  an  arc  of  a 
circle  and  its  chord,  this  being  the  usage  generally  recognized  by  modern 
writers. 

E.  Terms  to  be  abandoned. — It  is  the  opinion  of  the  committee  that 
the  following  terms  are  not  of  enough  consequence  in  elementary  mathe- 
matics at  the  present  time  to  make  their  recognition  desirable  in  examina- 
tions, and  that  they  serve  chiefly  to  increase  the  technical  vocabulary  to  the 
point  of  being  burdensome  and  unnecessary : 

1.  Antecedent  and  consequent. 

2.  Third  proportional  and  fourth  proportional. 

3.  Equivalent.  An  unnecessary  substitute  for  the  more  precise  expres- 
sions “equal  in  area”  and  “equal  in  volume,”  or  (where  no  confusion  is 
likely  to  arise)  for  the  single  word  “equal.” 

4.  Trapezium. 

5.  Scholmm,  lemma,  oblong,  scalene  triangle,  sect,  perigon,  rhomboid 
(the  term  “oblique  parallelogram”  being  sufficient),  and  reflex  angle  (in 
elementary  geometry) . 

6.  Terms  like  flat  angle,  whole  angle,  and  conjugate  angle  are  not  of 
enough  value  in  an  elementary  course  to  make  it  desirable  to  recommend 
them. 

7.  Subtend,  a word  which  has  no  longer  any  etymological  meaning  to 
most  students  and  teachers  of  geometry.  While  its  use  will  naturally  con- 
tinue for  some  time  to  come,  teachers  may  safely  incline  to  such  forms  as 
the  following:  “In  the  same  circle  equal  arcs  have  equal  chords.’ 

8.  Homologous,  the  less  technical  term  “corresponding”  being  preferable. 

9.  Guided  by  principle  A2  and  its  interpretation,  the  committee  advises 
against  the  use  of  such  terms  as  the  following:  Angle-bisector,  angle-sum, 
consecutive  interior  angles,  supplementary  consecutive  exterior  angles, 
quader  (for  rectangular  solid),  sect,  explement,  tranverse  angles. 

10.  It  is  unfortunate  that  it  still  seems  to  be  necessary  to  use  such  a 
term  as  parallelepiped,  but  we  seem  to  have  no  satisfactory  substitute.  For 
rectangular  parallelepiped,  however,  the  use  of  rectangular  solid  is  recom- 
mended. If  the  terms  were  more  generally  used  in  elementary  geometry  it 
would  be  desirable  to  consider  carefully  whether  better  ones  could  not  be 
found  for  the  purposes  than  isoperimetric,  apothem,  icosahedron,  and  do- 
decahedron. 

F.  Symbols  in  elementary  geometry. — It  should  be  recognized  that 
a symbol  like  1 is  merely  a piece  of  shorthand  designed  to  afford  an  easy 
grasp  of  a written  or  printed  statement.  Many  teachers  and  a few  writers 
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make  an  extreme  use  of  symbols,  coining  new  ones  to  meet  their  own  views 
as  to  usefulness,  and  this  practice  is  naturally  open  to  objection.-  T lere 
are,  however,  certain  symbols  that  are  international  and  certain  others  of 
which  the  meaning  is  at  once  apparent  and  which  are  sufficiently  useful  and 

generally  enough  recognized  to  be  recommended. 

For  example,  the  symbols  for  triangle,  A,  and  circle,  O,  are  interna- 
tional,  although  used  more  extensively  in  the  United  States  than  in  otier 
countries.  Their  use,  with  their  customary  plurals,  is  recommended.  ^ 

The  symbol  l,  generally  read  as  representing  the  single  word  per- 
pendicular” but  sometimes  as  standing  for  the  phrase  “is  perpendicular  to, 
is  fairly  international  and  the  meaning  is  apparent.  Its  use  is  therefore 
recommended.  On  account  of  such  a phrase  as  “the  1 AB”  the  first  of  the 
above  readings  is  likely  to  be  the  more  widely  used,  but  in  either  case  there 

is  no  chance  for  confusion. 

The  symbol  ||  for  “parallel”  or  “is  parallel  to”  is  fairly  international  and 

is  recommended.  . , . 

The  symbol  . — for  “similar”  or  “is  similar  to”  is  international  and  is 

recommended. 

The  symbols  as  and  = for  “congruent”  or  “is  congruent  to  both  ha\e 
a considerable  use  in  this  country.  The  committee  feels  that  the  former, 
which  is  fairly  international,  is  to  be  preferred  because  it  is  the  more  dis- 

tinctive  and  suggestive.  ....  , T 

The  symbol  L for  “angle”  is,  because  of  its  simplicity,  coming  to  be 

generally  preferred  to  any  other  and  is  therefore  recommended. 

Since  the  following  terms  are  not  used  frequently  enough  to  render 
special  symbols  of  any  particular  value  the  world  has  not  developed  any 
that  have  general  acceptance  and  there  seems  to  be  no  necessity  for  ma  ung 
the  attempt:  Square,  rectangle,  parallelogram,  trapezoid,  quadrilateral, 

semicircle . 

The  symbol  AB  for  “arc  AB”  cannot  be  called  international.  While  the 
value  of  the  symbol  — in  place  of  the  short  word  arc  is  doubtful,  the  com- 
mittee sees  no  objection  to  its  use.  . 

The  symbol  for  “therefore”  has  a value  that  is  generally  recognized, 

but  the  symbol  Y for  “since”  is  used  so  seldom  that  it  should  be  aban- 
doned. . . 

With  respect  to  the  lettering  of  figures,  the  committee  calls  attention 

for  purposes  of  general  information  to  a convenient  method,  found  in  cei- 
tain  European  and  in  some  American  textbooks,  of  lette  mg  triangles: 
Capitals  represent  the  vertices,  corresponding  small  letters  represent  oppo- 
site sides,  corresponding  small  Greek  letters  represent  angles,  and  the  primed 
letters  represent  the  corresponding  parts  of  a congruent  or  similai  tiiang  e. 

2.  This  is  not  intended  to  discourage  the  use  of  algebraic  methods  in  the  solution  of 
such  geometric  problems  as  lend  themselves  readily  to  algebraic  treatment. 
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This  permits  of  speaking  of  a (alpha)  instead  of  “angle  A,”  and  of  “small  a” 
instead  of  BC . The  plan  is  by  no  means  international  with  respect  to  the 
Greek  letters.  The  committee  is  prepared,  however,  to  recommend  it  with 
the  optional  use  of  the  Greek  forms. 

In  general,  it  is  recommended  that  a single  letter  be  used  to  designate 
any  geometric  magnitude  whenever  there  is  no  danger  of  ambiguity.  The 
use  of  numbers  alone  to  designate  magnitudes  should  be  avoided  by  the  use 
of  such  forms  Ai,  A->, ...  . 

With  respect  to  the  symbolism  for  limits,  the  committee  calls  attention 
to  the  fact  that  the  symbol  = is  a local  one,  and  that  the  symbol  — » (for 
“tends  to”)  is  both  international  and  expressive  and  has  constantly  grown 
in  favor  in  recent  years.  Although  the  subject  of  limits  is  not  generally 
treated  scientifically  in  the  secondary  school,  the  idea  is  mentioned  in 
geometry  and  a symbol  may  occasionally  be  needed. 

While  the  teacher  should  be  allowed  freedom  in  the  matter,  the  com- 
mittee feels  that  it  is  desirable  to  discourage  the  use  of  such  purely  local 
symbols  as  the  following: 

= for  “equal  in  degrees,” 

ass  for  “two  sides  and  an  angle  adjacent  to  one  of  them,”  and 

sas  for  “two  sides  and  the  included  angle.” 

G.  Terms  not  standardized. — At  the  present  time  there  is  not  sufficient 
agreement  upon  which  to  base  recommendations  as  to  the  use  of  the  term 
ray  and  as  to  the  value  of  terms  like  coplanar,  collinear,  and  concurrent  in 
elementary  work.  Many  terms,  similar  to  these,  will  gradually  become 
standardized  or  else  will  naturally  drop  out  of  use. 


II.  ALGEBRA  AND  ARITHMETIC 

H.  Terms  in  algebra.— 1.  With  respect  to  equations  the  committee 
calls  attention  to  the  fact  that  the  classification  according  to  degree  is  com- 
paratively recent  and  that  this  probably  accounts  for  the  fact  that  the 
terminology  is  so  unsettled.  The  Anglo-American  custom  of  designating  an 
equation  of  the  first  degree  as  a simple  equation  has  never  been  satisfactory, 
because  the  term  has  no  real  significance.  The  most  nearly  international 
terms  are  equation  of  the  first  degree  (or  “first  degree  equation”)  and  linear 
equation.  The  latter  is  so  brief  and  suggestive  that  it.  should  be  generally 
adopted. 

2.  The  term  quadratic  equation  (for  which  the  longer  term  “second  de- 
gree equation”  is  an  unnecessary  synonym,  although  occasionally  a con- 
venient one)  is  well  established.  The  terms  pure  quadratic  and  affected 
quadratic  signify  nothing  to  the  pupil  except  as  he  learns  the  meaning  from 
a book,  and  the  committee  recommends  that  they  be  dropped.  Terms  more 
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nearly  in  general  use  are  complete  quadratic  and  incomplete  quadratic.  The 
committee  feels,  however,  that  the  distinction  thus  denoted  is  not  of  much 
importance  and  believes  that  it  can  well  be  dispensed  with  in  elementary 
instruction. 

3.  As  to  other  special  terms,  the  committee  recommends  abandoning, 
so  far  as  possible,  the  use  of  the  following:  Aggregation  for  grouping;  vin- 
culum for  bar;  evolution  for  finding  roots,  as  a general  topic;  involution  foi 
finding  powers;  extract  for  find  (a  root) ; absolute  term  for  constant  term, 
multiply  an  equation,  clear  of  fractions,  cancel  and  transpose,  at  least  until 
the  significance  of  the  terms  is  entirely  clear;  aliquot  part  (except  in  com- 
mercial work) . 

4.  The  committee  also  advises  the  use  of  either  system  of  equations  or 
set  of  equations  instead  of  “simultaneous  equations,”  in  such  an  expression 
as  “solve  the  following  set  of  equations,”  in  view  of  the  fact  that  at  present 
no  well  established  definite  meaning  attaches  to  the  term  “simultaneous.” 

5.  The  term  simplify  should  not  be  used  in  cases  where  there  is  possi- 
bility of  misunderstanding.  For  purposes  of  computation,  for  example,  the 
form  V8  may  be  simpler  than  the  form  2V2,  and  in  some  cases  it  may  be 
better  to  express  \/%  as  VO-75  instead  of  %V3.  In  such  cases,  it  is  better 
to  give.  more  explicit  instructions  than  to  use  the  misleading  term  “simplify.” 

6.  The  committee  regrets  the  general  uncertainty  in  the  use  of  the  word 
surd,  but  it  sees  no  reasonable  chance  at  present  of  replacing  it  by  a more 
definite  term.  It  recognizes  the  difficulty  generally  met  by  young  pupils  in 
distinguishing  between  coefficient  and  exponent,  but  it  feels  that  it  is  unde- 
sirable to  attempt  to  change  terms  which  have  come  to  have  a standardized 
meaning  and  which  are  reasonably  simple.  These  considerations  will  prob- 
ably lead  t'o  the  retention  of  such  terms  as  rationalize,  extraneous  root, 
characteristic,  and  mantissa,  although  in  the  case  of  the  last  two  terms 
“integral  part”  and  “fractional  part”  (of  a logarithm)  would  seem  to  be 
desirable  substitutes. 

7.  While  recognizing  the  motive  that  has  prompted  a few  teachers  to 
speak  of  “positive  x”  instead  of  “plus  x,”  and  “negative  y”  instead  of 
“minus  y”  the  committee  feels  that  attempts  to  change  general  usage  should 
not  be  made  when  based  upon  trivial  grounds  and  when  not  sanctioned  by 
mathematicians  generally. 

I.  Symbols  in  algebra.— The  symbols  in  elementary  algebra  are  now 
so  well  standardized  as  to  require  but  few  comments  in  a report  of  this 
kind.  The  committee  feels  that  it  is  desirable,  however,  to  call  attention 
to  the  following  details: 

1.  Owing  to  the  frequent  use  of  the  letter  x,  it  is  preferable  to  use  the 
center  dot  (a  raised  period)  for  multiplication  in  the  few  cases  in  which  any 
symbol  is  necessary.  For  example,  in  a case  like  1-2-3-  ...  (x  — 1)  • x , the 
center  dot  is  preferable  to  the  symbol  X ; but  in  cases  like  2a  (x  a)  no  sym- 
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bol  is  necessary.  The  committee  recognizes  that  the  period  (as  in  a.b)  is 
more  nearly  international  than  the  center  dot  (as  in  a’b ) ; but  inasmuch  as 
the  period  will  continue  to  be  used  in  this  country  as  a decimal  point,  it  is 
likely  to  cause  confusion,  to  elementary  pupils  at  least,  to  attempt  to  use 
it  as  a symbol  for  multiplication. 

2.  With  respect  to  division,  the  symbol  -f-  is  purely  Anglo-American,  the 
symbol:  serving  in  most  countries  for  division  as  well  as  ratio.  Since  neither 
symbol  plays  any  part  in  business  life,  it  seems  proper  to  consider  only  the 
needs  of  algebra,  and  to  make  more  use  of  the  fractional  form  and  (where 
the  meaning  is  clear)  of  the  symbol  /,  and  to  drop  the  symbol  in  writing 
algebraic  expressions. 

3.  With  respect  to  the  distinction  between  the  use  of  + and  — as  sym- 
bols of  operation  and  as  symbols  of  direction,  the  committee  sees  no  reason 
for  attempting  to  use  smaller  signs  for  the  latter  purpose,  such  an  attempt 
never  having  received  international  recognition,  and  the  need  of  two  sets 
of  symbols  not  being  sufficient  to  warrant  violating  international  usage  and 
burdening  the  pupil  with  this  additional  symbolism. 

4.  With  respect  to  the  distinction  between  the  symbols  = and  = as 
representing  respectively  identity  and  equality,  the  committee  calls  atten- 
tion to  the  fact  that,  while  the  distinction  is  generally  recognized,  the  con- 
sistent use  of  the  symbols  is  rarely  seen  in  practice.  The  committee  recom- 
mends that  the  symbol  s=  be  not  employed  in  examinations  for  the  purpose 
of  indicating  identity.  The  teacher,  however,  should  use  both  symbols  if 

desired. 

5.  With  respect  to  the  root  sign,  V,  the  committee  recognizes  that  con- 

venience of  writing  assures  its  continued  use  in  many  cases  instead  of  the 
fractional  exponent.  It  is  recommended,  however,  that  in  algebraic  work 
involving  complicated  cases  the  fractional  exponent  be  preferred.  Attention 
is  also  called  to  the  fact  that  the  convention  is  quite  generally  accepted  that 
the  symbol  y/a  (a  representing  a positive  number)  means  only  the  positive 
square  root  and  that  the  symbol  \/ a means  only  the  principal  uth  root,  an 
similarly  for  au~,  av".  The  reason  for  this  convention  is_apparent  when  we 
come  to  consider  the  value  of  V4  + V9  + V]6  + V25-  This  convention 
being  agreed  to,  it  is  improper  to  write  x = V4,  the  complete  solution  of 
xz  — 4 = 0,  but  the  result  should  appear  as_x=  ± V4-  Similarly,  it  is  not 
in  accord  with  the  convention  to  write  V4=  — 2>  the  conventional  form 
being  ± yl=±2;  and  for  the  same  reason  it  is  impossible  to  have 
y ( 1)  2 i:==  -+-  i since  the  symbol  refers  only  to  a positive  root.  These  dis- 

tinctions are  not  matters  to  be  settled  by  the  individual  opinion  of  a teacher 
or  a local  group  of  teachers;  they  are  purely  matters  of  convention  as  to 
notation,  and  the  committee  simply  sets  forth,  for  the  benefit  of  teachers, 
this  statement  as  to  what  the  convention  seems  to  be  among  the  leading 
writers  of  the  world  at  the  present  time. 
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When  imaginaries  are  used,  the  symbol  i should  be  employed  instead  of 
y/  —1  except  possibly  in  the  first  presentation  of  the  subject. 

7.  As  to  the  factorial  symbols  5!  and  |5,  to  represent  5 • 4 • 3 • 2 • 1 , the 
tendency  is  very  general  to  abandon  the  second  one,  probably  on  account 
of  the  difficulty  of  printing  it,  and  the  committee  so  recommends.  This  ques- 
tion is  not,  however,  of  much  importance  in  the  general  courses  in  the  high 
school. 

8.  With  respect  to  symbols  for  an  unknown  quantity  there  has  been  a 
noteworthy  change  within  a few  years.  While  the  Cartesian  use  of  x and  y 
will  doubtless  continue  for  two  general  unknowns,  the  recognition  that  the 
formula  is,  in  the  broad  use  of  the  term,  a central  feature  of  algebra  has 
led  to  the  extended  use  of  the  initial  letter.  This  is  simply  illustrated  in  the 
direction  to  solve  for  r the  equation  A — v-r2.  This  custom  is  now  interna- 
tional and  should  be  fully  recognized  in  the  schools. 

9.  The  committee  advises  abandoning  the  double  colon  (:  :)  in  propor- 
tion, and  the  symbol  <x  in  variation,  both  of  these  symbols  being  now  prac- 
tically obsolete. 

J.  Terms  and  symbols  in  arithmetic, — 1 . While  it  is  rarely  wise  to 
attempt  tu  abandon  suddenly  the  use  of  words  that  are  well  established  in 
our  language,  the  committee  feels  called  upon  to  express  regret  that  we  still 
require  very  young  pupils,  often  in  the  primary  grades,  to  use  such  terms 
as  subtrahend , addend,  minuend  and  multiplicaiTd.  Teachers  themselves 
rarely  understand  the  real  significance  of  these  words,  nor  do  they  recognize 
that  they  are  comparatively  modern  additions  to  what  used  to  be  a much 
simpler  vocabulary  in  arithmetic.  The  committee  recommends  that  such 
terms  be  used,  if  at  all,  only  after  the  sixth  grade. 

2.  Owing  to  the  uncertainty  attached  to  such  expressions  as  “to  three 
decimal  places,”  “to  thousandths,”  “correct  to  three  decimal  places,”  “correct 
to  the  nearest  thousandth,”  the  following  usage  is  recommended:  When  used 
to  specify  accuracy  in  computation,  the  four  expressions  should  be  regarded 
as  identical.  The  expression  “to  three  decimal  places”  or  “to  thousandths” 
may  be  used  in  giving  directions  as  to  'the  extent  of  a computation.  It  then 
refers  to  a result  carried  only  to  thousandths,  without  considering  the  figure 
of  ten-thousandths;  but  it  should  be  avoided  as  far  as  possible  because  it  is 
open  to  misunderstanding.  As  to  the  term,  “significant  figure,”'  it  should  be 
noted  that  0 is  always  significant  except  when  used  before  a decimal  fraction 
to  indicate  the  absence  of  integers  or,  in  general,  when  used  merely  to  locate  1 .j 

the  decimal  point.  For  example,  the  zeros  italicised  in  the  following  are 
“significant,”  while  the  others  are  not:  0.5,  9.50,  102,  30,200.  Further,  the 

number  2396,  if  expressed  correct  to  three  significant  figures,  would  be  j 

written  2400. 3 It  should  be  noted  that  the  context  or  the  way  in  which  a 
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number  has  been  obtained  is  sometimes  the  determining  factor  as  to  the 
significance  of  a 0. 

3.  The  pupil  in  arithmetic  needs  to  see  the  work  in  the  form  in  which 
he  will  use  it  in  practical  life  outside  the  schoolroom.  His  visualization  of 
the  process  should  therefore  not  include  such  symbols  as  + , — , X,  which 
are  helpful  only  in  writing  out  the  analysis  of  a problem  or  in  the  printed 
statement  of  the  operation  to  be  performed.  Because  of  these  facts  the 
committee  recommends  that  only  slight  use  be  made  of  these  symbols  in 
the  written  work  of  the  pupil,  except  in  the  analysis  of  problems.  It  recog- 
nizes, however,  the  value  of  such  symbols  in  printed  directions  and  in  these 
analyses. 

III.  GENERAL  OBSERVATIONS  AND  RECOMMENDATIONS 


K.  General  observations. — The  committee  desires  also  to  record  its 
belief  in  two  or  three  general  observations. 

1.  It  is  very  desirable  to  bring  mathematical  writing  into  closer  touch 
with  good  usage  in  English  writing  in  general.  That  we  have  failed  in  this 
particular  has  been  the  subject  of  frequent  comment  by  teachers  of  mathe- 
matics as  well  as  by  teachers  of  English.  This  is  all  the  more  unfortunate 
because  mathematics  may  be  and  should  be  a genuine  help  toward  the 
acquisition  of  good  habits  in  the  speaking  and  writing  of  English.  Under 
present  conditions,  with  a style  that  is  often  stilted  and  in  which  undue 
compression  is  evident,  we  do  not  offer  to  the  student  the  good  models  of 
English  writing  of  which  mathematics  is  capable,  nor  indeed  do  we  always 
offer  good  models  of  thought  processes.  It  is  to  be  feared  that  many  teachers 
encourage  the  use  of  a kind  of  vulgar  mathematical  slang  when  they  allow 
such  words  as  “tan”  and  “cos,”  for  tangent  and  cosine,  and  habitually  call 
their  subject  by  the  title  “math.” 

2.  In  the  same  general  spirit  the  committee  wishes  to  observe  that 
teachers  of  mathematics  and  writers  of  textbooks  seem  often  to  have  gone 
to  an  extreme  in  searching  for  technical  terms  and  for  new  symbols.  The 
committee  expresses  the  Tope  that  mathematics  may  retain,  as  far  as  pos- 
sible, a literary  flavor.  It  seems  perfectly  feasible  that  a printed  discussion 
should  strike  the  pupil  as  an  expression  of  reasonable  ideas  in  terms  of  rea- 
sonable English  forms.  The  fewer  technical  terms  we  introduce,  the  less  is 
the  subject  likely  to  give  the  impression  of  being  difficult  and  a mere  jug- 
gling of  words  and  symbols. 

3.  While  recognizing  the  claims  of  euphony,  the  fact  that  a word  like 
“historic”  has  a different  meaning  from  “historical”  and  that  confusion  may 
occasionally  arise  if  “arithmetic”  is  used  as  an  adjective  with  a different 
pronunciation  from  the  noun,  the  committee  advises  that  such  forms  as 
geometric  be  preferred  to  geometrical.  This  is  already  done  in  such  terms 
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as  analytic  geometry  and  elliptic  functions,  and  it  seems  proper  to  extend 
the  custom  to  include  arithmetic,  geometric,  graphic,  and  the  like. 

L.  General  recommendations. — In  view  of  the  desirability  of  a simpli- 
fication of  terms  used  in  elementary  instruction,  and  of  establishing  interna- 
tional usage  so  far  as  is  reasonable,  the  committee  recommends  that  the 
subject  of  this  report  be  considered  by  a committee  to  be  appointed  by 
Section  IV  of  the  next  International  Congress  of  Mathematicians,  such  com- 
mittee to  contain  representatives  of  at  least  the  recognized  international 
languages  admitted  to  the  meetings. 

2.  The  committee  suggests  that  examining  bodies,  contributors  to  math- 
ematical journals,  and  authors  of  textbooks  endeavor  to  follow  the  general 
principles  formulated  in  this  report. 
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The  following1  two  selections  by  Edward  L.  Thorndike  and  Fred- 
erick B.  Knight  were  chosen  to  illustrate  characteristics  that  dis- 
tinguish connectionistic  psychology.  Among  the  characteristic 
attitudes  of  connectionists,  the  two  that  differentiate  their  views 
most  clearly  from  those  of  others  can  also  be  seen  as  excesses. 
These  two  attitudes  are  extreme  concern  with  11  elementary  bonds,” 
which  led  to  de-emphasis  of  other  aspects  of  arithmetic,  and  dis- 
trust of  logical  and  mathematical  structure  as  a basis  for  the  struc- 
ture of  learning.  Many  connectionistic  contributions  to  arithmetic 
teaching,  as  suggested  by  the  tables  of  contents  included  here,  are 
still  considered  to  be  of  value — for  example,  concern  with  the 
amount  and  spacing  of  practice. 
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PREFACE 


Within  recent  years  there  have  been  three  lines  of  advance  in  psychology 
which  are  of  notable  significance  for  teaching.  The  first  is  the  new  point  of 
view  concerning  the  general  process  of  learning.  We  now  understand  that 
learning  is  essentially  the  formation  of  connections  or  bonds  between  situa- 
tions and  responses,  that  the  satisfyingness  of  the  result  is  the  chief  force 
that  forms  them,  and  that  habit  rules  in  the  realm  of  thought  as  truly  and  as 
fully  as  in  the  realm  of  action. 

The  second  is  the  great  increase  in  knowledge  of  the  amount,  rate,  and 
conditions  of  improvement  in  those  organized  groups  or  hierarchies  of  habits 
which  we  call  abilities,  such  as  ability  to  add  or  ability  to  read.  Practice 
and  improvement  are  no  longer  vague  generalities,  but  concern  changes 
which  are  definable  and  measurable  by  standard  tests  and  scales. 

The  third  is  the  better  understanding  of  the  so-called  "higher  processes” 
of  analysis,  abstraction,  the  formation  of  general  notions,  and  reasoning. 
The  older  view  of  a mental  chemistry  whereby  sensations  were  compounded 
into  percepts,  percepts  were  duplicated  by  images,  percepts  and  images 
were  amalgamated  into  abstractions  and  concepts,  and  these  were  manipu- 
lated by  reasoning,  has  given  way  to  the  understanding  of  the  laws  of  re- 
sponse to  elements  or  aspects  of  situations  and  to  many  situations  or  ele- 
ments thereof  in  combination.  James’  view  of  reasoning  as  "selection  of 
essentials”  and  "thinking  things  together”  in  a revised  and  clarified  form 
has  important  applications  in  the  teaching  of  all  the  school  subjects. 

This  book  presents  the  applications  of  this  newer  dynamic  psychology  to 
the  teaching  of  arithmetic.  Its  contents  are  substantially  what  have  been 
included  in  a course  of  lectures  on  the  psychology  of  the  elementary  school 
subjects  given  by  the  author  for  some  years  to  students  of  elementary  edu- 
cation at  Teachers  College.  Many  of  these  former  students,  now  in  super- 
visory charge  of  elementary  schools,  have  urged  that  these  lectures  be 
made  available  to  teachers  in  general.  So  they  are  now  published  in  spite 
of  the  author’s  desire  to  clarify  and  reinforce  certain  matters  by  further 
researches. 

A word  of  explanation  is  necessary  concerning  the  exercises  and  problems 
cited  to  illustrate  various  matters,  especially  erroneous  pedagogy.  These  are 
all  genuine,  having  their  source  in  actual  textbooks,  courses  of  study,  state 
examinations,  and  the  like.  To  avoid  any  possibility  of  invidious  compari- 
sons they  are  not  quotations,  but  equivalent  problems  such  as  represent  ac- 
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curately  the  snirit  and  intent  of  the  originals. 

I take  pleasure  in  acknowledging  the  courtesy  of  Mr.  S.  A.  Courtis,  Ginn 
and  Company,  D.  C.  Heath  and  Company,  The  Macmillan  Company  The 
Oxford  University  Press,  Rand,  McNally  and  Company,  Dr.  C.  W . Stone, 
The  Teachers  College  Bureau  of  Publications.,  and  The  World  Book  Com- 
pany, in  permitting  various  quotations. 

Edward  L.  Thorndike. 

Teachers  College 
Columbia  University 
April  1,  1920 
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CHAPTER  V 


The  Psychology  of  Drill  in  Arithmetic:  The  Strength  of  Bonds 

An  inventory  of  the  bonds  to  be  formed  in  learning  arithmetic  should 
be  accompanied  by  a statement  of  how  strong  each  bond  is  to  be  made  and 
kept  year  by  year.  Since,  however,  the  inventory  itself  has  been  presented 
here  only  in  samples,  the  detailed  statement  of  desired  strength  for  each 
bond  cannot  be  made.  Only  certain  general  facts  will  be  noted  here. 

THE  NEED  OF  STRONGER  ELEMENTARY  BONDS 

The  constituent  bonds  involved  in  the  fundamental  operations  with 
numbers  need  to  be  much  stronger  than  they  now  are.  Inaccuracy  in  these 
operations  means  weakness  of  the  constituent  bonds.  Inaccuracy  exists,  and 
to  a degree  that  deprives  the  subject  of  much  of  its  possible  disciplinary 
value,  makes  the  pupil’s  achievements  of  slight  value  for  use  in  business  or 
industry,  and  prevents  the  pupil  from  verifying  his  work  with  new  proc- 
esses by  some  previously  acquired  process. 

The  inaccuracy  that  exists  may  be  seen  in  the  measurements  made  by  the 
many  investigators  who  have  used  arithmetical  tasks  as  tests  of  fatigue, 
practice,  individual  differences  and  the  like,  and  in  the  special  studies  of 
arithmetical  achievements  for  their  own  sake  made  by  Courtis  and  others. 

Burgerstein,  using  such  examples  as 

28704516938276546397 
-f  35869427359163827263 

and  similar  long  numbers  to  be  multiplied  by  2 or  by  3 or  by  4 or  by  5 or  by  6, 
found  851  errors  in  28,267  answer-figures,  or  3 per  hundred  answer-figures,  or 
% of  an  error  per  example.  The  children  were  9%  to  15  years  old.  Laser, 
using  the  same  sort  of  addition  and  multiplication,  found  somewhat  over 
3 errors  per  hundred  answer-figures  in  the  case  of  boys  and  girls  averaging 
1114  years,  during  the  period  of  their  most  accurate  work.  Holmes,  using 
addition  of  the  sort  just  described,  found  346  errors  in  23,713  answer-figures 
or  about  114  per  hundred.  The  children  were  from  all  grades  from  the  third 
to  the  eighth.  In  Laser’s  work,  21,  19,  13,  and  10  answer-figures  were  ob- 
tained per  minute.  Friedrich  with  similar  examples,  giving  the  very  long 
time  of  20  minutes  for  obtaining  about  200  answer-figures,  found  from  1 to 
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2 per  hundred  wrong.  King  had  children  in  grade  5 do  sums,  each  consist- 
ing of  5 two-place  numbers.  In  the  most  accurate  work-period,  they  made 
1 error  per  20  columns.  In  multiplying  a four-place  by  a four-place  num- 
ber they  had  less  than  one  total  answer  right  out  of  three.  In  INew  Toik 
City  Courtis  found  with  his  Test  7 that  in  12  minutes  the  average  achieve- 
ment of  fourth-grade  children  is  8.8  units  attempted  with  4.2  right.  In 
grade  5 the  facts  are  10.9  attempts  with  5.8  right;  in  grade  6,  12.5  attempts 
with  7.0  right;  in  grade  7,  15  attempts  with  8 5 right;  in  grade  8,  15.7  at- 
tempts with  10.1  right.  These  results  are  near  enough  to  those  obtained 
from  the  country  at  large  to  serve  as  a text  here. 

The  following  were  set  as  official  standards,  in  an  excellent  school  sys- 
tem, Courtis  Series  B being  used : — 


Grade. 

Addition  8 

7 

6 

5 

4 

Subtraction  8 

7 

6 

5 

4 

Multiplication  8 

7 

6 

5 

4 

Division  8 

7 

6 

5 
4 


Percent  of 

Speed 

Correct 

Attempts. 

Answers. 

12 

80 

11 

80 

10 

70 

9 

70 

8 

70 

12 

90 

11 

90 

10 

90 

9 

80 

7 

80 

11 

80 

10 

80 

9 

80 

7 

7f 

6 

60 

11 

90 

10 

90 

8 

80 

6 

70 

4 

60 

Kirby  found  that,  in  adding  columns  like  those  printed  below,  children 
in  grade  4 got  on  the  average  less  than  80  percent  of  correct  answers.  Their 
average  speed  was  about  2 columns  per  minute.  In  doing  division  of  the 
sort  printed  below  childern  of  grades  3 B and  4 A got  less  than  95  percent 
of  correct  answers,  the  average  speed  being  4 divisions  per  minute.  In  both 
cases  the  slower  computers  were  no  more  accurate  than  the  faster  ones. 
Practice  improved  the  speed  very  rapidly,  but  the  accuracy  remained  sub- 
stantially unchanged.  Brown  found  a similar  low  status  of  ability  and  nota- 
ble improvement  from  a moderate  amount  of  special  practice. 
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3 

5 

6 

2 

3 8 

9 

7 

4 

9 

7 

9 

6 

5 

5 6 

4 

5 

8 

2 

3 

4 

7 

8 

7 3 

7 

9 

3 

7 

8 

8 

4 

8 

2 6 

8 

2 

9 

8 

2 

2 

4 

7 

6 9 

8 

5 

6 

2 

6 

9 

5 

7 

8 5 

2 

3 

2 

4 

9 

6 

4 

2 

7 2 

9 

4 

4 

5 

3 

3 

7 

9 

9 9 

2 

8 

9 

7 

6 

8 

9 

6 

4 7 

7 

9 

2 

4 

8 

4 

6 

9 

9 2 

6 

9 

8 

9 

20  = . . 

. .5s 

56=  . 

. . ,9s  and  . . 

. r. 

30=  . 

. . . 7s  and  . . 

.r. 

89=  . 

. . . 9s  and  . . 

.r. 

20=  . 

. . . 8s  and  . . 

.r. 

56=  . 

. . . 6s  and  . . 

.r. 

31=  . 

. . . 4s  and  . . 

.r. 

86=  . 

. . ,9s  and  . . 

.r. 

It  is  clear  that  numerical  work  as  inaccurate  as  this  has  little  or  no 
commercial  or  industrial  value.  If  clerks  got  only  six  answers  out  of  ten 
right  as  in  the  Courtis  tests,  one  would  need  to  have  at  least  four  clerks  make 
each  computation  and  would  even  then  have  to  check  many  of  theii  dis- 
crepancies by  the  work  of  still  other  clerks,  if  he  wanted  his  accounts  to 
show  less  than  one  error  per  hundred  accounting  units  of  the  Courtis  size. 

It  is  also  clear  that  the  “habits  of  . . . absolute  accuracy,  and  satisfaction 
in  truth  as  a result”  which  arithmetic  is  supposed  to  further  must  be  largely 
mythical  in  pupils  who  get  right  answers  only  from  three  to  nine  times  out  of 

ten! 


EARLY  MASTERY 

The  bonds  in  question  clearly  must  be  made  far  stronger  than  they  now 
are.  They  should  in  fact  be  strong  enough  to  abolish  errors  in  computation, 
except  for  those  due  to  temporary  lapses.  It  is  much  better  for  a child  to 
know  half  of  the  multiplication  tables,  and  to  know  that  he  does  not  know 
the  rest,  than  to  half-know  them  all;  and  this  holds  good  of  all  the  elemen- 
tary bonds  required  for  computation.  Any  bond  should  be  made  to  work 
perfectly,  though  slowly,  very  soon  after  its  formation  is  begun.  Speed  can 
easily  be  added  by  proper  practice. 

The  chief  reasons  why  this  is  not  done  now  seem  to  be  the  following:  (1) 
Certain  important  bonds  (like  the  additions  with  higher  decades)  are  not 
given  enough  attention  when  they  are  first  used.  (2)  The  special  training 
necessary  when  a bond  is  used  in  a different  connection  (as  when  the  multi - 
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729 

plications  to  9 X 9 are  used  in  examples  like 8 where  the  pupil  has  also 

to  choose  the  right  number  to  multiply,  keep  in  mind  what  as  carried,  use  it 
properly,  and  write  the  right  figure  in  the  right  place,  and  carry  a figuie,  oi 
remember  that  he  carries  none)  is  neglected.  (3)  The  pupil  is  not  taught  to 
check  his  work.  (4)  He  is  not  made  responsible  for  substantially  accurate 
results.  Furthermore,  the  requirement  of  (4)  without  the  training  of  (1), 
(2),  and  (3)  will  involve  either  a fruitless  failure  on  the  part  of  many  pupils, 
or  an  utterly  unjust  requirement  of  time.  The  common  error  of  supposing 
that  the  task  of  computation  with  integers  consists  merely  in  learning  the 
additions  to  9 + 9,  the  subtractions  to  18  — 9,  the  multiplications  to  8 X 9, 
and  the  divisions  to  81  -r-  9,  and  in  applying  this  knowledge  in  connection 
with  the  principles  of  decimal  notation,  has  had  a large  share  in  permitting 
the  gross  inaccuracy  of  arithmetical  work.  The  bonds  involved  in  knowing 
the  tables’  do  not  make  up  one  fourth  of  the  bonds  involved  in  real  adding, 
subtracting,  multiplying,  and  dividing  (with  integers  alone). 

It  should  be  noted  that  if  the  training  mentioned  in  (1)  and  (2)  is  well 
cared  for,  the  checking  of  results  as  recommended  in  (3)  becomes  enormously 
more  valuable  than  it  is  under  present  conditions,  though  even  now  it  is  one 
of  our  soundest  practices.  If  a child  knows  the  additions  to  higher  decades 
so  that  he  can  add  a seen  one-place  number  to  a thought-of  two-place 
number  in  three  seconds  or  less  with  a correct  answer  199  times  out  of  200, 
there  is  only  an  infinitesimal  chance  that  a ten-figure  column  twice  added 
(once  up,  once  down)  a few  minutes  apart  with  identical  answers  will  be 
wrong.  Suppose  that,  in  long  multiplication,  a pupil  can  multiply  to  9 X 9 
while  keeping  his  place  and  keeping  track  of  what  he  is  ‘carrying’  and  of 
where  to  write  the  figure  he  writes,  and  can  add  what  he  carries  without  los- 
ing track  of  what  he  is  to  add  it  to,  where  he  is  to  write  the  unit  figure,  what 
he  is  to  multiply  next  and  by  what,  and  what  he  will  then  have  to  carry,  in 
each  case  to  a surety  of  99  percent  of  correct  responses.  Then  two  identical 
answers  got  by  multiplying  one  three-place  number  by  another  a few  minutes 
apart,  and  with  reversal  of  the  numbers,  will  not  be  wrong  more  than  twice 
in  his  entire  school  career.  Checks  approach  proofs  when  the  constituent 
bonds  are  strong. 

If,  on  the  contrary,  the  fundamental  bonds  are  so  weak  that  they  do  not 
work  accurately,  checking  becomes  much  less  trustworthy  and  also  verj 
much  more  laborious.  In  fact,  it  is  possible  to  show  that  below  a certain 
point  of  strength  of  the  fundamental  bonds,  the  time  required  for  checking 
is  so  great  that  part  of  it  might  better  be  spent  in  improving  the  fundamental 

bonds. 

For  example,  suppose  that  a pupil  has  to  find  the  sum  of  five  numbers 
like  $2.49,  $5.25,  $6.50,  $7.89,  and  $3.75.  Counting  each  act  of  holding . in 
mind  the  number  to  be  carried  and  each  writing  of  a column’s  result  as  eqmv- 
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alent  in  difficulty  to  one  addition,  such  a sum  equals  nineteen  single  additions. 
On  this  basis  and  with  certain  additional  estimates1  we  can  compute  the 
practical  consequences  for  a pupil’s  use  of  addition  in  life  according  to  the 
mastery  of  it  that  he  has  gained  in  school. 

I have  so  computed  the  amount  of  checking  a pupil  will  have  to  do  to 
reach  two  agreeing  numbers  (out  of  two,  or  three,  or  four,  or  five,  or  what- 
ever the  number  before  he  gets  two  that  are  alike) , according  to  his  mastery 
of  the  elementary  processes.  The  facts  appear  in  Table  1. 

It  is  obvious  that  a pupil  whose  mastery  of  the  elements  is  that  denoted 
by  getting  them  right  96  times  out  of  100  will  require  so  much  time  for 
checking  that,  even  if  he  were  never  to  use  this  ability  for  anything  save  a 
few  thousand  sums  in  addition,  he  would  do  well  to  improve  this  ability 
before  he  tried  to  do  the  sums.  An  ability  of  199  out  of  200,  or  995  out  of 
1000,  seems  likely  to  save  much  more  time  than  would  be  taken  to  acquire 
it,  and  a reasonable  defense  could  be  made  for  requiring  996  or  997  out  of 
1000. 

A precision  of  from  995  to  997  out  of  1000  being  required,  and  ordinary 
sagacity  being  used  in  the  teaching,  speed  will  substantially  take  care  of  it- 

TABLE  1 

The  Effect  of  Mastery  of  the  Elementary  Facts  of  Addition  upon  the  Labor 
Required  to  Secure  Two  Agreeing  Answers  When  Adding  Five  Three-figure 
Numbers 


Mastery  of  the  Ele- 
mentary Additions 

Times  Right  in  1000 

Approximate  Number  of 
Wrong  Answers  in 
Sums  of  5 Three-place 
Numbers  per  1000 

Approximate  Number  of 
Agreeing  Answers,  af- 
ter One  Checking,  per 
■ 1000 

Approximate  Number  of 
Agreeing  Answers,  af- 
ter a Checking  of  the 
First  Discrepancies 

Approximate  Number  of 
Checkings  Required 
(over  and  above  the 
First  General  Check- 
ing of  the  1000  Sums) 
to  Secure  Two  Agree - 
1 ing  Results 

960 

700 

90 

216 

4500 

980 

380 

384 

676 

1200 

990 

190 

656 

906 

470 

995 

95 

819 

975 

210 

996 

76 

854 

984 

165 

997 

54 

895 

992 

115 

998 

38 

925 

996 

80 

999 

19 

962 

999 

40 

1.  These  concern  allowances  for  two  errors  occurring  in  the  same  example  and  for 
the  same  wrong  answer  being  obtained  in  both  original  work  and  check  work. 
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self.  Counting  on  the  fingers  or  in  words  will  not  give  that  precision.  Slow 
recourse  to  memory  of  serial  addition  tables  will  not  grve  that  precision. 
Nothing  save  sure  memory  of  the  facts  operating  under  the  conditions  o 
actual  examples  will  give  it.  And  such  memories  will  operate  with  sufficient 

There  is  one  intelligent  objection  to  the  special  practice  necessary  to 
establish  arithmetical  connections  so  fully  as  to  give  the  accuracy  which 
both  utilitarian  and  disciplinary  aims  require.  It  may  be  said  that  the 
pupils  in  grades  3,  4,  and  5 cannot  appreciate  the  need  and  that  consequen  y 
the  work  will  be  dull,  barren,  and  alien,  without  close  personal  appropria- 
tion by  the  pupil’s  nature.  It  is  true  that  no  vehement  life-purpose  is  di- 
rectly involved  by  the  problem  of  perfecting  one’s  power  to  add  7 to  28  m 
orade  2 or  by  the  problem  of  multiplying  253  by  8 accurately  in  grade  3 or 
by  precise  subtraction  in  long  division  in  grade  4.  It  is  also  true,  however, 
that  the  most  humanly  interesting  of  problems-one  that  the  pupil  attacks 
most  whole-heartedly — will  not  be  solved  correctly  unless  the  pupil  has  the 
necessary  associative  mechanisms  in  order ; and  the  surer  he  is  o . em,  e 
freer  he  is  to  think  out  the  problem  as  such.  Further,  computation  is  not 
dull  if  the  pupil  can  compute.  He  does  not  himself  object  to  its  barrenness 
of  vital  meaning,  so  long  as  the  barrenness  of  failure  is  prevented.  We  mus 
not  forget  that  pupils  like  to  learn.  In  teaching  xcessively  dull  individuals, 
who  has  not  often  observed  the  great  interest  which  they  display  in  anything 
that  they  are  enabled  to  master?  There  is  pathos  in  their  joy  m learning  to 
recognize  parts  of  speech,  perform  algebraic  simplifications,  or  translate 
Latin  sentences,  and  in  other  accomplishments  equally  meaningless  to  all 
their  interests  save  the  universal  human  interest  in  success  and  recognition. 
Still  further,  it  is  nqt  very  hard  to  show  to  pupils  the  imperative  nee  o ac- 
curacy in  scoring  games,  in  the  shop,  in  the  store,  and  in  the  o ce.  _ 5b 
the  argument  that  accurate  work  of  this  sort  is  alien  to  the  pupil  m these 
grades  is  still  stronger  against  inaccurate  work  of  the  same  sort.  we  are 
to  teach  computation  with  two-  and  three-  and  four-place  numuers  at  all, 
it  should  be  taught  as  a reliable  instrument,  not  as  a combination  of  vague 
memories  and  faith.  The  author  is  ready  to  cut  computation  with  numbers 
above  10  out  of  the  curriculum  of  grades  1-6  as  soon  as  more  valuabie  edu- 
cational instruments  are  offered  in  its  place,  but  he  is  convinced  that  nothing 
in  child-nature  makes  a large  variety  of  inaccurate  computing  more  inter- 
esting or  educative  or  germane  to  felt  needs  than  a smaller  varie  y o ac 

curate  computing ! 


THE  STRENGTH  OF  BONDS  FOR  TEMPORARY  SERVICE 

The  second  general  fact  is  that  certain  bonds  are  of  service  for  only  a 
limited  time  and  so  need  to  be  formed  only  to  a limited  and  slight  degree  o 
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strength.  The  data  of  problems  set  to  illustrate  a principle  or  improve  some 
habit  of  computation  arc,  of  course,  the  clearest  cases.  The  pupil  needs  to 
remember  that  John  bought  3 loaves  of  bread  and  that  they  weic  5 cent 
loaves  and  that  he  gave  25  cents  to  the  baker  only  long  enough  to  use  the 
data  to  decide  what  change  John  should  receive.  The  connections  between 
the  total  described  situation  and  the  answer  obtained,  supposing  some  con- 
siderable computation  to  intervene,  is  a bond  tiia,  we  let  expire  almost  as 
soon  as  it  is  born. 

It  is  sometimes  assumed  that  the  bond  between  a certain  group  of  fea- 
tures which  make  a problem  a 'Buy  a things  at  b per  thing,  find  total  cost 
problem  or  a 'Buy  a things  at  b per  thing,  what  change  from  c’  problem  or 
a 'What  gain  on  buying  for  a and  selling  for  b’  problem  or  a How  man) 
things  at  a each  can  I buy  for  b cents’  problem— it  is  assumed  that  the  bond 
between  these  essential  defining  features  and  the  operation  or  operations  re- 
quired for  solution  is  as  temporary  as  the  bonds  with  the  name  of  the  buyer 
or  the  price  of  the  thing.  It  is  assumed  that  all  problems  are  and  should  be 
solved  by  some  pure  act  of  reasoning  without  help  or  hindrance  from  bonds 
with  the  particular  verbal  structure  and  vocabulary  of  the  problems. 
Whether  or  not  they  should  be,  they  are  not.  Every  time  that  a pupil  solves 
a 'bought-sold’  problem  by  subtraction  he  strengthens  the  tendency  to  re- 
spond to  any  problem  whatsoever  that  contains  the  words  'bought  for’  and 
'sold  for’  by  subtraction;  and  he  will  by  no  means  surely  stop  and  survey 
every  such  problem  in  all  its  elements  to  make  sure  that  no  other  feature 
makes  inapplicable  the  tendency  to  subtract  which  the  'bought  sold’  evokes. 

To  prevent  pupils  from  responding  to  the  form  of  statement  rather  than 
the  essential  facts,  we  should  then  not  teach  them  to  forget  the  form  of 
statement,  but  rather  give  them  all  the  common  forms  of  statement  to  which 
the  response  in  question  is  an  appropriate  response,  and  only  such.  If  a cei- 
tain  form  of  statement  does  in  life  always  signify  a certain  arithmetical  pro- 
cedure, the  bond  between  it  and  that  procedure  may  properly  be  made  very 

strong. 

Another  case  of  the  formation  of  bonds  to  only  a slight  degree  of 
strength  concerns  the  use  of  so-called  'crutches’  such  as  writing  +,  — , and 
X in  copying  problems  like  those  below: 


Add 

Subtract 

Multiply 

23 

79 

32 

61 

24 

3 

or  altering  the  figures  when  ‘borrowing’  in  subtraction,  and  the  like.  Since  it 
is  undesirable  that  the  pupil  should  regard  the  ‘crutch’  response  as  essential 
to  the  total  procedure,  or  become  so  used  to  having  it  that  he  will  be  dis- 
turbed by  its  absence  later,  it  is  supposed  that  the  bond  between  the  situa- 
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tion  and  the  crutch  should  not  be  fully  formed.  There  is  a better  way  out 
of  the  difficulty,  in  case  crutches  are  used  at  all.  This  is  to  associate  the 
crutch  with  a special  ‘set,’  and  its  non-use  with  the  general  set  which  is  to 
be  the  permanent  one.  For  example,  children  may  be  taught  from  the  start 
never  to  write  the  crutch  sign  or  crutch  figure  unless  the  work  is  accompanied 
by  “Write  ...  to  help  you  to  . . . .” 

Write  — to  help  you  to  Find  the  differences: — 


remember  that  you  must 

39 

67 

78 

56 

45 

subtract  in  this  row. 

23 

44 

36 

26 

24 

Remember  that  you  must 

Find  the 

differences: — 

subtract  in  this  row. 

85 

27 

96 

38 

78 

63 

14 

51 

45 

32 

The  bond  evoking  the  use  of  the  crutch  may  then  be  formed  thoroughly 
enough  so  that  there  is  no  hesitation,  insecurity,  or  error,  without  interfering 
to  any  harmful  extent  with  the  more  general  bond  from  the  situation  to  work 
without  the  crutch. 

THE  STRENGTH  OF  BONDS  WITH  TECHNICAL  FACTS  AND  TERMS 

Another  instructive  case  concerns  the  bonds  between  certain  words  and 
their  meanings,  and  between  certain  situations  of  commerce,  industry,  or 
agriculture  and  useful  facts  about  these  situations.  Illustrations  of  the 
former  are  the  bonds  between  cube  root,  hectare,  brokerage,  commission, 
indorsement,  vertex,  adjacent,  nonagon,  sector,  draft,  bill  of  exchange,  and 
their  meanings.  Illustrations  of  the  latter  are  the  bonds  from  “Money 
being  lent  ‘with  interest’  at  no  specified  rate,  what  rate  is  charged?”  to  “The 
legal  rate  of  the  state,”  from  “$X  per  M as  a rate  for  lumber”  to  “Means 
per  thousand  board  feet,  a board  foot  being  1 ft.  by  1 ft.  by  1 in.” 

It  is  argued  by  many  that  such  bonds  are  valuable  for  a short  time; 
namely,  while  arithmetical  procedures  in  connection  with  which  they  serve 
are  learned,  but  that  their  value  is  only  to  serve  as  a means  for  learning 
these  procedures  and  that  thereafter  they  may  be  forgotten.  “They  are 
formed  only  as  accessory  means  to  certain  more  purely  arithmetical  knowl- 
edge or  discipline;  after  this  is  acquired  they  may  be  forgotten.  Everybody 
does  in  fact  forget  them;  relearning  them  later  if  life  requires.”  So  runs  the 
argument. 

In  some  cases  learning  such  words  and  facts  only  to  use  them  in  solving 
a certain  sort  of  problems  and  then  forget  them  may  be  profitable.  The  prac- 
tice is,  however,  exceedingly  risky.  It  is  true  that  everybody  does  in  fact 
forget  many  such  meanings  and  facts,  but  this  commonly  means  either  that 
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they  should  not  have  been  learned  at  all  at  the  time  that  they  were  learned, 
or  that  they  should  have  been  learned  more  permanently,  or  that  details 
should  have  been  learned  with  the  expectation  that  they  themselves  would 
be  •'’■'rgotten  but  that  a general  fact  or  attitude  would  remain.  For  example, 
duodecagon  should  not  be  learned  at  all  in  the  elementary  school ; indorse- 
ment should  either  not  be  learned  at  all  there,  or  be  learned  for  permanence 
of  a year  or  more ; the  details  of  the  metric  system  should  be  so  taught  as  to 
leave  for  several  years  at  least  knowledge  of  the  facts  that  there  is  a system 
so  named  that  is  important,  whose  tables  go  by  tens,  hundreds,  or  thousands, 
and  a tendency  (not  necessarily  strong)  to  connect  meter,  kilogram,  and 
liter  with  measurement  by  the  metric  system  and  with  approximate  esti- 
mates of  their  several  magnitudes. 

If  an  arithmetical  procedure  seems  to  require  accessory  bonds  which 
are  to  be  forgotten,  once  the  procedure  is  mastered,  we  should  be  suspicious 
of  the  value  of  the  procedure  itself.  If  pupils  forget  what  compound  inter- 
est is,  we  may  be  sure  that  they  will  usually  also  have  forgotten  how  to  com- 
pute it.  Surely  there  is  waste  if  they  have  learned  what  it  is  only  to  learn 
how  to  compute  it  only  to  forget  how  to  compute  it! 

THE  STRENGTH  OF  BONDS  CONCERNING  THE  REASONS  FOR 

ARITHMETICAL  PROCESSES 

The  next  case  of  the  formation  of  bonds  to  slight  strength  is  the  prob- 
lematic one  of  forming  the  bonds  involved  in  understanding  the  reasons  for 
certain  processes  only  to  forget  them  after  the  process  has  become  a habit. 
Should  a pupil,  that  is,  learn  why  he  inverts  and  multiplies,  only  to  forget 
it  as  soon  as  he  can  be  trusted  to  divide  by  a fraction?  Should  he  learn 
why  he  puts  the  units  figure  of  each  partial  product  in  multiplication  under 
the  figure  that  he  multiplies  by,  only  to  forget  the  reason  as  soon  as  he  has 
command  of  the  process?  Should  he  learn  w.iy  he  gets  the  number  of 
square  inches  in  a rectangle  by  multiplying  the  length  by  the  width,  both 
being  expressed  in  linear  inches,  and  forget  why  as  soon  as  he  is  competent 
to  make  computations  of  the  areas  of  rectangles? 

On  general  psychological  grounds  we  should  be  suspicious  of  forming 
bonds  only  to  let  them  die  of  starvation  later,  and  tend  to  expect  that  elab- 
orate explanations  learned  only  to  be  forgotten  eithei  should  not  be  learned 
at  all,  or  should  be  learned  at  such  a time  and  in  such  a way  that  they  would 
not  be  forgotten.  Especially  we  should  expect  that  the  general  principles  of 
arithmetic,  the  whys  and  wherefores  of  its  fundamental  ways  of  manipulat- 
ing numbers,  ought  to  be  the  last  bonds  of  all  to  be  forgotten.  Details  of  how 
you  arranged  numbers  to  multiply  might  vanish,  but  the  general  reasons 
for  the  placing  would  be  expected  to  persist  and  enable  one  to  invent  the  de- 
tailed manipulations  that  had  been  forgotten. 

This  suspicion  is,  I think,  justified  by  facts.  The  doctrine  that  the  cus- 
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tomary  deductive  explanations  of  why  we  invert  and  multiply,  or  place  the 
partial  products  as  we  do  before  adding,  may  be  allowed  to  be  forgoti  :n  once 
the  actual  habits  are  in  working  order,  has  a suspicious  source.  It  arose  to 
meet  the  criticism  that  so  much  time  and  effort  were  required  to  keep  these 
deductive  explanations  in  memory.  The  fact  was  that  the  pupil  learned  to 
compute  correctly  irrespective  of  the  deductive  explanations.  They  were 
only  an  added  burden.  His  inductive  learning  that  the  procedure  gave  the 
right  answer  really  taught  him.  So  he  wisely  shuffled  off  the  extra  burden 
of  facts  about  the  consequences  of  the  nature  of  a fraction  or  the  place  values 
of  our  decimal  notation.  The  bonds  weakened  because  they  were  not  used. 
They  were  not  used  because  they  were  not  useful  in  the  shape  and  at  the 
time  that  they  were  formed,  or  because  the  pupil  was  unable  to  understand 
the  explanations  so  as  to  form  them  at  all. 

The  criticism  was  valid  and  should  have  been  met  in  part  by  replacing 
the  deductive  explanations  by  inductive  verifications,  and  in  part  by  using 
the  deductive  reasoning  as  a check  after  the  process  itself  is  mastered.  The 
very  same  discussions  of  place-value  which  are  futile  as  proof  that  you 
must  do  a certain  thing  before  you  have  done  it,  often  become  instructive 
as  an  explanation  of  why  the  thing  that  you  have  learned  to  do  and  are 
familiar  with  and  have  verified  by  other  tests  works  as  well  as  it  does.  The 
general  deductive  theory  of  arithmetic  should  not  be  learned  only  to  be 
forgotten.  Much  of  it  should,  by  most  pupils,  not  be  learned  at  all.  What 
is  learned  should  be  learned  much  later  than  now,  as  a synthesis  and  ration- 
ale of  habits,  not  as  their  creator.  What  is  learned  of  such  deductive  theory 
should  rank  among  the  most  rather  than  least  permanent  of  a pupil’s  stock 
of  arithmetical  knowledge  and  power.  There  are  bonds  which  are  formed 
only  to  be  lost,  and  bonds  formed  only  to  be  lost  in  their  first  form , being 
used  in  a new  organization  as  material  for  bonds  of  a higher  order;  but  the 
bonds  involved  in  deductive  explanations  of  why  certain  processes  are  right 
are  not  such:  they  are  not  to  be  formed  just  to  be  forgotten,  nor  as  mere 
propaedeutics  to  routine  manipulations. 


[The  final  section  of  Chapter  V,  “Propaedeutic  Bonds  ” not  given  here, 
deals  with  weak  bonds  formed  for  temporary  purposes .] 


The  Psychology  of  Thinking  • Reasoning  in  Arithmetic 


REASONING  AS  THE  COOPERATION  OF  ORGANIZED  HABITS 

The  pedagogy  of  the  past  made  two  notable  errors  in  practice  based  on 
two  errors  about  the  psychology  of  reasoning.  It  considered  reasoning  as  a 
somewhat  magical  power  or  essence  which  acted  to  counteract  and  overrule 
the  ordinary  laws  of  habit  in  man;  and  it  separated  too  sharply  the  under- 
standing of  principles’  by  reasoning  from  the  'mechanical’  wrork  of  compu- 
tation, reading  problems,  remembering  facts  and  the  like,  done  by  'mere’ 
habit  and  memory. 

Reasoning  cr  selective,  inferential  thinking  is  not  at  all  opposed  to,  or 
independent  of,  the  laws  of  habit,  but  really  is  their  necessary  result  under 
the  conditions  imposed  by  man’s  nature  and  training.  A closer  examination 
of  selective  thinking  will  show  that  no  principles  beyond  the  laws  of  readi- 
ness, exercise,  and  effect  are  needed  to  explain  it;  that  it  is  only  an  extreme 
case  of  what  goes  on  in  associative  learning  as  described  under  the  'piece- 
meal’ activity  of  situations;  and  that  attributing  certain  features  of  learn- 
ing to  mysterious  faculties  of  abstraction  or  reasoning  gives  no  real  help 
toward  understanding  or  controlling  them. 

It  is  true  that  man’s  behavior  in  meeting  novel  problems  goes  beyond, 
or  even  against,  the  habits  represented  by  bonds  leading  from  gross  total 
situations  and  customarily  abstracted  elements  thereof.  One  of  the  two 
reasons  therefor,  however,  is  simply  that  the  finer,  subtle,  preferential  bonds 
with  subtler  and  less  often  abstracted  elements  go  beyond,  and  at  times 
against,  the  grosser  and  more  usual  bonds.  One  set  is  as  much  due  to  exei- 
cise  and  effect  as  the  other.  The  other  reason  is  that  in  meeting  novel  prob- 
lems the  mental  set  or  attitude  is  likely  to  be  one  which  rejects  one  after 
another  response  as  their  unfitness  to  satisfy  a certain  desideratum  appears. 
What  remains  as  the  apparent  course  of  thought  includes  only  a few  of  the 
many  bonds  which  did  operate,  but  which,  for  the  most  part,  were  unsatisfy- 
ing to  the  ruling  attitude  or  adjustment. 

Successful  responses  to  novel  data,  associations  by  similarity  and  pur- 
posive behavior  are  in  only  apparent  opposition  to  the  fundamental  laws 
of  associative  learning.  Really  they  are  beautiful  examples  of  it.  Man  s 
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successful  responses  to  novel  data— as  when  he  argues  that  the  diagonal 
on  a right  triangle  of  796.278  mm.  base  and  137.294  mm.  altitude  will  be 
808.022  mm.,  or  that  Mary  Jones,  born  this  morning,  will  sometime  die 
are  due  to  habits,  notably  the  habits  of  response  to  certain  elements  or  fea- 
tures, under  the  laws  of  piecemeal  activity  and  assimilation. 

Nothing  is  less  like  the  mysterious  operations  of  a faculty  of  reasoning 
transcending  the  laws  of  connection-forming,  than  the  behavior  of  men  in 
response  to  novel  situations.  Let  children  who  have  hitherto  confronted  only 
such  arithmetical  tasks,  in  addition  and  subtraction  with  one-  and  two-place 
numbers  and  multiplication  with  one-place  numbers,  as  those  exemplified 
in  the  first  line  below,  be  told  to  do  the  examples  shown  in  the  second  line. 

Add 
8 
5 


Add 

Add 

SUBT. 

SUBT. 

Multiply  Multiply  Multiply 

37 

35 

8 

37 

8 9 6 

24 

68 

5 

24 

5^3 

23 

19 

Multiply 

Multiply 

Multiply 

32 

43 

34 

23 

22 

26 

They  will  add  the  numbers,  or  subtract  the  lower  from  the  upper  numbei, 
or  multiply  3X2  and  2X3,  etc.,  getting  66,  86,  and  624,  or  respond  to^the 
element  of  ‘Multiply’  attached  to  the  two-place  numbers  by  “I  can’t”  or 
“I  don’t  know  what  to  do,”  or  the  like;  or,  if  one  is  a child  of  great  ability, 
be  may  consider  the  ‘Multiply’  element  and  the  bigness  of  the  numbers, 

be  reminded  by  these  two  aspects  of  the  situation  of  the  fact  that  9_  multiply 

TO 

gave  only  81,  and  that  10  multiply’  gave  only  100,  or  the  like;  and  so  may 
report  an  intelligent  and  justified  “I  can’t,”  or  reject  the  plan  of  3X2  and 
2X3,  with  66,  86,  and  624  for  answers,  as  unsatisfactory.  What  the  children 
will  do  will,  in  every  case,  be  a product  of  the  elements  in  the  situation 
that  are  potent  with  them,  the  responses  which  these  evoke,  and  the  further 
associates  which  these  responses  in  turn  evoke.  If  the  child  were  one  of 
sufficient  genius,  he  might  infer  the  procedure  to  be  followed  as  a result  of 
his  knowledge  of  the  principles  of  decimal  notation  and  the  meaning  of 
‘Multiply,’  responding  correctly  to  the  ‘place-value’  element  of  each  digit 
and  adding  his  6 tens  and  9 tens,  20  twos  and  3 thirties;  but  if  he  did  thus 
invent  the  shorthand  addition  of  a collection  of  twenty-three  collections, 
each  of  32  units,  he  would  still  do  it  by  the  operation  of  bonds,  subtle  but 

real. 

Association  by  similarity  is,  as  James  showed  long  ago,  simply  the  ten- 
dency of  an  element  to  provoke  the  responses  which  have  been  bound  to  it. 
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abode  leads  to  vwxyz  because  a has  been  bound  to  vwxyz  by  original  nature, 
exercise,  or  effect. 

Purposive  behavior  is  the  most  important  case  of  the  influence  of  the 
attitude  or  set  or  adjustment  of  an  organism  in  determining  (1)  which  bonds 
shall  act,  and  (2)  which  results  shall  satisfy.  James  early  described  the 
former  fact,  showing  that  the  mechanism  of  habit  can  give  the  directedness 
or  purposefulness  in  thought’s  products,  provided  that  mechanism  includes 
something  paralleling  the  problem,  the  aim,  or  need,  in  question. 

The  second  fact,  that  the  set  or  attitude  of  the  man  helps  to  determine 
which  bonds  shall  satisfy,  and  which  shall  annoy,  has  commonly  been  some- 
what obscured  by  vague  assertions  that  the  selection  and  retention  is  of 
what  is  “in  point,”  or  is  “the  light  one,”  or  is  “appropriate,”  or  the  like. 
It  is  thus  asserted,  or  at  least  hinted,  that  “the  will,”  “the  voluntary  atten- 
tion,” “the  consciousness  of  the  problem,”  and  other  such  entities  are  en- 
dowed with  magic  power  to  decide  what  is  the  “right”  or  “useful”  bond  and 
to  kill  off  the  others.  The  facts  are  that  in  purposive  thinking  and  action, 
as  everywhere  else,  bonds  are  selected  and  retained  by  the  satisfyingness, 
and  are  killed  off  by  the  discomfort,  which  they  produce;  and  that  the 
potency  of  the  man’s  set  or  attitude  to  make  this  satisfy  and  that  annoy — 
to  put  certain  conduction-units  in  readiness  to  act  and  others  in  unreadiness 
— is  in  every  way  as  important  as  its  potency  to  set  certain  conduction-units 
in  actual  operation. 

Reasoning  is  not  a radically  different  sort  of  force  operating  against 
habit  but  the  organization  and  cooperation  of  many  habits,  thinking  facts 
together.  Reasoning  is  not  the  negation  of  ordinary  bonds,  but  the  action 
of  many  of  them,  especially  of  bonds  with  subtle  elements  of  the  situation. 
Some  outside  power  does  not  enter  to  select  and  criticize;  the  pupil’s  own 
total  repertory  of  bonds  relevant  to  the  problem  is  what  selects  and  rejects. 
An  unsuitable  idea  is  not  killed  off  by  some  actus  purus  of  intellect,  but  by 
the  ideas  which  it  itself  calls  up,  in  connection  with  the  total  set  of  mind  of 
the  pupil,  and  which  show  it  to  be  inadequate. 

Almost  nothing  in  arithmetic  need  be  taught  as  a matter  of  mere  un- 
reasoning habit  or  memory,  nor  need  anything,  first  taught  as  a principle, 
ever  become  a matter  of  mere  habit  or  memory.  5X4=20  should  not  be 
learned  as  an  isolated  fact,  nor  remembered  as  we  remember  that  Jones’ 
telephone  number  is  648  J 2.  Almost  everything  in  arithmetic  should  be 
taught  as  a habit  that  has  connections  with  habits  already  acquired  and 
will  work  in  an  organization  with  other  habits  to  come.  The  use  of  this 
organized  hierarchy  of  habits  to  solve  novel  problems  is  reasoning. 
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Introduction 


I.  PURPOSES  OF  THE  YEARBOOK 

In  this  Twenty-Ninth  Yearbook  of  the  Society  the  attempt  has  been 
made  to  discuss  certain  crucial  problems  of  arithmetic  in  such  a way  as  to 
bring  out  the  theoretical  aspects  in  so  far  as  our  present  knowledge  permits, 
and  also  to  bring  out  numerous  practical  applications  which,  we  trust,  will 
make  the  discussions  useful  to  supervisors  and  teachers.  Our  attempt  has 
been  facilitated  by  certain  circumstances  among  which  the  following  seem 
outstanding:  first,  the  Arithmetic  Committee,  in  ten  full  days  of  conference, 
secured  the  manifest  advantage  of  frank  exchange  of  opinion;  second,  the 
widespread  interest  in  arithmetic  made  available  for  our  use  a large  body 
of  written  discussion;  third,  a reviewing  committee  received  most  of  the 
material  in  galley  form  in  time  to  prepare  a concluding  critical  chapter,  so 
that  this  Yearbook  contains  not  only  discussions  by  the  committee,  but  also 
a deliberate  appraisal  of  these  discussions  by  an  independent  and  competent 
group  of  students  of  arithmetic. 


II.  SOME  LIMITATIONS 

There  are  certain  omissions  in  this  volume  which  will  be  recognized  im- 
mediately by  the  reader.  He  will  note,  for  instance,  the  absence  or  the 
scantiness  of  discussions  directed  to  several  important  aspects  of  arithmetic. 
Thus,  problems  and  problem-solving  receive  but  a partial  discussion,  be- 
cause lack  of  rigorous  data  permits  no  thorough  and  penetrating  discussion 
at  present,  and  in  general,  the  main  reason  for  our  neglect  of  certain  issues 
which  stand  in  obvious  need  of  treatment  is  the  simple  fact  that  there  is  at 
present  an  insufficient  amount  of  consistent  scientific  findings  to  furnish  a 
satisfactory  basis  for  such  treatments.  It  seemed  better  to  remain  silent 
when  discussion  could  go  little  beyond  the  limits  of  personal  opinion. 

A second  reason  for  certain  omissions  arises,  in  some  instances,  from  a 
decision  not  to  proceed  beyond  general  principles  to  definite  and  specific 
suggestions  and  detailed  directions  for  classroom  procedure.  Several  con- 
siderations led  to  this  decision.  In  some  cases  sufficiently  close  agreement 
on  details  could  not  be  reached  to  present  them  without,  at  the  same  time, 
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presenting  a minority  opinion.  Too  frequent  expression  of  minority  opinion 
becomes  confusing  to  the  reader.  On  the  whole,  the  Yearbook  is  the  ex- 
pression. of  unanimous  agreement  of  the  Committee.  While,  of  course,  each 
member  of  the  Committee  has  mental  reservations  about  occasional  para- 
graphs in  the  several  chapters  (on  the  score  of  pertinency  as  well  as  prob- 
able truth),  the  Yearbook  as  a whole  represents  the  judgment  of  the  entire 
Committee  in  the  interpretation  of  available  data.  An  exception  to  this  is, 
of  course,  the  concluding  chapter,  which  is  the  appraisal  of  an  independent 
reviewing  committee. 

Another  factor  influencing  our  decision  to  omit  specifics  was  the  desire 
of  m'embers  of  the  Committee  to  avoid  the  promotion  of  their  own  par- 
ticular interests  in  arithmetic,  which  can  be  found  in  print  elsewhere.  The 
Committee  believes  that  the  Yearbook  does  not  propagandize  any  particular 
course  of  study,  textbook,  or  tvpe  of  instruction.  In  leaning  backward  in  its 
effort  to  accomplish  this  puiy  -se,  the  Committee  may  have  omitted  specific 
suggestions  which  would  prove  useful  to  the  supervisor  or  to  the  teacher. 
The  student  may,  however,  by  using  the  general  points  of  view  presented 
herein,  be  enabled  to  evaluate  specific  methods  found  in  materials  published 
elsewhere. 


HI.  THE  EDUCATIONAL  PHILOSOPHY  UNDERLYING  THE  YEARBOOK 

Some  readers  may  feel  that  this  Yearbook  is  too  conservative,  that  it 
lacks  a bold  and  daring  spirit  of  progressiveness.  There  has  been  a con- 
scious attempt  to  avoid  the  urging  of  any  point  of  view  not  supported  by 
considerable  scientific  fact.  It  has  seemed  preferable  to  proceed  slowly 
and  on  sure  ground,  to  be  content  with  sane  and  moderate  progress,  rather 
than  to  expound  a theory  of  instruction  which,  though  supported  by  fine 
hopes  and  splendid  aspirations,  has  as  yet  no  basis  in  objective  data.  The 
justification  of  the  contention  of  those  who  feel  that  the  spirit  of  the  Year- 
book is  not  progressive  will  hinge  on  the  definition  given  to  ‘progressive.’ 
The  changes  we  have  supported  are  changes  which  can  be  made  and  held, 
changes  based  on  a sober  psychology  of  learning  and  of  human  nature,  rather 
than  extravagant  changes  based  on  a psychology  which  in  its  enthusiasm 
stubbornly  refuses  to  view  all  the  factors  involved.  The  Committee  feels 
that  the  treatment  of  arithmetic  in  this  Yearbook  is  as  progressive  as  modern 
thinking,  courses  of  study,  textbook  construction,  and  scientific  experimenta- 
tion give  it  a right  to  be,  and  much  more  progressive  than  much  of  present 
classroom  practice. 

The  spirit  in  which  this  Yearbook  was  written,  while  not  extreme,  as- 
sumes the  desirability  of  a liberal  school  in  contrast  to  the  lock-step, 
teacher-driven  school  of  the  ’9Q’s.  It  recognizes  the  child  as  the  center  of 
interest.  The  final  criterion  of  all  values  is  considered  to  be  the  effect  any 
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technique  of  teaching  or  any  content  of  instruction  has  upon  the  child.  The 
Committee  has  held  in  mind,  however,  that  it  is  the  whole  child,  not  a part 
of  him,  which  is  the  reality  to  be  kept  constantly  in  mind.  A child’s  present 
life  is  but  a part  of  himself,  and  an  educational  philosophy  based  upon  the 
assumption  that  the  present  interests,  needs,  strengths,  weaknesses,  whims 
of  the  child  comprise  the  sole  or  dominating  aspect  of  the  child  will  in  prac- 
tice render  but  limited  service.  The  child’s  future  is  a part  of  him.  In  a 
sense,  that  the  child  will  soon  become  an  adult  is  a reality  of  childhood 
which  must  not  be  forgotten.  Further,  it  is  of  importance  to  realize  that  the 
child,  whose  most  precious  attribute  is  ‘soon  to  become  an  adult,’  is  destined 
to  live  in  an  actual  society,  a total  environment,  which  will  be,  roughly,  the 
United  States  between  the  years  1940  and  1980.  The  actualities  of  this  total 
environment  are  not  likely  to  be  the  ideal  ones  of  which  we  now  dream  with 
fondness.  In  our  more  realistic  moments  we  see  that  the  child  will  be  an 
adult  living  his  life  in  terms  of  needs,  duties,  responsibilities,  successes, 
failures,  satisfactions,  and  monotonies  very  much  like  our  own. 

It  is  not  enough  to  cast  education  in  terms  of  children’s  present  interests 
and  desires  alone.  A child’s  life  at  the  moment  is  not  a thing  in  itself,  nor 
is  it  at  all  self-sufficient  and  self-contained.  His  life  is  a continuum;  his 
future  is  more  real  than  his  present.  He  is  essentially  an  organism  which  is 
becoming  something  other  than  a child.  Hence  the  education  of  the  child 
must  be  cast  in  terms  of  his  becoming  an  adult  as  well  as  in  terms  of  his 
present  status.  The  child  must,  of  course,  learn  (and  be  taught)  in  ways 
which  utilize  the  principles  of  child  psychology,  but  the  aims  of  his  educa- 
tion must  be  influenced  by  two  considerations:  (a)  his  real  nature,  a potent 
part  of  which  is  his  rapid  leaving  of  his  present  status  and  his  constant 
becoming  an  adult,  and  (b)  the  demands  which  life  will  place  upon  him 
to-morrow.  These  demands  are  not  those  of  our  wishing,  but  those  which 
will  exist  in  the  United  States  in  the  next  generation,  many  of  which  can  be 
predicted  with  reasonable  certainty. 

Certain  educational  philosophers  seem  to  slight  this  reality  of  the  future. 
Whether  or  not  these  philosophers  have  this  intention,  their  pronouncements 
are  interpreted  to  mean  that  childhood  (having  its  own  rights  as  it  surely 
does)  should  serve  the  purposes  of  childhood  only  or  mostly.  The  fact  that 
a given  unit  of  material  is  preparation  for  adult  living  is  to  these  persons 
no  sufficient  defense  for  its  inclusion  in  a child’s  curriculum,  even  if  it  be 
adapted  to  childhood  in  accord  with  good  psychology.  The  aims  of  the 
school  and  the  aims  of  childhood,  can  be  cut  loose  from  adult  aims  and  can 
be  considered  as  quite  separate  from  the  aims  of  the  future.  Aims,  as  aims, 
are  thus  located  in  the  present  rather  than  in  the  future.  Let  the  child  eat, 
drink,  and  be  merry,  for  to-morrow  he  will — become  only  an  adult.  A 
further  present  tendency  which  seems  to  the  Committee  dubious  philosophy 
is  the  attitude  of  helplessness  in  predicting  the  demands  which  life  will  place 
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upon  the  adult  of  the  immediate  future,  say,  1940  to  1980.  This  helplessness 
is  often  alleged  to  be  a necessary  consequence  of  the  rapid  changes  now 
occurring  in  society.  Present  society  is  changing  in  its  technicalities,  but 
the  fundamentals  of  competent  and  useful  living  are  not  changing  so  rapidly 
that  reasonable  predictions  of  demands  a generation  or  two  in  the  future 
are  either  impossible  or  undesirable. 

The  revolt  against  the  conventional  school  is  a blessing,  but  it  carries 
with  it  certain  abuses.  The  Arithmetic  Committee  feels  that  a gradual 
evolution  is  more  desirable  than  either  a revolution  or  an  impatient,  extrava- 
gant attempt  at  reform.  A temperateness  in  change  may  not  be  quite  as 
thrilling  to  the  philosopher  as  sweeping  radical  changes,  but  it  is  better 
sense. 

The  philosophy  of  this  Yearbook,  then,  finds  aims  in  the  future  as  well 
as  in  the  present.  It  suggests  the  desirability  of  preparation  for  adult  living 
and  holds  it  to  be  evident  that  a prediction  of  the  demands  of  the  future  is 
feasible  to  a reasonable  and  useful  degree  of  certainty.  We  should  teach, 
then,  those  skills,  informations,  judgments,  attitudes,  habits,  ideals,  and 
ambitions  which  the  child  will  find  adequate  and  satisfying  to  the  most 
important  part  of  his  whole  self ; that  is,  to  his  future  adulthood  as  well  as 
to  his  present  childhood.  How  to  teach  the  child  can  be  separated,  in  dis- 
cussion, from  what  to  teach — and  how  to  teach  is  fundamentally  more  a 
matter  of  psychology  based  on  research  and  investigation  than  a matter  of 
philosophy. 


IV.  THE  PSYCHOLOGY  OF  LEARNING  ASSUMED  IN  THE  YEARBOOK 

Theoretically,  the  main  psychological  basis  is  a behavioristic  one,  view- 
ing skills  and  habits  as  fabrics  of  connections.  This  is  in  contrast,  on  the 
one  hand,  to  the  older  structural  psychology  which  has  still  to  make  direct 
contributions  to  classroom  procedure,  and  on  the  other  hand,  to  the  more 
recent  Gestalt  psychology,  which,  though  promising,  is  not  yet  ready  to 
function  as  a basis  of  elementary  education. 

The  psychological  point  of  view  pervading  this  Yearbook  emphasizes 
the  fact  that  teaching  based  upon  felt  needs  and  interest  only  is  inadequate. 
Not  that  felt  needs  and  interest  are  lacking  in  vitality  and  importance,  but 
that  neglect  of  other  matters  (even  if  the  neglect  is  only  by  way  of  infer- 
ence) weakens  effective  teaching  and  learning  to  an  intolerable  degree.  Use 
of  all  the  dynamics  of  learning,  rather  than  a use  of  some  and  a neglect  of 
others,  is  the  position  taken.  In  the  older  school  there  was  an  overconfidence 
in  drill — too  often  so  stupidly  administered  that  it  could  not  possibly  effect 
learning — and  a corresponding  neglect  of  interest  and  of  the  significance  of 
the  work  to  the  worker.  In  short,  there  was  a failure  to  capitalize  the  energy- 
releasing power  of  felt  needs,  together  with  a very  naive  view  of  the  psycho- 
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logical  nature  of  the  curriculum.  One  might  suspect  that  today  we  are  being 
led  by  our  laudable  attention  to  interest,  significance,  and  the  creation  or 
discovery  of  felt  needs  to  a neglect  of  other  dynamics  of  human  learning. 
We  are  in  danger  of  slighting  the  contributions  of  properly  organized  prac- 
tice; we  may  allow  felt  needs  to  degenerate  into  whims  (often  requiring  less 
effort) ; we  may  continue  (through  neglect)  to  teach  subject  matter  with 
but  a superficial  view  of  its  psychological  nature.  A pedagogy  based  on  a 
use  of  all  the  dynamics  of  learning  in  proper  proportion  is  highly  preferable 
to  overemphasis  upon  a single  aspect  of  learning  in  one  generation  followed 
by  a corresponding  neglect  of  it  in  the  next  generation. 

In  some  quarters  it  seems  the  fashion  to  think  that  anything  that  at  all 
resembles  conventional  practices  is  necessarily  wrong  and  vicious.  There  is 
almost  an  emotional  antipathy  to  anything  that  in  any  way  reminds  us  of 
the  kind,  of  schools  we  attended  as  children.  The  assumption  that  children 
must  be  unhappy  and  will  develop  frightful  personalities  if  exposed  to  a 
pedagogy  which  uses  the  principles  upon  which  the  older  schools  were  based 
is  a sort  of  inverted  old-oaken-bucket  delusion.  Many  aspects  of  the  older 
school  are,  after  all,  distinctly  good  psychology;  they  are  based  on  correct 
theorems  relating  to  human  nature.  Two  instances  will  illustrate  the  caution 
against  a lopsided  psychology  of  learning  based  solely  on  interest  and  the 
felt  needs  of  the  child: 

(a)  A very  modern  teacher,  sure  that  anything  which  is  conventional  is  wrong, 
decided  to  allow  the  curriculum  of  her  first-grade  class  to  be  guided  by  the  wisdom  of 
her  pupils.  “Now  to-day,”  she  said,  “we  can  do  anything  we  like  to  do.”  She  sug- 
gested several  possible  projects  which  were  anything  but  customary  school  work. 
Silence  followed  this  attempt  to  discover  felt  needs.  Finally  a child  summoned  up 
courage  and  said:  “I  want  to  learn  to  read  just  as  older  people  do.”  Should  this 
teacher  keep  on  trying  to  find  something  else  to  do  or  should  she  follow  her  philoso- 
phy and  assist  the  youngster  in  his  learning  to  read  with  a use  of  the  best  techniques 
of  learning  at  her  command  ? 

(b)  A third-grade  teacher  told  her  class  on  a certain  morning  that  they  could  do 
anything  they  wished  to  do — at  the  same  time  waving  some  raffia  in  her  hand  and 
having  previously  laid  in  conspicuous  places  equipment  for  activities  of  various  kinds. 
A hand  promptly  went  up,  followed  by  this  suggestion:  “Let’s  do  some  more  drill 
in  long  division,  so  that  it  will  not  be  so  hard.”  What  should  this  teacher  do? 

The  notion  that  regular  school  work  is  or  must  be  essentially  intolerable 
to  children  is  not  true.  Even  skill  subjects  can  be  taught,  and  often  are 
taught,  in  ways  which  are  even  more  than  tolerable  to  children.  A curricu- 
lum laid  down  before  the  child  enters  school  can  be  lived  through  with  zest 
and  enthusiasm.  The  'going  to  school’  may,  in  itself,  be  an  abiding  and 
sufficient  project.  When  an  adequate  psychology  underlies  the  daily  work, 
many  of  the  criticisms  directed  against  the  'orthodox’  school  lose  their  force. 
Many  of  the  attacks  on  the  'conventional’  school  so  describe  it  that  the  at- 
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tack  is  against  a straw  man. 

Much  may  be  said  for  the  following  point  of  view:  What  to  teach  should 
be  decided  by  as  wise  adults  as  are  available  for  the  task,  who  will  base 
their  decisions  as  far  as  possible  upon  the  available  body  of  objective  scien- 
tific data.  How  to  teach  should  be  based  upon  a virile  psychology  of  learn- 
ing which  uses  all  the  dynamics  of  learning — not  on  the  one  hand,  running 
to  seed,  as  in  the  case  of  the  older  school,  on  dead  tasks  for  the  tasks  sake, 
and  not,  on  the  other  hand,  declaring  a Roman  holiday,  and  becoming  con- 
cerned only  with  the  factor  of  interest.  The  actualities  are  such  that  until 
we  are  much  more  skillful  than  we  are,  the  interest  value  of  many  moments 
in  school  is  not  particularly  high.  But,  in  spite  of  this,  a total  psychology  of 
learning  would,  on  occasion,  defend  such  moments  as  moments  to  keep  on 
doing  the  same  thing  while  improving  the  interest  in  it,  rather  than  to  avoid 
doing  it  altogether.  There  must  be  no  retreat  from  the  position  that  felt 
needs  be  utilized,  that  the  tasks  be  made  significant,  that  the  sustaining 
effects  of  interest  be  earnestly  sought  and  capitalized.  Further,  we  must 
continue  to  seek  both  increased  knowledge  of  the  psychology  of  the  subject 
matter  taught  (a  field  quite  neglected  by  the  left  wing)  and  increased  skill 
in  the  use  of  such  aspects  of  learning  as  are  suggested  by  the  phrases:  drill, 
continued  effort,  ability  to  withstand  distraction,  persistence  though  mo- 
mentarily bored,  effort  sustained  not  by  rewards  at  hand  but  by  confidence 
in  values  forthcoming  in  the  future,  and  the  intent  to  master  the  matter  in 
hand  as  a permanent  possession  rather  than  as  a temporary  accomplishment. 

For  the  Committee, 

F.  B.  Knight. 


y'eaam  tocb«®b  ft .■■•'^1 

\ • • ‘.‘.7.7.  m 

Induction  - * * * * ' ft.V. *$ 

l ^*n&£ v;:r. »? 

I TS<*  &*••• :;://»••••••* « 

»•  rifeC':v rr.. •”•.••%■ 

V Pittm8 ,^,fVU)tiv atiott . • • • ‘ ••••’  ifil 



VI.  A»*»^  ot Tort ’ ’ * 4t 

>.  ^.!.grag^"  \$ 

t B^sSSSaSai^f?8^-  s 

l SS^sK5S^Jt?BS^.r.  S 

i?S®SS?Ss*»- 


~ ?*r  “££5  «•“'>•'  " 

1,1  -ST^  Dh“"' ft** 


*>7 


Mi  1 


& 

* 

“ ♦*< 

l 

7- 


IX.  *~a». 3 

i ^JnKLS»^::;::":£"  s 

„ . * Summary  of  Instruction  in  Common  Fractions... aw 

X.  An^y»wo£Ini»nictioa  in  Percents. ..  .v;,v  2I3 

i.  Method*  of  Anslyrin*  Instructional  Material  fi» 

Percentage,  ♦ ♦*. a %•  a **»»>>♦•*»•*. *v.a. a. • *; k ,* ,;*#  k« 

Jn^u£t!<m |a  Meaa  of  Percentage... 314 

{n**™^|on  |« WeM°f  Wfcofea and  Part* *,£ 

Instruction  in  Changing  Decimal*  to  Percent*. .........  am 

instruction  in  Other  and  Related  Changes. ....  A. . .«»,  ail 

Instruction  in  the  Three  Gases  of  Petwntig*... 3I| 
*•  Summaiy  of  Instruction  in  Percentage.,,.. ..ft........  2*o;. 

& 2j€  Specific  Material  Used  iit  Instruction  in  Pttcentm  ax& 

9-  Technical  Vocabulary  Of  Percentage. .,  ;W< 

Ia  ~e  5*°“  Alnount  oi  Instruction  in  Faretantagt....,'. ..-ft  H 
ii.  The  ucneral  Adequacy  of  Instruction  in  Pereehtag*...' 

XI.  Sumniity  on  Instructional  l«ateriail...i.....,.,^..^...,^^ 

XII.  Method  in  Drill:  Some  General  Conridemtlona. ...... ........ 

i.  Two  Puiyo.cs  of  Drill,. £ 

> ^Vpical  Alternatives  in  Drill.. .ft, 

3-  ShouM  Drill  Be  Distributed  or  Noo-Distrfbuted?. . .ft 

4-  ShouM  Drill  Be  of  the  Isolated  or  Mixed  Form?.,’.. 

It  i"*1  Tcst*. in  Dri,<  Material, jhs 

6.  Drill  Material  and  the  Supervisor's  Needs.......,...,,  Jg§£ 

. ?•  Summary  , sjja 

XHI.  Analyse  of  P«wi_siona  for  Drill..... ^ 

U ._  . -r----;-- — — Numbers'!  945. 

<V*  «*>»?»*  *.**,•  ebjiVs.^VV  SM  ^ 
i*  •'i.-nn  ^ a\  Ji&t 


XIV, 


i.  Drill  in^e;ltober.:::;^ft.:.,^..v.^^ 
22  *?  c2nmon  Fraction*  and  SmaU  Mixed  Numben. 
. 3-  Drill  in  Peiceatage.......... 

4.  Nummary  of  Method  in  Drill. 

In  Review:  Sown  Points  of  View  on 


/ : : : *><. ; - • : <:r^s ■•■'.fa- . > • 

;;;:  •/  _ ft.;  • ?v;  ^ 

&b'£- 

ft . '• .....  Oft  r^'f  • • ft  iiafe  t 

4 . ft  £V..:  ' ’ "r^'ft:  • V* ' ' * 

' ■ ~ft;s£\ft  ftft  &■  ?-  ft 

■ ft  ft’. ft.:-  V-.-ft'.  ft-  -ft  ft:  ft  ft  / : ; ft  ■ ftft 

ft.,  ft-  f.ift':ft/ft  ft'!|‘-% 


144 


.;-ft.ftft-ftft£  , 


O 


CHAPTER  IV 
Some  Considerations  of  Method 


HI.  mathematical  knowledge  versus  pedagogical  knowledge 

Anyone  at  all  acquainted  with  the  personnel  of  workers  in  the  field  knows 
the  distrust  that  many  mathematicians,  as  mathematicians,  feel  concerning 
pedagogues,  as  pedagogues.  It  has  been  asserted  in  many  quarters  that  only 
trained  mathematicians  should  be  responsible  foi  the  view  of  arithmetic 
given  teachers  in  their  professional  training.  What  can  a pedagogue  now 

about  arithmetic?  . , 

It  is  just  possible  that  the  amount  of  pure  mathematics  needed  tor 

competent  work  in  arithmetic  is  far  less  than  that  needed  in  the  teaching 
of  advanced  algebra,  solid  geometry,  and  college  mathematics.  A somewhat 
assiduous  search  of  the  literature  fails  to  discover  just  how  a mastery  of 
advanced  mathematics  functions  in  the  teaching  of  arithmetic.  On  the  other 
hand,  it  is  interesting  to  inquire  into  the  possibility  of  several  types  of 
knowledge  of  arithmetic  which  may  be  useful.  Let  us  assume  for  the  moment 
that  there  is  a useful  distinction  between  a knowledge  of  arithmetic  from 
the  standpoint  of  mathematics  as  mathematics  and  knowledge  of  arithmetic 
from  the  standpoint  of  its  teaching.  This  latter  type  of  knowledge  implies 
that  when  arithmetic  is  studied  from  the  standpoint  of  children  learning  it, 
a somewhat  different  set  of  criteria  might  be  used  in  judging  one’s  mastery 

of  it. 

An  example  of  teaching  knowledge  vs.  mathematical  knowledge  of  arithmetic 
may  be  found  in  the  case  of  long  division.  From  the  mathematical  point  of  view,  the 
accompanying  examples  are  the  same.  They  are  all  long  division  examples,  and  that 

is  all  there  is  to  be  said. , 


213 

23 

23 

57 

(a) 

42)8946 

(b) 

26)598 

(c) 

53)1219 

id) 

57?/os 

571/3 

593 

370^4 

(e) 

93)5303 

(f) 

93)5332 

(g) 

46)27738 

(h) 

74)27385 

76 

5827As 

615 

42 

(i) 

306)23256 

(j) 

78)4551 

(k) 

29) 17835 

(1) 

17)714 

From  the  standpoint  of  teaching,  however,  there  are  important  differences  between 
them.  Mathematical  knowledge  is  not  enough  nor  is  it  of  the  right  kmd  to  exhaust 
the  information  needed  for  a good  basis  for  the  teaching  of  this  process.  Thus  in 
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computation  • 

Ex.  (a)  requires  no  carrying  in  the  multiplication  and  contains  no  borrowing  or 
carrying  difficulty  in  the  subtraction. 

Ex.  (b)  contains  a carrying  difficulty  in  multiplication  but  no  difficulty  in  sub- 
traction. 

Ex.  (c)  contains  no  carrying  difficulty  in  multiplication  but  a subtraction  diffi- 
culty. 

Ex.  (d)  contains  both  multiplication  and  subtraction  difficulties. 

Ex.  (e)  contains  a remainder  which,  if  written  in  fraction  form,  cannot  be  re- 
duced. 

Ex.  (f)  contains  a remainder  which,  if  written  in  fraction  form,  can  be  reduced. 

Ex.  (g)  contains  a 'middle’  zero  in  the  quotient. 

Ex.  (h)  contains  a final  zero  and  a remainder  in  the  quotient. 

Ex.  (i)  contains  a three-digit  divisor. 

Ex.  (j)  contains  difficulty  in  finding  the  correct  quotient  figures  which  does  not 
appear  in  examples  before  (j).  In  estimating  the  first  quotient  figure  it  seems  that  6 
would  be  the  correct  digit  since  7 is  contained  in  45  six  times,  yet  the  correct  quotient 
figure  is  5. 

Ex.  (k)  contains  an  aggravated  form  of  quotient  difficulty.  By  estimating,  it 
would  seem  that  8 would  be  the  correct  first  quotient  figure,  since  2’  is  contained  in 
17  eight  times.  However,  the  correct  figure  is  6,  which  is  two  digits  away  from  the 
estimated  8. 

Ex.  (1)  contains  an  even  higher  level  of  quotient  difficulty.  By  estimating,  the 
first  quotient  figure  7 would  seem  to  be  correct.  The  number  4,  which  is  quite  a dis- 
tance away  from  7,  is  the  correct  figure. 

These  examples  of  long-division  difficulties  are  not  complete,  but  suffi- 
cient to  illustrate  a very  important  point  of  view.  A mathematical  descrip- 
tion of  an  arithmetical  process  does  not  yield  the  kind  of  information  about 
that  process  which  is  an  essential  basis  for  its  instruction  to  children.  Analy- 
sis in  terms  of  learning  difficulty  is  essential.  The  literature  of  arithmetic 
is  somewhat  incomplete  because  in  many  processes  such  learning  analyses 
are  conspicuously  absent.  Too  often  vigorous  sermons  about  things  in  gen- 
eral are  given,  when  decisions  about  method  need  precise  and  quantitative 
data.  A discussion  of  the  uses  of  analyses  in  terms  of  learning  difficulties 
will  be  postponed  until  representative  analyses  of  various  types  can  be 
presented. 

1.  an  analysis  of  long  division 

The  following  analysis  of  a section  of  long  division  is  of  no  particular 
importance  from  the  standpoint  of  mathematics  but  from  the  standpoint  of 
teaching  it  possesses  real  merit.  It  shows  levels  of  complexity  and  difficulty 
which  have  bearing  upon  problems  of  teaching. 

Table  III  1 accounts  for  all  long-division  examples  with  double-digit 

1.  This  table  was  first  printed  in  the  Fourth  Yearbook  oj  the  Department  of  Super- 
intendence and  is  the  work  of  H.  A.  Jeep. 
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Table  III. — Classification  of  All  Possible-  Two-Digit  Divisor,  Single-Digit 
Quotient  Long-Division  Examples* 


Examples  Which  Involve  No  Quotient 
Difficulties 

Examples  Which  Involve  Quotient  Diffi- 
culties— Other  Difficulties  Neglected 

Number 

Percent 

Nature  of 
Difficultiesf 

Number 

Percent 

Nature  of 
Difficulties 

171 

0.4 

ND-I-NC-NB-NR 

2489 

6.2 

ND-  I 

4238 

10.6 

ND-I-NC-NB-  R 

14,202 

35.4 

D-NI 

4681 

11.7 

ND-I-NC-  B-  R 

1454 

3.6 

D-  I 

186 

0.5 

ND-I-  C-NB-NR 

6391 

15.9 

ND-I-  C-NB-  R 

18,145 

. 44.6 

6283 

15.7 

ND-I-  C-  B-  R 

40,095- 

-Grand  Total 

21,950  • 

55.4 

* Examples  in  which  the  units’  digit  of  the  divisor  is  zero  are  not  included  in  this 
study.  See  Footnote  2. 


tC  means  there  is  carrying  in  the  multiplication. 

NC  means  there  is  no  carrying  in  the  multiplication. 

B means  there  is  borrowing  in  the  subtraction. 

NB  means  there  is  no  borrowing  in  the  subtraction. 

R means  there  is  a remainder. 

NR  means  there  is  no  remainder. 

ND  means  there  is  no  quotient  difficulty  when  the  first  digit  of  the  divisor  is 
used  as  the  trial  divisor. 

D means  there  is  a quotient  difficulty  when  the  first  digit  of  the  divisor  is 
used  as  the  trial  divisor, 

NI  means  there  is  no  quotient  difficulty  when  the  first  digit  of  the  divisor 
increased  by  one  is  used  as  the  trial  divisor. 

I means  there  is  a quotient  difficulty  when  the  first  digit  of  the  divisor 
increased  by  one  is  used  as  the  trial  divisor. 

divisors  and  single-digit  quotients  (other  than  zero)  with  the  exception  of 
those  examples  2 with  divisors  in  which  the  units’  digit  is  zero.  There  are  a 
total  of  40,095  such  division  examples.  It  is  not  contended  that  this  table 
accounts  for  all  the  skills  which  go  to  make  up  the  total  long-division  ability. 
It  does  provide,  however,  for  a sufficient  number  of  the  total  skills  to  make 
possible  a clear  picture  of  the  distribution  and  classification  of  many  of  the 
skills  of  long  division.  The  following  comments  will  make  this  more  clear. 

The  classification  in  Table  III  is  on  the  basis  of  carrying,  borrowing,3 
remainder,  and  quotient  skills.  Examples  in  which  there  are  quotient  diffi- 

2.  Double-digit  divisor  examples  in  which  the  units’  digit  of  the  divisor  is  zero  are 
omitted  from  Table  III  because  of  the  similarity  of  such  examples,  speaking  from  the 
psychological  point  of  view,  to  single-digit  divisor  examples.  Zero  as  a quotient  is 
omitted  since  its  difficulty  is  not  the  type  of  quotient  difficulty  here  considered.. 

3.  When  the  additive  method  of  subtraction  is  used,  this  would  refer  to  the  bridging 
in  such  subtraction. 
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culties  are  grouped  according  to  the  type  of  quotient  difficulty,  regardless 
of  the  carrying,  borrowing,  and  remainder  difficulties  they  may  or  may  not 
involve.  The  following  illustrations  are  given  for  the  purpose  of  clearing 
up  any  questions  as  to  the  nature  of  this  classification. 


21 

42)882 

84 

42 

42 


7 

85)595 

595 


7 

85)597 

595 

2 


85)603 

595 

8 


2 

39)106 

78 

28 


6 

59)359 

354 

5 


This  example  involves  no  carrying,  no  borrowing,4  no  remainder, 
and  no  quotient  difficulty. 


This  example  involves  carrying,  but  no  borrowing,  no  remainder, 
and  no  quotient  difficulty. 

This  example  involves  carrying,  a remainder,  but  no  borrowing 
and  no  quotient  difficulty. 


This  example  involves  carrying,  borrowing,  a remainder,  but  no 
quotient  difficulty. 


This  example  involves  a quotient  difficulty.  The  correct  quotient 
is  not  obtained  when  the  first  digit  of  the  divisor  is  used  as  the  trial 
divisor. 

3 is  the  trial  divisor 
10  3 - 3 

3 is  not  the  correct  quotient. 

Some  authorities  advise  the  use  of  the  increase-by-one  rule5  for 
such  examples;  i.e.,  the  using  of  the  first  digit  of  the  divisor  in- 
creased by  one  as  the  trial  divisor.  There  is  a quotient  difficulty 
in  this  example  even  though  the  increase-by-one  rule  is  used. 

5 + I — 6 = the  trial  divisor 
35-5-6  — 5 

But  6,  not  5 is  the  correct  quotient. 


4.  See  Footnote  3. 

5.  There  are  two  rules  for  estimating  the  quotient  in  long  division.  First,  by  using 
the  first  digit  of  the  divisor  as  it  stands  as  the  trial  divisor. 

63)294  6 = trial  divisor 

29  -5-  6 = 4 = true  quotient 

Second,  for  those  examples  in  which  the  second  digit  of  the  divisor  is  large  it  has  been 
found  that  many  errors  in  estimating  quotients  can  be  avoided  by  use  of  the  increase- 
by-one  rule.  When  this  rule  is  used  in  estimating  quotients  the  first  digit  of  the  divisor 
increased  by  one  is  used  as  the  trial  divisor. 

28)  193  2 + 1 — 3 = trial  divisor 

19  -r-  3 = 6 = true  quotient 

In  this  study  the  increase-by-one  rule  is  considered  for  only  those  examples  in  which 
the  second  digit  of  the  divisor  is  6 or  larger. 
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It  is  apparent  that  such  examples  as  24)48,  76)161,  and  27)172  are  the 
direct  concern  of  Table  III.  Each  of  them  is  a double-digit  divisor,  Single- 
digit quotient  example,  and  therefore  each  is  accounted  for  in  Table  III  on 
the  basis  of  the  carrying,  borrowing,  remainder,  and  quotient  skills  practiced 
in  it.  For  instance: 


24)48  Practices:  No  carrying 
No  borrowing 
No  remainder 
No  quotient  difficulty 

76)161  Practices:  No  carrying 
Borrowing 
Remainder 
No  quotient  difficulty 

27)172  Practices:  Carrying 
Borrowing 
Remainder 
A quotient  difficulty 

For  purposes  of  this  study  a two  or  more  digit  quotient  example  is  con- 
sidered as  a complex  of  two  or  more  single-digit  quotient  examples.  For 
instance,  such  an  example  as  23)483  is  accounted  for  by  the  examples  23)48 
and  23)23.  Likewise,  41)861  is  accounted  for  by  the  examples  41)86  and 
4lj4l.6 

It  will  be  seen  from  a study  of  Table  III  that  as  far  as  finding  quotients 
is  concerned  there  are  21,950  which  cause  no  especial  difficulty  where  the 
apparent-quotient  or  the  increase-by-one  rule  is  used.  There  are  18,145 
divisor-dividend  combinations  in  which  there  is  a conflict  of  interest  between 
the  apparent-quotient  and  the  increase-by-one  rule.  Of  these,  2489  cause 
no  difficulty  if  the  apparent-quotient  rule  is  used,  but  do  cause  difficulty  if 
the  increase-by-one  rule  is  used.  There  are  14,202  divisor-dividend  combi- 
nations which  give  difficulty  with  the  apparent-quotient  rule  but  not  with  the 
increase-by-one  rule.  But  a considerable  Djumber  of  these  14,202  combina- 
tions have  divisors  with  unit  digits  of  2,  3,  4,  or  5,  so  that  the  increase-by-one 
rule  would  not  ordinarily  be  used.  There  are  1454  divisor-dividend  combi- 
nations with  difficulties  with  either  rule.  There  is  disagreement  on  the 
economy  of  teaching  the  increase-by-one  rule.  There  is  by  no  means  a clear 
case  for  it.  For  a further  discussion  of  the  pros  and  cons  of  the  increase-by- 

6.  It  is  obvious  that  when  a two-digit  quotient  example  is  broken  down  into  two 
single-digit  divisor  examples,  psychologically  the  sum  of  the  two  latter  examples  is  not 
exactly  equal  to  the  one  two-digit  example.  For  instance,  the  situation  23)23  is  not 
exactly  the  same  situation  as  the  second  division  in  the  example  23)483. 
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one  rule,  see  pages  41-48  of  the  Second  Yearbook  oj  the  National  Council 
of  Teachers  of  Mathematics. 

The  question  can  justly  be  raised  as  to  the  possible  use  of  an  analysis  of 
the  divisor-dividend  combinations  as  reported  in  Table  III.  An  analysis 
seems  warranted  by  such  considerations  as  these : 

It  is  always  safer  to  know  the  facts  than  to  be  ignorant  of  them.  A 
teacher  or  textbook  writer  who  is  not  impressed  with  the  vastness  of  the 
number  of  divisor-dividend  combinations  may  very  well  underestimate  the 
sheer  extent  of  the  field  concerned.  Such  underestimation  leads  to  compres- 
sion and  terseness  in  initial  instruction.  Furthermore,  a clear  picture  of  the 
possible  combinations,  ordered  by  presence  or  absence  of  varying  combi- 
nations of  computational  difficulties,  increases  the  chances  of  giving  a better 
sampling  of  difficulties  in  drill  work.  It  is  easy  to  construct  drill  work  in 
long  division  which  consciously  or  unconsciously  avoids  certain  combinations 
of  computational  difficulties  common  in  long-division  examples.  If,  however, 
examples  are  to  be  selected  in  accordance  with  the  relative  frequency  of  com- 
binations of  difficulties  contained  in  the  total  field,  analysis  alone  will  give 
us  the  needed  facts.  Obviously,  if  division,  rather  than  only  the  easy  section 
of  the  total  possibilities,  is  to  be  taught,  a table  such  as  Table  III  is  almost 
necessary — first  to  show  what  relative  emphasis  should  be  given,  and  then  to 
check  drill  work  to  ascertain  whether  it  is  provided.  In  addition,  until  some 
analysis  lays  out  the  total  function  in  an  orderly  fashion,  prudent  sequence 
of  instruction  as  well  as  wise  sequence  in  drill  is  rendered  haphazard  and 
uncertain.  That  such  an  analysis  is  useful  will  be  apparent  to  one  who 
compares  the  drill  and  instructional  material  printed  before  this  analysis 
was  first  published  (or  before  similar  unpublished  analyses  were  made) 
with  instructional  and  drill  material  appearing  subsequent  to  1924.  It  is,  of 
course,  obvious  that  a listing  of  the  40,095  combinations,  indexed  for  types  of 
difficulties  present,  is  the  true  source  of  material  for  drill  material  made  to 
specifications.  Table  III  is  but  a statistical  summary  of  such  a list.  The 
important  thing  to  hold  in  mind  at  the  moment,  however,  is  that  such  an 
analysis  is  not  mathematical  but  pedagogical  in  nature.  It  is  offered  here  to 
support  the  point  of  view  that  mathematics,  as  such,  is  not  a sufficient  basis 
for  the  teaching  of  arithmetic. 

2.  CHARACTERISTIC  INADEQUACIES  ARISING  FROM  STRESSING  THE 

mathematical  versus  the  pedagogical  point  OF  VIEW 

Addition,  subtraction,  multiplication,  and  division  which  involve  the  use 
of  whole  numbers  only  are  relatively  simple  affairs  from  the  standpoint  of 
mathematics.  When  their  teaching  is  dominated  by  the  mathematical  point 
of  view  in  contrast  to  the  learning  point  of  view,  the  instruction  given  them 
is  built  on  a general  assumption  that  the  rapid  presentation  of  the  procedures 
as  a whole,  with  a few  cautions  here  and  there,  is  sufficient.  Such  presenta- 
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tions  are  models  of  preciseness  in  definition  and  dignity  in  composition.  In- 
struction so  dominated  seems  to  treat  children  as  if  they  were  miniature 
adults.  Printed  instructional  material  is  presented  in  great  compactness.  It 
is  highly  economical  of  space,  and  an  adult  who  is  already  familiar  with  the 
topic  is  prone  to  judge  it  to  be  economical  of  the  pupil's  time.  An  instructor 
dominated  solely  by  the  mathematical  point  of  view  often  gives  the  impres- 
sion of  being  more  familiar  with  the  subject  than  with  the  pupil.  Unfairness 
to  teaching  procedures  dominated  by  the  mathematical  point  of  view  must 
be  avoided.  They  have  been  somewhat  influenced  by  notions  that  children 
were  not  instantaneous  and  perfect  learners,  yet  the  mathematical  view  has 
yet  to  deal  seriously  and  persistently  with  learning  difficulties.  This  failure 
is  evidenced  in  several  ways.  As  just  mentioned,  the  criteria  of  good  instruc- 
tional material  have  been  compactness,  a dictionary  type  of  terseness,  and 
an  ungrounded  faith  in  the  efficacy  of  rules  and  definitions.  Such  instructional 
material  is  very  meaningful  to  the  adult — who  brings  to  its  reading  a mastery 
of  the  process.  But  what  it  looks  like  to  the  child,  who  with  an  immature 
mind  is  learning  something  he  does  not  yet  know,  is  quite  another  question. 

Instruction  dominated  by  the  mathematical  point  of  view  almost  always 
has  assumed  large  amounts  of  transfer  between  processes  and  parts  of  them 
which  are  closely  allied  in  the  mind  of  the  adult.  Such  instructional  units 
have  been  summaries  of  procedures  rather  than  learning  explanations,  and 
they  have  given  little  attention  to  the  exact  nature  of  the  difficulties  which 
children  actually  do  encounter  in  their  learning. 

Some  examples  of  unfortunate  assumptions  relative  to  the  learning  diffi- 
culties inherent  in  the  four  processes  using  whole  numbers  are  presented  in  the 
next  few  pages.  These  are  probably  the  result  of  slighting  the  learning  point 
of  view  in  favor  of  the  mathematical  point  of  view. 

a.  Omissions  of  Fact. — Instruction  and  drill  which  are  faulty  because  of 
omissions  of  facts  useful  in  learning  fairly  permeate  present  teaching.  These 
faults  in  method  seem  traceable  to  erroneous  theory  which  assumes  that  the 
learning  of  certain  facts  will  cause  the  mastery  of  others — extra  booty,  as  it 
were — by  way  of  transfer.  This  assumption  presupposes  amounts  of  in- 
ferential thinking  which  typical  pupils  may  not  possess.  It  is  obvious  that 
the  products  of  inferential  thinking  should  not  be  assumed  until  such  thinking 
is  known  to  exist. 

(1)  An  example  of  Fact  Omissions  is  the  assumption  that  a child  who 
knows  that  4 -j-  6 = 10  will  thereby  know  that  6 + 4 = 10.  Specific  in- 
struction on -7  -f-  9 is  assumed  to  carry  over  to  9 + 7.  If  we  speak  of  4 + 5 
as  an  addition  fact  and  5 + 4 as  its  reverse,  there  are  forty -'five  primary  addi- 
tion facts  and  forty-five  reverses.  Ten  combinations  have^no  reverses.  If  wre 
neglect  the  idea  of  transfer,  there  are  one  hundred  primary  addition  com- 
binations. 

Until  quite  recently,  practically  all  work  in  beginning  addition  has  been 
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based  on  teaching  the  forty-five  primary  addition  facts  and  rather  trusting' 
to  luck  or  transfer  for  the  mastery  of  their  reverses.  Now,  logically  and 
mathematically,  a real  identity  may  exist  between  4 + 5 and  5+4,  and 
similarly  between  the  other  forty-four  facts  and  their  reverses.  However, 
that  these  facts  and  their  reverses  possess  psychological  and  learning  equiva- 
lence is  a gratuitous  assumption  which  is  flatly  contradicted  by  substantial 
evidence.  To-day  we  teach  the  one  hundred  combinations.  Satisfactory 

ft 

transfer  from  an  addition  fact  to  its  reverse  is  not  assumed.  Of  course, 
teachers  for  many  years  have  taught  all  the  one  hundred  combinations,  but 
in  doing  so  they  exceeded  the  provisions  in  method  books  and  in  printed 
material. 

(2)  A careful  examination  of  theoretical  discussions  of  method  will  show 
that  instruction  in  addition  has  frequently  been  based  on  the  assumption  that 
if  a child  knows  that  4 + 5 = 9,  he  will  also  know  that  14  + 5 = 19, 
24  + 5 = 29,  34  + 5 — 39,  and  so  on  (presumably  through  inferential  think- 
ing). That  the  possibilities  of  such  inferential  thinking  on  the  part  of  chil- 
dren can  be  easily  overestimated  need  not  be  argued. 

(3)  Zero  in  mathematics  may  not  trouble  the  adult,  but  to  the  learner  it 
is  a veritable  demon.  Even  to-day  one  is  rather  ‘modern’  if  he  teaches  with 
care  the  combinations  involving  zero.  An  example  of  rather  widespread 
neglect  of  zero  in  instruction  is  the  case  of  a well-known  text  which  tells  the 
child,  in  its  reference  to  a block  of  drill  which  deals  with  the  primary  sub- 
traction facts,  that  the  materia]  in  question  contains  all  the  subtraction  facts 
that  the  learner  needs  to  know.  Still  the  following  combinations  do  not  appear 
in  the  material:  0-0,  9-0,  8-0,  7-0,  6-0,  5-0,  4-0,  3-0,  2-0,  1-0.  Probably  from 
the  standpoint  of  mathematics,  zero  in  subtraction  can  be  omitted,  but  in 
second-  and  third-grade  classrooms  keen  attention  to  such  combinations  is 
not  omitted  except  by  quite  inexcusable  oversight. 

Assuming  that  reverses  of  combinations  in  addition,  higher  decade  addi- 
tion combinations,  and  combinations  involving  zero  can  be  omitted  as  un- 
necessary elaboration  of  the  obvious,  are  but  chance  illustrations  of  many 
instances  of  fact  omissions. 


[The  remainder  of  this  section  continues  the  same  theme,  pointing  out 
that  the  “mathematical  viewpoint”  is  inadequate  in  teaching  algorithms.] 
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A New  Approach  to  Elementary  Geometry 

By  George  D.  Birkhoff  and  Ralph  Beatley 

Purpose  of  Demonstrative  Geometry.— In  demonstrative  geometry  the 
emphasis  is  on  reasoning.  This  is  all  the  more  important  because  it  deepens 
geometric  insight.  To  the  extent  that  the  subject  fails  to  develop  the  power 
to  reason  and  to  yield  an  appreciation  of  scientific  method  in  reasoning,  its 
fundamental  value  for  purposes  of  instruction  is  lessened. 

There  are,  to  be  sure,  many  geometric  facts  of  importance  quite  apart 
from  the  logical  structure.  The  bulk  of  these  belong  properly  in  the  intuitive 
geometry  of  Grades  7 and  8 and  are  not  the  chief  end  of  our  instruction  in 

demonstrative  geometry  in  the  senior  high  school. 

If,  then,  we  find  that  some  of  our  pupils  in  demonstrative  geometry  make 
little  if  any  gain  in  the  power  to  reason  as  a result  of  our  instruction  and 
find,  moreover,  that  other  pupils  of  equal  intelligence  and  schooling  except 
that  they  have  had  no  demonstrative  geometry— show  very  marked  im- 
provement in  their  ability  to  reason,  our  position  is  certainly  open  to  attack. 
We  cannot  blame  the  pupils  entirely.  Perhaps  there  is  something  wrong  with 
the  subject;  or  perhaps  the  teaching  could  be  improved. 

Undefined  Terms.— If  we  are  to  give  our  pupils  an  appreciation  of 
scientific  method  in  reasoning,  we  ought  to  insist  on  a few  undefined  terms 
at  the  outset.  Why  pretend  to  define  everything?  The  words  “straight  line 
mean  more  to  most  people  than  Euclid’s  definition,  or  later  paraphrases  of  it. 
Then  why  not  call  “straight  line”  an  undefined  term?  If  we  cannot  define 
“point,”  “surface,”  “angle,”  without  involving  the  concept  we  are  defining, 
why  not  take  them  as  undefined? 

Need  of  Certain  Assumptions.— Do  our  students  appreciate  the  need  of 
certain  assumptions  as  fundamental  in  our  logical  system?  Dq  we  not  allow 
them  to  infer  that  in  geometry  we  can  prove  everything  and  that  we  assume 
certain  elementary  propositions  not  because  we  have  to,  but  because  we  are 
in  a hurry  to  get  on  to  more  important  matters?  Should  we  not  rather  seize 
the  opportunity  to  imprest  on  them  the  need  of  certain  assumptions  and  show 
that  this  need  is  not  peculiar  to  geometry,  but  is  inherent  in  all  logical 

Reprinted  from  The  Teaching  of  Geometry,  Fifth  Yearbook  of  the  National 
Council  of  Teachers  of  Mathematics  (New  York:  Bureau  of  Publications, 
Teachers  College,  Columbia  University,  1930),  pp.  86-95. 
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systems?  Could  anything  but  good  come  from  our  indicating  the  possibility 
of  some  latitude  in  the  choice  of  assumptions  for  geometry  and  showing  that 
each  such  choice  leads  to  a slightly  different  approach  to  geometry,  each 
valid  with  respect  to  its  own  group  of  assumptions  and  to  no  other?  It  is 
neither  necessary  nor  desirable,  perhaps,  to  mention  non-Euclidean  geom- 
etries in  this  connection. 

What  is  the  point  in  telling  beginners  that  we  shall  assume  certain  "self- 
evident  truths”  and  then  asking  them  to  prove  certain  other  propositions 
which  they  regard  as  equally  self-evident  truths?  Would  they  not  come  to 
a quicker  understanding  of  the  nature  of  a proof  through  the  effort  to  prove 
easy  "originals”  which  are  not  too  plausible  and  which  seem  therefore  to 
require  justification? 

The  Method  of  Proof  by  Superposition. — If  we  can  possibly  avoid  it, 
should  we  continue  to  demoralize  our  classes  at  the  outset  by  asking  them  to 
prove  the  obvious  by  the  method  of  superposition,  a method  so  out  of  har- 
mony with  the  larger  aim  of  our  instruction  that  even  though  we  recognize 
its  validity  we  restrict  its  use  to  those  few  cases  for  which  we  can  find  no 
better  method? 

The  Incommensurable  Case. — Euclid  developed  the  arithmetic  and 
algebra  he  needed  purely  geometric  methods  and  made  no  reference  to 
number.  Confronted  by  "the  incommensurable  case,”  he  was  able  to  circum- 
vent it  only  by  means  of  inequalities  and  an  exceedingly  shrewd  definition 
of  proportion.  Our  instruction  in  arithmetic  and  algebra  employs  concepts 
developed  since  Euclid’s  time  and  takes  number  as  its  starting  point.  Our 
pupils  are  not  troubled  by  irrationals  and  see  no  need  of  the  incommensurable 
case.  Our  present  practice  is  to  pay  but  scant  attention  to  it ; but  that  hardly 
removes  the  difficulty,  because  it  still  stands  in  print  before  us.  With  more 
effective  use  of  our  irrationals  we  could  get  along  without  any  mention  of 
incommensurable  cases;  but  for  Euclid  they  were  of  fundamental  importance. 
If  we  mention  the  incommensurable  case  at  all,  we  can  hardly  dismiss  it  as 
exceptional,  for  the  incommensurable  is  of  relatively  common  occurrence: 
the  commensurable  is  the  exception. 

Texts  in  Geometry. — In  short,  many  pupils  get  little  good  from  their 
study  of  geometry  because  at  certain  critical  points  the  text  is  quite  inade- 
quate. This  is  of  course  no  disparagement  of  Euclid;  his  audience  knew  more 
about  logic  and  less  about  number  than  do  our  pupils  in  school  today.  From 
our  point  of  view  his  text  should  say  much  more  about  the  foundations  of 
logical  method,  connecting  these  with  situations  outside  geometry  by  ap- 
propriate exercises,  and  should  start  with  the  real-number  system  as  we  have 
it  today  and  gain  the  power  and  simplicity  which  such  an  approach  can 
yield. 

Possible  Changes  in  Teaching  Geometry. — Perhaps  if  we  are  to  rewrite 
Euclid  we  should  consider  other  questions  too.  Congruence  and  parallelism 


496 


Birkhoff  and  Beatley  / “A  New  Approach  to  Elementary  Geometry” 


are  fundamental  in  Euclid’s  geometry;  and  from  parallelism  is  derived  the 
concept  of  similarity.  We  can  express  this  symbolically  as  follows: 
= f 1 1 — » , — But  in  our  demonstrations  we  refer  chiefly  to  similarity  and  less 
often  to  those  aspects  of  parallelism  not  comprised  in  similarity.  Moreover, 
congruence  and  similarity  have  much  in  common.  The  British  report  on  The 
Teaching  of  Geometry  in  Schools  (G.  Bell  and  Sons,  London,  1923,  p.  35) 
makes  the  interesting  suggestion  that  we  replace  the  parallel  postulate  by  a 
postulate  of  similarity  and  derive  the  idea  of  parallels  from  similarity.  This 
arrangement  can  be  shown  symbolically  as  follows:  = , ■ — -»  ||. 

Whether  we  make  such  a change  or  not,  our  pupils  should  see  that  the 
parallel  postulate  can  be  replaced  by  some  other  assumption — for  example, 
a proposition  concerning  equal  corresponding  angles  formed  by  a transversal 
and  two  other  lines — and  that  the  erstwhile  parallel  postulate  is  now  a 
theorem  depending  on  the  new  assumption.  The  pupils  should  also  discover 
the  effect  on  geometry  of  omitting  the  parallel  postulate,  or  its  equivalent, 
and  all  the  theorems  dependent  on  it. 

Plane  and  Solid  Geometry  Combined. — Inasmuch  as  most  students  of 
demonstrative  geometry  devote  but  one  year  to  the  subject,  it  will  probably 
be  worthwhile  to  make  as  many  allusions  as  possible  to  related  propositions 
in  three  dimensions.  This  three-dimensional  material  would  have  to  be  based 
on  intuition  and  find  expression  mainly  in  the  exercises.  The  principle  of 
duality  and  certain  other  modern  concepts  should  be  included  also. 

An  Approach  Based  on  Number. — Let  us  give  further  consideration  to  an 
approach  to  geometry  based  directly  on  number. 

Within  the  last  century  Riemann  devised  an  approach  to  geometry,  not 
intended  for  elementary  purposes  and  quite  unsuited  to  them,  but  neverthe- 
less very  suggestive.  In  this  geometry  the  notion  of  distance'  between  two 
points  is  regarded  as  the  primary  geometric  relation.  A little  thought  will 
make  it  plain  that  most  geometric  conceptions  can  readily  be  defined  in  terms 
of  distance.  For  example,  the  line  segment  AB  may  be  defined  as  the  collec- 
tion of  points  P such  that  the  distance  from  A to  P plus  the  distance  from  P 
to  B is  equal  to  the  distance  from  A to  B.  Again,  the  circle  may  be  defined 
as  the  plane  figure  consisting  of  all  the  points  P at  a given  distance  r from  a 
fixed  point  0 called  the  center.  From  the  Riemannian  point  of  view  geometry 
then  appears  as  the  theory  of  the  interrelation  of  various  distances  between 
points,  and  the  formula  which  expresses  the  distance  between  any  two  points 
is  regarded  as  the  basic  element. 

In  the  case  of  Euclidean  geometry  this  formula  may  be  written 

PXP2  = \Az2  ~ sfi)2  “t"  by 2 — v-\)2, 

where  the  pairs  of  numbers  x and  y are  the  labels  which  identify  the  point 
in  question.  This  asserts  that  the  distance  between  any  two  points  Pi  and  P2 
whose  number  pairs  are  X\,  yi}  and  x2,  y%  is  given  by  the  square  root  of  the 
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sum  of  the  squares  of  the  differences  of  the  x’s  and  y’ s corresponding  to  these 
two  points.  Here  we  are  not  to  think  of  the  formula  in  itself  as  having  geo- 
metric significance;  instead  we  must  think  of  a vast  collection  of  points,  the 
distance  of  any  two  of  them  being  given  to  us  by  tabular  entries,  for  instance, 
and  then  we  must  think  of  the  above  formula  as  giving  a particularly  simple 
rule  by  which  the  various  points  could  be  identified  and  the  distances  between 
them  found  as  given  in  the  fundamental  table  by  short  numerical  reckoning. 

Advantages  of  Such  a Method.— Now  with  this  Riemannian  method  of 
approach  intuitive  processes  which  are  fundamental  for  Euclidean  geometry 
have  no  place.  That  indeed  is  the  fundamental  difficulty  with  the  method 
from  a pedagogical  point  of  view.  But  from  a logical  point  of  view  it  has 
several  advantages  which  ought  to  be  pointed  out.  In  the  first  place,  whereas 
Euclidean  geometry  takes  for  granted  that  there  exist  such  things  as  points, 
lines,  and  planes,  although  as  a matter  of  fact  none  actually  correspond  to 
physical  objects,  in  this  new  method  the  whole  construction  is  based  upon 
the  number  system.  For  example,  a point  is  defined  to  be  a pair  of  numbers 
x y and  the  distance  between  any  two  points  is  defined  as  in  the  above  rule. 
Consequently  we  know  at  the  outset  that  we  are  dealing  with  entities  which 
exist  in  the  same  sense  that  numbers  do,  so  that  our  conclusions  about  them 
are  bound  to  be  as  consistent  as  our  rules  of  reckoning  with  nuriibers.  In  the 
second  place,  when  we  employ  this  method  of  approach  we  build  up  at  the 
same  time  the  elementary  ideas  which  belong  to  analytic  geometry  and  thus 
introduce  the  student  not  only  to  the  ordinary  geometric  theorems  but  also 
to  their  formulation  in  terms  of  concepts  of  analytic  geometry. 

Illustrative  Examyles.—k  simple  illustration  will  bring  out  both  of  these 
points  Suppose  that  we  are  seeking  the  points  on  the  line  segments  which 
join  point  A (0,  6)  to  the  point  B (1,  1).  If  P (*,  v)  represents  any  point 
of  this  segment,  then,  by  the  definition  above,  AP  + PB  = AB  and 

V®2  + !/2  + V(1_  ®)2  + (i  — v )2  = "v/2. 

If  now  we  transpose  one  of  the  terms  on  the  left,  square,  and  simplify,  we 
find  by  a little  easy  algebra  that 

x + y — V2  V z2  + I/2- 

If  both  members  of  this  equation  are  squared  again,  we  obtain  the  equation 

x — y, 

which  defines  the  line  upon  which  all  points  of  the  segment  must  lie.  It  is  then 
easy  to  show  that  only  those  points  are  to  be  taken  for  which  x{  = y)  is 
numerically  less  than  1 and  positive.  Here,  then,  we  have  illustrated  how  the 
natural  definition  in  terms  of  distance  leads  to  the  formulation  of  the  equa- 
tion of  a line  in  a simple  case.  From  this  point  of  view  questions  concerning 
intersecting  lines  and  nonintersecting  or  parallel  lines  reduce  themsel/es  to 
algebraic  questions  as  to  whether  or  not  certain  pairs  of  linear  equations  in 
two  unknowns  x and  y have  or  have  not  a solution. 
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The  Pythagorean  Theorem. — As  another  illustration  we  might  refer  to 
the  Pythagorean  theorem.  How  does  the  Pythagorean  theorem  appear  from 
the  Riemannian  point  of  view?  In  the  first  place,  we  may  regard  the  ele- 
mentary formula  itself  as  a formulation  of  the  Pythagorean  theorem,  at  least 
when  the  triangle  in  question  has  two  of  its  sides  parallel  to  the  x and  y 
axes.  But  more  generally,  we  should  first  have  to  define  two  perpendicular 
lines.  To  this  end  we  could  define  the  perpendicular  PM  dropped  from  P to 
the  line  l and  meeting  l at  the  point  M as  that  line  for  which  the  distance  PM 
is  as  small  as  possible.  By  purely  algebraic  manipulation  it  turns  out  that 
given  any  two  line  segments  AC  and  CB  such  that  AC  and  CB  are  per- 
pendicular, then  ( AB )2=  (AC)2  -p  {CB)2. 

The  Euclidean  Method—  Considering,  then,  these  two  contrasting  meth- 
ods of  approach  to  elementary  geometry,  we  may  say  that  the  Euclidean 
method  proceeds  from  qualitative  propositions  called  postulates,  not  in- 
volving number  at  all  (to  which  we  therefore  attach  the  symbol  0) , to  other 
propositions  involving  linear  and.  angular  measurement  (to  which  we  accord- 
ingly attach  the  number  1 ) , and  finally  to  propositions  which  involve  number 
in  a two-dimensional  way  (to  which  we  therefore  attach  the  number  2) . Of 
this  last  class  the  Pythagorean  proposition  and  the  theorem  that  the  sum  of 
the  three  angles  of  a triangle  is  180°  may  be  regarded  as  the  typical  and 
most  important  instances.  Thus  the  processes  of  development  in  the 
Euclidean  approach  may  be  indicated  schematically  by  the  following 
diagram: 

0 1 -+  2. 

The  Riemannian  Approach. — In  the  Riemannian  approach  we  start  with 
a formula  which  involves  number  in  a two-dimensional  way  at  the  outset, 
for  the  fundamental  formula  really  embodies  the  Pythagorean  theorem.  Then 
from  this  formula,  by  means  of  suitable  definitions  and  the  use  of  algebraic 
methods,  we  deduce  other  propositions,  such  as  those  dealing  with  linear  and 
angular  measure  and  also  the  qualitative  propositions  with  which  we  started 
in  the  Euclidean  case.  For  example,  the  proposition  that  two  points  de- 
termine a straight  line  would  involve  first  the  definition  of  the  straight  line 
as  indicated  above,  second  the  proof  that  any  equation  of  the  first  degree  in 
x and  y represents  a straight  line,  and  finally  that  one  and  essentially  only 
one  equation  can  be  found  which  is  satisfied  by  two  given  distinct  pairs  of 
numbers,  xX)  yx  and  x2,  y 2.  In  consequence  the  diagram  which  we  use  to 
characterize  this  method  of  approach  is  the  following: 

2 ->  1 0. 

Disadvantages  of  Each  Method. — The  disadvantages  of  both  methods  are 
obvious.  Euclid’s  method  is  circuitous  and  does  not  take  advantage  of  well- 
known  facts  concerning  number  and  linear  and  angular  measurement  in 
terms  of  number.  These  facts,  which  appear  absolutely  self-evident  at  an 
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early  age  under  present  conditions  of  training,  must  in  this  scheme  be  re- 
garded as  things  to  be  demonstrated,  at  least  if  a purely  logical  point  of  view 
is  adopted.  The  method  of  Riemann,  on  the  other  hand,  is  totally  devoid  of 
intuitive  significance  and  involves  fairly  difficult  algebraic  manipulations 
at  the  outset. 

Each  method  has,  however,  its  advantages,  which  have  been  referred  to 
above. 

A New  Approach  to  Elementary  Geometry. — With  these  preliminaries  let 
us  attempt  to  formulate  a method  of  approach  which  may  possibly  eliminate 
most  of  these  disadvantages  and  at  the  same  time  embody  the  fundamental 
advantages  of  both  methods.  This  method  may  in  brief  be  characterized  by 
this  diagram: 

0 h 1 -»  2. 

In  this  case  we  take  for  granted  at  the  outset  the  notion  of  number  and 
assume  that  the  student  is  capable  of  making  simple  computations  by  means 
of  number.  Also  we  admit  the  self-evident  fact  of  linear  and  angular  men- 
suration and  scale  drawing;  that  is  to  say,  we  accept  the  simple  facts  familiar 
to  any  boy  or  girl  who  knows  how  to  use  ruler  and  protractor.  On  the  basis, 
then,  of  four  or  five  simple  postulates  of  this  type,  the  most  important  geo- 
metric conclusions  which  are  not  self-evident  can  be  rapidly  developed. 
Among  these  would  be  the  Pythagorean  proposition  and  the  theorem  that  the 
sum  of  the  angles  of  a triangle  is  180°.  Furthermore,  on  the  basis  of  these 
postulates  and  these  fundamental  theorems  all  other  theorems  in  geometry 
can  be  derived  easily  and  naturally. 

Fundamental  Principles  —The  fundamental  principles  necessary  to  such 
a development  may  be  taken  as  follows : 

I.  The  Principle  of  Line  Measure. — The  points  on  any  straight  line  can 
he  numbered  so  that  number  differences  measure  distances. 

II.  There  can  be  only  one  straight  line  through  two  given  points. 

III.  The  Principle  of  Angle  Measure.— All  half  lines  having  the  same  end 
point  can  be  numbered  so  that  number  differences  measure  angles. 

IV.  All  straight  angles  have  the  same  measure,  180°. 

V.  The  Principle  of  Similarity1  (Part  I). — Two  triangles  are  similar  if 
an  angle  of  one  equals  an  angle  of  the  other  and  the  sides  including 
these  angles  are  proportional. 

Basic  Theorems. — By  means  of  these  five  assumptions  we  can  prove  the 
following  six  basic  theorems: 


1 


1.  Principle  V is  very  powerful.  Though  stated  in  terms  of  similarity  and  propor- 
tion, it  evidently  includes  the  case  of  two  congruent  triangles  with  two  sides  and  in- 
cluded angle  respectively  equal.  It  is  apparent  from  the  content  of  the^e  five  funda- 
mental principles  what  terms  we  must  define,  or  take  as  undefined. 
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VI  The  Principle  of  Similarity  (Part  II) . — Two  triangles  ate  similar  if 
two  angles  of  one  are  equal  to  two  angles  of  the  other. 

VII.  If  two  sides  of  a triangle  are  equal,  the  angles  opposite  'these  sides 
are  equal;  and  conversely. 

VIII.  The  Principle  of  Similarity  (Part  III)  .—Two  triangles  are  similar 
if  their  sides  are  respectively  proportional. 

IX.  The  sum  of  the  three  angles  of  a triangle  is  180°. 

X.  Through  a point  on  a line  there  exists  one  and  only  one  perpendicu- 
lar to  the  line.2 

XI.  The  Pythagorean  Theorem. — In  any  right  triangle,  the  square  of 
the  hypotenuse  is  equal  to  the  sum  of  the  squares  of  the  other  two 
sides;  and  conversely. 

Corollaries.— As  corollaries  of  XI  we  have  the  following: 

XIa.  The  altitude  on  the  hypotenuse  of  a right  triangle  is  the  mean  pro- 
portional between  the  segments  of  the  hypotenuse. 

XI 6.  If  the  hypotenuse  and  side  of  two  right  triangles  are  in  proportion, 
the  two  triangles  are  similar. 

XIc.  The  sum  of  two  sides  of  a triangle  is  greater  than  the  third  side. 

Xld.  The  shortest  distance  from  a point  to  a line  is  measured  along  the 
perpendicular  from  the  point  to  the  line. 

Xle.  Of  two  oblique  lines  drawn  from  a point  to  a line,  the  more  remote 
is  the  greater;  and  conversely. 

Treatment  of  Parallels. — The  treatment  of  parallels  can  be  derived  from 
the  principle  of  similarity.  By  means  of  this  principle  also  we  can  show  that 
any  two  perpendicular  lines  (coordinate  axes),  together  with  all  the  lines  at 
right  angles  to  them,  form  a rectangular  network;  and  that  all  the  lines  per- 
pendicular to  an  axis  are  parallel.3  The  concept  “slope  of  a line  with  respect 
to  a network”  follows  also  from  the  principle  of  similarity  and  leads  at  once 
to  the  equation  of  the  straight  line. 

Area  of  a Triangle. — The  area  of  a triangle  is  a number,  constant  for  the 
triangle  and  equal  to  k times  the  product  of  a side  and  the  altitude  upon  it. 
We  may  assign  any  value  we  like  to  fc;  so  we  choose  such  a value  as  will 


2.  Theorem  X should  be  ^aken  for  granted  at  the  outset;  for  although  it  can  be 
derived  from  the  basic  principles,  most  beginners  would  hardly  care  to  question  it.  At 
the  end  of  the  course  they  can  return  to  a consideration  of  the  basic  principles  under- 
lying  their  geometry  and  can  prove  this  proposition  which  formerly  they  took  foi 
granted.  This  same  procedure  should  be  applied  to  one  or  two  other  theorems  whose 
content  seems  obvious  to  the  beginner.  He  should  make  a list  of  all  the  propositions 
he  takes  for  granted  and  compare  it  at  the  end  of  the  course  with  the  minimum  list  on 

which  the  geometry  is  based.  ,XT 

3.  See  George  D.  Birkhoff,  The  Origin,  Nature , and  Influence  of  Relativity  (blew 

York:  Macmillan  Co.,  1925),  p.  36. 
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make  the  area  of  the  unit  square  equal  1.  This  means  that  k must  equal  V2. 

Advantage  of  Pythagorean  Theorem. — It  is  a tremendous  advantage  to 
use  the  Pythagorean  theorem  from  the  very  beginning,  especially  in  connec- 
tion with  early  propositions  concerning  the  circle. 

Possible  Constructions. — It  is  interesting  to  see  what  constructions  were 
possible  for  Euclid  with  only  unmarked  straight  edge  and  compasses;  but 
it  is  comforting  also  to  have  scale  and  protractor  always  at  hand  and  to 
know  that  it  is  good  form  to  use  them. 

Advantages  of  the  New  Approach. — Let  us  see  how7  this  program  stands 
in  comparison  with  the  Euclidean  and  Riemannian  programs,  from  the 
standpoint  not  only  of  mathematical  importance  but  of  pedagogical  useful- 
ness. In  the  first  place,  it  is  severely  logical.  In  this  respect  it  offers  as  satis- 
factory training  as  that  of  Euclid  and  is  much  more  direct.  It  lends  itself 
admirably  to  explicit  consideration  of  the  place  of  undefined  terms,  defini- 
tions, and  assumptions  in  any  chain  of  logical  reasoning  and  leads  to  the 
development  of  those  same  habits,  attitudes,  and  apprec:  tions  which  all 
teachers  of  geometry  claim  for  their  subject.  In  the  second  place,  it  takes 
advantage  of  the  knowledge  of  number  and  of  linear  and  angular  mensura- 
tion which  the  student  possesses,  and  so  does  away  with  the  feeling  of  arti- 
ficiality which  is  inevitable  when  seemingly  self-evident  propositions  are 
“proved.”  In  the  third  place,  it  leads  very  naturally  to  the  elementary  facts 
of  analytic  geometry  and  makes  it  apparent  in  this  way  that  geometry  is 
really  a self-consistent  discipline  whether  or  not  such  things  as  points,  lines, 
and  planes  really  exist. 

Value  of  Study  of  Geometry. — It  is  true  that  some  of  our  pupils  seem  to 
derive  little  or  no  profit  from  their  study  of  geometry.  Perhaps  some  teach- 
ers take  comfort  in  the  notion  that  their  subject  possesses  a disciplinary 
something  capable  of  “transfer”  to  situations  outside  geometry  and  forget 
that  they  must  do  their  share  to  encourage  the  transfer.  The  text  usually 
fails  in  the  same  respect  and  has  other  shortcomings,  as  we  have  been  at 
pains  to  point  out.  But  the  remedy  for  these  ills  is  not  the  present  popular 
mode,  complete  abolition  of  the  subject  in  question,  or  an  almost  equally 
dire  emasculation.  For  although  it  is  difficult  to  prove  that  the  study  of 
geometry  necessarily  leads  in  large  measure  to  those  habits,  attitudes,  and 
appreciations  which  its  advocates  so  eagerly  claim  for  it,  it  is  even  harder 
to  prove  that  under  proper  conditions  it  cannot  be  made  to  yield  these  out- 
comes, and  more  readily  than  other  subjects  of  instruction.  Should  we  then 
abolish  geometry  from  the  secondary  school,  or  should  we  try  first  to  reform 
it? 

It  is  often  said  that  the  Euclidean  approach  to  elementary  geometry  was 
designed  for  thoroughgoing  scholars  and  was  not  intended  for  the  immature 
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youth  of  today.  That  is  of  course  true;  but  it  should  not  be  taken  to  mean 
that  geometry  is  beyond  the  ken  of  pupils  in  secondary  schools  simply  be- 
cause it  was  not  written  with  them  in  mind.  Youngsters  in  the  grades  today 
grapple  with  arithmetic  and  algebraic  intricacies,  many  of  which  were  sub- 
jects of  debate  among  adult  Greeks  of  Euclid’s  time,  and  some  of  which  it 
was  reserved  for  adults  of  relatively  recent  times  to  discover.  Later  dis- 
coveries often  shed  light  on  earlier  revelation  and  render  easy  what  once 
was  hard.  That  has  been  true  of  algebra  and  could  be  equally  true  of 
geometry  if  we  but  dared  to  take  the  step. 

We  have  suggested  a modification  of  Euclid  in  accord  with  psychological 
and  mathematical  ideas  which,  though  commonplace  to  us  today,  were  not 
available  to  Euclid.  This  modification  would  at  once  simplify  the  subject 
and  give  it  greater  significance. 

In  an  age  when  the  amount  of  material  of  scientific  importance  which  the 
student  ought  to  learn  has  become  very  large  and  the  demands  upon  his 
time  are  numerous,  it  would  seem  that  the  possibilities  of  this  new  method  of 
approach  should  be  thoroughly  investigated. 
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Psychological  Considerations  in  the 
Learning  and  the  Teaching 
of  Arithmetic 


By  William  A.  Brownell 
Duke  University 


Arithmetic  is  singularly  unfortunate  in  the  language  which  has  come  to 
be  used  to  describe  the  processes  by  which  its  subject  matter  is  to  be  learned 
and  to  be  taught.  One  continually  encounters  such  terms  as  “the  number 
facts/’  “skills/’  “consumers’  arithmetic,”  “incidental  learning,”  “automatic 
associations,”  “fixed  habits,”  “bonds,”  “100%  accuracy,”  “crutches,”  “mean- 
ingful experiences,”  “drills,”  etc.,  etc.  These  terms  have  a significance  which 
is  seldom  sufficiently  recognized,  for  in  one  way  or  another  they  imply  cer- 
tain theories  regarding  the  psychology  and  pedagogy  of  arithmetic.  More 
important,  perhaps,  they  lead  directly  to  the  adoption  of  instructional  prac- 
tices of  varying  degrees  of  merit. 

Analysis  of  ambiguous  and  misleading  terms  would  repay  the  time  re- 
quired. Since  space  limitations  forbid,  however,  another  method  is  employed 
to  get  before  the  reader  some  of  the  crucial  psychological  aspects  of  learning 
and  teaching  arithmetic.  This  method  consists  in  examining  critically  the 
psychological  bases  of  the  three  commonest  theories  with  respect  to  arith- 
metic instruction.  To  this  examination  the  remainder  of  this  chapter  is 
devoted.  The  reader  should  be  warned  that  a theory  of  arithmetic  instruc- 
tion is  rarely,  if  ever,  practiced  in  pure  form.  The  theory  held  to  predomi- 
nantly by  a teacher  will  determine  the  points  of  emphasis  in  her  teaching 
practice,  but  the  practice  itself  will  reveal  the  influence  of  other  and  per- 
haps conflicting  theories.  The  three  theories,  as  they  are  here  isolated  for 
analysis,  are  not  so  isolated  in  practice.  While  it  is  probable  that  a particular 
teacher  can  be  classified  as  adhering  in  general  to  one  theory,  she  will  not  be 
found  to  be  a one-hundred-per-cent  practitioner  of  that  theory.  Rather,  she 


Reprinted  from  The  Teaching  of  Arithmetic,  Tenth  Yearbook  of  the 
National  Council  of  Teachers  of  Mathematics  (New  York:  Bureau  of  Publi- 
cations, Teachers  College,  Columbia  University,  1935),  pp.  1-31. 
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tends,  wittingly  or  unwittingly,  to  employ  various  features ; of  two .or  even 

three  of  the  theories.  To  examine  the  psychological  foundatio 

theories,  however,  it  is  necessary  to  consider  these  theories  sepal  ately-m 

purest  state,  as  it  were. 


I.  THE  DRILL1  THEORY  OF  ARITHMETIC 

Exposition  of  the  theory.  The  drill  conception  of  arithmetic  may  be 
outlined  as  follows:  Arithmetic  consists  of  a vast  host  of  unrelated  facts 
and  relatively  independent  skills.  The  pupil  acquires  the  facts  by  repeating 
them  over  a„yd  over  again  until  he  is  able  to  recall  them  immediately  and 
correctly.  He  develops  the  skills  by  going  through  the  processes  in  question 
until  he  can  perform  the  required  operations  automatically  an  accu  y. 
The  teacher  need  give  little  time  to  instructing  the  pupil  m the  memmg  o 
what  he  is  learning:  the  ideas  and  skills  involved  are  either  so  simple  as 
to  be  obvious  even  to  the  beginner,  or  else  they  are  so  ^st™se  as  to  sug- 
gest the  postponement  of  explanations  until  the  child  is  o er  ^ 

able  to  grasp  their  meaning.  The  main  points  in  the  t eory  . 
metic  for  the  purposes  of  learning  and  teaching,  may  be  analysed  into  a 
great  many  units  or  elements  of  knowledge  and  skill  which  are  comparative  y 
Site  and  unconnected;  (2)  the  pupil  is  to  master  these  almos  mnume  - 
ble  elements  whether  he  understands  them  or  not;  (3)  the  pup 
these  elements  in  the  form  in  whic  hhe  will  subsequently  use  them  and  U) 
the  pupil  will  attain  these  ends  most  economically  and  mos  p Y 
through  formal  repetition. 

Example  of  drill  organization.  The  nature  of  the  drill  theoiy 
the  four  component  aspects  of  the  theory  which  have  just  been  outlined  may 
be  made  clearer  by  means  of  an  illustration.  The  following  section  occur 
in  a textbook  for  the  third  grade.  It  was  intended  apparently  to ’ ^ 

child  all  he  would  need  in  order  to  learn  the  new  topic,  Written  Subtract™ 
with  Carrying.”  Following  the  section  quoted  from  this  book  is  a page  o 
problems,  none  of  which  is  analyzed,  designed  to  provide  drill  on  the  new 

process. 


1 TK.  tprm  “drill”  is  loosely  used  in  discussion  relating  to  arithmetic  instruction. 

this  chapter  the  term  “drill’’  is  used  t ^actense  a 
probably  be  used  with  a different  signification. 
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1.  Mary  wants  a doll  that  costs  42  cents.  She  has  28  cents.  How  much 
more  does  she  need? 


42  Think,  “8  ancl  4 are  12.”  Write  4.  Carry  1 to  2. 

28  Think,  “3  and  1 are  4.”  Write  1. 

14 

Prove  the  answer  by  finding  the  sum  of  14  and  28. 
Think,  “4  and  8 are  12.”  Carry  1 to  1. 

Think,  “ 2 and  2 are  4.”  42  is  the  sum  of  14  and  28. 


When  the  number  in  any  column  is  less  than  the  one  below  it,  think 
what  added  to  the  lower  number  will  make  a sum  that  ends  in  the  numbei 
above,  and  carry  1. 

It  will  be  observed  (1)  that  the  process  of  carrying  in  subtraction  has 
been  isolated  as  one  of  the  elements  to  be  learned;  (2)  that  meaning  and 
understanding  are  neglected  (with  respect  both  to  the  problem  as  lequiiing 
subtraction  and  to  the  method  of  the  process  by  which  the  subti  action  is  to 
be  performed) ; (3)  that  the  pupil  is  expected  at  once,  without  question,,  to 
take  on  a type  of  thinking  characteristic  of  the  expert  adult  who  in  meeting 
his  practical  need  for  subtraction  performs  the  operation  without  thought 
of  its  underlying  logic;  and  (4)  that  the  pupil  is  to  acquire  the  new  skills  by 
repetition — by  working  the  examples  and  problems  which  follow  without 
any  assistance  other  than  that  provided  by  the  mechanical  model  in  the 
above  quotation. 

Popularity  of  tlie  drill  theory.  Of  the  three  conceptions  of  arithmetic 
instruction  which  will  receive  attention  in  this  chapter  the  drill  theoiy  is  by 
far  the  most  popular.  In  the  classroom  its  popularity  is  manifest  in  the 
common  extreme  reliance  upon  flash  cards  and  other  types  of  rapid  drill 
exercises,  in  the  widespread  use  of  workbooks  and  other  forms  of  unsuper- 
vised practice,  and  in  the  greater  concern  of  the  teacher  with  the  pupil’s 
speedy  computation  and  correct  answer  than  with  the  processes  which  lead 

to  that  computation  and  that  answer. 

But  the  popularity  of  the  drill  theory  is  by  no  means  revealed  only  by 
the  prevalence  of  certain  practices  in  classroom  instruction.  On  the  con- 
trary, its  popularity  is  evident,  as  well,  in  the  organization  of  arithmetic 
textbooks,  in  much  of  the  research  in  arithmetic,  in  current  practices  in 
measuring  achievement  in  arithmetic,  and  m treatises  on  the  teaching  of 
arithmetic. 

The  makers  and  publishers  of  arithmetic  textbooks  are  prone  to  direct 
attention  to  the  extraordinary  care  they  have  exercised  with  respect  to  drill 
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provisions,  as  if  the  provision  of  adequate  drill  (that  is,  adequate  accord- 
ing to  certain  criteria)  were  the  crucial  problem  in  the  preparation  of  basic 
instructional  matter.  Research  workers  report  laborious  “evaluations”  of 
textbooks  in  which,  too  frequently,  differences  in  drib  organization  are  di- 
vorced from  differences  in  instructional  theory  which  give  significance  to 
discovered  variations  in  drill  provisions.  In  commercial  arithmetic  tests  and 
in  treatises  on  educational  measurement  importance  is  given  to  set  standards 
in  terms  of  rate  and  of  accuracy  of  computation,  at  the  expense  of  giovth 
in  fundamental  understanding,  in  orderly  quantitative  thinking,  and  the 
like.  Last  of  all,  few  textbooks  on  methods  of  teaching  arithmetic  treat  such 
matters  as  how  children  develop  their  number  concepts  or  how  they  come 
to  apprehend  the  rationale  of  the  number  system  and  the  arithmetical  proc- 
esses it  makes  possible,  preferring  rather  to  deal  with  the  selection  of  in- 
structional items,  the  distribution  of  practice  thereon,  and  the  like. 

Reason  for  popularity.  The  popularity  of  the  drill  theory  is  by  no 
means  to  be  understood  as  the  result  of  a careful  and  intelligent  judgment 
between  the  merits  of  the  possible  types  of  arithmetic  instruction.  More  com- 
monly the  drill  theory  is  adopted  and  practiced,  one  may  conjecture,  with- 
out any  clear  comprehension  of  its  assumptions  and  implications.  Wide  ac- 
ceptance of  the  theory  seems  to  be  due  to  two  misleading  approaches  to  a 
definition  of  arithmetic  ability:  (a)  analysis  of  adults’  uses  of  arithmetic 

and  (6)  the  “bond”  theory  of  learning. 

(а)  The  theory  draws  support  (or  seems  at  first  glance  to  draw  suppoit) 
from  the  adult’s  everyday  use  of  arithmetic.  Thus,  in  making  a purchase  of 
a loaf  of  bread  for  six  cents  and  of  five  pounds  of  sugar  for  twenty-five  cents, 
an  adult  seldom,  if  ever,  hesitates  in  finding  the  total.  Much  less  does  he  in- 
quire into  the  reason  why  6 and  25  are  31,  or  into  the  methods  of  the  think- 
ing by  which  he  secures  the  sum.  The  arithmetic  teacher,  performing  daily 
many  such  computations,  is  struck  by  the  automatic,  the  instantaneous 
quality  of  her  reactions.  From  this  observation  of  her  own  conduct  it  is  but 
a step  to  the  conclusion  that  since  she  uses  number  so,  so  the  child  should 
learn  it.  She  has  quite  forgotten  her  own  trials  in  learning  arithmetic.  She 
probably  does  not  even  realize  that  she  never  did  learn  “25  and  6 are  31”  as 
a number  fact. 

(б)  Nor  does  the  teacher  who  looks  beyond  her  own  present  number 
experience  find  much  assistance  in  the  typical  psychological  treatments 
of  arithmetic  instruction.  As  a matter  of  fact,  the  drill  theory  of  arithmetic 
has  become  popular  largely  because  of  the  popularity  of  that  system  of 
psychology  which  has  been  most  influential  in  education  in  the  last  tv  o 
decades.  According  to  this  school  of  psychology  all  learning  consists  in  the 
establishment  of  connections  or  bonds  between  specific  stimuli  and  specific 
responses.  This  view  of  learning  in  general  seems  to  be  of  particular  value  in 
describing  the  learning  process  in  the  case  of  number.  Thus,  one  connects 
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the  response  “6”  with  the  stimuli  "4  and  2,”  the  response  “9”  with  stimuli 
“3  X 3,”  and  so  on.  Each  arithmetic  fact  represents  such  a bond,  and  all 
skills  likewise  are  reducible  in  last  analysis  to  similar  bonds.  It  seems  to 
follow,  therefore,  that  the  way  to  teach  arithmetic  is  to  teach  immediately 
and  directly  the  bonds  which  are  to  be  established.  Drill  then  becomes  the 
instructional  method  best  adapted  to  this  end,  and  repetition  becomes  the 
essential  mode  of  learning. 


In  view  of  the  prominent  place  given  to  repetition  by  the  drill  theory,  the 
rest  of  this  section  is  given  over  go  a consideration  of  the  role  of  repetition, 
first,  in  learning  in  general  and,  second,  in  arithmetical  learning. 


Repetition  in  learning  in  general.  As  contained  in  certain  formula- 
tions and  interpretations  of  the  Law  of  Exercise,  repetition  was  for  many 
years  regarded  not  only  as  a factor  but  as  the  important  factor  in  promoting 
learning.  To  repeat  a reaction  was  to  learn  it.  To  acquire  a foim  of  be- 
havior, one  had  to  repeat  it.  To  the  extent  that  one  repeated,  one  learned. 
More  recently,  under  pressure  alike  from  critical  theoretical  discussion  and 
from  research  findings,  the  Law  of  Exercise  has  been  restated  by  many  psy- 
chologists and  has  been  entirely  discarded  by  others.  Now  other  factois  than 
repetition  have  come  to  be  viewed  as  the  vital  determinants  of  learning. 

An  example  from  ordinary  experience  will  reveal  the  place  and  function 
of  repetition  in  learning.  Suppose  Mr.  B.  undertakes  to  improve  his  "drive” 
in  golf.  He  is  observed  to  set  up  his  ball,  to  grasp  his  club,  to  take  a position 
with  respect  to  ball  and  line  of  flight,  and  to  swing.  Suppose  further  that 
the  result  of  the  first  swing  is  not  very  successful.  Does  Mr.  B.  "repeat” 
his  first  performance  on  his  second  try?  Does  he  set  up  the  ball  exactly  the 
same  height,  does  he  stand  the  same  distance  from  the  ball,  does  he  place  his 
hands  precisely  as  he  did  the  first  time,  and  so  on?  Hardly:  certainly  not 
if  he  can  help  it.  Instead  of  attempting  to  "repeat,”  he  does  his  best  to  avoid 
repetition.  He  varies,  changes,  modifies— all  with  a view  to  securing  a new 
combination  of  reactions  which  will  produce  more  satisfactory  lesults.  Sup- 
pose, however,  he  does  repeat  his  first  unsuccessful  performance.  He  stands, 
holds  the  club,  and  swings  exactly  as  before.  The  result  is  the  same  poor 
shot,  but  made  a little  more  proficiently.  If  he  continues  to  repeat,  he  be- 
comes steadily  more  expert  in  poor  golf.  If  he  would  improve  his  game,  he 
must  cease  repetition  and  adopt  variation.  The  point  of  che  illustration  is 
that  repetition  can  at  most  increase  only  the  speed  and  the  accuracy  of  a 
reaction,  good  or  poor;  it  cannot  furnish  a new  way,  a better  way,  of  doing 
anything. 


Criticism  of  the  drill  theory  in  arithmetic.  Three  major  objections 
may  be  raised  to  drill  as  the  sole,  or  even  the  principal  method  of  arithmetic 
instruction.  The  first  objection  is  that  the  drill  theory  sets  for  the  child  a 
learning  task  the  magnitude  of  which  predetermines  him  to  failure.  The 
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second  objection  is  that  drill  does  not  generally  produce  in  children  the  kinds 
of  reaction  it  is  supposed  to  produce.  The  third  objection  is  that,  even  if 
under  conditions  of  drill  the  proposed  kinds  of  reaction  were  implanted, 
these  reactions  would  constitute  an  inadequate  basis  for  later  arithmetical 
learning. 

(a)  Magnitude  of  the  task.  No  one  can  define  the  limits  of  the  learning 
task  in  arithmetic  when  that  task  is  described  in  terms  of  the  drill  theory. 
Each  item  of  knowledge  or  skill  must,  according  to  the  theory,  be  isolated 
and  specifically  taught.  The  objectives  of  arithmetic  set  by  this  theory  be- 
come utterly  unattainable.  Consider,  as  a case  in  point,  the  situation  with 
regard  to  the  number  of  addition  combinations  which  must  be  taught.  Years 
ago  there  were  assumed  to  be  45  simple  addition  facts,  the  mastery  of  which, 
accompanied  by  an  understanding  of  addition  by  endings,  was  regarded  as 
sufficient  preparation  for  all  phases  of  this  process.  Later,  research  estab- 
lished the  fact  that  children  who  knew  4 -j-  5 — 9,  for  example,  might  not 
know  5 — (—  4 = 9 equally  well.  The  reverse  combinations  had,  therefore,  to 
be  taught,  and  36  new  combinations  were  added  to  give  a total  of  81  facts. 
Investigation  then  demonstrated  peculiar  difficulties  in  the  zero-combina- 
tions, and  the  addition  combinations  to  be  taught  grew  from  81  to  100  to  ac- 
commodate the  nineteen  zero-facts.  More  recently  it  has  been  shown  that 
the  knowledge  of  5 4 ===  9 does  not  guarantee  the  knowledge  of  15  -(-  4 — 

19,  25  4 = 29,  or  45  -(-  4 = 49,  etc.  To  the  100  simple  addition  combina- 

tions there  now  have  been  added,  at  Osburn’s2  suggestion,  the  225  combina- 
tions required  by  higher-decade  addition  with  sums  to  39  and  the  87  combi- 
nations required  for  carrying  in  multiplication.  The  original  45  addition 
combinations  have  now  become  412. 

Similar  analyses  of  other  phases  of  arithmetic  have  resulted  in  item- 
totals  equally  staggering.  Thus,  Knight  demonstrates  the  presence  of  55 
“unit  skills”  in  the  one  process  of  division  of  common  fractions,  and  Brueck- 
ner  finds  53  “types”  of  examples  (exclusive  of  “freak  types”)  in  the  subtrac- 
tion of  common  fractions  alone.  In  problem-solving  Judd  reports,  on  the 
basis  of  an  examination  of  only  three  sets  of  textbooks,  approximately  1,900 
different  ways  of  expressing  the  fundamental  operations  in  one-step  verbal 
problems,  and  Monroe  and  Clark  are  able  to  differentiate  333  kinds  of  verbal 
problems  (52  kinds  of  “operative  problems”  and  281  kinds  of  “activity 
problems”)  with  which  children  must  eventually  be  able  to  deal.  These 
figures,  large  as  they  are,  can  be  regarded  only  as  typical  of  what  would  be 
found  if  the  many  other  aspects  of  arithmetic  were  dissected  as  have  been 
the  relatively  few  reviewed  above. 

The  statement  that  the  drill  theory  in  its  extreme  form  sets  an  impossible 

2.  The  reader  will  understand,  of  course,  that  the  citation  of  these  analyses  does 
not  classify  their  makers  as  exponents  of  the  drill  theory. 
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learning  task  for  the  child  would  seem  to  be  justified  by  the  results  of  the 
analyses  mentioned  above.  If  the  child  must  learn  separately  and  independ- 
ently, through  repetition,  in  the  form  in  which  he  is  later  to  use  them,  all 
these  items  of  knowledge  and  skill  (and  tens  of  thousands  as  yet  untabu- 
lated), what  are  his  chances  of  success  in  arithmetic?  Suppose  the  reader 
were  faced  by  the  necessity  of  mastering  an  equivalent  number  of  unrelated 
meaningless  items — not  only  to  master  them,  but  to  remember  them,  to  re- 
tain order  among  them,  and  to  use  them  intelligently  when  and  as  they 
should  be  used.  Assume  such  a condition — what  chance  of  success  would  the 
reader  have  in  this  learning?  Would  he  even  be  willing  knowingly  to  under- 
take the  task? 

Now  manifestly,  no  one  actually  carries  the  drill  theory  to  the  extremes 
suggested  in  the  foregoing  paragraphs.  The  teacher,  with  or  without  aid 
from  textbook  and  manual,  does  supply  something  of  a sensible  basis  for 
learning,  and  thereby  breaks  with  the  logical  requirements  of  the  drill 
theory.3  Even  the  theoretical  writer  on  arithmetic,  who  advocates  repetition 
as  the  basis  of  arithmetic  learning,  is  in  the  end  forced  to  be  inconsistent 
with  his  own  view.  Soon  or  late  he  must  call  to  his  assistance  the  factoi  in 
learning  which  his  theory  in  effect  denies.  At  the  last  he  too  recognizes  the 
impossibility  of  training  children  in  all  the  separate  skills  required  in  the 
total  which  he  knows  as  arithmetical  ability.  In  his  dilemma  the  theorist 
finally  finds  himself  invoking  transfer  of  training  to  guarantee  that  children 
will  be  able  to  deal  adequately  with  skills  they  have  had  no  time  to  learn 

as  such. 

(6)  Reactions  produced  by  drill.  When  the  teacher  provides  drill  in 
arithmetical  skills,  she  does  so  on  the  assumption  that  pupils  will  exactly 
practice  certain  prescribed  reactions.  Thus,  for  example,  when  she  admin- 
isters flash-card  drill  on  such  number  combinations  as  4 -j-  3 = 7,  8 6 ==  2> 

etc.,  she  expects  all  pupils  to  think  silently  or  to  say  aloud,  4 and  3 are  7, 
“8  less  6 are  2,”  and  so  on.  It  is  her  belief  that  by  such  repetition  the  children 
will  come  eventually  to  respond  only  and  always  “7,  ‘ 2,  etc.,  on  presenta- 
tion of  the  corresponding  combination  items.  To  express  the  idea  diffeiently, 
the  administration  of  drill  by  the  teacher  presupposes  repetition  by  the 
pupil.  That  this  presupposition,  this  assumption,  is  not  warranted  by  the 
facts  is  well  shown  by  the  results  secured  in  a recent  investigation.4 

3 Here  is,  by  the  way,  a good  example  of  the  distortion  against  which  a warning 
was  given  on ’page  1.  Such  a discussion  as  this  must  exaggerate  conditions  in  order  to 

make  clear  important  differences.  _ , ....  ,•  „ 

4.  Chazal,  Charlotte  B.,  “The  Effects  of  Premature  Drill  m Third-Grade  Arithmetic. 
Unpublished  A.M.  thesis,  Department  of  Education,  Duke  University,  1935.  An  abstract 
of  the  thesis  under  the  same  title  is  to  appear  shortly  in  the  Journal  of  Educational 
Research. 
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About  a week  after  the  beginning  of  the  school  year  fifty-seven  third 
grade  children  were  given  a written  test  in  the  100  simple  addition  combina- 
tions. They  had  been  taught  these  combinations  in  Grades  1 and  2 by 
methods  which  agree  closely  with  the  drill  theory  of  instruction.5  On  the 
basis  of  their  showing  on  this  group  test  thirty-two  children  were  selected 
for  individual  study.  Those  chosen  were  ten  who  had  the  highest  scores, 
thirteen  who  had  average  scores,  and  nine  who  had  very  poor  scores.  An 
interview  was  held  privately  with  each  child.  In  these  interviews  an  at- 
tempt was  made  to  discover  how  each  child  secured  his  sums,  that  is,  how  he 
thought  of  the  numbers,  what  processes  he  employed.  For  the  interview  six- 
teen combinations  were  used.  These  sixteen  consisted  of  the  ten  of  greatest 
difficulty  and  the  six  of  average  difficulty  on  the  group  test.  There  were, 
therefore,  a total  of  512  responses  in  the  interviews — the  responses  of  each 
of  the  thirty-two  children  to  sixteen  combinations. 

The  interview  revealed  that  116  combinations  (22.7%  of  the  512)  were 
counted ; that  72  (14.1%)  were  solved  indirectly  (e.g.,  "6  and  4 are  10  be- 
cause 5 and  5 are  10”) ; that  122  (23.8%)  were  incorrectly  guessed;  and  that 
only  202  (39.5%)  were  known  as  memorized  associations.  These  facts  can 
be  interpreted  only  as  meaning  that  the  instructional  procedure  of  drill  had 
missed  its  mark  in  Grades  1 and  2.  It  had  utterly  failed  to  produce  the  100% 
of  “automatic  responses”  for  which  it  was  designed,  and  it  had  failed  by  the 
wide  margin  of  60%.  After  two  years  of  drill  these  pupils  counted  and 
solved  nearly  as  many  combinations  (36.7%)  as  they  knew  directly  as  com- 
binations (39.5%).  The  evidence  is  that,  expected  to  repeat  the  formulas, 
these  pupils  had  not  repeated  at  all.  Unknown  to  the  teacher  who  assumed 
they  were  repeating,  they  had  trained  themselves  in  other  ways  of  thinking 
of  combinations.  Drills  by  the  teacher  had  not  resulted  in  repetition  by  the 
pupils. 

The  investigation  did  not  stop  here.  In  the  month  following  the  first 
group  test  and  the  first  interview  five  minutes  of  the  arithmetic  period 
were  each  day  set  aside  for  drill  on  the  addition  combinations.  The  drill, 

5.  Specifically,  the  facts  were  taught  as  facts  from  the  outset.  Experience  with 
concrete  numbers  was  kept  at  a minimum.  The  facts  were  not  developed  for  the  child 
or  discovered  by  him.  They  were  given  to  him,  that  is  to  say,  he  was  told  that  3 + 4 
are  7,  and  was  then  drilled  cn  this  fact  along  with  similarly  presented  facts.  The  usual 
variety  of  drill  activities  was  provided : there  was  repetition  by  the  class  as  a whole, 
and  repetition  by  individual  children.  .There  were  oral  drills  and  silent  drills  and  written 
drills.  Packs  of  cards  were  handled,  the  one  side  containing  the  combinations,  the  other 
side,  to  be  consulted  onlV-  if  the  sum  was  unknown,  containing  the  answer.  There  were 
games  to  motivate  drill, /etc.,  etc.  In  all  the  activities,  be  it  noted,  the  essential  require- 
ment on  the  part  of  thd  child  was  that  of  repetition,  however  much  variation  there  may 
have  been  in  the  form  of  the  response  or  in  the  number  presentations  which  evoked 
that  response. 


511 


The  “1923  Report 99  and  Connectionism  in  Arithmetic  ( 1920-37 ) 


which  called  for  oral,  silent,  and  written  practice,  was  so  organized  that,, 
on  the  average,  each  combination  was  presented  at  least  twice  a day.  Then 
came  the  second  administration  of  the  group  test  on  the  100  addition  com- 
binations and  the  second  interview  with  the  same  thirty-two  children  on 
the  same  sixteen  combinations.  At  this  time  48.8%  of  the  combinations, 
as  compared  with  39.5%  on  the  first  interview,  were  known,  that  is  to  say, 
were  responded  to  as  they  are  supposed  to  be  responded  to  under  drill  con- 
ditions. On  the  other  hand,  counting  and  indirect  solution  still  accounted 
for  37%  of  the  answers  (as  compared  with  36.7%  on  the  first  interview). 
The  evidence  from  the  second  phase  of  the  investigation  agrees  closely 
with  that  from  the  first  phase:  drill  was  provided  by  the  teacher,  but  repeti- 
tion was  not  provided  by  the  children.  Instead,  the  children  continued 
throughout  the  month  of  drill  to  employ  substantially  the  same  procedures 
in  thinking  of  the  combinations  as  they  had  developed  in  Grades  1 and  2 
and  as  they  brought  with  them  into  Grade  3.  If  at  the  time  of  the  first 
interview  they  counted  their  combinations  they  persisted  in  counting  a 
month  later,  in  spite  of  the  daily  drill  which  was  designed  to  require  repeti- 
tion. If  at  the  time  of  the  first  interview,  they  solved  the  combinations, 
they  solved  them  a month  later.  Drill  failed  signally  to  produce  in  these 
children  the  desired  types  of  mastery. 

The  study  just  described  deals,  it  is  true,  with  drill  in  connection  with 
but  a single  phase  of  primary  grade  arithmetic.  There  is,  however,  no  reason 
to  doubt  that  the  weakness  here  ascribed  to  repetition  as  a method  of  learn- 
ing and  to  drill  as  a method  of  teaching  holds  with  any  less  validity  for  more 
advanced  phases  of  arithmetic. 

(c)  Preparation  through  drill  inadequate.  The  third  criticism  of  the 
drill  theory  arises  from  a consideration  of  the  nature  of  arithmetic  itself. 
Arithmetic  is  best  viewed  as  a system  of  quantitative  thinking.  To  describe 
arithmetic  in  this  way  is  to  set  up  a criterion  by  which  to  judge  the  ade- 
quacy of  any  system  of  arithmetic  instruction.  If  tried  by  this  criterion,  the 
drill  theory  is  found  wanting:  instruction  through  drill  does  not  prepare 
children  for  quantitative  thinking. 

If  one  is  to  be  successful  in  quantitative  thinking  one  needs  a fund  of 
meanings,  not  a myriad  of  "automatic  responses.”  If  one  is  to  adjust  eco- 
nomically and  satisfactorily  to  quantitative  situations,  one  must  be  equipped 
to  understand  these  situations  and  to  react  to  them  rationally.  Specific  re- 
sponses to  equally  specific  stimuli  will  not  serve  one's  ends.  It  may  be 
granted  (in  spite  of  the  evidence  to  the  contrary  in  the  preceding  section 
of  this  chapter)  that  drill  may  furnish  to  the  child  a number  of  fixed  modes 
of  response.  Even  so,  its  claim  to  preeminence  as  a method  of  instruction 
in  arithmetic  would  have  to  be  denied.  Drill  does  not  develop  meanings. 
Repetition  does  not  lead  to  understandings. 

This  limitation  of  drill  may  be  illustrated  by  citing  again  the  learning 
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of  the  number  combinations.  Suppose  that  a pupil,  through  repeating  the 
formula,  has  memorized  "12”  as  the  answer  to  "How  many  are  7 and  5?” 
Suppose,  further,  that  in  the  absence  of  other  types  of  experience  than 
repetition,  the  pupil  is  asked,  "What  does  it  mean  to  say  that  7 and  5 are  12?” 
His  reply  must  be,  "I  don’t  know — just  that  12  is  the  answer  to  7 and  5.” 
The  meaning  of  “7  and  5 are  12”  is  for  him  restricted  to  merely  making  the 
appropriate  noises  and  to  reading  and  writing  the  symbols  which  stand  for 
the  combinatior. . 

The  psychological  fact  is  that  meanings  are  dependent  upon  reactions. 
It  is  not  too  much  to  say  that  the  meanings  are  the  reactions.  Meanings 
are  therefore  rich  and  full  and  useful  to  the  degree  to  which  the  correspond- 
ing reactions  have  been  numerous  and  varied.  To  repeat  "7  and  5 are  12” 
is  to  practice  but  a single  reaction.  No  matter  how  long  continued  or  how 
frequent  the  repetition  the  effect  is  only  to  increase  the  efficiency  (the  rate 
and  the  accuracy)  with  which  that  reaction  is  made.  Increased  efficiency  in 
making  a small  number  of  reactions  is  no  substitute  for  rich  meanings.  If 
there  are  to  be  meanings  and  understandings  (and  there  must  be  these  if 
children  are  to  be  capable  of  quantitative  thinking),  there  is  but  one  way 
to  engender  them.  That  way  is  to  lead  children  to  react  variously  and  often 
to  the  item  of  knowledge  or  skill  which  is  to  be  acquired. 

As  stated  above,  drill  and  repetition  are  ill-adapted  to  the  building  of 
meanings.  In  them  the  pupil  finds  no  suggestion  of  a variety  of  reactions, 
no  help  and  no  encouragement  to  discard  primitive  and  clumsy  ways  of 
thinking  (immature  reactions)  for  steadily  more  refined  and  efficient  thought 
processes  (mature  reactions).  On  occasion,  drill  may,  it  is  true,  be  given 
credit  for  accomplishing  just  this  end.  Such  seemed  to  be  the  case,  for  ex- 
ample, in  the  investigation  referred  to  in  the  foregoing,  section.6  The  month 
of  drill  on  the  combinations  which  followed  the  first  group  test  brought  a re- 
duction of  approximately  35%  in  the  amount  of  time  required  to  write  the 
sums  for  the  100  addition  combinations  and  a reduction  of  75%  in  the 
number  of  errors  made.  The  interview  data,  however,  contained  the  real 
explanation.  Drill  had  not  developed  improved  procedures:  it  had  merely 
afforded  opportunity  for  practice  and  increased  efficiency  with  undesirable 
procedures.  Under  other  circumstances,  too,  drill  may  be  given  undeserved 
credit  for  a different  reason.  Children  may  despair  of  ever  mastering  by 
repetition  all  the  subject  matter  of  arithmetic.  In  the  end,  quite  without 
the  knowledge  of  the  teacher  who  continues  to  prescribe  drill,  they  may 
desert  the  repetition  of  verbalisms  in  the  effort  to  put  order  and  sense  into 
what  they  are  learning.  They  may  discover  or  adopt  from  others  modes  of 
response  which  actually  do  increase  the  number  of  ways  in  which  they  may 

6.  Chazal,  op.  cit. 
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react  to  the  items  to  be  learned.  Under  such  conditions  if  arithmetic  be- 
comes meaningful,  it  is  absurd  to  assign  the  credit  to  drill.  It  is  much 
nearer  the  truth  to  say  that  if  under  these  conditions  arithmetic  becomes 
meaningful,  it  becomes  so  in  spite  of  drill. 


II.  THE  INCIDENTAL  LEARNING  THEORY 


Nature  of  the  theory.  At  least  partly  as  a reaction  against  the  forcing 
and  driving  classroom  tactics  of  teachers  who  are  zealous  advocates  of  the 
drill  theory,  a second  theory,  or  group  of  theories,  has  become  increasingly 
popular  in  the  last  fifteen  years  or  more.  According  to  these  theories,  which 
differ  chiefly  in  detail,  children  will  learn  as  much  arithmetic  as  they  need, 
and  will  learn  it  better,  if  they  are  not  systematically  taught  arithmetic. 
The  assumption  is  that  children  will  themselves,  through  “natural”  behavior 
in  situations  which  are  only  in  part  arithmetical,  develop  adequate  number 
concepts,  achieve  respectable  skill  in  the  fundamental  operations,  discover 
vital  uses  for  the  arithmetic  they  learn,  and  attain  real  proficiency  in  ad- 
justing to  quantitative  situations.  The  learning  is  through  incidental  ex- 
perience. The  theory  is  accordingly  here  designated  the  “incidental  learning 
theory.” 

Some  who  hold  to  the  theory  of  incidental  learning  would  postpone 
systematic  arithmetic  instruction  until  the  third  or  fourth  grade  and  would 
concern  themselves  not  at  all  with  the  kind  of  number  usages,  if  any,  which 
children  encounter  before  that  time.  Others  differ  from  this  position  only 
in  that  they  would  postpone  arithmetic  instruction  much  longer  (one  in- 
vestigator reports  the  omission  of  “formal”  arithmetic  through  the  seventh 
grade  without  “harmful”  consequences  in  the  eighth  grade) . And  still  others, 
distrusting  somewhat  the  wholly  hit-or-miss  number  contacts  which  would 
result  from  the  first  two  variations  of  the  theory,  would  select  arithmetical 
activities  for  children,  but  would  arrange  them  in  such  a way  that  the 
arithmetic  is  only  a minor  part  of  the  total  situations  in  which  children 
might  find  themselves.  Exponents  of  this  last  plan  are  those  who  prepare 
“integrated  units”  of  activity,  in  which  the  different  subject-matter  fields, 
including  arithmetic,  of  course,  lose  their  identity. 

Criticism  of  the  theory. — Critical  comment  here  must  be  confined  to 
two  points  which  are  common  to  the  different  variants  of  the  theory  of  in- 
cidental learning.  The  first  of  these  points  involves  the  place  of  interest  in 
learning.  The  second  involves  the  assumption  that  children  will  themselves 
isolate  the  arithmetical  aspects  in  general  situations  and  that  through 
purely  incidental  number  experiences  will  attain  whatever  arithmetic  ends 
and  outcomes  are  set  for  them. 

(a)  Place  of  interest  in  learning  arithmetic.  The  theory  of  education 
through  the  process  of  incidental  learning  probably  had  its  origin  in  the  dis- 


514 


mm 


mmm 


mmmmm 


Brownell  / “Psychological  Considerations  in  Learning  & Teaching  of  Arithmetic ’ 

cussion  attendant  upon  the  emergence  of  the  “child-centered  school.  Some 
years  ago  the  more  radical  leaders  in  this  reform  movement  did  not  hesitate 
to  insist  that  all  education  must  be  derived  from,  and  must  be  organized 
and  directed  with  respect  to,  children’s  self-determined  interests  and  needs. 
This  extreme  position,  which  is  held  less  widely  now  than  formerly,  rested 
upon  a faulty  psychological  basis.  Interests  and  needs  were  supposed  to 
arise  spontaneously,  as  the  product  of  some  kind  of  inner  compulsion  which 
made  their  appearance  more  or  less  automatic  at  a predictable  time.  Viewed 
thus,  interests  are  sacred;  they  are  not  to  be  altered,  for  alteration  amounts 
to  profanation.  To  disregard  these  natively  fixed  indices  of  growth,  01, 
worse  yet,  to  go  against  them,  is  to  “violate  the  child’s  nature.” 

It  is  now  rather  generally  recognized  as  a fact  that  children’s  interests 
are  socially  determined.  The  reason  why  children  of  a given  age  manifest 
certain  interests  is  found,  not  in  heredity,  but  in  growth  under  conditions 
which  are  relatively  alike  for  all  children.  Stated  differently,  childrens 
interests  and  needs  are  but  the  products  of  experience.  As  such  they  reflect 
the  useful,  the  valueless,  and  the  harmful  in  that  experience.  Viewed  thus, 
interests  and  needs  lose  much  of  their  sacred  quality.  Modification  and 
direction  are  no  longer  to  be  denied.  On  the  contrary,  they  must  be  exer- 
cised if  growth  and  development  are  to  be  sound  and  healthful. 

The  foregoing  paragraphs  may  seem  to  dispose  of  a still  debatable  issue 
in  a manner  which  is  overly  abrupt  and  summary.  If  so,  this  has  been  done 
only  to  clear  the  way  for  a more  fundamental  criticism  of  the  place  ac- 
corded interest  by  the  incidental  theory  of  arithmetic  instruction. 

Probably  no  one  today  doubts  the  virtues  of  interest  as  a factor  which 
facilitates  learning.  On  the  contrary,  all  agree  that  children  learn  best 
when  they  want  to  learn.  So  far  as  effects  on  learning  are  concerned,  the 
source  of  that  interest,  whether  it  be  heredity  or  society,  is  of  little  conse- 
quence. Even  the  ardent  practitioner  of  the  drill  theory  seeks  to  have  his 
pupils  interested.  (Witness  his  attempt  to  discover  races,  games,  and  other 
means  for  motivation.)  Be  that  as  it  may,  it  is  to  the  credit  of  those  who 
have  expounded  the  theory  of  incidental  learning  that  the  importance  of 
interest  in  learning  is  now  more  generally  recognized.  These  theorists  have 
consistently  and  vigorously  preached  that  pupils  should  want  to  learn 
what  they  are  given  to  learn.  And  they  have  made  real  headway  with 

their  gospel. 

Two  objections  may  be  entered,  however,  to  the  part  assigned  to  inter- 
est by  the  incidental  theory  of  teaching  arithmetic.  The  first  objection  is 
that  from  the  standpoint  of  learning  arithmetic  the  pupil’s  interest  is  apt  to 
be  in  the  wrong  place.  When  number  is  observed  only  as  it  functions  in 
situations  which  are  predominantly  non-arithmetical,  there  is  little  likeli- 
hood of  the  child’s  being  interested  in  number.  That  is  to  say,  he  is  inter- 
ested in  the  learning  situation,  but,  for  the  purpose  of  arithmetic  learning, 
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he  is  interested  in  the  unimportant  part  of  it.  He  is  primarily  concerned 
with  the  successful  completion  of  his  unit  of  activity  or  of  his  project.  If 
he  is  interested  in  the  arithmetic  at  all,  the  interest  is  secondary  and  de- 
rived. He  gives  his  attention  to  the  arithmetic  only  because  of  the  extrinsic 
motivation- furnished  by  the  situation.  Under  these  conditions  his  interest 
in  arithmetic  as  such  is  apt  to  be  as  superficial  as  is  his  interest  when  it  is 
stimulated  in  drill  through  games  and  similar  devices.  The  pupil  learns  as 
the  adult  learns — where  his  interest  lies.  His  interest  lies  in  the  larger  ac- 
tivity as  such,  and  consequently  he  acquires,  first  of  all,  types  of  behavior 
which  relate  most  closely  to  that  activity.  What  interest  is  left  over  may 
or  may  not  attach  itself  to  arithmetic. 

The  second  objection  to  the  place  of  drill  in  the  incidental  theory  is  the 
implication  that  interest  aroused  in  any  way  other  than  through  large  units 
of  purposeful  activity  is  somehow  unworthy.  There  seems  to  be  the  notion 
that  the  desire  to  learn  arithmetic  for  its  own  sake,  that  is,  through  intrinsic 
motivation,  is  somehow  unnatural  and  something  to  be  discouraged  as  being 
in  some  way  undesirable.  Admittedly,  such  an  interest  is  hardly  apt  to  ap- 
pear under  conditions  of  incidental  learning,  but  this  fact  cannot  be  argued 
to  mean  that  the  interest  is,  on  that  account,  unfortunate  or  any  the  less  ef- 
fective as  a factor  in  learning.  The  contrary  is  the  truth.  It  is  a wholesome 
situation,  if  not  a common  one,  for  children  to  want  to  learn  arithmetic  be- 
cause they  like  it.  Under  the  stimulation  of  such  a motive,  moreover,  it  is 
highly  probable  that  the  learning  will  be  economical  and  thorough.  And, 
last  of  all,  this  happy  state  of  affairs  can  be  brought  about  through  a direct 
instructional  attack  upon  arithmetic  as  a subject  for  learning,  fully  as  well, 
if  not  better,  than  by  the  indirect  and  uncertain  experiences  prescribed  by 
the  incidental  theory. 

(6)  The  product  of  incidental  experience.  When  an  individual  reacts  to 
some  general  situation  in  which  there  is  a quantitative  element,  the  form 
of  his  response  to  that  quantitative  element  will  depend  upon  many  things. 
Chiefly,  perhaps,  it  will  depend  (1)  upon  his  preparation  for  reacting  to 
such  elements  and  (2)  upon  his  disposition  with  regard  to  the  element  at 
that  time.  In  the  case  of  the  educated  adult,  who  has  learned  his  arithmetic, 
the  quantitative  element  may  be  readily  isolated,  correctly  apprehended, 
and  promptly  dealt  with.  The  adult  is  only  momentarily  distracted  from 
his  major  objective,  to  which  he  returns  at  once  upon  solution  of  the  quan- 
titative problem.  He  has  learned  no  new  mathematical  ideas  or  operations; 
he  has  merely  applied  previously  acquired  ability  in  a new  connection. 

The  experience  of  the  child  as  he  engages  in  an  assigned  “integrated 
unit”  or  in  his  self-chosen  and  self-controlled  activities  may  be  quite  dif- 
ferent from  that  of  the  adult.  If  the  general  situation  which  he  faces  re- 
quires no  new  arithmetical  skill  or  knowledge,  his  experience  may  be  quite 
like  that  of  the  adult.  Like  the  adult,  too,  he  will  apply  to  the  situation 
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only  what  he  has  already  learned;  he  will  learn  nothing  new  in  arithmetic 
from  his  experience.  If,  on  the  other  hand,  the  situation  involves  some  un- 
known arithmetical  skill  or  knowledge  his  experience  will  be  quite  unlike 
that  of  the  adult.  The  child’s  concern  is  with  the  attainment  of  some  end 
beyond  the  intermediate  arithmetical  task.  Too  long  delay  in  mastering 
the  novel  arithmetical  skill  is  to  him  unthinkable — it  may  be  ruinous  to  his 
plans.  At  best  he  gives  to  the  arithmetical  aspect  of  the  situation  only 
enough  attention  to  remove  it  as  an  obstacle  to  the  realization  of  his  pur- 
pose. Furthermore,  he  deals  with  that  quantitative  element  with  whatever 
habitual  response  he  may  possess  or  with  a response  altered  as  little  as  may 
be. 

It  is  at  this  point  that  the  teacher  who  relies  upon  the  incidental  theory 
comes,  curiously  enough,  very  close  to  one  of  the  fallacies  of  the  drill  theory 
which,  as  part  of  that  theory,  she  would  oppose.  That  is  to  say,  she  is 
very  apt  to  make  the  error  of  assuming  that  mere  contact  with  number 
teaches  all  that  the  child  needs  to  know  about  number.  She  may  easily  over- 
look the  fact  that  the  quantitative  aspects  of  general  situations  represent 
only  possibilities  for  learning  but  not  guarantees  of  learning.  The  child 
in  the  first  three  of  four  grades  has  few  "natural”  needs  for  arithmetic 
which  he  cannot  meet  by  counting.  Left  to  himself  he  will  solve  his  problem 
by  counting.  Consider,  for  example,  the  following  situation:  the  child  is 
constructing  a boat.  He  must  fasten  an  irregularly  shaped  board  to  the 
side  of  the  boat.  He  needs  four  nails  for  one  end  and  three  nails  for  the 
other  end.  To  the  adult  the  situation  calls  for  the  use  of  the  fact  "4  and 
3 are  7.”  To  the  child  the  situation  merely  calls  for  "4,  5,  6,  7,”  or  even 
"1,  2,  3,  4,  5,  6,  7.”  He  does  not  see  the  situation  as  involving  "4  + 3”  at 
all.  Counting  is  to  him  a wholly  satisfactory  method  of  dealing  with  the 
number  need.  So  he  counts,  regardless  of  what  his  teacher  thinks  he 
should  do. 

Unquestionably,  opportunities  for  arithmetical  learning  abound  both 
in  the  practical  affairs  of  children  and  in  "integrated  units,”  just  as  the 
supporters  of  the  theory  of  incidental  learning  insist.  If,  however,  these 
opportunities  are  to  be  utilized  for  the  development  of  sound  skill  and 
knowledge,  the  new  arithmetical  elements  must  be  abstracted  from  general 
situations  and  must  become  the  objects  of  direct  teaching.  In  this  way  pro- 
vision can  be  made  for  supplementary  experiences  which,  by  introducing 
variety  and  number  of  reactions,  guarantee  the  meaningful  concepts  and  the 
intelligent  skills  requisite  to  real  arithmetical  ability. 

There  is  a second  way  in  which  instruction  based  upon  the  incidental 
theory  is  likely  to  disregard  the  peculiar  nature  of  arithmetic  learning. 
To  a far  greater  extent  than  is  true  in  the  case  of  any  of  the  other  school 
subjects  (at  least  as  these  subjects  are  now  known)  arithmetic  must  be 
taught  with  due  regard  to  its  logic,  its  internal  order  and  organization.  By 
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contrast,  there  seems  to  be  no  compelling  reason  why  in  history,  for  example, 
Topic  A must  be  taught  before  Topic  B.  Justifiable  violations  even  of 
chronological  sequence  are  frequent,  and  events  and  personages  may  be 
omitted  or  treated  in  detail  without  serious  consequences  which  are  dis- 
cernible. Similar  illustrations  could  be  drawn  from  geography  and  others  of 
the  content  subjects.  But  in  the  case  of  arithmetic  the  number  of  changes 
which  can  safely  be  made  are  comparatively  few.  Integers  must  be  taught 
before  fractions,  and  the  combinations  must  be  taught  before  complicated 
operations  which  make  use  of  them.  This  internal  organization  must  be 
observed  not  merely  with  respect  to  the  relatively  fixed  order  of  topics  but 
also  with  respect  to  the  sequence  within  the  topics.  Thus,  within  the  process 
of  addition  the  various  skills  and  sub-skills  must  be  arranged  so  that 
mastery  of  a late  step  is  made  possible  by  mastery  of  preliminary  steps. 
This  internal  coherence  and  organization  are  determined  on  the  one  hand 
by  the  nature  of  the  subject  matter  and  on  the  other  hand  by  the  psychology 
of  the  learner. 

It  is  just  this  organization  which  is  difficult  to  maintain  when  the  learn- 
ing of  arithmetic  is  left  to  the  incidental  experiences  of  children.  This 
statement  holds  even  when  these  experiences  are  prescribed  in  “integrated 
units. ^ ”7  When,  however,  there  is  no  attempt  thus  to  select  number  experi- 
ence, the  likelihood  that  children  will  learn  in  what  is  psychologically  and 
logically  the  most  economical  fashion  is  extremely  small.  As  a consequence, 
arithmetic  can  hardly  be  learned  as  it  should  be  learned;  relationships,  de- 
pendencies, mathematical  principles  may  easily  escape  the  notice  of  the 
teacher,  and  so  of  the  learner. 

Impracticability  of  the  theory.  All  that  has  been  said  in  the  above 
section  helps  to  explain  why  arithmetic  instruction  based  upon  the  inci- 
dental theory  of  learning  is  impracticable.  Incidental  learning,  whether 
through  “units”  or  through  unrestricted  experiences,  is  slow  and  time- 
consuming.  Interest  of  teacher  and  pupil  alike  in  the  non-arithmetical 
aspects  of  general  situations  tends  to  reduce  the  occasions  on  which  the 
arithmetical  aspects  are  called  to  the  learner’s  attention.  Such  arithmetic 
ability  as  may  be  developed  in  these  circumstances  is  apt  to  be  fragmentary, 
superficial,  and  mechanical. 

However  successful  an  occasional  teacher  may  be  in  teaching  arithmetic 
through  incidental  experience,  general  attainment  of  this  success  is  not  pos- 
sible. The  discriminating  selection  and  orderly  arrangement  of  vital  and 
helpful  learning  situations  involving  number  is  no  simple  task.  On  the  con- 

7.  This  statement  does  not  imply  that  number  needs  appear  in  the  life  of  children 
with  due  respect  to  the  order  prescribed  by  mathematical  logic.  Such  is  not  the  case. 
The  statement  applies  to  learning.  Even  though  a desirable  mathematical  sequence  is 
disregarded  in  the  time  when  number  uses  appear,  that  mathematical  sequence  must 
be,  in  large  measure,  honored  in  the  instruction  given  in  connection  with  these  uses. 
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trary,  it  calls  for  unusual  insight  into  the  mathematical  and  psychological 
nature  of  arithmetic  on  the  one  hand  and  into  the  psychology  of  childhood 
and  of  the  learning  process  on  the  other  hand.  In  a word,  it  calls  for  a 
degree  and  kind  of  insight  which  is,  without  aspersion  of  teachers  as  indi- 
viduals, quite  outside  the  equipment  of  the  average  teacher.  Until  teachers 
are  differently  selected  and  differently  trained,  it  is  fruitless  to  expect  them 
adequately  to  teach  children  arithmetic  through  incidental  experience.  In 
the  meantime  it  is  far  safer  to  base  arithmetic  instruction  upon  a judicious 
use  of  textbooks  in  the  preparation  of  which  the  kind  of  insight  just  de- 
scribed has  been  exercised. 

Values  of  the  theory.  Like  the  drill  theory  of  arithmetic  instruction, 
the  theory  of  incidental  learning  is  not  without  certain  advantages  and 
merits  which  should  be  recognized  and  utilized  to  the  full.  These  special 
values  are  at  least  three  in  number. 

In  the  first  place,  the  experiences  of  children  in  situations  which  are  only 
incidentally  arithmetical  (whether  in  “units”  or  otherwise)  may  serve  as 
powerful  motives  for  the  learning  of  new  arithmetical  ideas  and  processes 
by  revealing  the  need  for  such  abilities.  In  the  second  place,  the  opportuni- 
ties for  practice  afforded  in  the  general  situations  which  children  face  both 
in  and  out  of  school  may  have  the  effect  of  increasing  the  meaning  of  num- 
ber ideas  and  skills  which  have  already  been  acquired  and  of  maintaining 
them  at  a high  level  of  efficiency.  In  the  third  place,  perhaps  the  most  im- 
portant contribution  of  the  theory  of  incidental  learning  has  been  to  oppose 
the  common  practice  of  teaching  arithmetic  narrowly  as  an  isolated  sub- 
ject. The  incidentalists  have  rightly  argued  that  arithmetic  so  taught  can- 
not perform  its  full  or,  indeed,  its  most  valuable  function,  for  number  is  a 
real  socializing  agency.8  Arithmetic  provides  an  exact  method  of  interpret- 
ing practical  quantitative  problems  which  otherwise  are  confused  and  un- 
intelligible. On  this  account  instruction  in  arithmetic  must  lead  children  to 
discover  and  to  use  the  number  they  learn,  not  merely  in  order  that  they 
may  know  it  better  but  in  order  that  they  may  attain  ends  which  are 
largely  outside  of  arithmetic.  It  is  at  least  an  implication  of  the  theory  of 
incidental  learning  that  children  do  not  know  arithmetic  as  they  should 
until  they  are  better  able  to  prosecute  their  own  designs  and  to  understand 
the  quantitative  aspects  of  the  society  in  which  they  live.9 

8.  That  this  view  of  arithmetic  is  by  no  means  original  with  the  advocates  of  inci- 
dental learning  is  clear  from  a perusal  of  the  writings  of  Charles  H.  Judd  who,  as  long 
ago  as  1903  in  his  Genetic  Psychology  for  Teachers  (Chapter  IX,  especially)  was 
expounding  this  wider  interpretation  of  arithmetic. 

9.  In  this  chapter  not  much  attention  is  given  to  the  social  phases  of  arithmetic. 
The  brevity  of  this  treatment  does  not  imply  any  doubt  as  to  their  importance,  which 
cannot  be  questioned.  Fuller  discussions  will  be  found  in  the  third  and  fourth  articles, 
the  presence  of  which  in  this  Yearbook  constitutes  the  reason  for  omission  in  this  article. 
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III.  THE  “MEANING”  THEORY  OF  ARITHMETIC  INSTRUCTION 

The  third  theory  of  arithmetic  is  not  readily  named.  It  can  hardly  be 
termed  the  “eclectic”  theory  because,  while  it  does  contain  features  of  other 
theories,  it  also  contains  features  which  are  peculiarly  its  own.  Furthermore, 
this  third  theory  is  too  coherent  and  unified  to  justify  the  implication  of 
looseness  and  forced  relationships  which  is  associated  with  the  word 
“eclectic.”  With  this  acknowledgment  that  no  name  would  be  without  ob- 
jectionable connotations,  the  third  theory  is  here  designated  as  the  “mean- 
ing” theory.  This  name  is  selected  for  the  reason  that,  more  than  any  other, 
this  theory  makes  meaning,  the  fact  that  children  shall  see  sense  in  what 
they  learn,  the  central  issue  in  the  arithmetic  instruction. 

Relation  to  other  theories. . Within  the  “meaning”  theory  the  virtues 
of  drill  are  frankly  recognized.  There  is  no  hesitation  to  recommend  drill 
when  those  virtues  are  the  ones  needed  in  instruction.  Thus,  drill  is  recom- 
mended when  ideas  and  processes,  already  understood,  are  to  be  practiced 
to  increase  proficiency,  to  be  fixed  for  retention,  or  to  be  rehabilitated  after 
disuse.  But  within  the  “meaning”  theory  there  is  absolutely  no  place  for 
the  view  of  arithmetic  as  a heterogeneous  mass  of  unrelated  elements  to  be 
trained  through  repetition.  The  “meaning”  theory  conceives  of  arithmetic 
as  a closely  knit  system  of  understandable  ideas,  principles,  and  processes. 
According  to  this  theory,  the  test  of  learning  is  not  mere  mechanical  facility 
in  “figuring.”  The  true  test  is  an  intelligent  grasp  upon  number  relations 
and  the  ability  to  deal  with  arithmetical  situations  with  proper  compre- 
hension of  their  mathematical  as  well  as  their  practical  significance. 

There  is  room,  also,  in  the  “meaning”  theory  for  certain  features  of  the 
theory  of  incidental  learning.  The  “meaning”  theory  allows  full  recognition 
of  the  value  of  children’s  experiences  as  means  of  enriching  number  ideas, 
of  motivating  the  learning  of  new  arithmetical  abilities,  and  especially  of 
extending  the  application  of  number  knowledge  and  skill  beyond  the  con- 
fines of  the  textbook.  But  the  efficacy  of  incidental  learning  for  developing 
all  the  types  of  ability  which  should  be  developed  in  arithmetic  is  held  to 
be  highly  doubtful  by  advocates  of  the  “meaning”  theory.10 

Encouragement  of  understanding.  It  has  been  said  that  the  “meaning” 
theory  is  designed  especially  to  encourage  the  understanding  of  arithmetic. 
It  does  this  in  at  least  three  ways. 

(a)  Complexity  of  arithmetical  learning.  First  of  all,  it  takes  full  ac- 
count of  the  complexity  of  arithmetical  learning.  The  significance  of  this 

10.  These  statements  should  make  it  clear  that  the  “meaning”  theory  is  no  compro- 
mise. It  does  not  represent  an  attempt  to  harmonize  differences  in  the  drill  and  the 
incidental  theories.  The  “meaning”  theory  is  a separate  theory,  which  stands  or  falls  on 
its  own  merits  or  weaknesses. 
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statement  may  best  be  appreciated  by  contrasting  various  ways  in  which 
certain  arithmetical  ideas  and  skills  may  be  taught.  In  the  following  para- 
graphs the  “meaning”  approach  to  number  concepts  and  to  the  number  com- 
binations is  presented  in  some  detail. 

Arithmetic,  when  viewed  as  a system  of  quantitative  thinking,  is  proba- 
bly the  most  complicated  subject  children  face  in  the  elementary  school. 
Number  is  hard  to  understand  because  it  is  abstract.  No  special  “arithmetic 
instinct”  fits  the  child  directly  to  learn  arithmetic.  Neither  does  nature 
provide  the  child  with  tangible  evidence  of  number  which  he  can  appre- 
hend immediately  and  thus  come  easily  to  know  through  sense  perception. 
There  is  no  concrete  quality  of  “five-ness”  in  five  dogs  which  may  be  seen, 
heard,  and  handled.  Color,  barking,  weight,  and  shape  may  be  grasped 
through  the  senses,  but  the  “five-ness”  is  not  thus  open  to  immediate  ob- 
servation. Neither  is  there  any  “five-ness”  in  or  in  “five,”  or  in  “5.”  In 
each  case  the  “five-ness”  is  the  creation  of  the  observer;  it  is  a concept  or 
an  idea  which  the  observer  imposes  upon  the  objective  data.  Furthermore, 
it  should  be  clear  that  the  observer  cannot  impose  the  number  idea  “five” 
upon  objects  unless  he  has  that  idea — unless  he  has  acquired  the  thought 
pattern  which  stands  for  “five.”  Such  considerations  as  these  with  regard 
to  the  nature  of  arithmetic  reveal  the  fact  that  from  the  very  start,  in  the 
earliest  as  well  as  the  later  grades,  number  is  complex. 

One  way  of  putting  “five-ness,”  “seven-ness,”  “ten-ness,”  etc.,  into  ob- 
jective representations  of  number  is  to  enumerate.  The  ability  to  count  ob- 
jects the  school  does  develop,  but  it  does  little  more  than  this  by  way  of 
providing  children  with  other,  and  more  advanced,  ways  of  thinking  of  con- 
crete numbers.  Too  commonly  instruction  in  counting  is  immediately  fol- 
lowed by  drill  on  the  addition  and  subtraction  combinations. 

This  approach  to  primary  number  almost  totally  neglects  the  element 
of  meaning  and  the  complexity  of  the  first  stages  in  arithmetical  learning. 
It  even  disregards  the  evidence  provided  by  children  themselves  that  they 
do  not  understand  what  they  are  learning  and  that  they  are  in  trouble. 
When  children  know  a combination  one  day  and  do  not  know  it  the  next, 
there  is  something  wrong  in  the  learning.  So  is  there  something  wrong  when, 
told  that  their  sums  and  remainders  are  wrong,  children  complacently  make 
other  errors.  Likewise,  there  is  evidence  of  difficulty  and  of  faulty  learning 

. 3 

when  children’s  written  responses  reveal  such  situations  as  this  _|_  2 : : ’ > 


and  when  their  oral  responses  are  delayed  while  resort  is  made  to  counting 
and  to  other  undesirable  procedures.  According  to  the  “meaning”  theory 
these  evidences  of  difficulty  must  not  go  unheeded. 

The  truth  is  that  training  in  counting  alone  is  insufficient  to  develop 
number  ideas.  Assume  that  the  child  has  correctly  counted  five  given  ob- 
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jects.  What  has  he  found  out?  Perhaps  very  little  indeed.  It  is  true  that 
he  has  employed  the  sequence  ot  number  names  accurately  in  a one-to-one 
correspondence  with  the  objects,  but  the  "five”  he  announces  at  the  end 
may  mean  merely  that  he  has  run  out  of  objects  and  that  consequently  he 
has  no  more  verbal  responses  to  make.  There  is  no  quantitative  significance 
in  such  counting;  the  child  might  as  well  be  saying,  "a,  b,  c,  d,  e,”  as  "1,  2,  3, 
4,  5.”  Or  the  child  may  mean  by  the  "five,”  not  the  group  but  the  last  ob- 
ject, the  fifth  one.  Or  again,  if  he  means  by  "five”  to  indicate  a total,  that 
total  is  constituted  only  of  discrete  ones;  "five”  is  thus  one,  and  one  more, 
and  one  more,  and  one  more,  and  one  more.  The  "five”  in  such  a case  stands 
for  no  qroup,  for  no  unit,  for  no  single  pattern  in  his  thinking.  It  is  but  a 
conglomeration,  a loose  organization,  of  ones.  Before  this  child  is  ready  to 
deal  understandingly  with  situations  involving  grouping,  he  must  learn  to 
see  numbers  as  groups. 

Accordingly,  the  "meaning”  theory  interposes  a definite  period  of  in- 
struction between  counting  and  the  number  combinations.  The  purpose  of 
this  period  of  instruction  is  to  provide  for  the  child  activities  and  experi- 
ences which  will  carry  him  by  easy  stages  from  enumeration  to  meaningful 
ideas  of  numbers  as  groups.  The  child  begins  with  concrete  number — with 
objects  which  he  can  see  and  handle.  He  makes  groups  of  objects,  com- 
pares groups  of  objects,  estimates  the  total  in  given  groups  of  objects, 
learns  to  recognize  at  a glance  the  number  of  objects  in  small  groups  and 
in  larger  groups  when  the  latter  are  in  regular  patterns.11  Eventually  he 
comes  to  think  of  concrete  numbers  in  terms  which  are  essentially  abstract. 
At  the  conclusion  of  this  period  of  learning,  "5”  is  as  much  a unit  in  his 
thought  processes  as  is  "1.”  The  "5”  does  not  need  to  be  broken  down  into 
five  l’s.  It  is  a meaningful  concept  and  is  available  for  use  as  such  in  new 
relationships.  Equipped  with  this  and  other  like  number  concepts,  the 
child  is  ready  for  the  number  combinations. 

If  the  number  combinations  were  "number  facts ” as  they  are  frequently 
said  to  be,  children  would  encounter  little  difficulty  in  learning  them.  They 
can  easily  learn  "two  dogs  and  three  dogs  are  five  dogs,”  for  this  is  a fact. 
But  "2  and  3 are  5”  is  not  a fact;  it  is  a generalization.  If  it  were  a fact, 
children  could,  as  drill  advocates  desire  them  to  do,  memorize  it  as  they 
would  a fact  in  history.  Since,  however,  it  is  a generalization,  the  learning 
is  much  more  arduous  and  much  more  time-consuming.  One  learns  the 
number  combinations  as  he  learns  other  generalizations,  not  all  at  once  by 
some  stroke  of  will  or  mind,  but  slowly,  by  abstracting  likenesses  and  dif- 
ferences in  many  situations,  by  reacting  to  the  number  aspects  of  situations 


11.  For  an  example  of  the  kind  of  primary  number  instruction  which  is  here 
described  in  general  terms,  see:  Deans,  Edwina,  “The  Effect  of  the  Meaning  Method 
of  Instruction  on  the  Teaching  of  Second-Grade  Number.”  Unpublished  A.M.  thesis, 
Department  of  Education,  Duke  University,  1934. 
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in  steadily  more  mature  ways. 

As  stated  in  the  criticism  of  the  incidental  theory,  the  presence  of  three 
objects  and  of  five  other  objects  in  the  same  situation  does  not  automatically 
suggest  to  the  child  “ 3 -)-  5 = 8.”  If  the  child  is  to  think  of  the  “3”  and 
the  “5”  in  the  form  of  an  abstract  combination,  he  must  be  taught  to  see 
it  so.  It  does  little  good  to  tell  him  that  3 and  5 are  8.  He  will  have  to  be 
told  the  same  thing  again  the  next  time  the  situation,  or  one  like  it,  occurs, 
or  else  he  will  memorize  the  statement.  Memorization  at  this  time  should  by 
all  means  be  prevented.  Instead  of  telling  the  child  “3  + 5 = 8”  and  of 
urging  him  to  memorize  it,  the  teacher  should  lead  the  child  to  discover  it. 
Furthermore,  one  discovery  is  not  enough.  He  must  discover  it  many  times 
and  in  connection  with  many  situations.  At  the  beginning  he  will  need  to 
make  the  discovery  with  concrete  materials.  Eventually  he  will  rediscover 
the  same  relation  in  abstract  numbers.  Too,  his  method  of  discovering  the 
fact  will  change.  He  may  have  to  count  at  first.  This  type  of  reaction 
should  not  be  forbidden  if  it  is  necessary  to  the  child,  for  it  may  be  his  only 
means  of  relating  the  numbers.  As  fast  as  may  be,  however,  he  should  be 
helped  to  eliminate  counting  in  favor  of  some  more  mature  method  of  deal- 
ing with  the  numbers.  Thus,  he  may  see  that  3 and  5 are  8 because  the  ob- 
jects may  be  repatterned  as  4 + 4,  or  as  2 -j-  6,  or  what  not.  Finally,  he 
should  como  (and  under  skillful  teaching  he  will  come)  to  the  point  where 
he  reaches  the  generalization,  3 — 5 = 8.  Now  is  the  time  for  him  to 
memorize  the  fact,  if,  indeed,  he  needs  to  memorize  it.  It  is  far  more  likely 
that  his  numerous  and  varying  experiences  with  these  number  relations  will 
have  been  enough  to  fix  the  fact  for  him  without  memorization.  Drill  will, 
however,  be  of  service  in  increasing  facility  of  recall  and  in  assuring  perma- 
nence to  the  learned  fact. 

(6)  Pace  of  instruction.  In  the  second  place,  understanding  of  arith- 
metic is  encouraged,  in  the  “meaning”  theory,  through  adapting  the  pace  of 
instruction  to  the  difficulty  of  the  learning.  At  first  when  the  new  ideas  and 
processes  are  unfamiliar  the  pace  is  kept  slow.  Time  is  allowed  for  meanings 
to  develop  before  children  are  expected  to  employ  the  given  item  of  knowl- 
edge or  skill  as  a highly  habituated  reaction.  To  some  extent  this  feature 
(adaptation  of  instructional  pace  to  learning  difficulty)  has  been  illustrated 
in  the  case  of  the  simple  number  combinations.  It  may  be  further  illustrated 
by  considering  instruction  in  the  case  of  the  addition  combinations  with 
sums  above  10. 

The  common  practice  in  teaching  7 -j-  5 = 12,  for  example,  is  to  provide 
the  child  with  a single  picture  of  two  groups  of  objects,  seven  and  five  in 
number.  He  is  then  asked  how  many  objects  there  are  in  all.  Not  being 
given  any  way  of  securing  the  total,  he  probably  counts  the  parts.  He  is 
then  informed  that  his  answer  “twelve”  is  correct,  and  the  fact  is  written 
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7 

for  him  as  J-jj  or  as  7 + 5—12.  He  then  proceeds  to  “learn”  it,  that  is 

12 

to  repeat  it,  until  it  has  taken  its  place  among  the  dozens  of  similarly 
memorized  items. 

The  meaning  ’ theory  outlines  quite  a different  kind  and  pace  of  in- 
struction. The  child's  difficulty  in  attempting  finally  to  habituate  the  com- 
bination is  recognized  as  due  to  causes  which  relate  to  the  initial  stages  of 
learning.  Accordingly,  the  rate  of  instruction  at  first  is  kept  slow.  Activi- 
ties and  experiences  containing  the  new  fact  7 + 5 = 12  are  multiplied. 
Fuithermore,  the  child  is  not  left  at  the  primitive  level  of  counting  as  his 
only  means  of  understanding  the  relationship.  Instead,  he  is  soon  shown 
how  to  complete  the  first  number  (7)  to  10  by  taking  from  the  second  num- 
ber (5),  and  thus  to  translate  the  new  fact  into  a familiar  one  (10  + 2 — 
12).  He  first  discovers  the  identity  of  7 + 5 and  10  + 2 by  using  concrete 
objects.  He  rediscovers  them  with  other  concrete  objects  and  later  with 
pictures,  with  semi-concrete  objects  {such  as  pencil  marks),  and  with  easily 
imagined  objects  in  described  situations.  Ultimately  lie  comes  to  a con- 
fident knowledge  of  7 + 5 = 12,  a knowledge  full  of  meaning  because  of 
its  fiequent  verification.  By  this  time,  the  difficult  stages  of  learning  will 
long  since  have  been  passed,  and  habituation  occurs  rapidly  and  easily. 
u ^ !S  ^mPoss*kle  to  illustrate  at  such  length  all  the  implications  of  the 
meaning  theory  for  relating  instructional  pace  to  learning  difficulty.  It 
will  be  possible  here  only  to  refer  to  one  type  of  change  in  practice  which 
has  possibilities  not  yet  fully  appreciated.  This  change  is  to  “spread”  in- 
struction in  various  arithmetic  topics  over  a wider  span  of  the  grades  than 
is  now  the  custom.  Material  progress  along  this  line  has  been  made  in  recent 
years,  but  much  more  can  be  done.  To  illustrate,  many  of  the  characteristics 
of  common  fractions  are  well  within  the  intellectual  grasp  of  primary  grade 
children  and  are  properly  taught  in  these  grades.  Others  of  the  easier 
learned  aspects  of  fractions  may  w’ell  be  “teased  out”  and  taught  through 
Grades  2 find  4,  and  the  most  difficult  ones,  when  located,  could  be  left  for 
Grade  6,  and  even  7.  There  would  seem  to  be  little  justification  for  the 
common  instructional  organization  which  concentrates  so  much  of  teaching 
of  fractions  into  a single  grade.  The  proposed  changes  would  utilize  the 
eailier  yeais  foi  a slow,  painstaking  development  of  the  basic  meanings  of 
fractions.  The  child  wrould  thus  be  prepared  to  understand  better  the  sys- 
tematic tieatment  of  fractions  assigned  to  Grade  5 and  the  more  difficult 
features  of  the  topic  reserved  for  Grades  6 and  7. 

Experience  in  the  attempt  to  make  arithmetic  meaningful  to  children 
may  some  day  demonstrate  the  wisdom  of  “spreading”  in  a similar  manner 
instruction  on  other  topics.  Thus,  some  of  the  simplest  multiplications  and 
division  combinations  may  well  be  learned  in  Grades  1 and  2,  and  the  most 
difficult  of  these  combinations  (with  8 and  9 as  multiplier  and  divisor)  may 
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be  postponed  to  Grade  4.  The  division  of  integers  by  a digit  may  be  i^ro 
duced  through  the  long  division  form,  which  would  be  employed  m Grade 
4 to  teach  as  many  as  possible  of  the  difficult  features  of  the  process;  two- 
digit  divisors  could  then  be  withheld  until  Grade  5,  and  some  of  the  most 
difficult  (and  most  unusual)  types  of  division,  until  Grade  6.  Decimals, 
denominate  numbers  and  measurement,  and  even  per  cent  and  ratio  might 
readily  be  made  more  intelligible  and  significant  by  adapting  instructional 
pace  to  learning  rate  through  “spreading”  the  teaching  of  these  topics.  Not 
the  least  of  the  advantages  of  these  changes  is  that  “spreading”  would  help 
to  remove  a large  part  of  the  burden  of  uninspired  “maintenance  drill 
which  now  seems  to  have  made  itself  an  integral  part  of  arithmetic  instruc- 
tion. . . . • 

(c)  Emphasis  upon  relationships.12  The  third  way  in  which  arithmetic 

instruction  according  to  the  “meaning”  theory  helps  to  make  number  sensible 
is  by  emphasizing  relationships  within  the  subject.  Five  illustrations  are 
all  that  can  be  offered  at  this  point. 

According  to  the  drill  theory  “6  and  5 are  11”  should  not  be  taught  in 
close  temporal  proximity  to  “7  and  4 are  11,”  for  fear  that  children  will 
use  the  one  to  solve  the  other  instead  of  establishing  independent  bonds  for 
the  two.  According  to  the  “meaning”  theory,  children’s  recognition  of  the 
relation  between  the  two  statements  not  only  is  not  harmful— it  is  a dis- 
tinct gain.  In  fact,  it  could  even  be  insisted  that  unless  the  relationships 
were  understood  neither  fact  would  be  adequately  learned.  After  all,  the 
number  system  is  a system,  a fact  which  for  some  curious  reason  is  with- 
held from  children  when  they  study  arithmetic.  As  a system  it  contains 
relationships  and  connections  which,  if  mastered,  should  enable  children  to 
make  progress  much  more  readily  in  their  learning. 

It  has  been  said  that  the  number  system  is  a system.  Our  number  sys- 
tem is  a decimal  system;  its  unit  is  10.  That  is  to  say,  our  system  is  organ- 
ized around  10.13  A second  way,  then,  in  which  the  “meaning”  theory 
would  emphasize  relationships  is  to  make  much  more  use  of  the  unit  10 


12.  Let  the  reader  not  be  disturbed  by  what  may  seem  to  be  the  resmn'ect.on  o a 
well-laid  ghost.  It  is  true  that  nearly  a half-century  ago  (following  Grube)  the  attempt 
to  systematize  arithmetic  instruction  came  to  grief  and  was  abandoned  in  favor  of  what 
has  become,  in  some  instances,  almost  an  absence  of  logical  organization.  The 
ing”  theory  is  no  revival  of  the  Grube  ideas.  If  the  emphasis  here  given  to  meanings 
understandings,  and  rationalizations  seems  to  bear  a close  resemblance  to ' d'scai 
practices,  a closer  scrutiny  will  reveal  the  resemblance  to  be  less  real  than  fancied.  The 
mere  fact  that  failure  attended  one  plan  of  teaching  which,  though  it  did  aim  at  under- 
standing, was  nevertheless  psychologically  and  socially  unsound,  is  slight  reason  to  dis- 
approve all  other  such  instructional  plans. 

P 13.  For  a valuable  and  stimulating  discussion  of  certain  ones  of  the  points  made  l 
this  section  see:  Wheat,  Harry  C,  The  Psychology  oj  the  Elementary  School,  S.her 
Burclett  Co.,  1931,  pp.  135-142,  or,  better  yet,  all  of  Chapter  I\  . 
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than  is  common — for  example,  in  teaching  children  the  meaning  of  numbers 
above  10,  in  teaching  them  to  read  and  write  such  numbers,  and  in  teaching 
them  the  addition  and  subtraction  combinations  with  sums  and  minuends 
of  11-18.  The  principle  of  adding  and  subtracting  by  endings  and  the 
procedure  in  higher-decade  addition  and  subtraction  would  be  far  more 
intelligible  to  children  if  developed  in  terms  of  the  basic  unit  10.  The  unit 
10  also  could  be  employed  not  merely  to  explain  “carrying”  in  addition  and 
in  subtraction  but  also  to  introduce  some  of  the  earlier  types  of  multiplica- 
tion and  division.  Decimal  fractions,  their  notation,  and  operations  with 
decimals  should  be  much  more  easily  understood  if  familiarity  has  been 
acquired  with  10  as  the  unit  in  wrhole  numbers. 

A third  illustration  of  the  way  in  which  the  “meaning”  theory  empha- 
sizes relationships  is  found  in  connection  with  the  topics,  common  fractions, 
decimal  fractions,  and  per  cent.  As  these  topics  are  now  taught,  they  com- 
monly impress  the  child  as  three  essentially  unlike  mathematical  forms, 
which  can,  by  certain  mechanical  methods,  be  changed  back  and  forth  as 
required  by  the  textbook.  Actually  these  mathematics  forms  are  but  three 
different  ways  of  expressing  the  same  ideas.  It  may  be  inferred  that  they 
will  be  better  understood  if  their  relationships  rather  than  their  differences 
are  stressed  in  teaching. 

A fourth  place  in  which  the  “meaning”  theory  requires  attention  to  rela- 
tionships is  in  the  matter  of  the  mathematical  operations  themselves — 
addition,  subtraction,  multiplication,  and  division.  Each  of  these  processes 
stands  for  a special  type  of  relationship:  in  addition,  that  of  “putting  to- 
gether”; in  subtraction,  that  of  “taking  away”;  etc.  That  children  do  not 
understand  the  meaning  of  the  relationships  thus  contained  in  these  oper- 
ations is  only  too  frequently  demonstrated  in  problem-solving.  Children  and 
when  they  should  subtract,  multiply  when  they  should  add,  and  so  on.  There 
is  little  reason  why  they  should  not  be  expected  to  make  these  errors.  What 
is  done  in  instruction  to  forestall  the  errors?  A child  learns  “2  ’n  3 ’re  5” 
and  is  supposed  to  understand  that  he  has  added.  He  learns  “8  take  away 
2 ’re  6”  and  is  supposed  to  know  that  he  has  subtracted.  The  nature  of  the 
operation  is  hardly  indicated  by  these  verbal  statements.  Even  if  it  were, 
the  use  would  be  associated  only  with  the  signs  “add,”  “sum,”  etc.; 

understanding  wrould  not  be  complete  enough  to  set  off  the  appropriate 
activity  in  verbal  problems  in  which,  in  place  of  a few  specific  symbols, 
hundreds  of  language  forms  are  employed  to  express  it.  If  the  operations 
are  to  be  understood  properly,  the  mathematical  relationships  for  which 
the  operations  stand  must  be  definitely  taught. 

The  fifth  illustration  of  relationships  which  would  be  stressed  in  instruc- 
tion according  to  the  “meaning”  theory  is  that  of  the  forms  used  in  arith- 
metic— the  column  in  addition  and  subtraction,  the  placement  of  partial 
products  in  multiplication,  the  method  of  writing  the  quotient  figures  in 
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division  with  respect  to  the  figures  in  the  dividend,  and  so  on.  These  forms 
are  frequently  taught  as  tools,  only  the  mechanics  of  which  need  to  be 
known ; and  yet  each  one  of  these  forms  contains  its  own  logic  which  adapts 
it  perfectly  to  its  function.  This  purpose  can  be  taught  to  children.  If  chil- 
dren understand  it,  they  will  have  acquired  another  valuable  relationship, 
namely,  the  relationship  of  form  of  expression  to  the  thought  to  be  ex- 
pressed! The  need  of  keeping  numbers  in  their  proper  order  place  (l’s  at 
the  right,  10’s  next,  etc.)  is  usually  demonstrated  in  the  case  of  column 
addition,  too  often,  however,  with  the  hope  merely  of  securing  thereby  a 
greater  number  of  correct  answers.  The  form  used  in  multiplication  can 
likewise  be  explained.  Consider  the  series  of  teaching  steps  given  on  the 

following  page. 


Example:  42 

X 2 

(1)  42  = 4 tens,  2 ones 

(4)  answer  = (5) 

80  X 4 = 84 


(2) 

2 

(3) 

4 tens  40 

X 

2 

X 2 or  X 2 

4 

8 tens  80 

42 

(6) 

42 

(7)  42 

X 2 

X 2 

X 2 

4 

4 

84 

80 

8 

84 

84 

Steps  (1)  to  (4)  offer  no  difficulty  to  the  child,  for  he  has  long  since  learned 
the  ideas  and  procedures  involved.  They  are  included  in  the  presentation, 
however,  because  they  review  the  multiplication  of  10's  and  of  1 s and, 
more  important,  they  yield  the  answer  of  the  new  example  before  the  new 
form  is  to  be  taught.  Steps  (5),  (6),  and  (7)  simply  translate  the  known 
operations  and  answers  into  the  new  form,  which  then  takes  on  the  mean- 
ing which  is  associated  with  steps  (1)  to  (4).  Thereafter,  the  form  is  not 
a senseless  device — it  is  an  intelligible  instrument  for  expiessing  a relation. 

Development  of  quantitative  thinking.  According  to  the  “meaning” 
theory  the  ultimate  purpose  of  arithmetic  instruction  is  the  development 
of  the  ability  to  think  in  quantitative  situations.  The  word  “think”  is  used 
advisedly:  the  ability  merely  to  perform  certain  operations  mechanically 
and  automatically ‘is  not  enough.  Children  must  be  able  to  analyze  real  or 
described  quantitative  situations,  to  isolate  and  to  treat  adequately  the 
arithmetical  elements  therein,  and  to  make  whatever  adjustments  are  re- 
quired by  their  solutions.  When  the  purpose  of  arithmetic  instruction  is 
defined  in  the  above  terms,  true  arithmetical  learning  is  seen  to  be  a matter 
of  growth  which  needs  to  be  carefully  checked,  controlled,  and  guided  at 
every  stage.  It  cannot  safely  be  presumed  that  children  can  themselves  find 
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and  follow  the  most  advantageous  course  of  development.  On  the  contrary, 
the  responsibility  for  sound  and  economical  growth  rests  squarely  upon  the 
teacher. 

In  meeting  this  responsibility  the  teacher  is  unwise  who  measures  prog- 
ress purely  in  terms  of  the  rate  and  accuracy  with  which  the  child  secures 
his  answers.  These  are  measures  of  efficiency  alone,  not  of  growth.  It  is 
possible  for  the  child  to  furnish  correct  answers  quickly,  but  to  do  so  by 
undesirable  processes.  The  true  measure  of  status  and  of  development  is 
therefore  to  be  found  in  the  level  of  the  thought  process  employed.  If  the 
teacher  is  to  check,  control,  and  direct  growth,  she  must  do  so  in  terms  of 
the  child’s  methods  of  thinking.  If  the  child  tends  to  rest  content  with  a 
type  of  process  which  is  low  in  the  scale  of  meaning,  she  will  lead  him  to 
discover  and  adopt  more  mature  processes.  If  she  asks  him  to  "explain”  an 
exercise  written  on  the  blackboard  or  on  his  paper,  she  will  not  be  satisfied 
merely  to  have  him  read  what  he  has  written ; she  will  insist  upon  an  inter- 
pretation and  upon  a defense  of  his  solution.  She  will  make  the  question, 
"Why  did  you  do  that?”  her  commonest  one  in  the  arithmetic  period.  Ex- 
posed repeatedly  to  this  searching  question,  the  child  will  come  soon  to 
appreciate  arithmetic  as  a mode  of  precise  thinking  which  derives  its  rules 
from  the  principles  of  the  number  system. 

Possible  criticism  of  the  “meaning”  theory.  Those  who  subscribe  to 
the  "meaning”  theory  must  expect  criticism.  The  objections  of  the  expo- 
nents of  the  drill  theory  and  of  the  theory  of  incidental  learning  may  be 
easily  imagined.  But  there  is  another  type  of  criticism  which  comes  from 
a different  quarter.  To  some  writers  in  the  field  of  arithmetic  the  "mean- 
ing” theory  is  but  an  attempt  to  restore  dignity  to  the  discredited  faculty 
psychology  and  to  revive  the  dead  issue  of  formal  discipline.  "Wese  writers 
insist  that  the  term  "quantitative  thinking”  is  but  a vague  if  lovely  phrase 
— gibberish — which,  if  it  makes  sense  at  all,  is  misleading  in  these  practical 
days  when  teachers  need  tc  think  concretely  and  specifically  about  arith- 
metic instruction. 

There  are  two  answers  to  this  criticism.  The  first  is  to  show  that  "quan- 
titative thinking”  is  not  pure  fiction,  but  an  actuality  commonly  within 
the  experience  of  those  who  understand  number — even  of  those  who  main- 
tain that  there  is  no  such  thing  as  "quantitative  thinking.”  The  lecturer 
who  has  strayed  somewhat  from  his  prepared  remarks  happens  to  draw  out 
his  watch.  His  response  comes  almost  immediately:  "Here!  Here!  I must 
hurry.”  An  artificial  analysis  of  his  behavior  would  reveal  the  following 
reactions  to  have  taken  place:  telling  the  time,  noting  the  amount  of  time 
left  in  the  hour,  estimating  the  ratio  of  elapsed  to  available  time,  determin- 
ing the  amount  of  the  lecture  already  given,  the  same  for  the  amount  yet 
to  be  given,  computing  the  ratio  between  the  two,  comparing  the  two  ratios, 
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and  arriving  at  a judgment.  Only,  of  course,  the  lecturer  experiences  noth- 
ing whatsoever  of  this  sort.  The  numerous  complicated  computations  iso- 
lated above  never  take  place  at  all — certainly  the  lecturer  is  unaware  of 
any  such  operations.  Instead  of  making  this  analysis  and  this  series  of 
separate  computations,  the  lecturer  engages  in  a bit  of  instantaneous  “quan- 
titative thinking,”  and  his  adjustment  following  upon  the  thinking  is  as 
real  and  as  adaptive  as  any  other  activity  in  his  life.  His  behavior  is  inex- 
plicable except  as  the  result  of  a highly  organized  system  of  thought 
processes.  It  resembles  the  operation  of  a group  of  mechanical  units  only 
in  that  the  individual  does  not  seem  to  be  actively  the  director  of  the 
behavior,  as  certainly  he  is,  however.  His  behavior  is  purposive  and  extra- 
ordinarily intelligent.  It  would  be  impossible  to  an  individual  who  had  not 
developed  the  most  mature  types  of  quantitative  thought  processes.  To 
say  that  the  lecturer  engaged  in  a skillful  bit  of  “quantitative  thinking”  is, 
then,  merely  to  describe  his  behavior — it  is  not  to  explain  it;  least  of  all  is 
it  to  ascribe  that  behavior  to  the  operation  of  some  obscure  “faculty.”  Men- 
tal organization  does  not  imply  “faculties.” 

The  criticism  of  the  “meaning”  theory  as  requiring  impossible  mental 
feats  and  nonexistent  mental  faculties  is,  in  the  second  place,  founded  upon 
an  inadequate  conception  of  the  learning  process  and  of  transfer  of  training 
in  particular.  To  set  as  the  end  of  arithmetic  instruction  the  development 
of  the  ability  to  think  precisely  in  quantitative  situations  is  not  to  call  upon 
magic;  it  is  simply  to  insist  that  the  greatest  possible  advantage  be  taken 
of  the  capacity  of  mind  to  generalize.  It  is  incorrect  to  say  (though  the 
statement  is  still  frequently  enough  made)  that  experimental  research  has 
disproved  the  fact  of  transfer  of  experience.  Research  has  done  nothing  of 
the  kind.  It  has,  however,  demonstrated  that  if  transfer  is  desired  from  one 
learning  situation  to  another,  then  the  training  must  be  such  as  to  assure 
transfer.  No  one  who  writes  about  “quantitative  thinking”  assumes  that 
transfer  is  to  be  assured  in  any  way  except  through  arithmetic  instruction 
designed  to  secure  it.  The  nature  of  this  instruction  has  already  been  de- 
scribed in  the  foregoing  pages. 


IV.  CONCLUDING  STATEMENT 

The  record  of  arithmetic  in  the  school  is  an  unenviable  one.  The  posi- 
tion taken  in  this  chapter  is  that  the  fault  lies  in  the  type  of  instruction 
generally  given.  Arithmetic  instruction  has  for  a number  of  years  inclined 
much  too  far  in  the  direction  of  the  drill  theory  of  teaching.  The  trend  now 
seems  to  be  in  the  direction  of  the  incidental  theory  of  instruction.  While 
this  change  in  instructional  theory  represents  distinct  improvement,  it  does 
not,  for  reasons  given  in  the  foregoing  pages,  promise  the  kind  and  amount 
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of  reform  needed.  An  attempt  has  been  made  in  this  chapter14  to  outline 
a general  shift  in  instructional  emphasis  and  an  altered  view  of  the  nature 
and  purpose  of  arithmetical  learning  which  may  bring  about  the  desired 
consequences.  The  basic  tenet  in  the  proposed  instructional  reorganization 
is  to  make  arithmetic  less  a challenge  to  the  pupil’s  memory  and  more  a 
challenge  to  his  intelligence. 


14.  Most  of  the  illustrations  of,  and  arguments  for,  the  “meaning”  theory  have  been 
drawn  from  the  field  of  primary  number.  This  fact  should  not,  however,  be  interpre  e 
to  mean  that  the  theory  holds  only  for  the  first  three  grades  On  the  con  rary  meaning 
affords  the  soundest  foundation  for  arithmetical  learning  throughout  he  elemental*’ 
school.  Primary  numbers  has  been  most  often  cited  for  another  reason.  Almost  emu > e 
agrees  that  children  in  Grades  5,  6,  7,  and  8 have  to  be  able  to  think  in  arithmetic. 
That  ability  to  “think”  in  these  grades  is  conditioned  by  thinking  m the  pnmar> 
grades  is  a fact  which  is  much  less  commonly  recognized.  No  one  has  shown  how  it  is 
possible  for  children  suddenly  to  become  intelligent  in  upper-grade  arithmetic  when  they 
have  been  allowed  no  exercise  of  intelligence  in  lower-grade  arithmetic.  In  spite  of  the 
unreasonableness  of  such  an  expectation,  primary  number  is  taught  as  if  skllls  a(T1!" 
mechanically  would  later  surely  take  on  meaning,  and  verbalizations  memoiized  unmte 
ligentlv  would  later  inevitably  become  well-rounded  concepts  It  is  the  the^lS  °f  tJ, 
“meaning”  theory  that  children  must  from  the  start  see  arithmetic  as  an  lntelhgi  i 
system  if  they  are  ever  to  be  intelligent  in  arithmetic.  Hence,  in  this  chapter  the  impli- 
cations of  the  “meaning”  theory  for  the  primary  number  have  been  especially  stressed. 
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PART  FOUR:  1938-1959 


Prewar  and  Postwar  Reforms 


The  depression  of  the  1930s  had  a substantial  impact  on  the  second- 
ary school  mathematics  program.  Because  of  the  lack  of  employ- 
ment more  students  stayed  in  school ; at  the  same  time,  fewer 
students  enrolled  in  college.  Since  mathematics  was  an  elective 
subject,  enrollments  in  traditional  courses  decreased.  A new,  hy- 
brid general  mathematics  course  developed  which  is  difficult  to 
define  and  more  difficult  to  justify.  This  kind  of  course  is  still  with 
us.  Mathematics  was  in  disfavor. 

The  Progressive  Education  Association  (PEA)  reacted  to  the 
situation  with  the  publication  of  Mathematics  in  General  Educa- 
tion in  1938.  This  report  concentrated  on  developing  a mathematics 
curriculum  to  meet  the  needs  of  students  and  to  develop  personal 
characteristics  essential  to  democratic  living.  The  report  pointed 
to  generalized  problem  solving  as  a crucial  need  in  a democracy. 
The  emphasis  on  meeting  needs  and  social  requirements  led  to  an 
emphasis  on  incidental  teaching — that  is,  mathematical  material 
was  to  be  taught  only  if  a need  for  it  arose  in  a nonmathematical 
situation.  In  the  1930s  much  experimentation  tested  the  feasibility 
of  this  approach. 

One  educator  who  endeavored  to  relate  social  goals  to  other 
goals  of  the  arithmetic  curriculum  was  Leo  J.  Brueckner.  He  also 
led  in  applying  child  development  psychology  to  arithmetic  in  at- 
tempting to  determine  optimum  developmental  levels  for  learning 
arithmetic  concepts.  The  general  effect  of  these  efforts  was  to 
postpone  many  topics  and  teach  them  to  students  at  a later  age 
than  formerly.  Brueckner ’s  analysis  is  included  in  this  section, 
as  is  Carleton  Washburne’s  report  of  the  recommendations  for 
grade  placement  of  topics  made  by  the  influential  Committee  of 
Seven  of  the  Northern  Illinois  Conference  of  Supervision. 
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Prewar  and  Postwar  Reforms  (1938-59) 

The  Joint  Commission  report  of  1940,  The  Place  of  Mathe- 
matics in  Secondary  Education,  tried  to  reduce  the  unpopularity 
of  mathematics  by  stressing*  the  goals  of  mathematics  and  the 
role  of  individual  differences  among  students.  Mathematics  was 
advocated  as  useful  because  it  developed  clear  thinking,  because 
formulas  were  needed  in  modern  society,  and  because  mathematics 
was  a necessary  part  of  .one’s  cultural  background. 

The  advent  of  World  War  II  immediately  after  publication  of 
the  1938  PEA  and  1940  Joint  Commission  reports  curtailed  the 
influence  these  statements  might  have  had.  The  need  to  defend 
mathematics  instruction  vanished  with  the  need  for  trained  man- 
power. This  technical  need  also  defeated  the  argument  of  felt 
social  needs.  The  war  and  the  concomitant  development  of  indus- 
trial and  scientific  technology  created  a need  for  the  mathematical 
reform  that  is  still  evolving.  World  War  II  was  probably  a greater 
stimulus  for  reform  than  the  launching  of  Sputnik  in  1957^ 

Toward  the  end  of  the  war  the  board  of  directors  of  the  National 
Council  of  Teachers  of  Mathematics  appointed  a commission  on 
postwar  plans.  The  commission’s  second  report  (1945)  essentially 
eliminated  incidental  teaching.  It  stressed  functional  competence 
for  all,  suggesting  a track  program  and  abandonment  of  mathe- 
matics as  a tool  subject.  This  report  was  more  in  keeping  with  the 
“1923  Report”  than  with  the  reports  of  the  late  1930s.  Signifi- 
cantly, its  chairman  was  Raleigh  Schorling,  a member  of  the  com- 
mittee responsible  for  the  “1923  Report.”  The  report  of  the 
Commission  on  Post-War  Plans  started  a surge  toward  reform 
in  secondary  education. 

Following  the  war,  the  need  for  skilled,  college-trained  man- 
power and  the  changing  complexion  of  pure  mathematics  research 
made  the  college  preparatory  program  of  the  high  school  not  only 
inadequate  but  also  out  of  touch  with  mathematics  itself.  These 
deficiencies  led  in  1951  to  the  establishment  of  the  University  of 
Illinois  Committee  on  School  Mathematics  (UICSM),  the  first 
major  reform  group  to  incorporate  modern  views  into  its  experi- 
mental materials.  Its  history  as  an  innovating  group  is  well 
known.  The  selection  included  here  is  an  early  report  of  the  work 
and  philosophy  of  the  UICSM  program. 

Differing  committee  reports  and  the  disparagement  of  college 
entrance  examinations  led  to  formation  in  1955  of  the  Commission 
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on  Mathematics  of  the  College  Entrance  Examination  Board 
(CEEB).  Its  report,  Program  for  College  Preparatory  Mathe- 
matics, issued  in  1959,  was  the  last  major  national  commisson  re- 
port to  suggest  a specfic  curriculum  for  secondary  schools.  This 
report  has  had  a major  impact  on  teacher  training.  Textbooks  and 
the  curricula  of  secondary  schools  have  been  revised  nationally  in 
an  attempt  to  present  a point  of  view  similar  to  that  of  the  CEEB 
Program.  The  resulting  emphasis  on  college-bound  students  left 
unreformed  the  mathematics  for  other  tracks  in  the  secondary 
school.  Only  recently  have  significant  attempts  been  made  to 
correct  the  “ general  mathematics”  malaise. 
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Introduction 

The  purposes  of  this  Introduction  are,  first,  to  explain  the  factors  that 
have  led  to  a reconsideration  of  the  aims  and  content  of  mathematical  in- 
struction and,  second,  to  provide  a descriptive  survey  of  the  Report  as  a 
whole. 


REASONS  FOR  A REEXAMINATION  OF  THE  AIMS  AND 
CONTENT  OF  MATHEMATICS  INSTRUCTION 

Attention  is  usually  focused  on  the  modification  or  fundamental  recon- 
struction of  education  when  school  practices  and  procedures,  appropriate 
to  the  past,  are  carried  into  a period  of  changed  social  conditions  and  re- 
vised theories  of  learning.  This  introductory  discussion  makes  clear  that 
the  reconsideration  of  mathematics  instruction  represented  in  this  Report 
was  undertaken  because  of  precisely  such  a situation. 

The  Persistence  of  Disciplinary , Practical,  and  Cultural  Aims:  An  Histori- 
cal Sketch 

Until  very  recent  times,  mathematics  instruction  was  accepted  almost 
without  question  by  most  educators  as  an  essential  part  of  a secondary  edu- 
cation. This  was  reflected  both  in  college-entrance  requirements  and  in 
state  legislation.  A Massachusetts  law1  of  1827,  for  instance,  required  the 
teaching  of  algebra,  geometry,  and  surveying  in  every  high  school  in  towns 
of  500  families  or  more.  Similar  legislation  was  passed  in  other  states  and 
remained  in  force  for  decades. 

One  of  the  reasons  for  the  compulsory  inclusion  of  mathematics  in  the 
curriculum  during  this  period  was  the  disciplinary  effect  it  was  presumed 
to  have  upon  the  adolescent  mind.  When  called  upon  to  defend  mathematics 
beyond  this,  educators  cited,  on  the  one  hand,  its  traditional  standing  as  an 
element  of  a cultural  education,  and,  on  the  other,  its  usefulness  in  the  prac- 
tical affairs  of  life.  Since  1890  mathematical  education  has  been  subjected 
to  repeated  scrutiny  both  by  individual  reformers  and  by  committees  repre- 
senting various  national  organizations.  Yet  these  three  conceptions  of  the 

1.  An  Act  of  the  Commonwealth  of  Massachusetts,  A.D.,  1827,  To  Provide  for  the 
Instruction  of  Youth  (Boston,  Christian  Register  Office,  1828),  pp.  1-2. 
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purpose  and  value  of  the  study  of  mathematics — disciplinary,  utilitarian, 
and  cultural — continue  to  influence  practice  and  content  to  the  present  day. 

The  first  comprehensive  survey  of  the  program  and  purpose  of  secondary 
education  in  the  United  States,  made  by  the  Committee  of  Ten2  in  1893, 
assumed  that  mathematics  has  a general  disciplinary  value.  This  assump- 
tion freed  the  Committee  from  the  necessity  of  examining  critically  the 
traditional  content  of  courses  01  considering  the  degree  to  which  this  con- 
tent might  be  helpful  to  young  people  in  solving  their  problems.  Its  recom- 
mendations3 for  the  mathematics  curriculum  dealt  primarily  with  the  place- 
ment of  traditional  subject-matter.  The  Committee  suggested,  for  example, 
that  some  algebra  and  what  is  now  called  intuitional  geometry  should  be 
taught  much  earlier  than  had  been  previously  customary. 

As  an  outgrowth  of  the  work  of  the  Committee  of  Ten,  the  College  En- 
trance Examination  Board4  was  established  and  began  to  function  in  1900. 
The  requirements  set  by  this  Board  (and  by  its  counterparts  in  regional 
accrediting  agencies)  have  continued  to  exert  a profound  influence  on  the 
content  of  courses  of  study,  and  have  reflected,  in  modified  though  clearly 
recognizable  form,  the  faith  in  the  disciplinary  aim  that  characterized  the 
nineteenth  century. 

The  first  stimulating  criticism  of  mathematical  work  being  done  at  the 
secondary-school  level  came  from  influential  teachers  of  mathematics.  At 
the  turn  of  the  century  Felix  Klein  in  Germany,5  John  Perry  in  England,6 
and  E.  H.  Moore  in  the  United  States7  suggested  certain  changes  in  methods 
and  in  the  organization  of  materials.  The  proposed  changes  were  designed 
to  make  the  subject  function  more  effectively  in  the  thinking  of  students. 


2.  The  official  title  of  this  Committee  was  “The  Committee  on  Secondary  School 
Studies  of  the  National  Education  Association.” 

3.  Report  of  the  Committee  of  Ten  on  Secondary  School  Studies  (New  York,  Pub- 
lished for  the  National  Education  Association  by  the  American  Book  Co.,  1894),  pp. 
104-116. 

4.  The  report  of  the  Committee  of  Ten  led  in  1895  to  the  appointment  of  the  joint 
Committee  of  the  Secondary  Department,  and  the  Department  of  Higher  Education  of 
the  National  Education  Association.  This  Committee  evolved  into  the  Committee  on 
College  Entrance  Requirements,  which,  after  four  years  of  work  with  associations  of 
teachers  in  secondary  schools  and  colleges,  formulated  plans  for  the  College  Entrance 
Examination  Board. 

5.  Felix  Klein,  Elementary  Mathematics  from  an  Advanced  Standpoint,  translated 
from  the  3rd  German  ed.  by  E.  H.  Hedrick  and  C.  A.  Noble  (New  York,  The  Mac- 
millan Co.,  1932),  passim. 

8.  John  Perry,  Editor,  Discussion  on  the  Teaching  of  Mathematics,  British  Asso- 
ciation Meeting,  Glasgow  (New  York,  The  Macmillan  Co.,  1901). 

7.  Eliakim  Hastings  Moore,  “On  the  Foundations  of  Mathematics,”  Bulletin  of  the 
American  Mathematical  Society,  Yol.  9,  May,  1903,  pp.  402-424;  reprinted  in  A General 
Survey  of  Progress  in  the  Last  Twenty-five  Years,  The  First  Yearbook  of  the  National 
Council  of  Teachers  of  Mathematics,  1926,  pp,  32-57. 
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The  recommendations  of  these  men  are  noteworthy  in  that  they  made  little 
mention  of  disciplinary  aims  and  brought  practical  aims  to  the  fore.  The 
organization  they  proposed  foreshadowed  what  is  now  sometimes  called  an 
integrated  course.  The  integration,  however,  was  to  take  place  upon  the 
basis  of  the  logical  interconnections  among  a number  of  subjects,  rather 
than  primarily  with  reference  to  students’  needs  and  interests.  Essentially 
similar  goals  and  the  “fusion”  of  various  divisions  of  elementary  mathe- 
matics— for  example,  algebra  and  trigonometry — were  also  recommended  in 
1914  by  T.  Percy  Nunn,8  a leader  in  mathematical  education  in  England. 

In  recent  years,  the  Report  of  the  National  Committee  on  Mathematical 
Requirements  of  the  Mathematical  Association  of  America,9  published  in 
1923,  has  been  widely  recognized  as  authoritative.  Accepting  the  customary 
classification  of  aims  into  practical  or  utilitarian,  disciplinary,  and  cultural, 
the  Committee  gave  a more  satisfactory  statement  of  them  than  had  previ- 
ously been  available.  The  influence  of  this  report  on  point  of  view  and 
practice  of  teachers  can  hardly  be  overestimated.  Authors  of  mathematics 
texts  have  almost  invariably  claimed  that  their  books  conform  with  its 
recommendations.  Teachers  in  training  have  studied  it  as  they  have  studied 
no  other  pronouncement  in  the  field,  and  writers  on  methods  of  teaching 
continue  to  devote  many  of  their  pages  to  a discussion  of  its  views. 

This  historical  sketch  indicates  that  successive  recommendations  in  re- 
gard to  the  aims,  content,  and  method  of  mathematics  instruction  have  not 
deviated  significantly  from  traditional  doctrine.  Thus  the  question  is  raised 
as  to  whether  or  not  purposes  and  procedures  characteristic  of  the  past  have 
not  been  carried  into  the  present  without  sufficiently  fundamental  recon- 
struction. In  order  to  answer  this  question  it  is  necessary  to  consider  cer- 
tain changes  in  the  social  structure  and  in  psychological  theory  as  these  af- 
fect secondary  education. 

Changing  Social  and  Economic  Conditions  Affecting  Secondary  Education 

The  economic  readjustments  and  social  changes  of  recent  years  call  for 
a reconsideration  of  the  aims  and  purposes  of  secondary  education  as  a 
whole.  Changing  social  and  economic  conditions  have,  in  the  first  place, 
brought  about  a gradual  postponement  of  gainful  occupation  until  now  most 
young  people  of  secondary-school  age  are  virtually  excluded  from  employ- 
ment. This  situation  has  resulted  in  part  from  a general  reduction  in  eco- 
nomic opportunity  for  all,  and  in  part  from  the  fact  that  modern  business 
and  industry  employ  relatively  fewer  youthful  workers  than  formerly.  Re- 

8.  T.  Percy  Nunn,  The  Teaching  of  Algebra  (Including  Trigonometry ) (New  York, 
Longmans,  Green  and  Co.,  1914),  pp.  16-21. 

9.  The  Reorganization  of  Mathematics  in  Secondary  Education,  A Report  by  the 
• National  Committee  on  Mathematical  Requirements  under  the  Auspices  of  The  Math- 
ematical Association  of  America,  Inc.,  1923. 
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duction  in  employment  opportunities  for  youth  has  contributed  to  an  un- 
precedented increase  in  secondary-school  enrolments,  and  has  set  certain 
new  problems  in  the  education  of  adolescents. 

Whereas  in  1900  only  11.4  per  cent  of  the  appropriate  age  group  were 
enrolled  m the  secondary  schools,  64  per  cent  were  enrolled  in  1934.  This 
change  in  size  of  enrolments  entailed  changes  in  the  characteristics  of  the 
secondary-school  population.  The  student  body  now  includes  a far  wider 
range  of  academic  ability  and  of  types  of  interests,  talents,  and  life  goals 
than  ever  before.  Furthermore,  a generation  ago  almost  all  high-school  stu- 
dents came  seeking  preparation  either  for  skilled  jobs  or  for  college— which, 
it  was  assumed,  would  eventually  lead  to  professional  employment.  The 
schools  served  them  by  helping  them  meet  college-entrance  requirements  or 
by  equipping  them  with  requisite  vocational  skills.  With  the  growing  limita- 
tions on  individual  economic  opportunity  and  the  increasing  recognition  of 
the  unethical  quality  of  mere  “getting  ahead”  as  an  ideal,  preparation  solely 
for  successful  vocational  performance  is  seriously  to  be  questioned.  In- 
stead, adolescents  must  be  helped  to  profit  from  a prolonged  period  of  non- 
participation in  the  world’s  work  by  learning  to  manage  the  problems  with 
which  the  conditions  of  their  lives  now  confront  them— much  as  younger 
children  profit  from  childhood  by  living  fully  and  richly  on  their  own  level. 

Economic  and  social  changes  are  bringing  about  profound  changes  in  the 
adolescent’s  immediate  social  relationships  in  the  family  and  in  other  face- 
to-face  groups.  They  are  making  his  effective  participation  in  wider  social 
and  economic  life  more  and  more  difficult.  And  they  call  for  a new  system 
of  values  by  which  he  may  endow  his  personal  life  with  worth.  Problems 
in  these  areas  perplex  all  adolescents,  and  it  is  in  these  areas  that  social 

readjustment  is  now  necessary. 

Thus  social  and  economic  changes  have  given  rise  to  the  necessity  that 
aims  and  methods  of  secondary  education  designed  to  equip  a fairly  homo- 
geneous and  relatively  restricted  group  for  individual  success  be  recon- 
structed so  as  to  equip  all  adolescents  for  creative  participation  in  a wider 
social  life.  But  there  is  an  additional  way  in  which  these  changes  are  giving 
a new  turn  to  educational  planning.  A period  of  profound  economic  read- 
justment and  uncertainty  has  been  followed  by  mounting  threats  to  the 
democratic  way  of  life.  Adolescents  not  only  need  help  in  reformulating 
their  personal,  social,  and  economic  relationships  in  response  to  the  new 
conditions  that  influence  them;  it  is  increasingly  recognized  that  they  must 
also  be  helped  to  do  this  in  ways  which  harmonize  with  democratic  ideals 

and  conserve  democratic  values. 

New  Psychological  Theories  Affecting  Secondary  Education 

Though  many  teachers  continue  to  justify  the  study  of  mathematics  in 
terms  of  its  disciplinary  values,  methods  of  instruction  have  been  based 
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more  generally  upon  the  theory  of  specific-habit  responses  than  upon  the 
training  of  supposed  “faculties  of  the  mind.”  But  just  as  the  specific-habit 
theory  of  learning  superseded  faculty  psychology,  more  recent  theories  are 
now  superseding  habit  formation  as  the  key  to  learning. 

Evidence  is  accumulating  to  the  effect  that  the  individual  responds  as 
a whole  to  whole  situations  which  confront  him,  and  is  to  some  degree  re- 
made as  a person  in  the  course  of  his  experience.  This  means  that  in  plan- 
ning educational  experience  for  students,  the  school  must  take  into  account 
the  whole  personality,  emotional  as  well  as  intellectual — what  it  is  now, 
how  it  changes,  and  what  it  would  best  become.  Furthermore,  it  means 
that  such  factors  as  teacher,  classmates,  method,  and  school  atmosphere 
constitute  a part  of  the  learning  situation;  they  influence  what  the  student 
learns — how  he  changes  as  a person.  Methods  themselves  must  be  such 
that  the  student  deals  with  whole  situations  rather  than  practices  upon 
specific  skills. 

When  education  overlooks  the  importance  of  the  wholeness  of  the  per- 
sonality of  the  learner  and  the  wholeness  to  which  he  responds,  any  specific 
habit  learned  in  school  may  fail  to  function  when  it  is  called  for  in  out-of- 
school situations,  or  when  it  does  function,  may  be  put  to  questionable  uses. 
The  ability  to  compute  a percentage,  for  example,  may  tail  to  come  into 
play  when  it  would  facilitate  making  a personal  budget,  or  it  may  be  used 
to  mislead  the  public  in  a newspaper  article. 

The  inadequacy  and  inappropriateness  of  preestablished  specific  habits 
are  emphasized  by  the  unprecedented  complexity  and  novelty  of  the  prob- 
lems which  a scientific  age  and  its  social  and  economic  consequences  have 
brought  in  their  wake.  The  newer  conception  of  the  individual  and  the 
way  he  learns  is  particularly  important  from  a social  point  of  view:  it  gives 
hope  of  personalities  capable  of  dealing  constructively  with  ever  new  en- 
vironmental conditions — changing  them  in  desirable  directions,  and  being 
changed  themselves  in  the  process. 

A Loss  oj  Confidence  in  the  Educational  Values  of  Mathematics 

Changes  in  mathematics  instruction  have  not  kept  pace  with  the  chang- 
ing interests  and  concerns  of  the  student  body  or  with  emerging  conceptions 
of  the  proper  aims  and  purposes  of  secondary  education.  The  teacher  has 
been  made  increasingly  aware  of  the  inappropriateness  of  traditional  courses 
by  the  indifference  of  many  students  to  the  subject,  or  their  outspoken 
dislike  for  it.  He  has  also  been  disturbed  by  criticism  of  the  mathematics 
curriculum  voiced  by  specialists  in  education,  many  of  whom  are  known 
to  understand  mathematics  and  to  prize  it  for  what  it  has  meant  to  them. 

Loss  of  confidence  in  the  educational  values  of  mathematics  is  strikingly 
evidenced  by  a decrease  in  the  per  cent  of  the  total  high-school  population 
enrolled  in  mathematics  courses.  The  great  increase  m the  total  number 
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of  enrolled  .students  has  partially  concealed  this  fact,  since  the  schools  are 
filled  and  many  teachers  are  overwhelmed  with  large  classes.  The  situation 
is  made  clear,  however,  by  the  following  table  showing  the  total  registra- 
tions in  the  secondary  schools  of  ten  states  across  the  country  for  1928  and 
1934,  and  the  per  cents  of  these  students  who  were  registered  during  the 
same  years  in  certain  mathematics  courses. 


The  Number  of  Students  in  Secondary  Schools  and  the  Per  Cent  Registered 
in  Certain  Mathematics  Courses  for  Ten  Representative  States*  in 

1928  and  1934 


i Region 

Y ears 

Total  No.  oj 
Pupils  in 
Secondary 
Schools  ( to 
nearest 
thousand) 

% Registered 
in  General 
Mathematics 

% Reg- 
istered 
in  Ele- 
mentary 
Algebra 

% Reg- 
istered 
in  Plane 
Geo- 
metry 

United  States  .... 

1928 

1934 

2.897.000 

5.402.000 

5.4 

2.4 

27 

19 

18 

12 

1.  Massachusetts  . . . 

1928 

1934 

119.000 

246.000 

4.8 

4.1 

19 

13 

15 

9 

1928 

363,000 

1.1 

26 

18 

2.  New  York  

1934 

531,000 

1.8 

12 

8 

1928 

177.000 

5.8 

26 

14 

3.  Ohio  

1934 

412,000 

3.1 

18 

10 

1928 

194,000 

3.3 

29 

20 

4.  Illinois  

1934 

340,000 

0.6 

24 

18 

1928 

31.000 

6.0 

34 

20 

5.  Tennessee  

1934 

62,000 

0.9 

29 

16 

1928 

77,000 

3.4 

28 

19 

6.  Wisconsin  

1934 

149,000 

0.6 

20 

17 

1928 

82,000 

4.9 

27 

18 

7.  Missouri  

1934 

112,000 

1.7 

23 

15 

1928 

50,000 

5.8 

29 

22 

8.  Oklahoma  

1934 

106,000 

1.3 

O 7 

18 

1928 

33,000 

3.0 

28 

20 

9.  Colorado  

1934 

59,000 

1.8 

18 

12 

1928 

190,000 

3.6 

21 

14 

10.  California  

1934 

347,000 

3.1 

12 

9 

* See  Carl  A.  Jessen,  “Registrations  in  Mathematics,”  School  Life,  Vol.  22,  No.  7,  pp.  211-212. 
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it  was  in  1928.  The  situation  in  the  State  of  New  York,  where  about  IQ 
per  cent  of  the  high-school  students  of  the  country  were  enrolled  in  1934, 
deserves  special  attention.  Not  only  did  the  per  cent  of  students  registeied 
in  mathematics  decrease,  but  the  actual  number  of  them  thus  registered 
also  declined.10  Yet  during  this  short  period  the  total  school  population  in 
New  York  State  increased  about  46  per  cent.  These  data  reveal  in  quan- 
titative terms  a situation  which  many  mathematics  teachers  have  sensed 
but  have  not  fully  realized. 

Some  of  the  underlying  causes  for  a decline  in  the  per  cent  of  students 
enrolled  in  mathematics  courses  have  already  been  suggested.  As  the  total 
number  of  failures  in  these  courses  mounted  owing  to  changes  in  the  inter- 
ests and  capacities  of  the  growing  student  body,  educational  administrators, 
many  of  whom  had  small  confidence  in  mathematics  as  taught,  sought  to 
meet  the  situation  by  making  these  courses  elective.  Under  the  new  con- 
ditions many  students  availed  themselves  of  the  privilege  of  omitting  mathe- 
matics from  their  programs,  and  their  course  advisers  acquiesced,  seeing 
no  reason  to  urge  them  to  study  the  subject  except  for  the  sake  of  meeting 
college  entrance  requirements.  Eventually  colleges  were  pressed  to  admit 
students  who  had  not  taken  these  courses.  A,-  more  and  more  colleges  have 
yielded,  even  this  compulsion  upon  secondary-school  students  to  elect  alge- 
bra and  geometry  is  losing  its  force.  As  a result,  the  education  of  a large 
portion  of  the  high-school  population  involves  no  more  than  incidental 
experience  with  mathematics. 

Yet  mathematicians  and  teachers  of  mathematics  are  convinced  of  the 
value  of  their  field  in  the  education  of  youth.  The  Committee  shares  the 
conviction  that,  divested  of  much  of  its  conventional  content  and  formal 
organization,  mathematics  as  a mode  of  thought  and  an  instrument  of  analy- 
sis has  an  indispensable  function  in  general  education.  It  has  much  to 
contribute  in  meeting  the  needs  of  students — both  as  these  are  felt  by 
students  themselves  and  as  they  are  defined  by  educators.  This  Report 
therefore  attempts  to  present  an  acceptable  statement  of  the  aims  and  pur- 
poses of  general  education  under  modern  conditions,  to  interpret  the  func- 
tion of  mathematics  in  serving  these  purposes,  and  to  suggest  appropriate 
content  and  method. 


A BRIEF  DESCRIPTION  OF  THE  REPORT 

Part  I of  this  Report  outlines  the  basic  educational  philosophy  that  has 
guided  the  thinking  of  the  Committee  and  includes  a discussion  of  the  role 


10.  In  1928  New  York  State  had  about  96,000  students  studying  elementary  algebra 
and  about  64,000  studying  plane  geometry;  in  1934  the  figures  were  65,000  and  43,000 
respectively.  This  is  a decrease  of  about  one-third  in  each  case. 
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of  the  teacher  of  mathematics  in  the  achievement  of  the  aims  of  general 
education. 

Part  II  is  devoted  to  a discussion  of  certain  broad  concepts  and  related 
abilities  that  are  involved  in  problem-solving:  Formulation  and  Solution, 
Data,  Approximation,  Function,  Operation,  Proof,  and  Symbolism.  The 
discussion  of  these  concepts  centers  on  the  special  contribution  the  mathe- 
matics teacher  can  make  in  their  development. 

Part  III  consists  of  a chapter  on  helping  students  appreciate  the  devel- 
opment and  nature  of  mathematics. 

Part  IV  contains  two  chapters  that  are  intended  to  help  the  teacher 
clarify  his  views  concerning,  first,  the  student  as  a human  being  whose  de- 
velopment is  influenced  by  a variety  of  potent  factors,  including  his  family, 
social  background,  friends,  and  the  school;  and  second,  the  problem  of 
evaluating  the  growth  of  the  student  toward  the  objectives  of  general 
education. 

An  Appendix  contains  an  illustrative  ^source  unit’  and  some  activities 
that  should  help  the  teacher  in  the  effort  to  apply  the  general  principles 
discussed  in  the  other  parts  of  the  Report. 

This  outline  indicates  that  the  Report  discusses  mathematics  teaching 
within  the  context  of  general  education.  By  definition,  general  education  is 
not  primarily  concerned  with  preparation  for  specific  vocations  01  foi  col- 
lege. It  is  not  specialized  or  restricted  to  any  particular  group.  It  empha- 
sizes meeting  the  educational  needs  of  each  student,  and  the  gioup  with 
which  it  is  concerned  is  the  secondary-school  population  as  a whole. 

In  such  a program  the  curriculum  for  a given  school  or  group  must,  in 
the  last  analysis,  be  determined  in  the  light  of  the  needs  of  the  particular 
individuals  who  make  up  the  group  to  be  taught.  Since  students  diffei 
widely  as  to  their  needs,  capacities,  and  interests,  it  would  not  be  consistent 
with  the  purpose  of  this  Report  to  outline  a detailed  course  of  study  to  be 
followed  by  all,  or  even  to  propose  a number  oi  alternative  couises.  Fui- 
thermore,  teachers  also  differ  in  their  capacities  and  interests,  and  in 
general  do  more  effective  work  under  conditions  that  allow  them  some 
freedom  in  planning  their  own  programs.  For  these  reasons,  instead  of 
recommending  a single  more  or  less  formal  course  of  study,  the  report  out- 
lines a set  of  fundamental  concepts  and  guiding  principles  designed  to  serve 
as  a basis  upon  which  teachers  may  so  organize  their  own  work  as  to  make 
it  appropriate  to  the  possibilities  and  limitations  of  individual  schools,  or 
classes,  or,  ideally,  individual  students. 

In  seeking  to  meet  the  needs  of  the  large  group  who  constitute  the  bulk 
of  the  school  population,  the  more  specialized  needs  of  certain  students 
must  not  be  neglected.  Some  of  the  concepts  and  skills  mentioned  in  this 
Report  should  doubtless  be  developed  only  with  those  secondary-school 
students  who  show  special  aptitude,  or  whose  definite  vocational  interest 
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calls  for  more  mathematics  than  may  reasonably  be  given  to  all.  Prospective 
engineers  and  scientists  fall  into  these  classes.  The  range  of  topics  discussed 
thus  becomes  large  in  order  to  make  possible  the  selection  necessary  to  care 
for  the  wide  range  of  needs,  abilities,  and  interests  to  be  served. 

In  formulating  the  outlines  of  a program  through  which  mathematical 
education  may  advance  during  the  next  few  years,  the  Committee  had  of 
necessity  to  be  idealistic.  To  make  the  proposed  program  effective  and  to 
supply  innumerable  details  of  possible  content  and  organization  will  re- 
quire experimentation,  both  extensive  and  intensive,  over  a period  of  years.11 
In  the  light  of  such  experimentation  certain  suggestions  of  this  Report  will 
almost  certainly  need  to  be  modified  or  even  rejected.  But  without  making 
such  recommendations  the  Committee  could  hardly  hope  to  outline  a for- 
ward-looking program,  and  without  such  a program  mathematics  for  general 
education  is  not  likely  to  become  consonant  with  the  needs  of  times. 


TO  WHOM  THE  REPORT  IS  ADDRESSED 

This  report  is  addressed  primarily  to  the  growing  group  of  well-trained 
teachers  who  are  dissatisfied  with  the  mathematics  curriculum  in  their 
schools  and  are  seeking  a basis  for  a fundamental  reconstruction  consistent 
with  modern  educational  theory.  Convinced  that  the  curriculum  should  be 
reorganized,  some  of  them  are  already  moving  forward  along  lines  proposed 
here.  It  is  hoped  that  in  this  discussion  they  will  find  helpful  suggestions 
and  from  it  gain  greater  confidence  when  they  discover  ideas  of  their  own 
coinciding  with  those  which  have  survived  the  gauntlet  of  Committee 
deliberation. 

It  is  hoped  that  the  Report  will  be  helpful  to  administrators  and  cur- 
riculum experts  who  are  interested  in  bringing  about  changes  in  the  curric- 
ulum and  are  seeking  clues  as  to  the  proper  role  of  mathematics  in  the 
program  of  secondary  education. 

The  Report  is  also  addressed  to  teachers  in  training  and  those  who 
guide  them.  Although  the  literature  appropriate  to  courses  on  the  teaching 
of  mathematics  is  becoming  extensive,  much  of  it  is  devoted  to  special 
methods  of  teaching  particular  topics.  By  focusing  attention  upon  broader 
aspects  of  teaching  mathematics,  tile  discussion  in  this  volume  is  intended 

11.  It  is  with  respect  to  this  point  that  the  task  undertaken  by  this  Committee 
differed  from  that  of  the  Joint  Commission  of  the  Mathematical  Association  of  America 
and  the  National  Council  of  Teachers  of  Mathematics.  In  preparing  its  report  on 
The  Place  of  Mathematics  in  Secondary  Education,  the  Joint  Commission,  after  dis- 
cussing the  general  aims  of  education,  sought  to  outline  a program  of  the  sort  being 
offered  at  the  moment  by  some  schools  in  advance  of  the  great  majority.  Most  of  its 
suggestions  have  been  tested  to  some  extent  in  practice,  and  the  Joint  Commission  took 
a practical  rather  than  experimental  point  of  view. 
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to  help  future  teachers  see  such  details  in  proper  perspective. 

Parts  of  the  Report  will  be  of  interest  to  all  teachers  of  mathematics  at 
the  secondary  level.  Those  who,  for  one  reason  or  another,  find  it  impos- 
sible to  embark  upon  the  major  reorganization  recommended  may  neverthe- 
less become  acquainted  with  the  point  of  view  and  find  certain  suggestions 
they  can  put  into  effect.  Every  effort  of  this  sort,  if  successful,  will  in  the 
long  run  serve  to  promote  the  purpose  of  the  Committee — to  help  teachers 
of  mathematics  better  meet  the  needs  of  boys  and  girls. 
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II 

Mathematics  in  Relation  to  the  Purpose  of  General  Education 

[Only  the  summary  portions  of  Chapter  II  have  been  selected.  These 
portions  adequately  cover  the  content  of  the  chapter .] 

SUMMARY  FORMULATION  OF  THE  PURPOSE  OF 
GENERAL  EDUCATION 

A.  brief  statement  of  the  purpose  of  general  education  may  now  be 
formulated.  General  education  is  designed  to  help  the  individual  meet  his 
needs  in  ways  that  are  consistent  with  and  promote  social  welfare.  A four- 
fold classification  of  the  basic  aspects  of  living  facilitates  the  identification 
of  these  needs  and  of  the  experiences  through  which  they  may  be  met.  In 
this  process  education  should  strive  to  achieve  the  values  of  the  democratic 
way  of  life  and  to  develop  related  desirable  qualities  of  personality.  The 
purpose  of  general  education  may,  then,  be  summarized  as  follows: 

THE  PURPOSE  OF  GENERAL  EDUCATION  IS  TO  PROVIDE  RICH  AND  SIGNIFICANT  EXPERIENCES 
IN  THE  MAJOR  ASPECTS  OF  LIVING,  SO  DIRECTED  AS  TO  PROMOTE  THE  FULLEST  POSSIBLE  REAL- 
IZATION OF  PERSONAL  POTENTIALITIES,  AND  THE  MOST  EFFECTIVE  PARTICIPATION  IN  A DEMO- 
CRATIC SOCIETY. 

THE  ROLE  OF  MATHEMATICS  IN  ACHIEVING  THE 
PURPOSE  OF  GENERAL  EDUCATION 

The  teacher  of  mathematics  can  make  certain  indispensable  and  dis- 
tinctive contributions  to  the  attainment  of  the  broad  purposes  of  general 
education.  He  can  also  make  certain  contributions  that  are  similar  in  nature 
to  those  made  by  teachers  in  other  fields.  This  section  seeks  to  define 
both  of  these  types  of  contribution  in  the  large,  and  so  to  foreshadow  de- 
tailed discussion  of  the  special  resources  of  mathematics  in  subsequent 
chapters. 

Any  field  of  study  deserves  a place  in  the  curriculum  only  insofar  as  it 
has  a unique  role  to  play  in  meeting  the  educational  needs  of  students.  Al- 
though teachers  in  all  departments  of  the  school  share  the  major  purposes 
of  education  and  can  unite  in  discussing  their  common  objectives  and  com- 
mon difficulties,  the  teacher  who  by  taste  and  training  is  especially  well 
equipped  along  some  one  line  may  be  expected  to  have  his  own  particular 
contribution  to  make. 
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But  in  investigating  the  role  of  a particular  field  of  study  it  is  necessary 
to  examine  the  tracery  of  its  interconnections  with  other  fields.  In  the  past 
this  necessity  has  escaped  the  attention  of  many,  largely  because  of  their 
continuing  faith  in  pure  discipline.  As  a result,  the  resources  peculiar  to 
each  field  have  seldom  been  properly  focused  upon  attaining  common  aims, 
and  students  have  neither  recognized  the  mutually  reenforcing  roles  of  the 
concepts,  methods,  and  techniques  of  the  various  areas  of  human  knowledge 
nor  have  they  profited  from  this  reenforcement  in  meeting  their  needs. 

Furthermore,  the  experience  of  the  student  in  the  school  has  all  too 
seldom  been  designed  as  experience  in  democratic  living.  The  teacher  of 
each  subject,  preoccupied  with  imparting  his  own  particular  knowledges  and 
skills,  has  failed  to  devise  classroom  methods  with  this  larger  aim  in  view. 
The  development  of  desirable  characteristics  of  personality  has  been  largely 
left  to  chance  through  lack  both  of  insight  on  the  part  of  teachers  in  the 
different  fields  and  of  cooperative  planning  and  action  on  the  part  of  the 
staff  as  a whole. 

The  generality  of  the  educational  aims  formulated  in  the  first  part  of  this 
chapter  makes  further  discussion  necessary  in  order  to  clarify  the  common 
and  differential  provinces  of  the  various  areas  of  instruction.  The  present 
discussion  therefore  attempts  to  make  explicit  the  interconnections  of 
mathematics  with  other  fields  in  meeting  the  educational  needs  of  students 
and  developing  personalities  capable  of  creative  participation  in  the  demo- 
cratic way  of  life. 

The  Role  of  Mathematics  in  Meeting  the  Needs  of  Students 

Adolescents  encounter  certain  problems16  as  they  strive  to  meet  their 
needs  in  the  basic  aspects  of  living.  The  “wise  selection  and  use  of  goods/’ 
a need  in  the  area  of  economic  relationships,  for  example,  may  find  a specific 
instance  in  the  problem  of  purchasing  a new  suit  of  clothes.  The  function 
of  the  school  is  obviously  not  to  select  and  buy  the  suit  for  the  student.  But 
school  experience  should  enable  him  to  make  his  own  selection  more  wisely 
— not  only  in  this  instance  but  in  others.  Helping  him  to  solve  this  problem 
is  one  way  of  helping  him  to  meet  his  needs. 

But  the  wise  selection  of  any  article  involves  a number  of  considerations. 
What  style  is  appropriate  for  the  individual  and  the  occasions  on  which  he 
intends  to  wear  the  suit?  What  are  the  wearing  qualities  of  various  fabrics? 
What  determines  their  relative  warmth  or  coolness?  What  factors  are  to  be 
weighed  in  deciding  how  much  to  pay  for  a suit?  Should  one  buy  only 
union-made  clothes? 

16.  “Problem”  is  here  to  be  interpreted  not  as  an  exercise  of  the  traditional  sort 
assigned  for  solution  in  mathematics  classes,  but  as  a difficulty  appreciated  by  the  student 
and  awakening  in  him  a desire  for  its  solution. 
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These  questions  illustrate  the  fact  that  a need  cannot  be  adequately  met 
without  the  cooperation  of  teachers  of  home  economics,  art,  natural  and 
social  science,  as  well  as  teachers  of  mathematics.  On  the  one  hand,  some 
essential  consideration  in  the  wise  selection  of  goods  would  be  lacking 
without  the  pooling  of  their  separate  and  distinct  points  of  view,  sensitivi- 
ties, techniques,  methods,  concepts,  and  backgrounds  of  knowledge.  And  on 
the  other  hand,  all  fields  of  human  study  and  knowledge  rely  upon  reflec- 
tive thinking,  and  all  teachers  should  be  concerned  with  improving  the  stu- 
dent’s ability  in  problem-solving,  as  well  as  in  developing  o+her  desirable 
characteristics  of  the  personality.  Only  by  cooperative  work  and  planning 
can  they  reenforce  one  another’s  efforts  to  these  ends. 

The  role  of  the  mathematics  teacher  in  this  process  is  analogous  to  that 
of  any  other  teacher.  Just  as  the  art  teacher  may  be  concerned  with  the 
problem  of  taste,  and  the  teacher  of  natural  science  brings  his  specialized 
knowledges  and  techniques  to  bear  in  analyzing  and  solving  some  particu- 
lar aspects  of  a problem,  the  mathematics  teacher  makes  his  special  contri- 
bution whenever  quantitative  data  and  relationships  or  the  facts  and 
relationships  of  space  and  form  are  encountered.  The  highly  effective  special 
symbolism  and  methods  of  mathematics  have  been  developed  in  order  to 
treat  just  such  aspects  of  experience,  and  the  actual  problems  of  living  in- 
volve them  to  an  extent  that  should  not  be  underestimated.  The  teacher 
of  mathematics  bears  the  responsibility  of  equipping  students  to  solve  such 
problems  with  the  aid  of  mathematical  concepts  and  methods  as  they  seek 
to  meet  their  needs  throughout  life.  In  this  process  he  also  has  the  re- 
sponsibility of  throwing  light  on  the  nature  of  problem-solving. 

The  mathematics  teacher  also  has  a role  to  play  in  meeting  certain  needs 
that  do  not  involve  problems  of  quantitative  and  spatial  relationships.  Like 
other  teachers,  he  is  the  representative  in  the  school  of  a special  field  of 
human  activity  of  inestimable  social  significance  to  all.  For  some  persons 
in  the  world  outside  the  school — engineers,  scientists,  actuaries,  statisticians 
— mathematical  activities  are  a means  of  livelihood,  and  to  some  they  are 
a source  of  intense  personal  satisfaction.  Adolescents  need  to  feel  the  social 
bearings  and  import  of  their  activities  as  students,  and  the  teacher  of  mathe- 
matics may  acquaint  them  with  persons,  groups,  and  institutions  using 
mathematics  in  lurthering  the  advance  of  human  knowledge  or  in  solving 
community  and  social  problems.  In  this  same  process  he  helps  them  meet 
their  need  to  understand  the  vocational  reference  of  their  school  interests. 
And  he  may  help  them  to  estimate  the  value  of  mathematics  as  a personal 
interest  on  a basis  sounder  than  either  its  promise  of  pecuniary  rewards  or 
the  public  esteem  in  which  it  is  held.  In  meeting  needs  of  this  kind  the 
teacher  of  mathematics  uses  his  field  precisely  as  the  teacher  of  art,  or  Eng- 
lish, or  science,  or  any  other  field  uses  his,  but  it  is  his  own  special  field,  and 
he  alone  is  fully  sensitive  to  its  personal  and  social  values. 
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The  importance  of  mathematics  in  contemporary  culture  raises  the 
question  of  the  extent  to  which  students  in  general  should  be  urged  to  study 
advanced  mathematics.  The  professional  mathematician  not  engaged  in 
research  at  a university,  or  in  teaching,  has  not  many  lines  of  occupation 
open  to  him.  But  some  writers,  enthusiastic  over  the  value  of  mathematical 
information  and  discipline,  would  seek  to  show  that  practically  every 
worth-while  activity  calls  for  advanced  training  in  mathematics  either  di- 
rectly or  indirectly.  Nor  is  supposedly  expert  evidence  lacking.  For  ex- 
ample, a jurist  perhaps  attributes  most  of  his  critical  acumen  to  early 
training  along  mathematical  lines.  Some  surgeon  may  believe  his  powers 
of  analytical  diagnosis  due  to  algebraic  training,  and  credit  the  study  of 
geometry  for  much  of  his  essential  spatial  intuition  and  sense  of  form.  A 
minister  may  find  in  mathematics  evidence  of  the  Infinite  Mind  of  God  and 
see  in  the  invariance  of  mathematic  1 relations  a promise  of  an  everlasting 
future  of  perfect  harmony.  Despite  the  sincerity  of  such  views,  one  may 
wonder  whether  those  who  enjoy  mathematics  may  not  attirbute  to  thinking 
in  this  subject  what  may  more  properly  be  said  to  characterize  thinking  in 
general.  Similar  encomiums  indeed  have  been  voiced  for  classical  training, 
for  a godly  mother,  and  for  the  incentive  due  to  a childhood  of  privation. 
Where  one  algebraist  finds  the  finger  of  the  Lord  in  a algebraic  identity, 
another  no  less  eminent  admits  that  as  for  the  existence  of  God,  he  has  found 
no  need  to  make  such  an  hypothesis. 

In  brief,  the  citing  of  selected  examples  as  contrasted  with  the  technique 
of  statistical  sampling  and  the  use  of  controls  is  poor  reasoning  even  if  used 
in  a noble  cause.  One  could  by  such  methods  make  out  a strong  case  for  the 
advantage  to  one’s  future  career  of  being  born,  say,  on  a Thursday.  An 
impressive  list  of  distinguished  persons  may  be  cited  who  have  been  born  on 
any  desired  preassigned  day  of  the  week — namely,  approximately  one- 
seventh  of  all  famous  people  whose  birthday  is  known.  And  the  chief 
warning  to  teachers  to  be  content  with  more  modest  claims  for  the  values 
of  mathematical  training  lies  in  the  number  of  those  who  dislike  mathematics 
and  still  have  found  success  in  some  chosen  line  of  work. 

Yet  it  seems  true  that  to  a rapidly  increasing  extent  specialists  are  being 
called  for  in  all  lines  of  adult  enterprise,  and  with  specialization  comes  a 
steadily  increasing  mathematization  of  all  fields.  For  example,  business 
administration,  psychology,  education,  and  biology  all  invoke  mathematical 
statistics  of  an  advanced  sort  where  but  a few  years  ago  mathematics  would 
have  been  regarded  as  an  impertinent  intrusion.  Furthermore,  in  an  enlight- 
ened community  it  might  be  reasonable  to  expect,  for  every  practising 
specialist,  many  intelligent  alert  citizens  who  understand  the  nature  of  the 
problems  being  tackled  by  the  specialists  who  serve  them. 

The  role  of  the  mathematics  teacher  in  meeting  needs  that  involve 
problems  in  quantitative  and  spatial  relationships  is  illustrated  in  the 
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Appendix  of  this  report.  His  role  in  developing  desirable  characteristics  of 
personality  is  discussed  in  the  section  below,  and  the  whole  of  Part  II  is 
devoted  to  an  exploration  of  his  very  special  contribution  in  the  common 
task  of  developing  a high  order  of  ability  in  reflective  thinking  and  problem- 
solving. 


THE  ROLE  OF  MATHEMATICS  IN  DEVELOPING 
PERSONAL  CHARACTERISTICS  ESSENTIAL 
TO  DEMOCRATIC  LIVING 

In  stating  objectives  for  mathematics  instruction  it  has  not  been  cus- 
tomary to  stress  the  development  of  such  qualities  of  personality  as  toler- 
ance, cooperativesness,  self-direction,  creativeness,  social  sensitivity,  and 
esthetic  appreciativeness.  Yet  teachers  of  mathematics  can  share  with  other 
teachers  in  this  task,  in  some  instances  through  the  choice  of  problems  on 
which  students  work,  in  others  through  the  special  resources  of  mathematics, 
and  in  still  others  through  the  way  they  guide  the  conduct  of  the  class  as  a 
social  group. 

Social  Sensitivity 

Social  sensitivity  is  a quality  of  personality  that  may  be  increased 
through  the  proper  choice  of  problems  to  be  studied.  If  these  problems  are 
socially  significant,  students  may  not  only  learn  proper  techniques  for  pre- 
senting and  interpreting  data,  but  may  also  at  the  same  time  become  increas- 
ingly familiar  with  and  sensitive  to  important  social  facts  and  concepts.  For 
maximum  effectiveness  in  this  respect  teachers  of  mathematics  should 
cooperate  with  teachers  of  the  social  studies  and  other  fields  in  choosing  the 
problems  and  related  data  to  be  analyzed  and  studied.  It  should  also  be 
noted  that  without  mathematical  concepts  and  methods,  chiefly  statistical  in 
nature,  it  is  impossible  to  be  fully  sensitive  to  many  dynamic  social  factors 
and  their  interplay.  Thus  the  teacher  of  mathematics  has  a unique  con- 
tribution to  make  in  equipping  the  students  with  methods  for  understanding 
wider  social  problems  and  relationships. 

Esthetic  Appreciation 

The  teacher  of  mathematics  may  contribute  to  growth  in  sensitivity  to  x 
the  esthetic  quality  of  experience  through  appropriate  use  of  the  unique 
content  and  methods  of  his  own  field.  Many  people  respond  favorably  to 
quantitative  facts  and  relations.  They  enjoy  statistical  comparisons,  eco- 
nomic estimates,  and  mathematical  formulations  of  physical  principles. 
Arithmetic  and  algebra  are  for  them  natural  and  highly  prized  means  for 
interpreting  their  environment;  through  them  they  may  find  ways  of  mani- 
festing their  personality.  The  recognition  of  familiar  elements  in  new 
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contexts,  which  contributes  to  the  satisfaction  of  the  successful  student  in 
mathematical  courses,  also  influences  his  appreciation  of  geometric  form  as 
seen  in  the  world  around  him.  Mathematical  instruction  may  enhance 
appreciation  of  geometric  form  as  it  occurs  in  nature,  art,  industry,  and 
architecture.  In  the  application  of  geometric  construction  to  artistic  design, 
the  student  has  an  opportunity  to  exhibit  his  esthetic  taste  and  to  create  new 
combinations  more  or  less  expressive  of  some  aspect  of  his  personality. 

Mathematical  exposition,  v/hich  involves  the  choice  and  arrangement  of 
words  as  well  as  of  mathematical  symbols,  has  esthetic  overtones.  On 
reading  an  artistic  piece  of  mathematical  exposition,  many  mathematicians 
feel  pleasure  akin  to  that  experienced  on  reading  a selection  of  good  poetry 
or  on  seeing  a well-painted  picture.  Under  superior  teaching  secondary- 
school  students  may  have  similar  experiences  at  their  own  level  of  apprecia- 
tion. A taste  for  strict  logical  deduction,  a hearty  respect  for  the  power  of 
reasoning,  a confident  faith  in  the  value  of  sound  inference,  all  these  aspects 
of  an  appreciation  for  logical  thinking  are  particularly  appropriate  objectives 
of  mathematical  study.  Finally,  an  understanding  of  the  role  that  mathe- 
matics has  played  in  the  drama  of  civilization  has  appreciational  qualities 
which  appeal  to  many  students. 

Tolerance,  Codperativeness,  Self-Direction,  and  Creativeness 

Such  qualities  of  the  personality  as  tolerance,  cooperativeness,  self- 
direction,  and  creativeness  may  be  developed  no  matter  what  may  be  the 
content  of  the  problems  to  which  students  are  giving  their  attention,  pro- 
vided only  that  it  is  a problem  real  to  them.  Furthermore,  the  development 
of  these  characteristics  is  not  dependent  upon  the  peculiar  methods  and 
concepts  of  mathematics.  But  the  mathematics  class,  like  any  other  class, 
is  a social  group,  and  its  experiences  or  activities  may  provide  experience  in 
either  desirable  or  undesirable  social  living. 

If  the  mathematics  teacher  is  fully  aware  of  the  meaning  and  desirability 
of  tolerance  and  cooperativeness,  he  can  foster  their  development  by  con- 
sciously adjusting  classroom  activities  to  this  end.  This  is  especially  true 
when  the  class  undertakes  work  on  a comprehensive  problem  which  requires 
cooperative  activity  in  the  collection  of  data,  for  example,  or  even  in  the 
formulation  of  the  problem.  Again,  individuals  or  small  groups,  taking  their 
departure  from  tenable  but  different  basic  assumptions,  may  on  occasion 
present  conflicting  conclusions  on  the  same  problem.  In  a case  like  this 
properly  guided  class  discussion  may  contribute  to  growth  in  intelligent 
tolerance.  These  examples  serve  to  show  how  certain  types  of  class  activity 
offer  a means  of  developing  characteristics  of  personality  appropriate  to 
democratic  group  life. 

In  addition,  mathematics,  like  other  fields,  can  contribute  to  an  apprecia- 
tion of  the  values  of  tolerance  and  cooperation  through  developing  insight 
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into  its  own  history  and  development  as  a science.  The  following  quotation 
clarifies  this  type  of  contribution.17 

The  . . . teacher  can  use  his  subject-matter  in  several  ways  to  foster  attitudes 
of  cooperativeness  in  his  students.  ...  He  can  show  them  how  the  sciences  them- 
selves offer  striking  evidence  of  cooperation.  A science,  they  can  see,  is  seldom 
nationalistic  or  race  conscious;  it  is  the  product  of  the  collective  activity  of  men 
who  are  widely  separated  in  space  and  time,  linked  in  many  cases  only  by  their 
common  interests  and  attempts  to  understand  and  control  nature.  Even  the  geniuses 
of  science  have  depended  upon  their  fellow- workers — Newton  himself  said,  “If  I 
have  seen  a little  farther  than  others,  it  is  because  I have  stood  on  the  shoulders 
of  giants.”  The  increasingly  rapid  progress  of  science  in  modern  times  may  be 
attributed  to  cooperative  attack  by  many  men  upon  more  difficult  and  complicated 
problems ; to  no  small  extent  it  has  been  due  to  the  fact  that  scientists  publish  their 
work  widely  and  look  for  help  from  other  scientists  throughout  the  world. 

In  the  same  way  the  general  classroom  methods  used  in  teaching  mathe- 
matics may  lead  to  growth  in  intelligent  self-direction  and  creativeness, 
or  they  may  retard  such  growth.  Responsibility  for  planning  and  carrying 
through  individual  projects  and  for  evaluating  one’s  performance  in  them  is 
useful  in  this  connection.  Teachers  of  mathematics  can  encourage  young 
people  to  “reach  out  beyond  present  experience  into  uncharted  seas,”  rather 
than  confine  them  to  routine  activities.  A simple  illustration  relates  to 
geometric  exericses  of  the  traditional  sort.  Here  the  opportunities  for 
creative  activity  could  be  greatly  increased  if,  instead  of  giving  both  the 
assumptions  about  the  figure  and  the  conclusion,  the  teacher  returned  at  least 
occasionally  to  the  practice  of  an  earlier  day  and  presented  the  figure  only,18 
suggesting  to  students  that  they  attempt  to  discover  all  the  facts  and  rela- 
tionships which  appear  to  hold  true  about  it.  If  the  figure  is  not  too  simple 
this  constitutes  a stimulating  creative  exercise.19  Creativeness  may  also  be 
encouraged  in  discovering  and  formulating  problems,  in  devising  methods  of 
attack,  in  recognizing  relationships  among  data,  in  discovering  methods  of 
proof,  and  in  presenting  conclusions  in  expositional  or  other  forms.  But  if 
mathematics  is  to  be  a field  for  creative  activity,  the  approach  to  problems 
must  involve  a type  of  investigational  experience  which  is  an  adventure 
into  the  unknown — it  must  provide  constant  opportunity  for  discovery. 

Mere  moralistic  precepts  are  of  course  futile  in  the  development  of  any 
of  these  characteristics.  All  aspects  of  classroom  activity  have  to  be  intelli- 
gently guided  with  reference  to  their  effects  upon  the  personalities  of  students 

17.  Science  in  General  Education,  p.  284. 

18.  It  is  said  that  when  an  ancient  geometer  had  discovered  a new  theorem,  he  pre- 
sented only  the  figure  and  the  word  “Behold  ” to  his  colleagues. 

19.  Perhaps  one  reason  why  the  Theorem  of  Pythagoras  is  so  famous  is  that  it  has 
been  a rich  field  for  creative  activity  of  this  kind.  No  less  than  167  different  proofs 
are  known,  one  of  these  having  been  discovered  by  President  James  A.  Garfield! 
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if  growth  in  this  respect  is  to  be  achieved.  The  personality  of  the  teacher, 
the  pattern  of  student-teacher  and  group  relationships,  and  the  atmosphere 
of  the  school  are  also  highly  influential.  The  mathematics  teacher  must  have 
insight  into  dynamic  factors  in  the  personality  development  of  adolescents 
if  his  part  in  their  education  is  to  be  fully  effective.20 

The  Disposition  and  Ability  to  Use  Reflective  Thinking  in  the  Solution 
of  Problems 

The  development  of  intelligence  in  analyzing  problem  situations,  other- 
wise referred  to  as  reflective  thinking,  although  but  a part  of  the  purpose  of 
general  education,  is  so  essential  a part  as  to  be  given  a major  place  in  this 
Report.  But  reflective  thinking  is  not  the  special  province  of  any  single 
subject-matter  course.  Rather,  after  one  fashion  or  another,  it  is  the  concern 
of  all  departments  of  the  school,  for  it  stands  at  the  heart  of  the  method  of 
scientific  inquiry — not  only  within  the  special  fields  of  natural  science,  nor 
only  within  science  so  interpreted  as  to  cover  the  activities  concerned  with 
developing  all  organized  knowledge,  but  in  every  case  where  intelligent  post- 
poned decision  is  called  for.  Whether  one  considers  the  military  officer 
planning  a campaign,  the  lawyer  drawing  up  a brief,  the  merchant  analysing 
the  sources  of  his  overhead  expenses,  the  child  deciding  which  parent  is  most 
likely  to  grant  a special  privilege  and  just  how  and  when  "the  subject  be 
broached,  there  one  meets  a problem  situation  demanding  analysis,  a call 
for  reflective  thinking. 

Although  sharing  with  others  the  task  of  developing  the  disposition  and 
ability  to  use  reflective  thinking  as  well  as  other  characteristics  of  per- 
sonality, nevertheless  it  is  here  that  teachers  of  mathematics  can  make  their 
major  unique  contribution.  Part  II  of  the  Report  discusses  a number  of 
major  concepts  which  are  involved  in  problem  solving  and  shows  how 
mathematics  viewed  from  this  angle  often  plays  a fundamental  role  in 
the  process. 

[The  chapter  ends  with  two  pages  of  bibliography .] 


20.  See  Chapter  XII,  “Understanding  the  Student.” 
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Introduction  to  Part  II:  Some  Concepts  Basic  to  Problem-Solving, 
Crucial  in  Democracy,  Pervasive  in  Mathematics 


Part  II  of  this  report  is  devoted  to  a discussion  of  the  following  major 
concepts,  with  special  reference  to  their  mathematical  aspects. 

Chapter  IV.  Formulation  and  Solution 

Chapter  V.  Data 

Chapter  VI.  Approximation 

Chapter  VII.  Function 

Chapter  VIII.  Operation 

Chapter  IX.  Proof 

Chapter  X.  Symbolism 


In  the  judgment  of  the  Committee,  an  understanding  of  these  concepts 
is  of  inestimable  value  to  the  teacher  in  helping  the  student  to  learn  the 
nature  of  both  mathematics  and  the  problem-solving  process,  and  to  appre- 
ciate the  values  of  a democratic  society.  It  is  also  the  belief  of  the  Com- 
mittee that  the  student  should  gradually  develop  an  always  more  ma  ure 
understanding  of  the  meanings  of  these  concepts  and  that  they  should  acquire 
rifthpr  and  more  discriminating  content  for  him  as  his  stun;  <»f  mathematics 


progresses. 


THE  RELATION  OF  THESE  CONCEPTS  TO  THE 
PROBLEM-SOLVING  PROCESS 

As  intimated  at  the  conclusion  of  the  previous  chapter,  the  major  role 
of  mathematics  in  developing  desirable  characteristics  of  personality  lies,  m 
the  contribution  it  can  make  to  growth  in  the  abilities  involved  mreflecoive 
thinking,  or  problem-solving.  In  the  opinion  of  the  Committee  the  study 
of  mathematics  is  of  educational  value  because  mathematics  can  be  made  to 
throw  the  problem-solving  process  into  sharp  relief,  and  so  offers  oppor- 
tunity to  improve  students’  thinking  in  all  fields.  As  one  traces  the  biog- 
raphy of  any  problem  situation  from  its  inception  m perplexity  and  conflict 
through  to  its  mastery  by  means  of  human  intelligence,  those  places  m w ic 
mathematics  has  a special  contribution  (which  for  some  problems  means 
throughout)  may  be  seen  to  come  under  one  or  more  of  the  headings  of  t e 

chapters  in  Part  II. 
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Formulation  and  solution  are  discussed  first  among  the  concepts  related 
to  problem-solving  because  they  are  central  to  the  process  and  in  a way 
primary.  To  solve  problems  successfully,  one  must  nave  a clear  notion  of 
what  it  means  to  formulate  a problem,  and  also  of  what  is  meant  by  a so  u- 
tion.  Before  one  can  lay  out  an  intelligent  plan  of  campaign  in  the  resolu- 
tion  of  a difficulty,  identify  significant  factors,  make  hypotheses,  de 
terms,  make  assumptions,  know  where  to  look  for  information,  or  w a o 
use  in  the  way  of  technique,  both  the  impelling  problem  and  the  aim  sought 
must  be  reasonably  clear.  Formulation  and  solution  are  discussed  together 

because  the  foreseen  end  affects  the  formulation  of  the  problem,  and  e y 

the  problem  is  formulated  affects  both  the  final  solution  and  the  process  by 
which  it  is  secured.  In  the  course  of  solving  a problem  the  more  specific 
purpose  originally  laid  down  may  be  redefined  or  even  rejected  but  some  e 
l always  kept  in  view,  and  this  end-in-view  directs  all  steps  in  the  process 
When  a problem  has  been  formulated,  the  next  step  is  usually  to  collect 
the  data  necessary  for  arriving  at  a solution.  But  not  all  data  are  equa  ly 
relevant,  representative,  accurate,  and  reliable.  In  order  to  solve  many 
problems  competently,  it  is  necessary  to  be  discriminating  about  the  accepta- 
bility of  data  in  these  terms,  and  to  collect,  record,  and  organise  them  in 

ways  appropriate  to  the  problem.  , 

Acceptable  data  ordinarily  must  not  only  be  collected  and  organized, 
but  analyzed  and  interpreted  before  it  is  possible  to  draw  conclusions  rom 
them.  In  order  to  analyze  and  interpret  many  types  of  data  it  is  necessary 
to  understand  ayvroximation.  Approximation  is  always  inherent  in  any 
problem  that  involves  data  collected  by  measurement.  It  w also  usually 
inherent  in  the  solution  of  problems  that  require  the  description  of  groups 
of  data  or  the  discovery  of  trends  and  relationships.  In  the  latter  case  the 
analysis  and  interpretation  call  for  the  use  of  statistical  concepts  and 
methods.  The  attempt  to  analyze  approximate  quantitative  data  withou 
a clear  understanding  of  appropriate  methods  is  likely  to  be  futile.  More- 
over many  qualitative  statements  implicitly  involve  some  degree  of  quan- 
titative approximation,  and  without  recognition  and  understanding  of  this 
fact  conclusions  drawn  from  such  statements  are  likely  to  prove  misleading. 
Some  examples  of  statements  of  this  kind  are:  "Americans  enjoy  a better 
standard  of  liv'ug  than  any  other  people  in  the  world” ; "Germans  are  sen  1- 
mental  and  given  to  regimentation” ; "Diabetes  is  inherited  ; Norma  oys 
are  not  interested  in  marriage.” 

In  the  solution  of  many  problems  the  notion  of  function— of  some  sort 
of  determinate  correspondence  between  two  (or  more)  sets  of  data— under- 
lies the  entire  process.  The  particular  correspondence  may  in  some  cases 
rest  upon  definition  (as  in  a table  of  squares)  or  on  arbitrary  assignments 
(as  iri  the  listing  of  telephone  numbers  to  correspond  to  the  names  of  sub- 
scribers). In  other  problems  the  correspondence  is  not  arbitrary  but  is  like 
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the  relationship  between  distance  covered  and  elapsed  time  in  the  case  of  a 
falling  body.  In  analyzing  and  interpreting  data  the  investigator  seeks  to 
discover  a determinate  correspondence  of  this  kind;  he  hopes  to  find  such 
relationships  among  the  variables  that  knowledge  of  the  values  of  one  or 
more  of  them  serves  to  determine  uniquely  the  values  of  some  one  other 
variable.  If  such  relations  can  be  shown  to  exist,  more  precise  and  often 
more  far-reaching  conclusions  can  be  drawn;  sometimes  formulas  can  be 
constructed  that  serve  to  facilitate  and  extend  the  analysis  and  to  summar- 
ize relationships  in  compact  symbolic  form.  Understanding  of  the  concept 
of  function  as  an  ideal  toward  which  the  investigator  strives  in  his  work 
lends  guidance  in  the  attack  on  quantitative  problems.  Furthermore,  some 
aspects  of  the  concept  of  approximation  can  be  completely  understood  and 
appreciated  only  in  the  light  of  comparison  or  contrast  with  the  concept 

of  function.  _ . 

Problems  cannot  be  solved  without  some  degree  and  kind  of  “doing”— 
hypotheses  must  be  tested  by  actual  experiments,  by  imaginary  experi 
ments,”  by  computation,  or  some  other  operation.  Each  field  of  study  has 
developed  relatively  unique  kinds  of  operations  appropriate  to  the  analysis 
and  interpretation  of  its  own  particular  type  of  data.  Mathematical  opera- 
tions are  the  active  processes — techniques  and  methods  by  which  mathe- 
matical symbols,  representative  of  data,  are  manipulated.  The  concepts  of 
approximation  and  function  serve  primarily  to  guide  the  selection  of  pro- 
cedure and  methods,  but  the  actual  carrying  out  of  the  process  requires  the 
performance  of  operations  upon  the  data. 

In  order  to  judge  the  validity  of  the  solution  of  a problem  it  is  neces- 
sary to  understand  the  nature  of  proof,  the  basic  principles  of  inductive  and 
deductive  reasoning.  Without  insight  into  the  relation  of  conclusions  to 
initial  assumptions  and  to  defined  and  undefined  terms  it  is  impossible 
either  to  work  through  to  a solution  upon  which  one  cun  rely  with  assurance, 
or  to  accept  or  reject  with  confidence  the  solutions  proposed  by  others. 

Finally,  the  process  of  problem-solving  involves  symbolism  of  some  sort. 
Without  symbols— mhich  may  be  words  or  may  be  other  signs  or  marks 
representing  concepts— many  forms  of  reflective  thinking  are  hardly  pos- 
sible. The  use  of  symbols  facilitates  the  manipulation  of  ideas  and  is  essen- 
tial for  the  communication  of  ideas  to  others. 

The  student’s  growth  in  understanding  of  these  concepts  as  related  to 
problem-solving  means  no  mere  superficial  extension  of  his  vocabulary,  no 
mere  contact  with  undigested  information.  Instead  it  should  result  in  more 
effective  and  mature  ability  to  resolve  complex  problems,  and  be  manifested 
through  more  appropriate  behavior  in  the  face  of  problem  situations  in  all 
the  aspects  of  living.  The  development  of  such  ability  is  not  the  task  of 
teachers  of  mathematics  exclusively.  Teachers  of  many  fields  share  this 
responsibility  and  can  contribute  toward  students’  well-rounded  growth  in 
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the  ability  to  solve  problems.1  Thus  this  constitutes  a common  giound  for 
cooperative  development  of  an  essential  characteristic  of  personalities 
equipped  to  function  creatively  in  a democracy. 

THE  RELATION  OF  THESE  CONCEPTS  TO  DEMOCRACY 

But  what,  it  may  be  asked,  have  the  formulation  and  solution  of  prob- 
lems, data,  approximation,  and  the  like,  to  do  with  “fostering  the  ideals  of 
democracy”?  In  the  judgment  of  the  Committee  the  connections  are  imme- 
diate as  well  as  fundamental.  They  become  clear  when  the  ways  in  which 
problems  are  formulated  and  solved  in  countries  where  there  is  less  democ- 
racy (as  in  Germany,  1939)  are  contrasted  with  the  formulation  and  solu- 
tion of  problems  in  a country  where  there  is  more  democracy  (as  in  the 
United  States,  1939) . 

In  the  first  place,  the  difference  lies  in  the  very  possibility  of  formulating 
problems  at  all.  In  dictatorships  like  Germany  (in  1939)  the  man  on  the 
street  is  not  permitted  even  to  formulate  many  problems,  such  as  the  fol- 
lowing, which  directly  concern  him:  We  Germans  are  told  we  have  got  rid 
of  unemployment,  but  are  we  really  better  off?  How  does  it  go  with  the 
Russian  worker  and  with  the  American  worker?  Is  all  this  rearmament  and 
military  drill  really  for  peace?  Is  it  possible  to  believe  that  Jews  are  actually 
in  control  in  all  the  countries  that  are  against  us,  or  that  the  Jews  were 
trying  to  poison  us?  With  one  victory  after  another  achieved  by  our  Leader, 
why  are  we  still  so  miserable?  Secondly,  in  Germany  the  Leader,  having 
permitted  some  problems  to  be  formulated  after  a fashion,  takes  upon  him- 
self the  right  to  provide  the  only  acceptable  answers.  Finally,  in  dictatoi- 
ships  these  problems  are  so  formulated  that  they  cannot  be  solved  by  the 
use  of  reflective  thinking,  and  only  mystical  answers  are  possible  to  the 
questions  raised.  If  the  Leader  is  asked  his  opinion  on  an  important  issue, 
he  replies,  “No  one  can  prevent  me  from  fulfilling  the  mission  entrusted 
me  by  Destiny.”  If  asked  what  his  mission  is,  he  replies,  “My  mission  is  to 
save  the  country,  the  country  must  and  will  be  saved.  Nothing  will  prevent 
me  from  saving  my  country.  No  one  can  oppose  Destiny.  That,  brothers, 
is  my  mission.”  Objective  formulation,  the  need  for  checking  apparent  re- 
sults, emphasis  on  method  of  formulation  and  solution  stressed  in  Chapter 

1.  Teachers  of  English,  science,  and  the  social  studies  are  also  turning  their  atten- 
tion to  aspects  of  this  objective.  See  the  Report  of  the  Language  Section  of  the  Com- 
mittee on  the  Function  of  English  in  General  Education,  Language  in  General 
Education;  the  Report  of  the  Committee  on  the  Function  of  Science  in  General  Educa- 
tion, Science  in  General  Education,  Ch.  VII;  The  Report  of  the  Committee  on  the 
Function  of  the  Social  Studies  in  General  Education,  the  Social  Studies  in  General  Edu- 
cation. All  are  published  or  forthcoming  reports  of  Committees  of  the  Commission  on 
the  Secondary  School  Curriculum  of  the  Progressive  Education  Association,  published  by 
D.  Appleton-Century  Company,  New  York. 
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IV,  are  all  negated  as  completely  as  possible  in  anti-democratic  countries, 
The  United  States  is  called  more  democratic  at  least  partly  because  in 
this  country  the  situation  with  reference  to  the  formulation  and  solution  of 
problems  is  different.  In  far  fewer  instances  is  the  possibility  of  formulating 
our  pressing  problems  restricted.  True,  there  are  groups  that  do  not  wish 
certain  questions  to  be  asked,  and  these  groups  are  sometimes  powerful 
(advertisers  exert  a large  measure  of  control  over  all  the  widely  circulated 
media  of  expression,  for  example,  and  so-called  “patriotic”  groups  try  to 
forbid  the  objective  study  of  Marxist  theories  of  society).  But  there  is  still 
a considerable  area  of  freedom  for  the  asking  of  important  questions  and 
for  the  demand  that  answers  be  reliably  and  responsibly  supplied.  There  is 
more  respect  for  experts  who  are  judged  by  their  previous  success,  and  less 
for  those  who  solve  problems  by  revelation.  More  questions  that  concern 
actual  living  are  asked,  and  they  are  so  formulated  that  objective  answers 
are  possible.  And  one  of  the  most  important  privileges  accorded  the  indi- 
vidual in  the  democratic  countries  is  that  of  being  allowed  to  check  appar- 
ent facts,  at  least  in  some  important  areas.  What  Ford  says  is  happening 
in  his  plants  can  be  checked  against  what  others  say.  There  is  no  way  of 
checking  on  the  statements  of  industrialists  in  Germany  (1939). 

The  United  States  and  the  other  democracies  will  increase  their  measures 
of  democracy  when  there  is  organized  and  widespread  demand  for  it.  The 
teacher  of  mathematics  who  helps  his  students  realize  the  necessity  of  the 
types  of  freedom  discussed  above  is  building  their  allegiance  to  democratic 
ideals  and  at  the  same  time  fostering  the  fuller  realization  of  these  ideals 
in  the  future.  If  the  child,  accustomed  to  rely  on  the  judgment  and  decisions 
of  adults,  is  to  achieve  a status  of  mature  independence,  he  must  learn  to 
identify  his  difficulties  for  what  they  are,  to  state  his  problems,  and  to  de- 
scribe clearly  the  nature  of  appropriate  solutions.  Questions  such  as 
“Exactly  what  is  the  problem  that  I am  facing?  What  am  I hoping  to  do? 
What  sort  of  results  should  I seek?”  must  become  habitual  and  fruitful,  not 
only  in  relation  to  the  more  immediate  aspects  of  the  adolescent  s life,  but 
in  his  wider  social  relationships.  It  goes  almost  without  saying  that  .the 
teacher  who  does  not  permit  his  students  to  raise  questions  which  are  sus- 
ceptible to  mathematical  treatment  and  which  also  seem  important  to  them 
will  not  be  able  to  make  clear  that  mathematics  has  these  direct  connections 
with  the  ideals  of  a democratic  society.  Nor  will  he  be  able  to  develop  in 
his  students  the  allegiance  to  these  ideals  which  alone  assures  their  preser- 
vation. 

A comparable  analysis  holds  in  regard  to  Chapter  V on  Data.  The 
very  possibility  of  merely  gathering  and  organizing  data  in  many  important 
areas  is  precluded  in  antidemocratic  societies.  Neither  authoritarian  so- 
cieties nor  authoritarian  groups  within  more  democratic  societies  can  permit 
the  collecting  of  certain  kinds  of  data  about  themselves  or  about  subjects 
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on  which  reliable  data  would  impede  the  attainment  of  their  ends.  It  is  a 
striking  fact  that  the  availability  of  reliable  statistical  data  on  the  stand- 
ards of  living  of  a country  are  a direct  measure  of  the  degree  of  democracy 
prevailing  in  that  country  as  judged  by  other  standards.  The  difficulty  of 
securing  data,  however,  applies  not  only  in  relation  to  such  problems  as  the 
objective  comparison  of  standards  of  living  in  Germany,  Russia,  France, 
and  the  United  States,  but  also  in  relation  to  so-called  business  secrets,  hid- 
den accountancy,  and  advertising  methods  of  certain  groups  within  this 
country.  Clearly,  the  path  toward  increased  democracy  lies  in  the  direction 
of  insisting  on  the  right  to  collect  and  organize  data  for  analysis  and  in- 
terpretation. 

The  crucial  importance  of  widespread  understanding  of  the  concept  of 
“Approximation”  (Chapter  VI)  in  a democracy  is  clarified  when  it  is  recog- 
nized that  the  word  statistics  originally  meant  “facts  about  the  state.” 
Without  certain  basic  statistical  notions,  judgments  concerning  social  phe- 
nomena are  impossible,  for  social  phenomena  are  group  phenomena,  and 
study  of  them  necessarily  involves  approximations.  The  maintenance  of 
democracy  today  is  predicated  upon  the  ability  of  large  numbers  of  people 
to  think  clearly  about  probelms  that  are  essentially  statistical  in  character. 
There  is,  in  addition,  a more  specialized  way  in  which  understanding  of 
basic  notions  may  serve  to  stem  the  inroads  of  antidemocratic  forces.  Such 
forces  tend  to  create  a spurious  group  divisiveness — mutual  suspicion  and 
mistrust  among  persons  of  various  social,  economic,  or  racial  backgrounds. 
Valid  reasoning  about  any  characteristic  of  a group  (a  school  class,  an 
income  group,  a social  class,  or  a race)  depends  upon  knowledge  of  how  this 
characteristic  is  distributed  both  through  the  group  under  discussion  and 
through  the  total  population.  The  facts  of  wide  variability  among  indi- 
viduals and  of  the  wide  range  of  every  so-called  distinguishing  character 
in  every  group  that  has  been  called  a race  establish  the  invalidity  of  pre- 
vailing concepts  of  race,  and  so  point  to  the  importance  of  developing  wide- 
spread understanding  of  statistical  concepts.  Those  who  propound  theories 
of  racial  superiority,  of  course,  need  more  than  a requisite  knowledge  of 
statistics  to  induce  them  to  renounce  their  theories.  It  is  likely,  however, 
that  the  number  of  adherents  they  recruit  will  be  diminished  when  more 
young  people  understand  how  to  check  their  claims  from  a statistical  point 
of  view. 

The  concepts  discussed  in  Chapters  VII  and  VIII  on  “Function”  and 
“Operation”  are  perhaps  too  specifically  mathematical  in  reference  to  have 
an  identifiable  specialized  bearing  on  democracy,  aside  from  the  contribu- 
tion they  may  make  to  the  common  man’s  ability  to  think  for  himself  in 
all  areas  of  experience.  But  the  ideas  and  concepts  treated  in  Chapter  IX 
on  “Proof”  are  again  typically  related  to  democratic  living.  The  notion  of 
proof,  as  discussed  there,  is  one  that  could  not  be  encouraged  in  an  anti- 
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democratic  country,  and  it  would  be  well  if  students  were  to  realize  this  fact 
at  the  time  that  they  are  learning  something  about  the  nature  of  proof. 

The  emphases  of  Chapter  X on  “Symbolism”  are  particularly  important 
at  a time  when  democracy  is  threatened  by  those  who  would  consciously 
undermine  it  through  the  use  of  flamboyant  symbols  and  specious  phrases 
to  delude  and  mislead  the  public,  obfuscating  its  attempts  to  think  clearly 
for  itself.  In  order  to  offset  the  effects  of  propaganda,  advertising,  and 
special  pleading,  the  man  on  the  street  must  learn  to  test  the  soundness  of 
what  is  proposed  in  words,  numbers,  and  graphs  by  what  these  proposals 
mean — their  antecedents  and  probable  consequences  in  action.  He  must 
learn  to  be  wary,  too,  of  the  symbols  he  uses  in  his  own  thinking,  lest  they 
undermine  his  intellectual  integrity  and  leave  him  a ready  instrument  for 
anti-democratic  forces. 

It  may  be  noted  that  the  bearing  of  each  of  these  concepts  on  democracy 
and  its  maintenance  under  contemporary  conditions  is  related  more  closely 
to  “the  free  play  of  intelligence”  than  to  either  of  the  other  two  strands  of 
the  democratic  tradition  outlined  in  Chapter  II — “optimum  development 
of  personality”  and  “reciprocal  individual  and  group  responsibility  for  pro- 
moting common  concerns.”  Nor  is  this  surprising,  in  view  of  the  fact  that 
the  concepts  themselves  were  chosen  for  emphasis  partly  on  the  basis  of 
their  relevance  to  reflective  thinking  and  problem  solving.  Yet  it  must  be 
clear  from  the  above  discussion  that  the  maintenance  of  these  other  two 
strands  of  the  tradition  is  dependent  upon  facilitating  the  free  play  of  ideas 
among  the  people  at  large,  and  hence  that  the  teaching  of  mathematics  may 
be  so  conducted  that  it  contributes  to  the  enhancement  of  democracy  in  all 
of  its  aspects. 

The  contention  of  the  argument  above  might  be  summarized  in  this  way: 
The  fruits  of  scientific  (and  mathematical)  thinking  in  terms  of  application 
to  the  problems  of  human  living  require  democratic  societies  for  their  full 
development.  More  important  still,  the  kind  of  scientific  and  mathematical 
thinking  that  the  Committee  advocates  developing  in  students — that  is, 
thinking  applied  to  the  real  problems  in  the  basic  relationships  of  living — 
provides  a valuable  tool  for  the  preservation  of  a democratic  way  of  life. 
Students  who  are  in  the  habit  of  formulating  real  problems,  and  of  insisting 
on  genuine  solutions,  who  know  how  to  judge,  collect,  and  interpret  data, 
who  are  not  misled  by  inaccurate  or  misleading,  statistics,  and  who  know 
how  to  recognize  valid  proof,  will  not  so  easily  be  misled  by  propaganda, 
suppression  of  evidence,  systematic  calumny,  demagoguery,  or  mystical 
symbols. 

It  may  be  remarked  in  conclusion  that  the  fundamental  operations  of 
arithmetic,  the  formal  solution  of  algebraic  equations,  the  memorization  of 
Euclidean  propositions  are  taught  in  Germany  (in  1939)  possibly  as  well  as 
they  are  taught  anywhere.  It  is  clear  that  mathematics  taught  as  an  ab- 

562 


0 


PEA  / Mathematics  in  General  Education 


stract  science  contains  little  that  is  anti-authoritarian  or  pro-democratic; 
the  same  is  not  true  for  the  kind  of  teaching  of  mathematics  urged  in  this 

Report. 


THE  RELATION  OF  THESE  CONCEPTS  TO  THE 
DEVELOPMENT  OF  AN  UNDERSTANDING  OF 
MATHEMATICS  AS  A UNIFIED  FIELD 

A set  of  major  concepts  worthy  of  special  emphasis  in  the  mathematics 
curriculum  should  serve  to  unify  instruction  in  mathematics  regarded  not 
only  as  a tool  for  problem-solving,  but  as  a science  considered  apart  fiom 
possible  applications  as  W'ell.  The  number  of  concepts  should  be  small  in 
order  that  the  list  may  be  readily  held  in  mind,  and  the  concepts  should 
have  the  property  of  systematic  recurrence  in  diverse  problems— or,  stated 
negatively,  they  should  not  be  the  sort  of  concepts  which,  while  necessary 
or  at  least  useful  in  treating  some  problems,  are  not  needed  at  all  in  many 
others. 

If  asked  to  state  the  major  mathematical  concepts  involved  in  problem- 
solving many  teachers  might  think  first  of  labels  appropriate  only  to  some 
special  aspect  of  mathematics,  and  might  speak  of  equations,  fractions,  con- 
gruence, similarity,  area,  and  the  like.  Important  as  such  ideas  are,  they 
fail  singly  and  as  a group  to  meet  the  conditions  stated  above.  They  are 
not  particularly  helpful  in  the  process  of  problem-solving  in  general;  they 
are  useful  in  some  problems  but  not  in  others;  they  do  not  seive  to  unify 
instruction  in  mathematics;  and  finally,  an  inventory  of  concepts  of  this 
type  results  in  an  unwieldy  list  of  items  ranging  in  significance  from  the 
trivial  to  the  profound.  Thus  the  unquestionable  usefulness  of  some  of  these 
concepts  in  many  problem  situations  is  in  itself  not  enough  to  make  them 

major  concepts  in  the  sense  intended  here.  _ ^ 

Most  of  the  objections  that  hold  against  the  use  of  ideas  like  “con- 
gruence” or  “equation”  as  major  concepts  also  hold  against  the  use  of  the 
fields  into  which  they  are  commonly  classified — the  subject-matter  divisions 
of  arithmetic,  algebra,  geometry,  trigonometry,  and  so  on.  This  classifica- 
tion reduces  the  number  of  concepts,  but  fails  to  assure  the  unification  of 
instruction.  The  essential  interdependence  of  arithmetic,  algebra,  geometry, 
and  trigonometry  that  becomes  obvious  to  advanced  students  easily  escapes 
the  perception  of  students  pursuing  these  subjects  separately  and  for  the 
first  time.  Differences  in  special  techniques  are  often  allowed  to  hide  the 
common  aspects  which  alone  justify  applying  the  single  name  mathematics 
to  all  these  seemingly  diverse  studies.  Even  within  a single  subject,  such  as 
algebra,  the  unity  is  easily  forgotten  amid  a multiplicity  of  topics.  When 
these  special  subjects  are  emphasized  as  such,  not.  only  does  the  student 
frequently  fail  to  gain  a sense  of  unity  in  mathematics  as  a science,  but  the 
unity  in  its  methods  of  approach  to  problem-solving  is  also  obscured. 
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Recognizing  these  difficulties,  many  teachers  have  sought  eagerly  for 
unifying  principles.  For  several  years  the  function  concept  has  seemed  to 
enjoy  special  popularity.  Yet  certainly  this  concept,  viewed  narrowly  and 
treated  rigorously,  does  not  unify  all  of  mathematics.  Distinguished  writers 
have  been  cited  as  authoritative  sponsors  for  other  unifying  ideas  such  as 
that  of  logical  implication,  of  group  properties,  of  relations,  of  quantitative 
variation,  and  so  forth.  Undoubtedly  some  among  these  might  be  stretched 
to  cover  by  devious  extensions  most  of  the  important  concepts  of  mathe- 
matics, but  in  the  judgment  of  the  Committee  none  of  them  is  adequate  for 
the  purposes  of  the  teacher.  To  the  teacher  one  all-inclusive  concept  is  less 
important  than  a few  important  ones  permeating  mathematics  irrespective 
of  special  topic  and  reasonably  comprehensive  of  what  is  involved  in  prob- 
lem-solving. 

The  list  of  unifying  concepts  to  be  emphasized  in  this  Report  might  be 
altered  in  several  respects  without  departing  essentially  from  the  conditions 
stated  above,  but  in  a general  way  these  concepts  seem  to  cover  the  subject 
and  yet  to  deal  with  aspects  so  separate  that  a student  with  sound  training 
in  lines  concerned  with  one  may  be  deficient  in  his  understanding  of  others. 
All  are  involved  in  dealing  with  mathematical  questions  that  arise  in  ana- 
lyzing many  problem  situations,  and  almost  all  (even  all,  by  extension  of 
meaning)  are  important  in  the  solution  of  every  problem  whether  or  not  it 
calls  for  characteristically  mathematical  treatment. 

THE  RELATION  OF  THESE  CONCEPTS  TO  THE 
ORGANIZATION  OF  THE  CURRICULUM 

The  Committee  does  not  mean  to  suggest  that  these  unifying  concepts  are 
to  be  considered  separately  or  are  to  be  made  the  basis  of  organization  of 
separate  groups  of  units  devoted  to  each.  The  arrangement  here  adopted  is 
intended  to  be,  in  the  main,  logical  for  anyone  who  surveys  the  field  in 
retrospect.  The  order  is  not  inteded  to  represent  psychological  steps  in  learn- 
ing to  parallel  stages  of  adolescent  growth. 

In  the  ideal  program  these  concepts  would  be  employed  repeatedly  in 
the  course  of  solving  different  problems.  From  time  to  time  the  emphasis 
would  necessarily  shift  from  one  to  another,  since  it  would  probably  not  be 
expedient  for  teachers  to  attempt  to  dwell  simultaneously  upon  more  than 
a few  fundamental  concepts.  But  it  does  seem  possible  to  develop  more 
than  one  at  a time,  and  it  is  highly  important  that  at  least  one  be  continu- 
ally kept  in  mind.  It  is  also  to  be  remembered  that  the  nature  of  these 
fundamental  concepts  is  such  that  the  power  to  give  them  formal  expression 
and  full  appreciation  comes  only  as  the  crowning  step  in  a process  that  may 
be  lifelong.  Some  of  the  more  abstruse  ideas  here  mentioned  in  elaborating 
one  or  another  of  the  concepts  should  perhaps  never  constitute  explicit  foci 
of  attention  for  most  students  at  the  secondary-school  level.  They  are  in- 

564 


i mm 


PEA  / Mathematics  in  General  Education 


, 


eluded  here  because  the  teacher  should  understand  all  these  ideas  and  should 
consciously  direct  his  own  teaching  practice  in  accordance  with  them. 

The  mathematician  seeks  to  obtain  generalizations  and  rules  of  pro- 
cedure that  are  applicable  to  a wide  variety  of  specific  situations.  This 
characteristic  of  mathematics  has  influenced  the  Committee  to  organize  the 
chapters  of  Part  II  in  such  a way  as  to  show  eventually  how  certain  con- 
cepts apply  in  the  various  aspects  of  living  rather  than  organizing  about 
the  latter  and  showing  the  concepts  that  apply  to  each.  Although  the  Com- 
mittee subscribes  to  the  view  that  mathematics  has  something  to  contribute 
to  the  meeting  of  needs  in  every  aspect  of  living,  presentation  of  these  con- 
tributions built  around  the  basic  aspects  of  living  would  have  entailed  con- 
siderable repetition  m the  Report.  Thus,  for  example,  the  ability  to  interpret 
data  expressed  in  graphical  form  is  useful  in  relation  to  needs  in  each  area; 
the  specific  abilities  involved  are  essentially  the  same  whether  the  data  to 
be  interpreted  have  to  do  with  personal  living,  immediate  personal-social 
relationships,  social-civic  relationships,  or  economic  relationships. 

It  should  perhaps  be  made  doubly  clear  at  this  point  that  the  Committee 
advocates  planning  curricular  sequences  primarily  on  the  basis  of  concrete 
problems  encountered  in  meeting  educational  needs  in  these  four  areas, 
rather  than  on  the  basis  of  logical  sequences  of  the  familiar  sort,  or  separate 
subjects  like  algebra,  plane  geometry,  solid  geometry,  and  so  on,  or  unifying 
concepts  presented  here  or  elsewhere.  Secondary-school  mathematics  has 
been  criticized  as  being  “too  general  and  too  abstract”  for  secondary-school 
students.  This  criticism  is  justified  less  by  the  nature  of  mathematics  itself 
than  by  the  tendency  to  impose  certain  general  and  abstract  concepts  upon 
the  student — without  his  having  had  any  responsible  part  in  the  gradual 
process  of  generalization  and  abstraction  from  concrete  and  specific  in- 
stances arising  in  problems  real  to  him. 

The  position  of  the  Committee,  briefly  stated,  is  essentially  this:  A 
mathematics  curriculum  may  be  built  by  locating  and  studying  concrete 
problem  situations  which  arise  in  connection  with  meeting  needs  in  the  basic 
aspects  of  living.  The  major  concepts  here  emphasized  play  a fundamental 
role  in  the  analysis  of  these  problems..  They  help  to  clarify  the  method  of 
attack,  and  they  tend  to  recur  systematically  in  diverse  problems.  This 
recurrence  in  itself  provides  for  the  development  of  a sense  of  unity  in 
mathematics  as  a method  of  dealing  with  problems.  But  in  addition  these 
major  concepts  serve  to  unify  sub-concepts  and  related  abilities  customarily 
classified  in  separate  subject  fields — such  as  algebra  and  geometry.  These 
sub-concepts,  encountered  first  in  concrete  situations,  should  eventually  be 
abstracted  and  generalized,  and,  in  similar  fashion,  the  major  concepts  should 
eventually  serve  to  throw  light  on  the  analysis  of  problems  arising  in  many 
different  fields  of  thought. 

In  conclusion,  it  should  be  hardly  necessary  to  remind  the  teacher  that 
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his  contributions  to  the  achievement  of  the  major  purposes  of  education 
are  not  confined  to  the  development  of  the  concepts  and  abilities  particu- 
larly emphasized  in  the  material  of  Part  II.  This  Part  is  intended  to  sup- 
plement rather  than  to  supplant  Part  I.  The  discussion  is  confined  primarily 
to  a detailed  analysis  of  the  specific  contribution  of  mathematics  to  the 
development  of  ability  in  reflective  thinking  or  problem-solving — indis- 
pensable both  in  meeting  needs  and  in  conserving  democratic  values.  But 
the  teacher  of  mathematics  must  build  his  total  program  toward  an  affirma- 
tive answer  to  such  questions  as  the  following: 

Does  it  help  the  adolescent  meet  his  needs  in  the  major  aspects  of  living 
(personal  living,  immediate  personal-social  relationships,  social-civic  re- 
lationships, and  economic  relationships)  ? 

Does  it  promote,  enrich,  and  refine  democratic  ideals  through  the  devel- 
opment of  related  desirable  qualities  of  personality? 
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The  next  two  selections  come  from  successive  chapters  of  a year- 
book. The  later  chapter,  by  Carleton  Washburne,  describes  the  ex- 
tensive experimental  work  done  by  the  Committee  of  Seven  to 
determine  developmental  levels  at  which  arithmetic  concepts  are 
best  learned.  The  preceding  chapter,  by  Leo  J.  Brueckner,  analyzes 
the  study  made  by  this  committee,  and  similar  experimental  work, 
for  the  sake  of  application.  Brueckner ’s  application  is  important 
because  the  widely  used  arithmetic  texts  he  wrote  were  in  the 
forefront  of  the  trend  to  postpone  many  topics,  that  is,  to  teach 
them  to  students  at  a later  age  than  had  earlier  been  the  practice. 
Also  of  interest  is  Brueckner ’s  stress  on  social  arithmetic,  an  em- 
phasis compatible  with  the  report  of  the  Progressive  Education 
Association’s  Committee  on  the  Function  of  Mathematics  in  Gen- 
eral Education. 

Both  selections  contain  lists  of  the  topics  seen  to  be  appropriate 
at  various  levels.  They  are  of  interest  in  comparison  with  current 
practice,  which  tends  to  reverse  the  postponement  trend  heie  found. 
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CHAPTER  XY 


The  Development  of  Ability  in  Arithmetic 


Leo  J.  Brueckner 
Professor  of  Elementary  Education 
University  of  Minnesota,  Minneapolis,  Minnesota 


X.  THE  SOCIAL  SIGNIFICANCE  OF  ARITHMETIC 

In  the  modern  curriculum,  arithmetic  has  much  broader  functions  than 
were  commonly  recognized  in  the  traditional  school.  Present  thin  ing 
emphasizes  four  major  functions  of  arithmetic:  (a)  the  computational 
function,  which  deals  with  the  development  of  essential  computational  skills; 
(6)  the  informational  function,  which  deals  with  the  development  of  an 
understanding  of  the  history,  evolution,  and  present  status  of  institutions, 
such  as  banks,  insurance,  and  taxation,  that  have  been  created  by  society 
to  deal  with  social  uses  of  number;  (c)  the  sociological  function,  which  deals 
with  the  development  of  an  awareness  of  the  problems  faced  by  these  institu- 
tions and  of  the  means,  current  and  proposed,  for  solving  those  problems; 
and  {d)  the  psychological  function,  which  deals  with  the  development  of  the 
power  to  do  quantitative  thinking  and  of  an  appreciation  of  the  value  and 
significance  of  quantitative  data  and  methods  in  dealing  with  the  affairs 

- of  life  (16) . , . . 

Computational  arithmetic  may  be  differentiated  from  social  arithmetic. 

The  latter  may  be  regarded  as  including  the  informational,  sociological,  an 
psychological  functions  listed  above.  Computational  arithmetic  consists  of 
a hierarchy  of  knowdedge,  skills,  and  abilities  to  be  mastered.  The  logic  o 
the  number  system  has  in  the  past  to  a large  extent  determined  the  order 
in  which  the  computational  skills  have  been  taught,,  since  it  is  true  that 
each  of  the  major  skills  requires  the  use  of  more  basic  skills  that  must  be 
mastered  before  the  more  difficult  processes  can  be  learned.  It  is  also  com- 
monly recognized  that  there  are  points  below  which  it  is  not  advisable  to 
attempt  to  teach  a particular  process.  For  example,  no  one  would  think 
seriously  of  teaching  long  division  in  the  second  grade  or  calculus  at  the 
junior-high-school  level.  In  recent  years  a number  of  investigations  have 
attempted  to  determine  with  some  precision  the  optimal  points  at  which 
to  present  each  of  the  processes.  These  studies  will  be  reviewed  Inter  in 
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this  section. 

Social  arithmetic  does  not  consist  of  such  a definite  hierarchy  of  skills  to 
be  mastered,  but  rather  includes  a variety  of  abilities,  insights,  generaliza- 
tions, and  ideas  that  in  a sense  develop  and  change  throughout  the  life  of 
the  individual.  These  ideas  are  encountered  in  the  affairs  of  daily  life  and 
have  meaning  to  the  extent  that  they  are  directly  related  to  the  common 
experiences  of  people.  The  growth  of  the  quantitative  elements  of. the 
vocabulary  is  a gradual  process,  beginning  at  a very  early  age  and  continuing 
at  varying  rates  throughout  life.  The  meaning  a particular  word  may  have 
is  the  by-product  of  experience.  Similarly,  appreciation  of  the  social  sig- 
nificance of  money,  measurement,  business  practices,  taxes,  and  geometric 
design  is  the  outcome  of  a more  or  less  continuous  process  of  growth  and 
development  to  which  all  experience  contributes  and  that  can  at  all  times 
be  facilitated  by  well-planned  instruction.  Of  course  it  is  true  that  different 
individuals  at  any  given  level  of  schooling  will  not  have  the  same  breadth  of 
appreciation  and  understanding  of  such  topics  as  those  listed.  However,  it  is 
evident  that  for  each  individual  these  values  will  become  richer,  broader, 
and  more  vital  as  he  proceeds  through  successive  stages  of  a well-planned 
curriculum  that  emphasizes  the  social  functions  of  arithmetic,  and  that 
these  concepts  will  take  on  added  meaning  and  significance  throughout  life. 

H.  PROCEDURES  IN  COMPUTATIONAL  AND  IN  SOCIAL  ARITHMETIC 

It  thus  appears  that  arithmetic  instruction  must  recognize  two  different 
kinds  of  outcomes,  each  of  which  requires  an  essentially  different  kind  of 
teaching  procedure  to  insure  its  achievement.  Computational  arithmetic 
requires  the  use  of  systematic,  carefully  graded  learning  materials  that  will 
insure  easy  effective  learning  of  number  processes.  In  these  materials  the 
steps  in  learning  will  be  from  easy  processes  to  more  difficult  ones,  with 
systematic  diagnostic  testing  at  all  points  to  locate  difficulties.  Research 
has  conclusively  demonstrated  that  no  new  process  should  be  taught  until 
the  pupil  is  heady’  for  it',  that  is,  until  he  has  the  mental  ability  to  learn 
the  process,  until  the  essential  basic  skills  are  established,  and  until  the 
process  has  meaning  for  him  as  the  result  of  experiences  that  show  him  its 
social  value. 

In  so  far  as  social  arthmetic  is  concerned,  the  chief  instructional  problem 
is  to  utilize  a rich,  well-planned  series  of  social  experiences  that  will  give 
the  learner  many-sided  contacts  with  the  important  applications  and  uses  of 
number  in  the  affairs  of  daily  life.  As  far  as  we  now  know,  there  is  no 
particular  sequence  in  which  these  units  of  instruction  need  appear.  The 
order  of  their  appearance  can  vary  from  class  to  class  as  the  occasion  may 
warrant.  Nor  need  these  activities  be  the  same  in  all  classes.  In  these 
experiences  the  need  of  computational  arithematic  will  be  clearly  demon- 
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strated.  Many  maintain  that  drill  on  number  processes  should  be  assigned 
only  after  pupils  have  sensed  their  need  of  these  processes  to  carry  on  their 
activities.  The  outcomes  of  these  rich  social  units  will  be  valuable  knowl- 
edge, insight,  appreciation,  and  ability,  to  which  the  work  at  successive 

levels  will  add  its  contribution.  _ . 

In  so  far  as  the  curriculum  related  to  social  arithmetic  is  concerned,  it  is 

regarded  as  necessary  that  the  teacher  select  social  units  adapted  to  the 
level  of  development,  interests,  and  needs  of  the  pupils  in  the  group  that  wi 
at  the  same  time  apply  concretely  the  computational  processes  most  readily 
learned  at  that  level.  As  will  be  shown  later  in  this  chapter,  a number  of 
investigators  have  made  studies  of  the  kinds  of  units  suitable  for  various 
levels  of  the  school.  However,  these  are  not  as  definite  in  suggestions  as  to 
sequential  arrangement  of  materials  as  are  the  studies  of  computational 
arithmetic.  This  lack  of  specificity  is  largely  due  to  the  fat  that  the  out- 
comes of  social  arithmetic  are  of  a cumulative  developmental  kind,  con- 
stantly being  enriched  and  altered  as  the  result  of  social  experiences,  whereas 
skill  in  a computational  process  may  in  fact  be  mastered  at  one  level  of  the 
school  and  be  used  substantially  as  originally  learned  at  higher  levels— save 
that  rate  of  work  in  the  particular  skill  will  increase  as  the  pupil  progresses 

through  the  school.  < . 

It  should  be  pointed  out  that  there  is  some  evidence  to  indicate  that  there 

is  not  so  much  need  of  systematic,  logically  organized  instruction  in  com- 
putational processes  as  has  sometimes  been  thought  necessary.  arap  , 
23) , for  example,  has  shown  that  processes  in  whole  numbers,  fractions,  and 
decimals  can  be  learned  through  their  practical  use  in  carefully  selected 
activities  adapted  to  the  level  of  development  and  interests  of  the  pupils,  in 
which  the  need  of  performing  computations  involving  these  processes  arises. 
No  further  organized  practice  or  supplementary  drill  appears  to  be  neces- 
sary he  reports.  These  findings  are  extremely  important  for  those  who  wish 
to  utilize  the  ‘activity’  approach  in  instruction.  They  demonstrate  the 
desirability  of  presenting  number  processes  in  connection  with  meamngiu 
experiences,  even  though  it  is  planned  to  carry  on  subsequently  a program 
of  systematic  practice  with  prepared  materials  (14).  Ilarap  unfortuna  ey 
did  not  determine  the  optimal  level  at  which  these  skills  could  be  taught 
through  activities  such  as  were  used  in  his  experiments;  indeed,  he  taught 
them  in  only  one  grade  in  bach  case.  No  data  are  available  m his  studies  as 
to  the  relative  ease  of  learning  these  processes  at  other  grade  levels  under 
the  same  conditions  or  under  variations  of  these  conditions. 


III.  INDIVIDUAL  DIFFERENCES  IN  ARITHMETIC 

The  fact  of  individual  differences  is  of  great  significance,  both  in  the 
organization  of  the  curriculum  and  in  the  selection  of  methods  of  instruction. 
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Investigations  have  made  it  clear  that  the  curriculum  should  be  kept  flexible 
because  of  differences  in  the  rates  at  which  children  learn.  These  differences 
have  been  revealed  by  many  studies  (13).  Failure  to  recognize  them  has 
been  one  of  the  major  factors  contributing  to  the  difficulty  such  large  num- 
bers of  children  have  had  with  arithmetic.  To  provide  foi  these  differences 
in  the  rate  of  learning  number  processes,  materials  have  been  devised  that 
make  it  possible  for  pupils  to  progress  at  different  rates  in  the  mastery  of 
computational  skills.  Such  drill  materials  as  those  devised  by  Courtis, 
Studebaker,  Washburne,  and  others  illustrate  the  point.  Several  workbooks 
are  available  that  provide  effectively  for  adapting  instruction  in  computa- 
tional arithmetic  to  individual  differences  in  rates  of  learning.  There  is  no 
longer  any  reason  why  all  pupils  in  a group  should  be  at  work  on  the  same 
computational  skill  at  the  same  time,  regardless  of  the  differences  existing 
in  their  readiness  for  this  work.  The  curriculum  should  not  be  organized  as 
a set  body  of  materials  for  each  grade  that  all  pupils  are  required  to  master 
before  promotion  to  the  next  grade.  Ideally  instruction  in  computation 
should  be  adapted  to  the  level  of  progress  of  each  learner  and  to  his  rate 
of  learning. 

Individual  differences  in  learning  social  arithmetic  are  probably  as 
great  as  in  computational  arithmetic,  but  the  method  of  dealing  with  them 
is  not  the  same.  The  fact  that  probably  no  two  persons  learn  the  same 
things  from  any  social  experience  in  which  both  may  participate  should  be 
recognized.  Instead,  therefore,  )f  providing  a systematic  series  of  exercises 
in  social  arithmetic  with  certain  definite  outcomes  so  organized  that  pupils 
may  progress  at  different  rates,  as  can  be  done  in  computational  arithmetic, 
the  teacher  should  provide  a variety  of  rich  group  experiences  that  introduce 
aspects  of  social  arithmetic  to  the  class  and  enable  the  pupils  to  explore^  their 
different  interests  and  to  relate  what  is  being  learned  to  their  varied  oack- 
grounds  of  experiences.  Applications  of  number  in  all  school  subjects  furnish 
many  opportunities  for  this  kind  of  activity.  The  outcomes  of  these  formal 
and  incidental  experiences  will  vary  widely  among  the  members  of  the  group. 

The  method  of  organizing  instruction  dealing  with  social  arthmetic 
therefore  differs  considerably  from  that  of  organizing  instruction  in  the 
computational  aspects  of  the  subject.  The  former  may  be  organized  as  a 
class  or  group  activity,  the  latter  should  be  individualized.  However,  in 
both  instances  the  teacher  should  be  concerned  with  the  selection  of  those 
procedures  and  experiences  that  will  facilitate  learning  and  that  are  adapted 
to  the  level  of  development  of  the  individual.  Both  phases  of  arithmetic 
must  be  definitely  provided  for,  since  investigations  have  shown  that  under 
present  conditions  there  is  a low  correlation  between  the  scores  on  tests  of 
social  and  computational  arithmetic  (17).  The  problems  involved  that  are 
related  to  the  issue  of  this  Yearbook  may  be  stated  as  follows: 
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In  relation  to  computational  arithmetic: 

1.  What  is  the  optimal  sequence  of  steps  in  presenting  the  number  facts  and 
processes? 

2.  Are  there  points  in  the  child's  development  before  which  it  is  not  advisable 
to  teach  the  various  number  processes  if  efficient  learning  is  to  take  place? 

3.  In  what  ways  can  instruction  provide  adequately  for  individual  differ- 
ences in  rates  of  learning  number  processes? 

In  relation  to  social  arithmetic : 

1.  What  types  of  quantitative  social  concepts  should  be  presented  at  various 
stages  in  the  curriculum  ? 

2.  Are  there  definite  stages  in  the  child's  development  at  which  they  can  be 
most  suitably  introduced  ? 

3.  What  are  the  most  satisfactory  means  of  developing  meaningful  social 
concepts  in  the  field  of  arithmetic  ? 

4.  How  can  units  of  social  arithmetic  be  selected  so  as  to  contribute  effec- 
tively at  the  same  time  to  the  vitalizing  of  instruction  in  computational 
arithmetic? 

IV.  DEVELOPMENTAL  LEVELS  IN  ARITHMETIC 

So  far  as  can  be  discovered,  no  one  has  published  a defintion  of  develop- 
mental levels  in  either  computational  or  social  arithmetic  that  is  based  on 
extensive  studies  of  the  growth  process,  such  as  are  available  for  language, 
reading,  and  physical  development.  For  purposes  of  discussion  the  following 
developmental  levels,  the  bases  of  which  will  be  elaborated  in  this  chapter, 
may  be  distinguished: 

Stage  1 

The  stage  at  which  readiness  for  formal  number  work  is  attained.  During  this 
period  the  child  acquires  a considerable  variety  of  simple  quantitative  concepts  and 
a small  quantitative  vocabulary  through  incidental  contact  with  number  in  his  daily 
informal  experiences,  and  through  guided  experiences  and  training  in  school  that 
promote  number  readiness.  This  level  comprises  the  preschool  years,  the  kinder- 
garten, and  usually  at  least  part  of  Grade  I. 

Stage  2 

The  initial  stage  in  learning  arithmetic.  This  usually  comprises  Grades  I and 
II,  during  which  the  child  acquires  the  ability  to  read  numbers,  to  count  syste- 
matically, and  to  group  and  compare  objects.  He  also  learns  easily  the  basic  num- 
ber facts  of  addition  and  subtraction,  either  through  organized  teaching  or  through 
informal  procedures.  Through  well-chosen  social  activities  involving  simple  appli- 
cations of  number  in  measurements  and  social  practices,  the  pupil  can  readily  be 
led  to  acquire  a rich  background  of  meaning,  which  will  facilitate  more  formal  learn- 
ing at  the  next  stage.  There  is  a rapid  increase  in  his  arithmetical  vocabulary. 
Usually  there  is  considerable  interest  in  number  work. 

Stage  3 

The  stage  of  rapid  progress  in  fundamental  arithmetic  habits  and  attitudes. 
This  stage  includes  in  general  Grades  III  and  IV,  during  which  the  pupil  masters 
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the  simpler  processes  with  whole  numbers  readily,  his  knowledge  and  understanding 
of  social  arithmetic  is  expanded,  and  he  develops  the  ability  to  apply  simple  quanti- 
tative methods  in  his  affairs.  At  the  end  of  this  stage  the  pupils  should  have  mas- 
tered the  addition  and  subtraction  facts,  the  easier  multiplication  and  division  facts, 
and  the  simpler  computational  processes  involving  whole  numbers.  He  should  also 
have  an  understanding  of  the  meaning  and  uses  of  the  more  common  fractions. 

Stage  J+ 

The  stage  during  which  social  experience  extends  rapidly  and  increased  power, 
efficiency,  and  skill  in  arithmetic  computation  are  developed.  This  stage  includes 
Grades  V to  VIII,  during  which  occurs  the  learning  of  generalized  number  concepts, 
more  difficult  processes  in  fractions  of  various  kinds,  long  division,  and  more  diffi- 
cult social  applications  of  number,  and  during  which  there  is  rapid  growth  in  power 
to  think  quantitatively. 


Stage  5 

The  stage  at  which  special  aptitudes  appear  and  broader  interests  are  developed. 
This  stage  is  at  the  high-school  and  college  level,  at  which  point  special  aptitudes  are 
recognized,  interests  are  developed  and  broadened,  and  a high  level  of  efficiency  in 
the  uses  of  number  is  secured. 

It  should  be  recognized  that  these  stages  of  development  cannot  be 
sharply  differentiated  and  that  they  merge  gradually  as  parts  of  a con- 
tinuous process  of  growth.  While  approximate  grade  limits  are  given  for 
each  stage,  these  designations  should  serve  merely  as  guides  to  teachers, 
since  pupils  will  not  all  reach  the  various  stages  at  the  same  time. 

[Section  V,  “Investigations  Dealing  with  Arithmetic  Development,”  not 
given  here,  details  research,  including  that  of  the  Committee  of  Seven.] 


VI.  CONCLUSIONS 

First,  the  arithmetic  curriculum  should  place  much  greater  emphasis  of 
social  arithmetic  than  has  been  the  practice  in  the  past.  The  acceptance  of 
this  position  should  result  in  a radical  change  in  the  character  of  the  arith- 
metic work  in  the  primary  grades,  a recognition  of  stages  one  and  two  in  the 
development  of  arithmetic.  Here  it  is  essential  that  stress  be  placed  on  the 
development  of  number  meanings  and  an  appreciation  of  the  functional  uses 
of  number  in  the  affairs  of  children.  This  readiness  program  should  have  as 
its  major  purpose  the  development  of  readiness  on  the  part  of  pupils  for  the 
more  formal  number  work  to  be  begun  at  the  third  stage  of  instruction. 

Second,  the  core  of  the  curriculum  should  consist  of  a series  of  carefully 
selected  units  of  social  arithmetic  of  demonstrated  value  adapted  to  the 
needs,  interests,  and  level  of  progress  of  the  pupils.  The  purpose  of  these 
units  should  be  to  give  the  pupils  a rich  social  insight  and  an  understanding 
of  the  functions  of  number  in  daily  life  and  to  enable  them  to  praticipate 
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more  effectively  in  the  affairs  of  a changing  industrial  democratic  society. 
The  units  should  vary  from  locality  to  locality,  but  the  basic  principles 
underlying  their  selection  should  be  the  same  in  all  places.  Emphasis  is 
placed  by  the  Yearbook  Committee  on  the  planned  approach  to  be  made  to 
this  work,  since  it  is  held  that  an  unplanned,  incidental  approach  to  the 
subject  will  not  produce  the  desired  results.  Much  experimental  work  must 
be  done  before  we  can  be  sure  that  the  elements  of  a planned  program  of 
arithmetic  that  gives  due  consideration  to  child  development  are  validly 
established. 

Third,  through  these  units  of  work  the  pupil  should  also  be  led  to  see 
the  functional  value  of  the  various  number  processes  and  be  given  ample 
opportunity  to  apply  them  in  a meaningful  way.  It  is  essential  that  the  work 
in  social  and  computational  arithmetic  be  carefully  integrated.  This  can  be 
accomplished  by  selecting  units  of  work  for  the  different  grade  levels  that 
will  give  the  best  opportunity  to  present  the  number  processes  most  suitably 
taught  at  each  level.  The  information  concerning  the  learning  difficulty  of 
the  several  number  processes  produced  by  such  investigations  as  those  of 
the  Committee  of  Seven,  as  outlined  in  Chapter  XVI,  sho^d  be  of  great 
value  in  determining  the  proper  arrangement  and  gradation  of  the  number 
processes.  Further  study  is  needed  of  the  relations  between  the  apparent 
learning  difficulty  of  the  elements  of  the  different  number  processes  and  the 
nature  of  methods  and  materials  of  instruction.  Data  that  are  now  available 
on  these  points  are  based  on  results  secured  under  existing  conditions.  It  is 
obvious  that  somewhat  different  results  may  be  secured  under  improved 
methods  of  teaching,  with  improved  materials  of  instruction,  or  when  a 
different  approach  to  the  teaching  of  number  is  used;  for  example,  through 
a socialized  approach. 

Fourth,  whatever  the  plan  may  be  that  is  finally  selected  for  organizing 
the  curriculum,  careful  consideration  must  be  given  to  the  question  of 
individual  differences.  Pupils  do  not  all  earn  at  the  same  rate,  nor  do  they 
learn  the  same  body  of  information  from  any  single  experience.  It  is  clear, 
therefore,  that  it  is  desirable  to  provide  a plan  of  practice  on  the  number 
processes  that  will  enable  each  pupil  to  practice  on  materials  adjusted  to  his 
level  of  development  and  rate  of  growth.  It  is  desirable,  likewise,  that  every 
effort  be  made  to  adapt  the  rate  of  progress  of  the  class  work  to  the  ability 
of  the  pupil.  To  this  end  it  is  necessary  that  ther  teacher  have  information 
concerning  the  pupil’s  level  of  mental  development,  and  reliable  information 
as  to  his  readiness  to  undertake  the  work  on  the  new  step  or  process,  includ- 
ing not  only  his  ability  in  basic  skills  essential  to  the  process  to  be  presented 
but  also  his  understanding  of  the  concepts  that  are  involved. 
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CHAPTER  XVI 

The  Work  of  the  Committee  of  Seven 
on  Grade-Placement  in  Arithmetic 

Carleton  Washburne 
Superintendent  of  Schools,  Winnetka,  Illinois 
and 

Chairman  of  the  Yearbook  Committee 


Reasonably  full  treatment  is  given  in  this  chapter  to  the  work  of  the 
Committee  of  Seven  of  the  Northern  Illinois  Conference  on  Supervision1 
for  the  following  reasons:  The  experiments  in  placement  conducted  by  the 
Committee  of  Seven  have  been  directly  in  line  with  the  general  purpose  of 
the  Yearbook  and  have  been  the  first  and  most  extensive  investigations  in 
this  field.  They  began  in  1926  and  are  still  continuing.  They  have  consisted 
of  controlled,  cooperative  experiments  in  255  cities  and  towns  in  16  states, 
involving  1190  teachers  and  30,744  children.  They  have  been  reported 
repeatedly  in  educational  literature  and  have  had  a direct  effect  upon  courses 
of  study  in  both  the  United  States  and  Canada  and  upon  textbook  con- 
struction. They  are  suggestive  as  to  techniques  that  might  well  be  used  in 
fields  other  than  arithmetic  in  determining  the  relation  of  the  curriculum  to 
levels  of  child  development,  and  they  have  indicated  the  nature  of  further 
research  needed  both  on  the  problem-  of  arithmetic  placement  and  on  the 
problem  of  placement  in  general.  While  the  conclusions  of  the  Committee  of 
Seven  are  tentative  and  subject  to  well-recognized  limitations,  they  never- 
theless point  to  definite  practical  procedures  in  regard  to  the  placement  of 


1.  The  Committee  of  Seven  has  consisted,  during  the  period  covered  by  most  of 
this  report,  of  the  following  persons:  Orville  T.  Bright,  Superintendent  of  Schools, 

Flossmoor ; Turner  C.  Chandler,  Principal  of  the  Burnside  School,  Chicago;  Harry  O. 
Gillet,  Principal  of  the  University  of  Chicago  Elementary  School ; J.  R.  •=larPer>  ®.up®r" 
intendent  of  Schools,  Wilmette;  Raymond  Osborne,  while  Principal  of  the  Francis  W. 
Parker  School,  Chicago;  0.  E.  Peterson,  Head  of  the  Department  of  Education,  North- 
ern Illinois  State  Teachers  College,  DeKalb;  Howard  C.  Storm  Superintendent  of 
Schools,  Batavia;  and  Carleton  Washburne,  Superintendent  of  .Wlcn“etk^ 

Chairman.  Mabel  Vogel  Morphett,  Director  of  Research  in  the  Wmnetka  Public  Schools, 
and  William  H.  Voas,  Psychologist  in  the  Winnetka  Public  Schools,  have  been  asso- 
ciates of  the  Committee. 
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arithmetic  topics  and  are  therefore  usable  by  classroom  teachers,  textbook- 
makers,  and  curriculum-revisers  who  prefer  even  tentative  and  limited 
recommendations  based  upon  research  to  a purely  traditional  or  subjective 
plan  of  curriculum  construction. 

[Sections  I and  II,  not  given  here,  detail  the  experimental  procedures 
used  by  the  Committee  of  Seven.] 


III.  A SUMMARY  OF  THE  FINDINGS  AND  RECOMMENDATIONS  OF  THE 

COMMITTEE  OF  SEVEN  TO  DATE 

A summary  of  all  the  findings  of  the  Committee  of  Seven  to  date  is  appro- 
priate for  this  Yearbook.  It  should  be  emphasized  that  these  findings  are 
tentative,  that  they  are  subject  to  the  limitations  outlined  later  in  this 
chapter,  that  the  research  suggesed  later  in  this  chapter  may  materially 
modify  some  of  the  recommendations,  and  that  teachers  who  are  willing  to 
spend  more  time,  or  accept  lower  standards  of  achievement,  or  to  present  a 
subject  before  three-fourths  of  the  children  can  master  it  may  legitimately 
attempt  the  subject  at  a lower  level,  while  those  whose  standards  are  higher 
or  whose  time  is  more  limited  may  legitimately  postpone  a given  item  until 
a higher  level.  It  should  also  be  pointed  out  that  there  are,  except  as  other- 
wise indicated,  terminal  placements;  i.e.,  the  placements  at  which  the  topics 
can  be  learned  to  completion.  How  much  earlier  the  topics  may  legiti- 
mately be  introduced,  the  Committee’s  data  do  not  show.  Finally,  it  should 
be  borne  in  mind  that  all  recommendations  as  to  mental-age  placement  pre- 
suppose reasonable  mastery  of  foundations;  i.e.,  possession  of  the  knowledge 
and  skill  pertaining  to  prerequisite  topics. 

Data  and  Recommendations  for  Placement 
Mental  Age  6-7 

While  children  at  this  mental  age  can  learn  the  addition  facts  with  sums  of  10 
and  under  and  the  easy  subtraction  facts,  there  is  much  doubt  whether  systematic 
instruction  in  arithmetic  should  begin  so  early.  Even  these  two  elements  are  better 
learned  a year  later.  Experimental  evidence  is  beginning  to  accumulate  to  indicate 
that  this  year,  and  possibly  the  next,  should  be  devoted  largely  to  informal  experi- 
ence and  activities  to  give  children  real  concepts  of  numbers  and  space  relations, 
without  any  systematic  drills. 

Mental  Age  7-8 

The  addition  facts  with  sums  of  10  and  under  are  well  learnea  ao  this  level,  and 
there  is  little  gain  in  further  postponement.  The  harder  addition  facts  and  the  easy 
subtraction  facts  can  be  successfully  learned  at  this  age,  but  there  is  a definite  gain 
in  postponing  them  to  the  next  level.  The  desirability  of  systematic  drill  in  these 
facts  at  this  level  is  open  to  question,  in  spite  of  the  fact  that  it  produces  satis- 
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factor}'  results.  Many  persons  feel,  and  there  is  some  evidence  to  justify  the  feeling, 
that  the  informal  experiences  and  activities  of  mental  level  6-7  should  be  continued 
and  extended  at  this  level  and  that  systematic  drill  of  all  sorts  should  be  postponed 
to  the  next  one. 

Simple  comparisons  of  length,  height,  thickness,  width,  and  the  like,  including 
the  recognition  that  one  object  is  two,  three,  or  four  times  as  high,  wide,  long,  thick, 
or  deep  as  another,  are  well  learned.  Children  can  also  readily  learn  to  measure 
lines  in  even  inches,  and,  with  more  difficulty,  to  draw  lines  an  even  number  of 
inches  long.  They  can  learn  how  many  inches  there  are  in  a foot  and  in  two  feet. 

Children  can  learn  to  read  the  clock  on  the  even  hour,  to  distinguish  between 
morning  and  atfernoon,  and  to  understand  the  symbols  a.m.  and  p.m. 

Mental  Age  8-9 

The  elements  assigned  to  the  previous  level  can  be  postponed  to  this  level  with 
advantage.  Children  can  also  learn  the  more  difficult  subtraction  facts,  although 
there  is  some  gain  in  postponing  these  another  year.  They  can  learn  to  subtract 
three-digit  numbers  from  three-digit  numbers  as  far  as  the  handling  of  the  me- 
chanics is  concerned,  but  there  is  reasonable  ground  for  doubt  whether  such  num- 
bers have  any  real  meaning  to  them. 

The  easy  multiplication  facts  can  be  taught  at  this  level  very  effectively. 
Multiplication  facts  fall,  with  a few  exceptions,  into  two  categories,  those  with 
products  of  20  and  less,  and  those  with  products  of  more  than  20.  The  former  belong 
definitely  at  this  level;  the  latter  about  three  years  later.  An  exception  is  5X5, 
which  was  correctly  retained  by  89  percent  of  children  of  mental  age  8.  An  excep- 
tion in  the  other  direction  4 X 3 (with  the  3 written  above  the  4) . This  was  cor- 
rectly retained  by  only  68  percent  of  8-year-olds.  In  general,  however,  this  is  the 
obvious  level  for  the  multiplication  facts  with  products  of  20  and  less,  provided 
children  have  an  adequate  foundation  in  the  addition  facts. 

The  simplest  forms  of  square  measure  belong  here,  involving  a recognition  of 
areas  two,  three,  or  four  times  as  large  as  a given  area,  when  either  the  height  or 
the  base  is  held  constant.  Under  the  same  conditions  the  children  can  recognize 
whether  a rectangular  area  is  half  as  large  as  a given  one,  and,  using  a square  inch 
of  cardboard  as  a measuring  device,  can  learn  to  compare  areas  where  both  height 
and  base  differ  in  such  problems  as,  “Is  this  picture  three  times,  four  times,  or  six 
times  as  large  as  the  square  inch  of  cardboard?” 

In  time  measure,  children  can  learn  to  distinguish  standardized  units,  such  as 
minutes,  hours,  and  days,  from  unstandardized  units,  such  as  length  of  time  to  walk 
a block.  They  can  learn  to  read  clocks  to  the  half  and  quarter  hour  and  to  read  the 
calendar.  On  the  calendar  they  can  count  the  elapsed  days  within  the  same  month. 
They  can  learn  a simple  table  of  time,  including  minutes,  hours,  days,  and  weeks. 

Mental  Age  9-10 

Column  addition  with  columns  not  more  than  three  digits  high  and  three  digits 
wide  can  be  learned  at  this  level  as  far  as  accuracy  of  computation  is  concerned. 
Question  may  legitimately  be  raised  as  to  the  meaning  and  use  of  such  columns  at 
this  level,  but  research  on  the  point  is  lacking. 

It  is  probable  that  simple  multiplication  involving  no  partial  products  over  20 
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should  be  introduced  at  this  level.  The  Committee  is  carrying  on  research  now  to 
investigate  this  hypothesis.  It  is  highly  probable  that  the  easy  division  facts  (divi- 
dends of  20  and  less)  can  be  introduced  here  or  even  at  the  level  below,  since  there 
is  a very  high  correlation  between  the  learning  of  the  division  facts  and  the  learning 
of  the  multiplication  facts.  The  Committee  is  analyzing  the  division  facts  one  by 
one  to  verify  this.  Similarly,  there  is  some  ground  for  supposing  that  short  division 
in  which  no  partial  dividends  exceed  20  may  belong  here.  Again,  research  is  in 
progress  to  determine  this  finally. 

The  meaning  of  simple  fractions  of  a whole  object  definitely  belongs  at  this 
level.  Children  can  learn  to  recognize  and  distinguish  half  of  an  object,  a third,  a 
fourth,  three-fourths,  and  so  forth.  ('Half’  can  be  learned  much  earlier.) 

In  linear  measure  children  can  learn  the  relation  of  inches,  feet,  and  yards,  the 
number  of  feet  in  one  yard  and  two  yards,  and  the  number  of  inches  in  a yard. 
They  can  compare  length,  height,  width,  and  so  forth,  involving  the  practical  con- 
cepts of  one-half,  one-third,  and  one-fourth — again,  the  concept  of  one-half  can  be 
taught  earlier. 

In  square  measure,  likewise,  children  can  recognize  that  a given  rectangle  is  a 
half,  a third,  a fourth,  or  an  eighth  as  large  as  a specified  one  when  either  height 
or  base  is  held  constant.  They  can  learn  to  get  areas  of  rectangles  by  dividing  them 
up  into  square  inches  with  a ruler,  and  do  this  with  very  little  instruction.  They 
can  learn  to  recognize  a square  foot  drawn  on  a blackboard  as  distinguished  from 
a six-inch  square  or  a square  18,r  X 18r/  or  larger  indeed,  they  can  do  this  in 
many  cases  without  systematic  instruction.  Using  a,yuler  and  pencil,  they  can  learn 
how  many  square  inches  there  are  in  ^ square  foot;  one  may  well  question,  how- 
ever, the  value  of  learning  this  here— it  may  develop  a concept  which  has  later  use, 
but  it  is  probably  not  related  to  any  need,  interest,  or  use  of  children  at  this  level. 

Mental  Age  10-11 

Column  addition  four  digits  high  and  three  digits  wide  can  be  done  accurately 
at  this  mental  age.  Children  can  understand  the  meaning  of  simple  decimals  and 
can  learn  to  add  and  subtract  them.  Common  observation  indicates  that  where  the 
adding  and  subtracting  of  decimals  involves  only  dollars  and  cents  and  does  not 
require  the  supplying  of  naughts,  children  can  learn  these  earlier.  If  the  very  doubt- 
ful procedure  of  adding  and  subtracting  'ragged’  decimals  is  to  be  taught,  the  opti- 
mal age  is  considerably  higher  than  this,  and  even  the  minimal  age  is  one  level  higher. 

The  addition  and  subtraction  of  fractions  and  mixed  numbers  with  like  denomi- 
nators, if  confined  to  the  ones  commonly  used  in  life,  can  be  successfully  learned  at 
this  level.  If  fractions  are  kept  simple  enough  and  mixed  numbers  are  not  included, 

this  unit  can  go  even  into  the  preceding  level. 

Simple  bar  graphs  not  involving  computation  and  fractional  estimates  can  be 
learned  very  successfully,  including  both  the  reading  of  such  graphs  and  the  making 
of  them. 

In  linear  measure  children  can  effectively  measure  in  feet  and  inches  . and 
measure  and  draw  lines  accurately  as  to  the  quarter  of  an  inch.  They  can  learn  to 
estimate  roughly  such  lengths  as  that  of  the  classroom,  although  this  ability  bears 
very  little  relation  to  mental  age  and  can  be  taught  almost  equally  well  from  a 
mental  level  of  9 to  a mental  level  of  12  or  13.  Similarly,  the  10-year  level  is  as 
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good  as  any,  but  not  much  better,  for  teaching  children  to  recognize  what  units  of 
measure  are  used  to  express  the  distance  between  cities,  the  length  of  a piece  of 
cloth,  the  height  of  a building,  the  length  of  a farm. 

When  dimensions  are  given  in  whole  feet,  children  can  learn,  with  systematic 
instruction,  to  get  perimeters.  Likewise,  very  simple  problems  in  subtraction  of 
feet  and  inches,  involving  no  borrowing  and  well  within  the  children’s  experience, 
can  be  taught  at  this  mental  age.  Even  the  muliplication  of  feet  and  inches  in  such 
a problem  as  the  following  can  be  taught  here  very  successfully:  “The  table  Ralph 
is  making  needs  four  legs,  each  one  2 feet,  1 inch,  long.  How  long  a piece  of  lumber 
must  he  have  to  make  all  four  legs?” 

In  time  measure,  children  can  now  complete  the  table  of  time  from  seconds  up 
to  leap  years,  including  days  in  a year  and  weeks  in  a year.  They  can  learn  to  read 
clocks  accurately  to  the  minute  and  to  express  time  accurately  to  the  minute  in  the 
form  ‘10:22  p.m.’  They  can  learn  to  recognize  the  difference  between  arbitrary  and 
natural  time  units,  such  as  hours  and  minutes  versus  days  and  years.  They  can 
calculate  time  elapsed  in  even  quarter  hours  within  a given  hour.  Those  who  have 
the  necessary  ability  in  division  can  even  calculate  the  number  of  minutes  required, 
for  instance,  to  walk  one  block  if  30  minutes  are  required  to  walk  15  blocks,  or  the 
number  of  days  to  make  one  poster  if  72  days  are  needed  to  make  9 posters. 

Mental  Age  11-12 

Multiplication  facts  with  products  over  20  are  not  adequately  learned  at  a 
mental  age  of  10  years,  9 months;  only  56  percent  of  the  children  of  this  mental 
age  make  scores  of  76  percent  or  more,  even  when  they  have  an  adequate  founda- 
tion of  addition  facts.  The  Committee’s  data  do  not  go  above  mental  age  10-9  for 
multiplication  facts,  but  the  simple  multiplication  foundations  test  for  long  division 
would  indicate  that  by  a mental  level  of  about  11  more  satisfactory  learning  of  all 
the  multiplication  facts  is  entirely  possible. 

Just  as  soon  as  the  multiplication  facts  are  all  learned,  simple  multiplication  with 
multiplicands  up  to  four  digits  can  be  learned,  and  compound  multiplication,  with 
multiplicands  as  high  as  four  digits  and  multipliers  as  high  as  three  digits,  can  be 
learned  from  the  standpoint  of  technical  mastery.  Again  serious  question  may  be 
raised  whether  such  large  numbers  as  are  involved  in  the  products  of  this  type  of 
multiplication  are  within  the  child’s  experience  and  whether  the  process  therefore 
has  either  meaning  or  use  to  him. 

Either  before  or  after  the  learning  of  simple  and  compound  multiplication,  as 
soon  as  children  know  all  the  multiplication  facts,  they  readily  learn  the  division 
facts.  Shortly  thereafter  they  are  reasonably  successful  with  short  division,2  al- 
though there  is  a gain  in  postponing  this  until  the  next  level. 

Long  division  with  a two-place  divisor  and  a one-place  quotient  is  successfully 


2.  ‘Short  division’  is  used  throughout  this  report  to  mean  ‘division  by  a one-place 
divisor.’  Although  the  Committee’s  teaching  materials  used  the  traditional  short  division 
form  rather  than  the  probably  superior  long  division  form,  the  placement  would  not  be 
changed  had  the  long  division  form  been  used,  since  it  is  knowledge  of  the  multiplication 
facts  that  is  crucial,  and  either  short  division  or  the  simpler  forms  of  long  division  can 
be  taught  as  soon  as  these  facts  are  mastered. 
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learned  at  this  level  by  children  who  know  their  multiplication  and  division  facts— 
indeed,  for  the  relatively  smaller  percentage  of  children  who  know  their  multipli- 
cation'and  division  facts  at  a lower  mental  age,  such  long  division  problems  can  be 
acquired  at  that  lower  level.  While  the  elements  of  remainder  and  trial  divisor 
increase  the  difficulty  of  the  examples,  they  do  not  raise  this  unit  of  long  division 
above  this  level.  As  in  the  case  of  short  division,  long  division  with  one-place  quo- 
tient is  somewhat  more  successfully  taught  at  the  next  level  higher.  If  the  standard 
of  success  is  two  problems  right  out  of  three,  long  division  with  a two-place  quotient 
(and  two-place  divisor)  can  also  be  successfully  learned  here.  Further  discussion 
appears  under  the  next  mental  level. 

Children  can  memorize  the  ‘aliquot  parts’  (he,  fractional  and  decimal  equiva- 
lents). They  can  divide  decimals  by  integers  and  can  multiply  decimals  by  decimals. 

This  is  the  level  at  which  square  measure  as  a regular  topic  can  be  best  intro- 
duced in  its  simpler  form.  For  the  first  time  children  can  recognize  that  an  area  is  a 
certain  number  of  times  larger  than  another  area  when  the  height  and  base  Doth 
differ  and  when  the  relationship  is  simple.  They  can  recognize  a square  inch  drawn 
on  the  blackboard  as  distinct  from  a half-inch  square  or  a two-inch  square— although 
this  last  is  not  clearly  a function  of  mental  age,  as  the  curve  for  it  is  nearly  flat. 
They  can  calculate  the  number  of  square  feet  or  inches  in  a given  area  when  the 
dimensions  are  given  in  even  feet  or  inches.  They  can  memorize  the  number  of 
square  inches  in  a square  foot  and  both  calculate  and  memorize  the  number  of 
square  feet  in  a square  yard. 

Mental  Age  12-13 

Long  division  with  a two-place  quotient  involving  naughts,  remainder,  and 
trial-divisor  difficulties  probably  belongs  at  this  level.  The  data  available  do  not, 
unfortunately,  show  any  standard  of  success  between  67  percent  and  100  percent. 
But  a problem-by-problem  analysis  of  the  test  data  clearly  puts  the  more  difficu  t 
two-place  quotient  problems  at  a mental  level  of  12  years,  9 months. 

The  meaning  of  fractions  of  a group  of  objects  belongs  here,  such  as  the  recog- 
nition that  three  objects  is  a third  of  nine  objects.  Following  this,  children  can  learn 
the.  multiplication  and  division  of  fractions  satisfactorily.  To  this  level  belong  also 
.Case  I percentage  and  Case  II  percentage  involving  only  simple  division  of  deci- 
mals; i.e.,  division  of  a decimal  by  a whole  number. 

Three  distinct  new  elements  of  linear  measure  can  satisfactorily  be  taught  at 
this  level,  although  all  of  them  give  better  results  if  postponed  to  the  Allowing  year. 
Children  can  draw  and  measure  lines  accurately  to  the  eighth  of  an  inch;  can  cal- 
culate the  number  of  inches  in  a fraction  of  a yard;  and  can  measure  distances  on 
maps  with  a scale  of  miles. 

It  is  not  until  this  mental  level  that  children  are  successful  in  learning  to  recog- 
nize squares  and  oblongs  as  rectangles,  distinguished  from  triangles,  trapezoids,  and 
the  like.  It  is  hard  to  believe,  however,  that  with  longer  teaching  and  practice  on 
this  element  it  could  not  be  taught  earlier  if  there  was  any  object  in  doing  so. 

Children  can  learn  to  recognize  the  relative  sizes  of  rectangles  marked  off  into 
snuares— seeing  that  one  is  one-sixth  as  large  as  another,  for  example— with  both 
base  and  height  differing.  With  some  difficulty  they  can  learn  how  many  small  cards 
can  be  cut  from  a larger  card  when  they  are  in  readily  divisible  units,  like  the 


O 
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number  of  3"  X 5"  cards  that  can  be  cut  from  a sheet  9"  X 10".  This  unit  is  taught 
more  economically  at  the  next  level  higher. 

Measure  of  A'olume  is  still  being  investigated. 

In  time  measure,  children  can  solve  simple  problems  in  the  multiplication  of 
hours  and  minutes,  even  involving  the  change  of  a product  like  7 hours  and  70 
minutes  to  8 hours  and  10  minutes.  This  could  even  be  taught  at  the  preceding  level 
were  there  other  time  units  indicated  therefor.  It  is  not  until  the  12-year  level  that 
children  can  successfully  count  the  elapsed  weeks  on  a calendar  from  one  month 
into  the  next  and  the  elapsed  days  from  one  month  into  the  next,  and  the  elapsed 
hours  and  minutes  from  one  hour  to  another  hour,  such  as  8:45  to  10:30  or  8:45  a.m. 
to  4:15  p.m. 


Mental  Age  13-14 

Long  division  with  a three-place  quotient,  with  or  without  the  difficulties  of 
naughts,  remainders,  and  trial  divisors,  but  still  using  a two-place  divisor,  is  not 
taught  successfully  before  this  level.  This  is  true  whether  tests  are  graded  in  terms 
of  accuracy  or  in  terms  of  correct  process,  disregarding  mechanical  errors.  It  should 
be  remembered  that  the  Committee's  standard  for  successful  teaching  requires  that 
three-fourths  of  the  children  retain  the  knowledge  six  weeks  after  teaching  suffi- 
ciently well  to  make  a satisfactory  score  3 in  a test  involving  all  difficulties.  Even 
at  mental  age  13-3,  the  Committee’s  standard  is  not  quite  reached;  only  70  percent 
of  the  children  score  67  percent  or  higher.  Children  at  this  level  can  learn  to  divide 
decimals  or  whole  numbers  by  decimals  and  can  complete  Case  II  percentage. 

In  linear  measure,  children  can  learn  to  divide  feet  and  inches  by  a whole  num- 
ber when  both  feet  and  inches  are  evenly  divisible,  and  to  divide  yards  by  inches, 
making  the  necessary  change  in  denomination  in  such  problems  as  "Barbara  is 
putting  blue  paper  on  her  cupboard  shelves.  She  has  three  yards  of  blue  paper; 
the  shelves  are  27  inches  long.  How  many  shelves  will  this  cover?” 

In  square  measure  children  can  learn  to  draw  rectangles  of  a given  number  of 
square  inches  with  varying  bases  given,  such  as  drawing  a 4-square-inch  rectangle 
2 inches  wide.  As  a matter  of  fact,  this  particular  problem  can  be  learned  at  the 
level  below,  but  when  the  problem  involves  a fraction,  such  as  a base  one-half  inch 
wide,  it  is  better  learned  at  the  level  above. 

While  there  is  some  doubt  as  to  the  children’s  realistic  concept  of  the  size  of  an 
acre  and  a square  mile  (see  next  level),  they  can  get  the  area  of  a tract  of  land  in 
square  miles  when  the  dimensions  are  given,  even  at  the  level  below  this.  At  this 
level  they  can  learn  how  many  acres  there  are  in  a square  mile  and  calculate  from 
a diagram  the  acres  in  half  a section.  Smaller  fractions  of  a section,  however,  belong 
in  the  next  level  higher. 


Mental  Age  14-15 

The  usual  textbook  problems  in  addition  and  subtraction  of  unlike  fractions 
involving  the  finding  of  common  denominators  and,  in  the  case  of  the  subtraction 


3.  Because  the  long-division  test  used  by  the  Committee  of  Seven  included  only 
three  examples  of  this  type,  children  getting  either  two  or  three  of  the  three  examples 
right  were  considered  to  have  satisfactory  achievement. 
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of  mixed  numbers,  involving  borrowing  are  not  successfully  learned  below  a mental 
age  of  14.  Much  of  this  textbook  material,  however,  is  of  very  doubtful  social  use, 
so  that  it  is  possible  that  the  lack  of  reality  to  the  child  is  a factor  in  his  failure  to 
learn,  as  when,  for  example,  he  is  asked  to  add  48%2  plus  76%. 

The  manipulation  of  denominate  numbers,  involving  the  more  complicated 
forms  of  applying  the  four  fundamental  processes  to  them  and  involving  the  chang- 
ing of  denominations,  apparently  cannot  be  effectively  taught  and  retained  until 
this  level.  Now,  however,  all  practical  forms  of  applying  the  fundamental  operations 
of  linear  measure  can  be  taught,  although  some  of  the  more  difficult  ones,  such  as 
dividing  10  feet,  1 inch,  by  2 feet,  7 inches,  either  require  more  practice  than  the 
Committee’s  experiment  gave,  or  belong  to  a higher  level.4  In  dividing  feet  and 
inches  there  is  a marked  contrast  between  the  problems  that  'come  out  even’  and 
those  that  require  more  arithmetical  manipulation.  There  is  a three-year  gap  be- 
tween the  ability  to  learn  to  do  such  problems  as  the  first  and  the  second  of  the 
following  samples:  (1)  “Paul  has  several  pieces  of  lumber  3 feet,  2 inches,  long.  He 
wants  to  fill  in  a gap  in  the  sidewalk  12  feet,  8 inches,  long.  How  many  pieces  of  his 
lumber  would  he  need  to  fill  the  gap?”  (2)  “How  long  will  each  piece  be  if  a 13-foot, 
4 inch,  plank  is  cut  into  four  equal  pieces?”  The  former  belongs  at  the  14-year 
mental  level  and  can  be  taught  with  reasonable  success  a year  earlier;  the  latter 
is  not  satisfactorily  learned  until  the  16-year  mental  level!  In  problems  of  this  sort 
the  type  of  division  involved  makes  no  difference;  i.e.,  whether  it  be  finding  the  size 
of  a given  part  of  a whole,  finding  how  many  parts  of  a given  size  are  contained  in 
a whole,  or  finding  by  what  number  a part  must  be  multiplied  in  order  to  give  a 
whole — all  are  equal  in  difficulty. 

A table  of  linear  measure  can  be  completed  at  this  time,  including  feet  in  a 
rod  and  feet  in  a mile. 

Square  measure  involving  the  finding  of  the  number  of  acres  in  the  usual  frac- 
tions of  a section  belongs  here.  The  familiar  schoolroom  problems  of  finding  the 
number  of  square  yards  of  linoleum  needed  to  cover  a floor,  the  dimensions  of  which 
are  given  in  feet,  is  not  successfully  learned  until  this  level.  And  it  is  not  until 
somewhat  later  that  city  children  are  able,  even  with  teaching,  to  estimate  the  num- 
ber of  acres  in  their  school  grounds  or  to  diagram  a square  mile  of  land  in  the  neigh- 
borhood by  indicating  street  or  road  names.  Yet  it  will  be  remembered  that  chil- 
dren’s ability  to  manipulate  acres  and  square  miles,  whether  or  not  they  understand 
them,  comes  earlier. 

In  time  measure,  as  in  linear  measure,  children  can  solve  problems  involving 
the  fundamental  operations  applied  to  hours  and  minutes,  and  involving  changes 
of  denomination.  Some  of  these  problems,  however,  are  apparently  too  difficult  at 
this  mental  age. 

The  foregoing  recommendations,  as  already  said,  must  not  be  taken 
rigidly.  Often  it  is  advantageous  to  teach  a unit  at  a level  higher  than  that 
recommended.  Occasionally  one  may  teach  it  at  a level  lower  with  very 
little  loss  in  efficiency.  In  some  cases  the  placement  is  very  definitely  indi- 

4.  The  method  taught  was  that  of  changing  feet  and  inches  to  inches  before  dividing 
if  division  before  changing  did  not  come  out  even. 
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cated  by  the  Committee’s  data.  In  some  cases  it  is  a matter  of  judgment  as 
to  which  of  two  levels  is  the  proper  one  — the  smoothed  graph  may  place 
the  topic  at  one  level,  the  unsmoothed  one  at  the  next  one  higher  or  lower. 
The  general  sequence  and  approximate  placements  as  a whole,  however,  are 
thoroughly  workable  in  a public  school  system  and  produce,  accoiding  to  the 
teachers  who  have  used  them,  gratifying  results.  Actual  research  data  as 
to  the  total  results  of  such  placements  in  comparison  with  the  traditional 
placements  are  entirely  lacking  and  should  certainly  be  obtained. 

[The  chapter  ends  with  mticisms  of  the  committee’s  techniques  and 
recommenda  tions . ] 
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CHAPTER  III 


The  Place  of  Mathematics  in  Education 


“I  shall  on  with  my  story  of  'praise,  and  then  show  you  the 
heart  of  my  message.” 


— VIOLA  IN  TWELFTH  NIGHT 


The  influence  that  mathematics  has  long  had  in  our  civilization  and  its 
growing  importance  indicate  in  a general  way  the  place  it  should  occupy  in 
education.  Since  the  function  of  the  schools  is  to  equip  boys  and  girls  not 
only  to  be  effective  members  of  our  society  but  also  to  be  appreciative  of 
our  culture,  schools  must  especially  provide  contacts  with  a study  which 
has  done  so  much  toward  both  “controlling  our  environment”  and  forming 
our  intellectual  background.  Though  such  a general  statement  is  easy  to 
make,  difficulties  arise  when  its  consequences  are  sought  in  such  specific 
things  as  curricula.  For  illustration  one  needs  merely  to  call  attention  to 
the  divergent  views  now  expressed.  On  the  one  hand  there  are  those  who 
urge  that  only  a small  amount  of  mathematics  be  universally  required,  and 
who  say  that  we  should  expect  only  pupils  with  special  inclinations  to  go 
further.  On  the  other  hand  we  have  the  thesis  of  Hogben,  not  a teacher  of 
mathematics  but  a social  biologist,  that  there  are  urgent  social  and  indi- 
vidual reasons  for  a large  number  of  persons  to  become  proficient  over  a 
wider  range  of  mathematics  than  they  have  covered  in  the  past. 

One  point  should  be  disposed  of  at  the  beginning.  There  are  many  per- 
sons occupying  important  places  in  society  who  to  all  appearances  have 
negligible  mathematical  appreciations  yet  live  rich  cultural  lives.  In  some 
cases  their  study  of  mathematics  evokes  unpleasant  memories,  tempered 
only  by  recollection  of  the  joy  that  accompanied  ultimate  release.  What 
does  the  Commission  make  of  this?  In  many  cases  the  dislike  for  mathe- 
matics may  have  been  created  either  by  the  ineffectiveness  or  the  personality 
of  a teacher  or  by  the  unsuitability  of  the  material  that  a competent  teacher 
had  been  required  to  present.  This,  howevr,  cannot  b offered  as  a 
universal  explanation.  If  mathematics  is  to  be  given  the  prominence  in 
education  which  this  Commission  believes  should  be  given  it,  every  effort 
should  naturally  be  made  to  reduce  the  number  of  those  who  carry  on  the 
subject  in  secondary  years  with  a feeling  of  unhappiness  and  with  a belief 
that  no  substantial  benefit  is  being  obtained.  Better  courses  of  study  and 
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better  teachers  can  do  much  to  bring  this  about.  It  can  be  said  here,  how- 
ever, that  the  Commission  is  prepared  to  accept  the  possibility  of  condi- 
tioned antipathy  in  some  individuals,  and  would  not  force  mathematics  be- 
yond the  elements  of  arithmetic  either  upon  a pupil  whose  rebellious  distaste 
toward  the  subject  seems  firmly  entrenched  or  upon  one  whose  genius  or 
legitimate  absorptions  leave  little  leisure  for  mathematical  development. 

As  to  the  complaint  that  there  are  too  many  cases  where  mathematics 
has  been  unsuccessfully  studied,  the  following  needs  also  to  be  said.  Similar 
criticism  is  made  of  the  teaching  of  other  subjects,  so  the  complaint  is 
only  a part  of  the  popular  criticism  of  current  efforts  at  educating.  We 
“teach”  English,  and  there  is  still  much  bad  grammar  and  an  apparently 
increased  reading  of  cheap  and  vulgar  writing.  We  dwell  upon  the  social 
studies,  and  their  lessons  are  left  within  the  classroom  by  many  who  suc- 
cumb to  the  lure  of  economic  panaceas.  We  instruct  in  health,  but  the 
rules  are  disobeyed  not  infrequently  by  the  teachers  themselves  as  well 
as  by  the  physicians  who  devise  them.  These  are  discouraging  facts  about 
human  nature,  but  they  are  not  reasons  for  lowering  our  educational  stand- 
ards. The  Commission  believes  strongly  that  educators  should  not  resign 
themselves  to  the  doctrine  of  “minimum  education”  as  the  norm.  It  believes 
that  we  should  by  all  means  require  as  ideals  and  standards  something 
definitely  superior  to  the  small  amounts  of  this  or  that  subject  which  some 
people  “get  along  with.”  Constant  reasonableness  should  be  used  in  meet- 
ing the  difficult  special  situations  that  grow  out  of  mass  education;  but  the 
schools  should  certainly  be  unremitting  in  their  efforts  to  raise  the  general 
standard  of  American  culture.  We  should  never  be  content  with  a “high 
standard  of  living”  only  in  the  material  sense. 

There  is  a positive  answer  to  the  question  as  well  as  the  somewhat  nega- 
tive answer  just  set  forth.  The  Commission  believes  that  under  proper 
teaching,  supported  by  discriminating  and  sympathetic  guidance,  a fairly 
large  proportion  of  boys  and  girls  can  realize  that  man  has  lived  so  long, 
accomplished  so  much,  and  learned  so  many  things,  that  they  cannot  rea- 
sonably isolate  themselves  from  traditions  which  strongly  condition  the 
present.  The  conviction  will  come  to  them  that  they  can  hope  to  deal  effec- 
tively with  the  future  only  by  paying  attention  to  the  past.  In  view,  there- 
fore, of  the  increasing  importance  of  mathematics  to  civilization,  because  of 
the  techniques  it  has  perfected  as  well  as  its  methods  of  reasoning,  the 
Commission  believes  that  ample  opportunity  and  encouragement  should  be 
given  to  all  individuals  to  continue  their  mathematical  training  as  far  as 
their  powers  allow  and  as  other  conditions  permit.  Such  instruction  should 
be  in  definitely  organized  mathematics  courses,  for  incidental  learning  of 
mathematical  fragments  in  connection  with  other  studies  cannot  give  either 
the  general  understanding  or  the  appreciation  of  the  subject  that  is  here 
advocated. 
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The  manner  in  which  mathematics  as  a school  subject  contributes  to' 
the  objectives  discussed  in  Chapter  II  will  now  be  discussed. 


MATHEMATICAL  STUDY  A S TRAINING  IN  CLEAR  THINKING 

It  is  unfortunate  that  for  a long  time  it  was  maintained  that  mathe- 
matics furnished  a general  training  of  the  “reasoning  faculties,  as  if  a 
certain  power  might  thereby  be  developed  to  function  in  all  situations.  The 
problem  of  “transfer,”  however,  need  not  be  gone  into  here  more  than  to 
note  that  it  is  now  generally  accepted  that  transfer  is  possible.  It  is  to  be 
observed,  moreover,  that  nothing  was  said  regarding  the  training  of  a gen- 
eral “reasoning  faculty”  when  in  Chapter  II  the  ability  to  think  clearly 
was  discussed. 

What  was  said  about  gathering  and  organizing  data,  presenting  data, 
and  drawing  conclusions  shows  at  once  how  important  mathematics  may  be 
in  giving  instructive  experience  in  these  procedures.  If,  as  was  stated  be- 
fore, mathematical  teaching  in  the  past  has  not  paid  sufficient  attention  to 
the  first  point,  gathering  and  organizing  data,  this  was  partly  due  to  the 
fact  that  scholars  in  other  fields  were  not  always  cooperative.  They  shut 
themselves  away  from  mathematical  methods.  But  this  has  now  changed, 
and  the  development  and  the  wide  use  of  statistical  methods  have  greatly 
increased  the  area  in  which  significant  quantitative  work  is  possible.  A 
certain  knowledge  of  basic  mathematics  is  required  in  these  areas.  A fair 
competence  in  algebra  is  needed  if  one  is  to  understand  concepts  and  pro- 
cedures beyond  the  most  elementary  ones.  In  a way  algebra  may  be  a 
“tool”  for  statistical  work  but  a tool  in  a very  fundamental  sense,  since  it 
is  woven  closely  into  the  texture  of  the  subject  and  into  the  thinking  which 
is  involved.  That  something  far  more  than  routine  skill  is  required  becomes 
apparent  when  the  subject  is  carried  into  the  range  of  probabilities,  a field 
into  which  it  inevitably  moves  as  soon  as  measures  of  reliability  are  intro- 
duced. 

The  truth  of  what  has  just  been  said  is  being  constantly  demonstrated 
by  individuals  attempting  to  do  statistical  work  without  adequate  prepara- 
tion. The  difficulties  which  so  frequently  take  them  to  a mathematician  for 
aid  usually  center  around  the  meaning  of  things.  Actual  use  of  formulas 
may  have  caused  no  trouble,  but  neither  the  ideas  from  which  the  formulas 
were  derived  nor  their  implications  are  understood.  The  person  in  distress 
has  usually  obtained  a number  of  whose  accuracy  he  is  sure,  but  whose 
meaning  quite  confounds  him.  Such  a situation  is  evidence  not  of  lack  of 
numerical  adroitness  but  of  comprehension.  The  person  may  be  bewildered 
solely  because  he  does  not  have  at  his  command  the  only  language  which 
will  allow  one  to  “think  through”  the  subject  he  is  trying  to  handle.  Such 
unhappy  situations  as  this  will  be  corrected  only  when  mathematics  is 
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rightly  viewed  as  essential  to  clear  thinking  in  certain  domains,  and  all  t^lk 

of  it  as  only  a "tool  subject”  has  ceased. 

Portions  of  mathematics  can  be  made  especially  effective  in  developing 
habits  and  traits  discussed  under  the  heading  "Establishing  and  Judging 
Claims  of  Proof.”  Geometry  has  always  been  regarded  as  presenting  un- 
usually impressive  instances  of  deductive  reasoning.  In  a formal  course  in 
the  subject  a pupil  almost  daily  has  an  assignment  involving  "proofs,”  and 
in  no  other  study  is  this  likely  to  be  the  case.  The  nature  of  the  material 
with  which  the  proofs  deal  is  indeed  c[uite  different  110m  the  life  situations 
which  he  will  encounter  later  as  an  adult  and  a citizen.  It  is  altogether 
probable  that,  in  the  past,  mathematics  teachers  did  not  do  all  they  should 
to  make  the  experiences  of  the  geometry  class  as  broadly  significant  as  they 

may  well  be. 

Geometry  has  been  treated  solely  as  geometry  and  not  as  a subject, 
which  in  addition  to  being  a splendid  example  of  deductive  reasoning,  im- 
portant and  interesting  in  itself,  can  also  serve  the  purpose  of  creating 
a critical  attitude  of  mind  toward  deduction  and  thinking  in  general. 
It  is  essential  to  have  the  theorems  of  the  text  understood  and  the  problems 
worked,  and  to  place  the  main  emphasis  of  the  study  upon  geometry  itself, 
but  it  is  important  also  for  mathematics  teachers  to  make  geometry  yield 
all  the  educational  benefits  it  can.  Teachers  who  have  experimented  have 
found  that,  without  lessening  seriously  the  amount  of  geometry  taught,  the 
course  can  be  made  the  means  of  establishing  a general  critical  attitude  on 
the  part  of  pupils,  an  attitude  that  they  recognize  and  value.  Especially  at. 
the  high  school  level,  principles  of  deductive  thinking  can  be  most  effec- 
tively taught  in  connection  with  a well-organized,  substantial  subject  such 
as  geometry,  which,  being  logical  itself  and  free  from  personal  prejudice, 
can  serve  as  a yardstick.  It  is  clear  that  little  can  be  accomplished  merely 
by  announcing  principles  and  criteria  of  good  thinking  and  calling  attention 
to  the  danger  of  their  violation  by  illustrations  of  good  and  bad  thinking 
taken  from  “life  situations.”  In  a miscellany  of  such  illustrations  there 
would  be  neither  coherence,  growth,  nor  any  body  of  knowledge  significant 
in  itself.  Furthermore,  abstract  principles  of  reasoning  are  not  designed  to 
arouse  response,  particularly  in  young  people.  On  the  other  hand  it  is  not 
strange,  when  one  pauses  to  reflect  about  it,  that  geometry,  with  its  origin 
in  mensuration  constantly  kept  before  us  by  its  very  name,  with  its  em- 
ployment of  figures  and  its  superb  logical  structure,  often  has  been  a favorite 
study  and  has  even  stirred  those  gifted  with  literary  expression,  though  not 
pursuers  of  mathematics,  to  affectionate  praise  of  it~  satisfying  truth  and 
its  serene  beauty. 

Until  recently  there  has  been  little  inductive  thinking  in  elementary 
mathematics.  Comprehensive  books  on  algebra  have  frequently  contained 
a chapter  with  the  austere  title  "mathematical  induction,  piobably  poorly 
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understood  and  productive  of  little  result  unless  the  pupil  went  considerably 
beyond  algebra.  Mathematicians  have  disagreed  with  the  statement  of 
Huxley  that  mathematics  knows  nothing  of  observation,  of  experimentation, 
or  of  induction.  Though  definitely  untrue,  if  one  is  thinking  of  the  way  in 
which  the  subject  has  developed,  the  criticism  has  been  valid  when  applied 
to  methods  employed  in  its  teaching.  There  is  now,  however,  a definite 
trend  toward  leading  pupils  into  new  topics  through  their  own  experiences. 
Especially  is  such  procedure  possible  in  geometry,  and  the  appearance  of  in- 
formal geometry,  including  intuitive  and  experimental  procedures,  in  the 
seventh  and  eighth  grades  is  a distinct  and  significant  step  in  this  direction. 
The  possibilities  are  certainly  numerous,  and  it  is  to  be  hoped  that  mathe- 
matics will  emerge  finally  as  the  vehicle  through  which  may  be  obtained 
impressive  experiences  in  inductive  as  well  as  deductive  reasoning. 


MATHEMATICAL  INFORMATION,  CONCEPTS,  AND  PRINCIPLES 

A large  body  of  mathematical  knowledge  is  of  unquestioned  utility  and 
involves  no  intricate  techniques.  For  example,  theorems  of  geometry  are 
merely  facts  about  figures,  of  either  a descriptive  or  a metric  character. 
Necessary  for  certain  trades  or  technical  occupations,  they  may  be  uni- 
versally desirable.  Undoubtedly  a very  large  number  of  Americans  can 
find  the  area  of  a rectangle.  To  find  the  area  of  a circle,  however,  would 
lead  many  to  ask  aid,  although  some  would  be  quick  to  claim,  “1  could 
solve  such  a problem  once.”  However,  just  as  one  need  not  inventory  the 
mathematical  requirements  of  trades  and  technologies,  he  need  not  enumer- 
ate all  instances  in  which  mathematical  information  may  profitably  be 
used,  in  order  that  the  place  the  subject  deserves  in  our  school  curricula,  on 
the  score  of  information  alone,  may  be  recognized. 

On  a somewhat  different  level,  insofar  as  they  affect  mental  activities  of 
educated  persons,  come  the  concepts  and  principles  with  which  one  has 
contact  in  mathematical  instruction.  When  well  impressed  upon  the  mind, 
they  are  more  permanent  possessions  than  facts  or  even  skills,  which  are 
likely  to  be  impaired  through  disuse.  In  a society  which  draws  so  heavily 
upon  mathematics,  as  does  our  own,  mathematical  principles  and  concepts 
should  affect  the  manner  in  ’which  the  individual  thinks  and  should  color 
the  appraisals  he  makes.  The  signed  numbers  of  algebra,  the  similarity,  the 
congruence,  and  the  parallels  of  geometry,  the  rates  of  change  of  elementary 
calculus  should  be  so  taught  that  they  leave  lasting  impressions.  The  am- 
bition to  make  mathematical  instruction  more  broadly  significant  through 
emphasis  on  concepts  has  led  to  stressing  the  junction  concept  as  a unifying 
element.  Inasmuch  as  it  deals  with  relationships,  it  is  quite  true  that  few 
concepts  have  greater  universality  or  importance.  A society,  all  members 
of  which  while  in  school  have  been  given  persistent  and  effective  contact 
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with  this  concept,  should  view  problems  and  situations  more  intelligently 
than  a society  which  has  only  a certain  number  of  mathematical  specialists. 

But  the  great  importance  of  the  function  idea  should  not  lead  to  an  over- 
emphasis upon  its  significance,  nor  should  it  lead  to  slighting  mathematics 
which  does  not  come  under  its  scope,  for  very  important  and  very  interest- 
ing parts  of  the  subject  are  unrelated  to  it. 

MATHEMATICAL  SKILLS 

An  effort  has  been  made  to  describe  the  fundamental  ways  in  which 
mathematics  is  embedded  in  thinking  and  to  discuss  its  concepts  in  such  a 
■way  that  they  will  not  be  confused  with  skills.  But  a precise  di\iding  line 
cannot  be  drawn.  Mathematical  technique  is  a very  real  thing.  Its  exten- 
siveness and  the  difficulty  of  mastering  it  will  always  be  a source  of  dis- 
couragement to  some  pupils  and  a perplexity  to  some  teachers.  Unless  one 
has  facility  with  its  processes,  however,  mathematics  cannot  be  used  effec- 
tively. Its  techniques  must  be  so  well  acquired  that,  in  a sense,  they  take 
care  of  themselves,  leaving  all  of  one’s  powders  available  for  other  pui poses, 
especially  the  higher  ones  of  analyzing  and  directing.  If  the  handling  of 
fractions  or  the  solution  of  simple  equations  taxes  the  pupil’s  ability,  there 
is  little  chance  that  he  will  deal  satisfactorily  with  situations  in  which  these 
processes  enter.  If  there  is,  on  the  other  hand,  such  command  of  the  pro- 
cesses that  there  is  true  fluency  in  their  use,  there  is  likelihood  that  mathe- 
matics may  be  justly  appraised  and  effectively  used. 

The  character  of  the  techniques  of  mathematics  is  in  part  responsible 
for  the  fact  that  it  is  necessary  to  study  the  subject  for  some  time  before  it 
pays  extensive  returns.  A pupil  may  attend  one  class  in  first  aid,  learn 
how  to  apply  a tourniquet,  and  later  save  a life.  But  it  is  hard  to  concehe 
of  much  benefit  from  one  lesson  in  algebra  or  geometry.  The  deep-seated 
desire  for  quick  returns,  however,  will  always  arise  in  connection  with  mathe- 
matical study  as  in  other  situations,  and  should  be  honestly  faced.  Of 
course  every  effort  should  be  made  to  make  mathematics  pay  returns  as 
promptly  as  possible;  even  the  very  prudent  investor  with  his  eye  chiefly 
on  the  future  is  pleased  with  early  dividends,  for  they  support  his  faith  in 
large  ultimate  profit.  The  recent  efforts  to  make  mathematics,  especially 
algebra,  yield  more  of  interest  in  its  early  stages  are  both  laudable  and 
notable!  They  make  the  study  resemble  an  insurance  policy  with  a good 
surrender  value  in  early  years. 

Though  techniques  should  be  regarded  as  means  and  not  as  ends,  those 
of  mathematics  have  certain  virtues  on  account  of  the  broad  educational 
processes  involved.  Some  teachers,  unsettled  by  attacks  upon  mathematics, 
have  sought  to  turn  these  attacks  aside  by  fleeing  from  techniques  as  though 
they  were  evil,  or  have  pretended  that  they  could  be  learned,  to  the  extent 

595  ' i 


mam 


Prewar  and  Postwar  Reforms  (1938-59 ) 


necessary,  without  conscious  or  serious  effort.  The  actual  educational  value 

of  the  techniques,  which  makes  such  a retreat  unnecessary,  will  be  touched 
upon  later. 

It  is  not  difficult  to  draw  up  a list  of  situations  in  which  one  can  profitably 
use  algebra,  and  such  a list  assists  in  a realization  of  its  importance.  One 
is  confronted,  however,  with  the  question  whether  the  mathematics  that 
could  be  used  actually  will  be  used  even  when  the  person  is  competent. 
Certainly  not  always  by  any  one  person;  even  the  accomplished  mathe- 
matician may  not  employ  his  knowledge  in  all  situations  where  he  could 
use  mathematics.  It  is  to  be  expected  that  in  actual  life  mathematics  will 
be  used  according  to  the  individual’s  taste  and  the  extent  to  which  he  is 
actually  stimulated  by  some  problem.  Neither  mathematics  nor  any  other 
subject  can  make  the  horse  drink.  The  mathematics  teacher  is  as  powerless 
to  make  a pupil  use  mathematics  as  is  the  teacher  of  health  to  make  him 
follow  its  wrell-established  laws.  But  education,  which  must  not  shirk  the 
responsibility  of  developing  capacities,  at  the  same  time  must  enable  per- 
sons to  realize  the  meaning  of  intelligent  living  in  a scientific  age  and  urge 
them  not  to  slump  into  a state  of  mental  indolence,  after  having  been 
potentially  brought  to  a rather  high  level  of  understanding. 

Comparatively  few  pupils  during  the  secondary  years  know  what  their 
later  activities  and  studies  will  be.  In  the  absence  of  required  courses  or 
suitable  advice,  many  erroneously  assume  that  they  will  need  no  extensive 
work  in  secondary  mathematics.  On  entering  college  they  often  find  doors 
closed  to  desired  fields  of  study  because  of  the  lack  of  adequate  mathe- 
matical preparation.  For  example,  they  are  unable  to  take  work  of  sub- 
stantial character  in  the  physical  sciences,  or  in  those  parts  of  the  social 
and  biological  sciences  that  employ  statistical  methods.  To  be  sure,  special 
courses  are  sometimes  offered  for  poorly  prepared  students,  but  such  weak 
or  emasculated  studies  are  poor  substitutes  for  standard  courses  that  employ 
mathematics  where  it  is  naturally  needed.  To  postpone  until  college  years 
basic  preparatory  studies  that  experience  has  convincingly  shown  can 
profitably  be  pursued  in  the  secondary  school,  gravely  handicaps  the  pupil 
in  his  later  effort  to  make  a program  of  real  collegiate  studies.  The  doctrine 
of  “postponement,”  like  the  doctrine  of  “incidental  learning,”  however 
alluring  to  the  shortsighted  person  and  however  valid  in  certain  subjects,  is 
indefensible  in  the  case  of  mathematics.  The  subject  is  so  extensive  and  so 
difficult,  requiring  systematic  and  protracted  study,  as  to  be  unsuitable  for 
the  general  application  of  either  of  these  doctrines. 

Administrators  should  feel  deep  concern  over  the  large  number  of  pupils 
who  find  themselves  without  adequate  preparation  for  the  activities,  profes- 
sions, or  additional  studies  which  they  later  wish  to  undertake  but  which 
presuppose  substantial  foundations.  Tn  their  solution  of  this  problem  lies  the 
test  of  their  educational  statesmansmp.  A strong  and  corrective  influence 
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should  be  exerted  upon  those  boys  and  girls  who  are  capable  of  doing  fair 
work  with  secondary  mathematics  but  who,  although  they  have  no  serious 
dislike  for  the  subject,  and  insufficient  knowledge  to  form  a sound  opinion, 
think  it  unnecessary  and  yield  to  what  is  easiest  or  most  glamorous  at  the 
moment.  It  is  for  the  good  of  society  that  each  year  there  should  go  forth 
from  the  secondary  schools  a large  number  of  young  people  with  marked 
proficiency  in  the  technical  skills  of  mathematics,  together  with  a funda- 
mental understanding  of  some  of  its  concepts.  The  steady  flow  of  such  a 
group  into  our  democracy  is  a major  responsibility  of  school  administrators. 


MATHEMATICS  AND  DESIRABLE  ATTITUDES 

It  is  often  asserted  that  as  a people  we  have  high  regard  for  the 
specialist,  the  claim  seeming  to  indicate  a respect  for  knowledge  and  compe- 
tence. However  prevalent  such  a regard  may  be,  it  is  not  a discriminating 
one.  Our  people  are,  in  fact,  frequently  and  badly  victimized  by  pseudo- 
specialists and  pseudo-experts,  simply  because  they  are  unable  to  recognize 
important  fundamentals.  In  the  future  years,  as  in  the  past,  revolutionary 
programs  of  an  economic  and  social  nature  will  be  urged  upon  our  country. 
After  the  partisan  and  political  character  of  a proposal  has  been  scrutinized, 
there  will  still  remain  the  question  whether  the  proposal  is  based  on  a broad 
knowledge  of  facts  and  an  intelligent  analysis  of  their  relationship,  or  on 
little  more  than  wishful  thinking. 

Now  no  subject  excels  mathematics  and  those  sciences  that  draw  heavily 
upon  it  for  ability  to  set  up  high  standards  of  knowledge,  of  analysis,  and  of 
techniques  for  arriving  at  accurate  conclusions.  Since  mathematics  and 
kindred  sciences  undertake  to  construct  systematic  bodies  of  doctrine,  they 
stimulate  thinking,  analysis,  discovery,  and  growth.  When  the  pupil  is 
studying  them,  he  finds  himself  unable  to  advance  merely  by  using  his 
memory  or  his  fluency  of  speech.  He  uses  books  whose  first  chapters  must 
be  understood  in  order  to  advance  to  the  last.  Only  by  comprehending  each 
step  in  the  progressive  development  of  these  sciences  can  he  finally  attain 
the  understanding  of  the  things  that  are  being  studied,  things  that  are 
permanent  and  significant.  From  this  contact  with  ideal  knowledge,  he 
gains  an  experience  that  furnishes  a background  for  accurate  discrimina- 
tions and  distinctions.  We  are  at  present  confronted  by  so  many  social 
problems  for  which  it  is  impossible  to  “know  the  answer”  that  it  is  especially 
important  for  society  to  acquire  the  steadying  and  careful  habit  of  pro- 
cedure which  may  come  through  the  discipline  of  mathematical  study. 
Good  will  and  a warm  heart  are  not  enough  to  furnish  us  with  the  protection 
of  life  insurance;  the  formulas  and  the  tables  of  the  actuary  are  in  some 
ways  more  necessary.  This  Commission  believes,  in  short,  that  mathematics 
can  be  so  taught  that  it  will  help  reveal  the  meaning  of  knowledge,  as 
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distinguished,  on  the  one  hand,  from  opinion  and  conjectures,  and,  on  the 
other  hand,  from  trivial  and  commonplace  facts. 

It  is  probably  true  in  certain  respects  that  pupils  are  held  to  a higher 
level  of  achievement  in  mathematics  classes  than  elsewhere  by  the  nature 
of  the  subject  itself,  for  here  the  standard  of  accurate  definitions,  of  logical 
coherent  statements  in  demonstration,  and  of  precise  results  must  necessarily 
be  stiessed.  In  a broad  sense,  all  this  is  merely  claiming  that  mathematical 
methods  furnish  examples  of  good  workmanship.  The  possibilities  of  giving 
discipline  of  universal  significance  are  not  lessened  by  the  fact  that  not  all 
the  situations  in  which  it  may  be  used  have  the  general  characteristics  of 
mathematics.  The  question  is  one  of  creating  an  ideal  and  of  setting  up 
standards  of  excellence,  not  one  of  whether  mathematics  resembles  other 
subjects.  First  the  ideal  must  be  glimpsed;  then  it  must  be  so  lived  with 
that  it  will  become  a part  of  our  lives.  This  practice  can  most  likely  be 
accomplished  through  formal  educational  experience  in  which  the  ideal  is 
constantly  emphasised.  This  Commission  believes  that  some  teachers  of 
mathematics  have  been  indifferent  to  their  full  opportunity  to  hold  up  to 
their  pupils  high  ideals  of  workmanship.  College  students,  showing  very 
clearly  that  they  have  been  allowed  to  “get  by”  in  mathematical  work  as 
well  as  elsewhere,  will  unblushingly  hand  in  papers  whose  careless  appear- 
ance should  gi\e  shame  to  any  student.  Neat,  well-arranged  work  can  have 
a sensory  appeal,  and  should  stimulate  accuracy  and  precision.  All  these 
qualities,  neatness,  accuracy,  and  precision,  are  merely  attributes  of  “taking 
pains,”  a thing  that  is  essential  to  good  work  in  any  field.  It  is  not  to  be 
expected  that  mathematics  will  maintain  the  place  its  teachers  desire, 
unless  teachers  are  willing  to  meet  the  insistence  of  administrator*  and 
educators  that  their  subject  yield  all  possible  contributions  to  the  varied 
goals  of  education. 

Intimately  related  to  good  workmanship  is  the  ideal  of  thorough  under- 
standing, and  certainly  here  even  the  techniques  of  mathematics  can  be 
made  to  contribute  wholesome  lessons.  Something  as  non-essential  as  a 
change  of  letters  will  often  cause  confusion  for  the  beginner.  Though  a 

pupil  may  think  he  understands  the  identity  (a  -f-  b)  (a  — b)  — a2 b~ , 

he  is  not  likely  to  argue  the  case  if  he  did  not  see  its  application  to  84  X 76 
until  it  was  pointed  out  to  him.  A pupil’s  progress  in  mathematics  depends 
largely  upon  his  grasp  of  the  full  implication  of  both  the  concepts  and  the 
powerful  techniques.  When  he  fails  to  understand  some  point,  his  teacher 
f i equently  can  trace  the  difficulty  back  step  by  step  to  something  the 
pupil  believed  he  understood  but  which  in  reality  he  grasped  only  imper- 
fectly. The  lesson  to  be  learned  from  such  an  experience  is  much  broader 
than  the  mathematics  involved.  Many  parts  of  the  subject  can  be  so 
presented  that  mathematics  will  help  to  build  up  in  pupils  the  desirable 
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habit  of  questioning  the  clarity  and  the  fullness  of  all  their  knowledge. 
The  desire  to  look  into  things  a little  more  deeply  can  be  stimulated  by 
frequent  illustrations  in  mathematics  of  the  profitableness  of  such  a search. 

It  might  seem  at  a first  glance  that  mathematics  has  little  to  do  with 
developing  social-mindedncss,  which  was  set  down  in  Chapter  II  as  one 
of  the  attitudes  much  in  favor  at  present.  The  “social  studies”  are  cur- 
rently urged  as  the  cure  for  maladies  which  we  know  afflict  us,  but  which 
we  cannot  describe  except  in  vague  terms.  It  is,  however,  to  be  remembered 
that  mathematics  sprang  from  elementary  human  needs,  from  problems  ol 
feeding,  clothing,  and  shelter;  and  today,  although  it  embraces  a great  deal 
more,  it  still  has  intimate  connections  with  such  primary  questions.  Thus, 
when  properly  taught,  mathematics  surely  should  appear  as  one  of  the 
chief  instruments  of  “social  progress.” 

Open-mindedness,  the  last  attitude  discussed  in  Chapter  II,  is  related 
t-o  willingness  to  admit  one’s  self  wrong,  but  it  is  an  attitude  that  should 
be  carefully  distinguished  from  mere  mental  instability.  In  mathematics 
a person  cannot  long  deceive  either  himself  or  another,  for  arguments  that 
arise  must  end  by  the  admission  of  one  disputant  that  he  had  been  wrong. 
This  may  cause  the  discomfort  that  some  pupils  experience  in  the  mathe- 
matics classroom,  where  it  is  difficult  to  cover  up  a weakness.  Even  if 
one’s  error  is  honestly  come  by  at  the  expense  of  considerable  toil,  it  must 
be  laid  aside  without  prejudice  or  resentment.  Every  pupil  in  geometry 
has  had  the  experience  of  seeing  what  he  believed  was  a valid  proof  of 
an  “original”  explode  under  the  questioning  of  his  teacher.  Even  in 
studying  his  lessons,  he  repeatedly  finds  it  necessary  to  abandon  a thought 
that  for  a few  moments  held  the  prospect  of  being  the  key  to  working 
a problem  or  proving  a proposition.  Such  a situation  may  look  somewhat 
grim,  but  though  the  discipline  may  be  too  unpleasant  for  a few,  an  actual 
laboratory  in  open-mindedness,  where  one  receives  training  in  admitting 
an  error  endeared  to  him  by  the  effort  expended  in  seeking  to  establish 
it,  may  be  more  valuable  in  forming  a social  attitude  than  rhetorical 
exhortations. 


MATHEMATICAL  APPRECIATIONS 

The  schools  must  teach  mathematics  beyond  its  elements  not  only 
to  equip  those  who  need  it  as  a tool,  but  also  to  make  people  appreciate 
in  a forthright  and  intelligent  way  how  basic  is  its  place  in  our  culture. 


The  artist  who  depicted  the  “tree  of  knowledge”  for  the  Hall  of  Science 
at  Chicago  placed  mathematics  at  the  very  roots,  with  other  subjects 
growing  and  flowering  from  it,  thus  implanting  in  the  minds  of  many 
people  the  idea  of  its  important  cultural  value.  But  such  a mode  of 
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instruction  is  not  sufficient,  nor  is  it  sufficient  for  teachers  of  mathematics, 
animated  by  enthusiasm  and  pride,  to  display  their  trees  of  knowledge 
in  their  classrooms.  The  goal  should  ever  be  to  create  such  understand- 
ings and  appreciations  that  pupils  in  their  own  right  become  competent 
appraisers  of  mathematics.  The  position  of  mathematics  in  the  "tree 
of  knowledge”  is  a challenge  to  teachers  of  mathematics  as  well  as  an 
assertion  of  the  value  of  their  subject,  and,  repeated  in  our  classrooms,  it 
is  a challenge  to  pupils,  showing  them  not  only  what  they  may  need  in 
order  to  succeed,  but  what  they  must  know1  if  they  are  to  comprehend 
certain  essential  elements  of  the  civilization  they  are  to  share.  The  "tree 
of  knowledge”  is  suggestive  of  a library  with  the  names  of  poets,  drama- 
tists, essayists,  and  novelists  -cut  into  its  walls.  Assuredly  the  highest 
purpose  here  is  not  to  give  merited  honor  to  those  who  cannot  profit  from 
it,  nor  to  elevate  ourselves  a little  by  the  act  of  honoring  them,  but 
rather  to  encourage  those  who  see  the  names  to  learn  why  these  names 
merit  the  honor  shown  them,  and  to  share  in  a feeling  of  appropriateness. 

In  the  past  mathematics  has  enjoyed  such  an  appreciation,  shown 
by  the  honors  paid  it  in  our  literature  and  philosophy,  and  it  still  finds 
honor  in  contemporary  literature.  The  fact  that  there  are  people  who 
study  mathematics  and  then  assert  that  their  time  was  wasted  does  not 
affect  the  matter  at  all.  The  cultural  tastes,  appreciations,  and  accom- 
plishments of  the  critic  should  be  appraised  before  weight  is  given  his 
opinion,  though  naturally  in  practice  charity  frequently  intervenes.  The 
Commission  has  stated  at  the  beginning  of  his  chapter  that  only  the  bare 
elements  of  mathematics  need  be  required  of  a pupil  thoroughly  rebellious 
against  the  subject  or  of  a pupil  with  a strong  talent,  wishing  to  devote  his 
time  to  other  subjects.  The  Commission  believes,  however,  that  appreciation 
of  mathematics  should  be  even  more  extensive  than  it  now  is,  and  it  strongly 
urges  upon  administrators  the  wisdom  and  importance  of  using  as  a general 
guide  the  ideas  so  wrell  expressed  by  Professor  Snedden  in  the  lines  quoted 
in  Chapter  II. 

There  is  evidence  of  some  interest  in  mathematics  among  adults  for  rea- 
sons other  than  narrow  utility;  for  example,  newspapers  and  magazines  from 
time  to  time  carry  mathematical  problems.  Although  these  problems  some- 
times have  the  nature  of  a puzzle,  they  reveal  an  inclination  toward  mathe- 
matical thinking.  One  wmuld  hardly  care  to  venture  the  prediction  that 
mathematics  will  ever  be  a serious  leisure-time  activity  for  adults  to  any 
extensive  degree,  but  we  have  no  knowledge  of  wffiat  the  actual  possibilities 
are.  Encouraging  success  has  attended  some  notable  efforts  to  popularize 
the  subject,  and  a thorough  consideration  of  the  problem  of  adult  education 
may  well  show  that  the  mathematics  taught  in  the  secondary  school  is 
necessary  for  desirable  work  in  later  years. 


600 


MAA  and  ISCTM  / The  Place  of  Mathematics  in  Secondary  Education 


REMARKS 

The  Commission  believes  that  what  has  been  said  indicates  that  mathe- 
matics should  have  a prominent  place  in  secondary  education.  There  should 
be  ample  provision  for  courses  beyond  the  ones  that  are  required,  conscien- 
tious efforts  being  made  to  influence  pupils  to  continue  mathematical  study. 
Boys  and  girls  should  be  informed  as  to  number  of  subjects  that  employ 
mathematics,  and  they  should  be  led  to  see  that  an  acquaintance  with  it 
helps  one  to  live  more  intelligently  in  an  age  as  scientific  and  as  technical 
as  our  own.  They  should  also  be  informed  that  in  addition  to  its  great 
helpfulness  to  man,  mathematics  has  peculiar  qualities,  representing  a form 
of  perfection  so  striking  that  many  persons,  although  not  following  it  in 
any  professional  way,  have  considered  their  study  of  it  one  of  their  most 
valued  experiences.  Nor  should  there  be  withheld  from  them  the  noteworthy 
fact  that  the  greatest  tributes  to  the  subject  have  come  not  from  mathe- 
maticians but  from  dramatists,  poets,  and  novelists.  Finally,  they  should 
be  protected  against  becoming  victims  of  the  doctrine  of  incidental  learning 
or  the  doctrine  of  postponement. 

The  effort  to  make  mathematics  a prominent  feature  of  education  implies 
the  desire  to  keep  secondary  education  on  a high  level,  with  respect  to  both 
the  ideals  that  inspire  it  and  the  standards  of  achievement  that  are  expected 
The  Commission  supports  such  a general  educational  position,  in  opposition 
to  the  movement  toward  minimum  education.  It  is  true  that  our  attempts 
at  universal  education  will  bring  into  the  schools  many  a case  of  Johnnie 
Lowique  and  Winnie  Barely-pass,  as  well  as  delightful  Huck  Finns  who 
“take  no  stock  in  mathematics.”  Unless  the  American  temper  changes  com- 
pletely there  is  little  danger  that  such  boys  and  girls  will  be  dealt  with 
unsympathetically  while  we  continue  our  efforts  to  devise  studies  and  activ- 
ities really  suitable  for  them.  But  they  should  not  be  allowed  to  set  the 
general  pattern  for  education,  any  more  than  their  tastes  should  be  allowed 
too  much  weight  in  determining  the  pleasures  and  diversions  available  for 
educated  people.  A survey  of  movies  and  radio  might  indicate,  however, 
that  such  a surrender  is  being  made.  In  concluding,  one  might  say  that  the 
statement  of  Hogben  that  the  history  of  mathematics  is  the  mirror  of 
civilization  suggests  that  its  position  in  the  schools  may  reveal  something 
not  only  about  our  conception  of  education  but  about  our  national  philosophy 
and  ideals. 
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The  Mathematics  Curriculum 

“We  shall  make  one  or  two  postulates,  deduce  rules,  and  give 
examples.” 


— FOWLER,  THE  KING’S  ENGLISH 


BASIC  CONSIDERATIONS 

The  Importance  oj  Continuity  and  Organic  Growth.  For  many  years 
American  educators  have  urged  the  creation  of  curricula  based  on  the 
view  that  formal  educational  process  extends  from  the  pupil’s  infancy 
through  his  adolescent  years,  or  even  further.  Th;s  idea  is  now  receiving  uni- 
form emphasis  in  all  the  major  subject  matter  fields.  Mathematics,  by 
virtue  of  its  highly  cumulative  nature,  cannot  yield  the  cultural  returns  of 
which  it  is  capable  if  it  is  offered  as  a disconnected  sequence  of  isolated 
units.  On  the  contrary,  the  major  objectives  of  mathematics,  its  central 
themes  and  its  broad  life  values,  must  be  given  an  opportunity  to  unfold 
gradually  and  continuously,  in  harmony  with  known  facts  of  mental  growth. 

The  Importance  oj  Flexibility.  Secondary  education  in  America  has  not 
yet  achieved  relatively  stable,  clearly  defined  lines  of  demarcation  that  set 
it  off  from  the  domain  of  elementary  education  on  the  one  hand  and  from 
that  of  collegiate  education  on  the  other.1  We  have,  and  may  continue  to 
have,  a diversity  of  administrative  divisions  that  are  due  to  a variety  of 
considerations.  Thus,  in  certain  communities,  the  traditional  8-4  plan  has 
been  replaced  by  the  6-3-3  plan,  the  7-5  plan,  the  6-6  plan,  or  the 
plan,  either  specifically  for  curricular  purposes  or  because  of  a problem  of 
building  accommodations.2 

At  this  point  we  are  merely  interested  in  the  fact  that  because  of  this 

1.  In  this  report  the  junior  college  is  regarded  as  belonging  to  the  secondary  field. 

2.  Data  concerning  the  growth  or  the  relative  frequency  of  these  administrative 
types  of  organization  may  be  obtained  from  the  publications  of  educational  research 
bureaus,  and  from  educational  yearbooks  and  statistical  abstracts.  See,  for  example, 
the  monographs  comprising  the  National  Survey  of  Secondary  Education,  Bulletin, 
1932,  No.  17,  U.  S.  Office  of  Education. 
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variety  of  types  of  administrative  organization  in  the  field  of  secondary 
education  it  has  been  extremely  difficult,  even  if  it  were  desirable,  to  arrive 
at  anything  approximating  general  agreement  as  to  curricular  offerings  at 
any  stage  of  the  educational  process.  No  national  commission  can  prescribe, 
or  should  even  attempt  to  suggest,  such  a rigid  organization  of  the  materials 
of  instruction  that  there  would  be  no  further  opportunity  for  individual 
initiative  and  constructive  experimentation.  On  the  other  hand,  there  is 
need  at  the  moment  to  elaborate  as  carefully  as  possible  a group  of  guiding 
principles  that  may  offer  a definite  step  toward  educational  harmony.  A 
tentative  list  of  such  principles  will  be  outlined  in  the  following  pages.  The 
second  step  is  that  of  describing  the  curricular  offerings,  as  far  as  possible, 
in  terms  of  broad  fields  rather  than  in  terms  of  specific  units  of  work. 

It  is  the  opinion  of  this  Commission  that  the  obvious  difficulty  of  pro- 
viding for  both  continuity  and  flexibility  has  been  the  great  stumbling 
block  in  the  development  of  a nation-wide  mathematical  program  of  instruc- 
tion. Accordingly,  in  this  Report  is  described  a program  for  mathematics 
in  grades  7 to  14  that  definitely  aims  to  provide  for  continuity  of  develop- 
ment, and  that  at  the  same  time  respects  the  reasonable  demands  for  flexi- 
bility on  the  part  of  school  administrators  and  teachers. 

The  Work  of  the  Elementary  Schools.  The  Commission  has  not  at- 
tempted to  suggest  mathematics  curricula  for  the  first  six  grades.  That 
responsibility  has  been  assumed  by  the  National  Council  Committee  on 
Arithmetic,3  which  will  issue  a separate  report  dealing  with  this  problem. 

The  mathematics  program  of  the  elementary  schools  is  the  indispensable 
foundation  of  all  the  pupil’s  later  mathematics  work.  If  that  foundation  is 
' weak,  the  pupil’s  subsequent  progress  is  likely  to  be  permanently  handi- 
capped. 

In  the  following  pages,  it  is  assumed  that  a pupil  who  is  adequately  pre- 
pared for  the  work  of  the  seventh  grade  has  acquired  a working  knowledge 
of  the  arithmetic  commonly  taught  in  the  primary  schools.  An  increasing 
number  of  representative  syllabi  also  assign  to  the  elementary  grades  some 
preliminary  work  in  the  field  of  space  intuition  and  a knowledge  of  geo- 
metric forms.  Hence  the  following  attainments  may  be  regarded  as  the 
normal  mathematical  equipment  of  the  American  pupil  who  has  satisfact- 
orily completed  the  work  of  the  sixth  grade : 4 

3.  Sponsored  by  the  National  Council  of  Teachers  of  Mathematics,  under  the  chair- 
manship of  Professor  R.  L.  Morton,  Ohio  University. 

4.  For  a synopsis  of  present  tendencies  in  arithmetic,  the  reader  may  be  referred 
to  the  Tenth  Yearbook  of  the  National  Council  of  Teachers  of’ Mathematics.  See  also 
Norton  and  Norton.  Foundations  of  Cuniculum  Building,  Chapter  XI.  Ginn  and  Co., 
1936.  For  the  work  of  the  primary  grades,  see  especially,  Morton,  Robert  Lee.  Teaching 
Arithmetic  in  the  Elementary  School.  Silver,  Burdett  Co.,  1937. 
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( 1 ) A familiarity  with  the  basic  concepts,  the  processes,  and  the  vocabu- 
lary of  arithmetic. 

(2)  Understanding  of  the  significance  of  the  different  positions  that  a 
given  digit  may  occupy  in  a number,  including  the  case  of  a decimal  fraction. 

{3)  A mastery  of  the  basic  number  cpmbinations  in  addition,  subtraction, 
multiplication,  and  division. 

(4)  Reasonable  skill  in  computing  with  integers,  common  fractions,  and 
decimal  fractions. 

(5)  An  acquaintance  with  the  principal  units  of  measurement,  and  their 
use  in  everyday  life  situations. 

( 6 ) The  ability  to  solve  simple  problems  involving  computation  and 
units  of  measurement. 

(7)  The  ability  to  recognize,  to  name,  and  to  sketch  such  common  geo- 
metric figures  as  the  rectangle,  the  square,  the  circle,  the  triangle,  the  rec- 
tangular solid,  the  sphere,  the  cylinder,  and  the  cube. 

{8)  The  habit  of  estimating  and  checking  results. 


A TENTATIVE  LIST  OF  GUIDING  PRINCIPLES 

Considerations  Governing  the  Selection  of  the  Materials  of  Instruction, 
Grades  7-12.  Among  the  considerations  governing  the  selection  of  material 
in  building  a curriculum,  the  following  may  be  mentioned: 

( 1 ) Since  there  has  been  general  agreement  that  the  learning  of  mathe- 
matics rests  upon  acquiring  a knowledge  of  a certain  body  of  concepts, 
principles,  processes,  and  facts  that  are  essentially  the  same  for  all  pupils, 
there  can  remain  little  freedom  of  choice  as  to  the  inclusion  in  the  curriculum 
of  these  fundamental  elements.  The  curriculum  should  include  the  basic 
elements  of  arithmetic,  algebra,  geometry,  graphic  representation,  and 
trigonometry. 

{2)  In  contrast  with  this  permanent  foundation,  we  have  the  equally 
important  fact  that  mathematics  has  had  a remarkable  growth  and  has 
been  extended  to  widely  varied  fields  of  application. 

For  every  type  of  pupil,  a mathematical  course  of  study  must  give  con- 
stant attention  to  the  “foundations,”  while  at  the  same  time  it  stresses 
significant  applications  within  the  learner’s  potential  range  of  understanding 
and  interest. 

(3)  The  selection  of  the  fundamental  mathematical  units  of  work, 
especially  in  grades  7-9,  is  a highly  technical  task. 

In  particular,  the  fundamental  concepts,  principles,  and  skills  of  mathe- 
matics must  be  introduced  and  developed  in  a carefully  organized  pattern. 
Due  attention  must  be  given  at  all  times  not  only  to  logical  considerations, 
but  also  to  psychologic  al,  and  pedagogical  principles. 
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(4)  Extensive  experience  has  led  to  the  conviction  that  in  the  case  of 
retarded  pupils,  modifications  are  needed  in  the  rate  of  progress  and  the 
degree  of  comprehension,  .rather  than  in  the  choice  of  the  basic  mathematical 
units.  (See  also  Chapter  VII.) 

(5)  The  precise  scope  and  degree  of  emphasis  to  be  given  to  each  major 
type  of  work,  in  a particular  school,  cannot  be  stated  with  finality  in  any 
general  discussion.  On  the  contrary,  these  items  must  be  regarded  as  sub- 
ject to  further  local  experimentation,  in  the  light  of  actual  time  schedules 
and  of  desired  or  possible  types  of  application  and  of  training. 

(0)  Psychological  considerations  such  as  those  having  to  do  with  the 
problem  of  understanding,  with  motivation,  rates  of  learning,  and  with 
degrees  of  mastery,  are  also  of  great  significance  in  connection  with  the 
construction  of  modern  curricula.  These  questions  must  certainly  be  kept  in 
mind  when  one  wishes  to  determine  the  amount  of  work  w'hich  may  safely 
be  accomplished  during  a certain  period  of  time.  They  are  furthermore 
of  primary  importance  in  the  preparation  of  detailed  instructions  for  the 
teaching  of  each  unit  or  topic. 

(7)  Mathematics  is  often  described  as  a “hard”  subject.  It  has  acquired 
this  reputation  (i)  because  it  is  composed  of  a relatively  large  body  of  closely 
related  abstract  ideas  often  presented  too  abruptly;  (ii)  because  its  funda- 
mental facts  and  principles  must  be  learned  as  an  organized  sequence; 
(iii)  because  only  constant  attention  and  real  understanding  will  lead  to 
success  in  this  field;  and  (iv)  because  only  considerable  practice,  over  a 
period  of  months  or  years,  will  insure  mastery  and  the  ability  to  apply  with 
ease  the  results  of  mathematical  training.  While  these  features  of  mathe- 
matics cannot  be  denied,  it  is  also  true  that  each  forward  step  in  the  subject 
is,  as  a rule,  a very  simple  one.  Hence,  by  safeguarding  each  day’s  progress, 
and  by  following  a teaching  practice  based  on  the  laws  of  learning,  the 
teacher  can  eliminate,  to  a large  extent,  the  painful  and  futile  struggle 
that  is  only  too  evident  in  some  mathematics  classrooms.  In  particular,  the 
following  considerations  are  significant: 

(a)  Early  in  each  year  the  mathematical  maturity  of  each  pupil  should 
be  determined.  In  case  the  required  information  is  not  available  from 
reports,  inventory  tests  may  be  needed  to  determine  the  amount  of  ground 
that  may  be  covered  during  the  semester,  as  well  as  the  necessary  amount 
of  reteaching. 

(6)  Since  mathematics  is  a cumulative  subject,  pupils  should  be  made 
to  realize  that  each  day’s  work  counts  toward  success  or  failure. 

(c)  An  understanding  of  the  concepts  and  principles  of  mathematics 
is  the  key  to  its  successful  study.  To  teach  in  such  a way  that  the  concepts 
become  clear  is  the  hardest  and  the  most  significant  task  confronting  the 
teacher  of  mathematics.  By  way  of  illustration,  a definition  should  usually 
be  the  outgrowth,  not  the  beginning,  of  a learning  process. 
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( d ) “Overviews"  and  motivating  discussions  are  valuabel  as  directing 
guides,  while  summaries  and  organic  reviews  are  effective  means  of  creating 
perspective  and  confidence.  A properly  constructed  curriculum  will  give 
adequate  attention  to  such  considerations. 

( e ) In  the  past,  much  dependence  was  placed  on  mere  drill.  Recent 
psychological  investigations  suggest  that  all  techniques  should  be  based  on 
insight.  This  implies  that  adequate  practice  is  to  be  provided,  not  mere  drill, 
to  lead  the  pupil  to  proper  assimilation  and  mastery. 

(/)  Modern  psychology  has  proved  the  effectiveness  of  “spaced  learn- 
ing.” That  is,  “bunched  learning”  is  not  so  productive  of  lasting  values  as 
“spaced  learning.”  With  slow  pupils,  especially,  the  idea  of  a periodic  return 
to  the  same  topic,  providing  for  its  growing  mastery  and  enlarged  applica- 
tion, is  of  the  utmost  importance.  Experience  shows  that  we  cannot  expect 
“one  hundred  per  cent  mastery”  after  a single,  brief  exposure. 

( g ) The  slow  learner  profits  by  at  least  the  same  degree  of  motivation, 
of  cultural  enrichment  and  interest,  as  do  other  pupils.  But  interest  is 
primarily  a means  of  stimulating  effort,  not  a substitute  for  effort. 

Principles  of  Arrangement.  The  following  principles  refer  primarily  to 
the  sequence  of  the  topics  to  be  included  in  the  curriculum. 

(1)  The  sequence  in  the  curriculum  should  be  such  that  each  topic  will 
contribute  definitely  toward  an  ever-growing  and  more  significant  organiza- 
tion of  the  basic  concepts,  principles,  skills,  facts,  relationships,  types  of 
appreciation,  and  fields  of  application,  resulting  in  the  development  of  a 
unified  mathematical  picture. 

(2)  Even  in  a reduced  program,  the  study  should  emphasize  problem 
solving  and  modes  of  thinking,  and  shoulo  not  become  a mere  sequence 
of  formal  and  relatively  abstract  drills. 

( 3 ) If  a unit  organization  is  followed,  it  is  not  always  advisable  to 
attempt  in  each  of  the  units  a complete  or  exhaustive  treatment  of  the 
central  theme  or  topic  under  discussmn.  On  the  other  hand  a unit  should 
not  include  unrelated  “odds  and  ends.” 

(4)  In  general,  a new  topic  should  not  be  introduced  unless  there  is  a 
sufficient  background  of  prerequisite  concepts  and  skills  to  permit  unhindered 
concentration  upon  the  new  elements. 

(5)  A new  idea  or  principle  should  not,  as  a rule,  be  introduced  prior  to 
the  time  at  which  it  is  needed  or  may  be  effectively  applied. 

MATHEMATICAL  CATEGORIES  AS  A BASIS  OF 
ORGANIZATION  OF  THE  CURRICULUM 

The  Doctrine  of  “Centers  of  Interest.”  Elementary  and  secondary  school 
systems  are  operating  in  many  cases  under  different  conceptions  as  to  the 
best  way  to  carry  on  the  “educative  process.”  One  can  with  some  propriety 


A) 
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speak  of  the  “old  education”  and  the  “new  education”  although  such  descrip- 
tions tend  to  over-simplify  the  problem.  Not  all  schools  of  fifty  or  seventy- 
five  years  ago  were  alike;  many  of  them  were  not  so  narrow  in  offerings  or 
as  restricted  in  points  of  view  as  is  asserted  in  some  present-day  writing. 
In  education,  as  elsewhere,  one  must  remember  that  a careful  study  of  the 
past  reveals  not  only  faults  unsuspected  by  some  people  but  virtues  asso- 
ciated by  others  only  with  the  present.  On  the  other  hand,  what  is  called 
the  “new  education”  may  have  more  conservative  elements  than  is  some- 
times realized.  This  much,  however,  it  seems  safe  to  say  by  way  of  general- 
ization. The  “old  education”  interpreted  teaching  as  a process  of  trans- 
mitting or  inculcating  a relatively  fixed  body  of  skills,  information,  facts, 
behaviors,  and  habits  that  were  considered  necessary  or  useful  to  a person, 
both  in  “making  a living”  and  in  living  with  satisfaction.  It  tended  to 
employ  fixed  curricula,  though  not  without  giving  attention  in  varying 
degrees  to  the  interests  and  abilities  of  its  clientele  through  the  use  of 
electives  or  different  curricula.  The  “new  education,”  in  contrast,  tends  to 
be  much  more  “child-centered.”  It  questions  fixed  curricula,  even  when 
provision  is  made  for  electives,  and  seeks  to  induce  the  pupil  to  reach  out  for 
such  elements  of  information  or  training  as  may  be  in  harmony  with  his 
own  “needs  and  interest,”  both  felt  and  unfelt. 

Under  the  “new  education”  an  effort  is  being  made  in  some  schools  to 
build  the  curriculum  primarily  around  significant  “centers  of  interest”  or 
“areas  of  experience,”  so  broad  in  character  as  to  anticipate  potentially  a 
large  number  of  the  educational  needs  of  children.  By  this  means  it  is 
hoped  to  insure  both  a set  of  desirable  practical  and  cultural  backgrounds 
and  the  possibility  of  favorable  subjective  reactions.  Furthermore,  it  is 
hoped  that  through  sufficiently  expert  handling  of  these  backgrounds  the 
school  will  succeed  in  transmitting  the  skills,  facts,  habits,  and  attitudes 
necessary  to  a successful  life  and  well-rounded  development.  Under  the 
“old  education”  many  of  the  most  important  of  these  facts  and  skills  have 
been  isolated,  logically  organized,  and  systematically  taught.  Under  the 
“new  education,”  however,  they  are  to  be  acquired  much  more  informally 
in  the  course  of  experiences  selected,  at  least  in  part,  for  reasons  other  than 
their  fruitfulness  as  a means  of  transmitting  predetermined  skills,  facts, 
and  habits. 

In  the  elementary  school  the  “new  education”  has  secured  widespread 
endorsement.  The  secondary  school  is  being  subjected  to  great  pressure  to 
follow  a similar  course ; * that  is,  it  is  being  asked  to  give  up  its  “adult- 
organized,”  sequential  subject  matter  courses  in  favor  of  broad,  flexible 
“areas  of  experience”  that  are  assumed  to  appeal  to  the  individual  stud 
In  this  Report  the  concern  is  mainly  with  the  question  of  the  extent  to 
which  such  a conception  is  feasible  in  the  field  of  mathematics. 

Unsettled  Status  of  This  Educational  Issue.  The  fact  has  been  stressed 
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that  the  mathematics  of  the  elementary  school  is  a comparatively  closely 
organized  and  cumulative  system  of  concepts,  skills,  facts,  and  relationships. 
A pupil  cannot  master  a given  unit  in  most  branches  of  mathematics  until 
he  has  acquired  some  understanding  of  and  reasonable  skill  in  the  related 
earlier  steps  involved.  If  the  basic  equipment  in  mathematics  is  to  be 
acquired  by  means  of  “centers  of  interest,”  as  these  are  commonly  under- 
stood, such  as  the  farm,  transportation,  and  consumption  of  goods  and  serv- 
ices, mathematics  becomes  only  one  aspect  of  such  study.  Today  a crucial 
question  of  curricular  theory  centers  around  the  extent  to  which  the  methods 
of  the  “new  education”  lead  to  mastery  or  understanding  of  fundamental 
subjects  such  as  mathematics. 

The  evidence  accumulated  on  the  relative  merits  of  curricula  organized 
according  to  the  newer  and  the  older  theories  is  far  from  conclusive,  at  least 
with  respect  to  instruction  in  mathematics.  The  “new  education”  is  still 
definitely  in  the  experimental  stage  in  the  secondary  school.  There  can 
hardly  be  any  doubt  that  an  exclusive  dependence  upon  “centers  of  interest” 
as  a basis  for  organizing  the  curriculum  makes  very  difficult  the  application 
of  the  guiding  principles  discussed  in  this  Report.  In  the  absence  of  more 
convincing  evidence  in  favor  of  one  point  of  view  over  the  other,  this  Com- 
mission has  sought  a basis  of  organization  that  adheres  to  accepted  princi- 
ples, yet  incorporates  modern  views  on  the  way  the  mathematics  curriculum 
should  be  organized.  The  Commission  recognizes  the  desirability  of  cor- 
related activities  and  a reasonable  utilization  of  centers  of  interest  pertaining 
to  important  aspects  of  modern  life,  but  under  present  conditions  it  recom- 
mends that  for  other  than  experimental  classes  the  curriculum  be  organized 
in  conformity  with  principles  outlined  above  and  later  in  this  Report. 

Expressing  the  Mathematics  Curriculum  in  Terms  of  Broad  Categories. 
For  the  reasons  suggested  above,  this  Commission  has  found  it  desirable  to 
outline  a general  plan  of  organizing  the  materials  of  instruction  in  secondary 
mathematics,  for  grades  7—12,  in  terms  of  two  principles  of  classification. 
First,  thore  is  the  subdivision  according  to  major  subject  fields:  I.  The  field 
of  number  and  of  computation.  II.  The  field  of  geometric  form  and  space 
perception.  III.  The  field  of  graphic  representation.  IV.  The  field  of  ele- 
mentary analysis  (algebra  and  trigonometry).  V.  The  field  of  logical  (or 
“straight”)  thinking.  VI.  The  field  of  relational  thinking.  VII.  The  field 
of  symbolic  representation  and  thinking.  Second,  there  is  the  subdivision 
of  the  fields  into  categories  such  as  the  following:  I.  Basic  concepts,  princi- 
ples, and  terms.  II.  Fundamental  processes.  III.  Fundamental  relations. 
IV.  Skills  and  techniques.  V.  Applications. 

A curriculum  that  is  constructed  in  conformity  with  such  a plan  has  the 
following  merits : 

(I)  It  consists  of  parts  which,  separately  and  in  combination,  for  many 
years  have  constituted  the  essential  elements  of  successful  mathematics 
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work  in  the  grades  considered. 

(2)  It  is  flexible  enough  to  make  possible  its  use  in  schools  representing 
virtually  all  the  principal  administrative  types  of  organization,  such  as  the 
8-4  plan,  the  6-3-3  plan,  the  6-6  plan,  and  so  on. 

( 8 ) It  is  sufficiently  adaptable  to  meet  a large  variety  of  local  condi- 
tions and  special  needs. 

(4)  It  provides  definitely  for  continuity  of  training  with  respect  to  the 
central  objectives  of  secondary  mathematics. 

(5)  It  suggests  and  makes  possible  extensive  correlation  with  related 
fields. 

In  later  chapters  of  this  Report  two  such  ciirricula  are  described,  with- 
out any  implication  that  other  satisfactory  programs  are  not  possible.  In- 
deed other  well-considered  and  tested  plans  have  appeared  which  seem  to 
the  Commission  to  be  basically  in  agreement  with  those  described  here, 
The  plans  do  not  restrict  the  freedom  of  the  teachers  as  to  methods  of  teach- 
ing, or  types  of  motivation,  or  lesson  organization. 


ESSENTIALS  OF  A GENERAL  PROGRAM  IN 
SECONDARY  MATHEMATICS 

In  the  following  pages  there  is  submitted  in  broad  outline  a summary  of 
those  mathematical  fields  and  types  of  training  and  of  appreciation  that 
are  necessary  in  order  that  the  pupil  may  meet  the  demands  of  modern  life 
and  may  realize  the  desirable  cultural  contributions  that  have  been  dis- 
cussed. It  is  the  opinion  of  this  Commission  that  the  mathematics  program 
of  our  secondary  schools,  in  grades  7-12,  should  be  built  substantially  on 
abilities  and  outcomes  such  as  those  suggested  below. 


I.  The  Field  of  Number  and  of  Computation 
( A Continuation  of  the  Work  of  the  Elementary  Grades) 

Basic  Concepts  and  Principles.  There  should  be  a growing  familiarity  with  the 
basic  vocabulary  and  working  principles  of  arithmetic.  This  involves  ( 1 ) naming 
or  identifying  a concept  when  encountered,  (2)  giving  an  example  or  an  informal 
explanation  of  the  meaning  of  given  terms,  and,  at  a higher  level,  (3)  developing 
formal  definitions  of  terms  that  have  a broad  operational  significance.  Examples 
cf  such  terms  are  the  following : 

(a)  Operations:  addition,  subtraction,  multiplication,  division,  rounding  off 
numbers. 

( b ) Results:  sum,  product,  difference,  quotient,  per  cent. 

(c)  Relations:  ratio,  proportion,  equality,  increase,  decrease. 
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(( l ) Applications:  interest,  discount,  commission,  rate,  premium,  profit,  loss, 

average^  ^ of  secondary  mathematics  much  attention  should  be  given  to  a 
conscious  grasp  of  the  principles  which  underlie  the  fundamental  processes  of  arith- 
metic. Examples  of  such  principles  are  the  following: 

(а)  The  numerator  and  the  denominator  of  a common  fraction  may  be  - 
plied  or  divided  by  the  same  (non-zero)  number,  without  changing  the  value  of 

the  fraction.  . 

(б)  The  order  of  the  factors  in  a product  does  not  affect  the  resui  . 

Fundamental  Skills.  The  pupils  should  develop  such  skills  as  the  following : 

(a)  The  ability  to  use  the  four  fundamental  operations  with  integers,  common 
fractions,  and  decimal  fractions,  due  regard  being  given  to  the  learner  s ma  wi  y^ 

(b)  The  ability  to  use  the  principal  units  of  measure  m everyday  life  situations. 

(c)  The  ability  to  read  simple  numerical  tables  in  connection  with  the  educa- 
tional program  as  a whole. 

Application  « There  should  be  a gradual  and  continuous  development  of  the 
ability  to  recognize  and  use  arithmetical  facts,  concepts,  and  principles  in  everyday 
life  situations,  wherever  encountered,  not  merely  for  the  study  of  per  men  nin 
cal  problems,  but  also  for  purposes  of  explanation  and  prediction. 

This  ability  should  be  stressed  constantly  until  its  use  becomes  a habit. 

Further  Topics.  There  should  be  a gradual  growth  in  the  pupil’s  understanding 
of  the  extended  number  system  (negative  numbers,  irrational  numbers,  and  so  on): 

Attention  may  also  well  be  given  to:  „ 

(а)  The  ability  to  perform  addition,  subtraction,  multiplication, 

by  use  of  a computing  machine.  , , 

(б)  The  ability  to  multiply,  divide,  square,  and  find  square  roots  by  a 

(c)  The  ability  to  exercise  judgment  in  presenting  numerical  results  of  meas- 
urement or  of  computations  based  upon  measurements.  Due  regard  bemg  pai 
Ihe  learner’s  level  of  maturity,  there  should  be  developed  gradually  the  habit  of 
retaining  an  appropriate  number  of  significant  digits  and  using  appropriate  accuracy 

in  computation. 


II.  The  Field  op  Geometric  Form  and  op  Space  Perception 

Basic  Concepts.  The  ability  to  recognize  at  least  the  elementary 
ures  and  terms  involves  ( 1 ) naming  a figure  when  seen  or  presented  («  ^rtchmg 
or  drawing  a figure  to  illustrate  a term,  and,  at  a higher  level,  (8)  developing 
formal  definition  of  the  basic  terms.  The  following  list  suggests  types  of  terms  that 

5 It  is  understood  that  these  processes  are  to  be  considered  not  merely  in  an 
abstract  way,  but  in  many  concrete  P™blm  =totio«h  “ 
centage  and  otter  b^a“d  ali  be  regarded  as  essential 

given  here  wUl  apply 

fications  to  fields  II,  III,  and  IV,  and  reference  will  be  made  back  to  it  o pag  . 
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should  receive  attention: 

(а)  Entire  figures:  rectangle,  circle,  triangle,  square,  trapezoid,  parallelogram, 
rectangular  solid,  cube,  cone,  pyramid,  sphere. 

(б)  Parts  of  figures:  radius,  diameter,  diagonal,  vertex,  sides,  chord,  arc. 

(c)  Mensurational  terms:  length,  area,  volume,  perimeter,  and  such  units  as 
inch,  foot,  square  inch,  cubic  foot,  centimeter,  meter,  degree. 

( d ) Positional  relationships:  parallel,  perpendicular,  vertical,  horizonal,  oblique. 

(e)  Terms  involving  comparison:  greater,  less,  equal,  congruence,  similarity, 

symmetry. 

(/)  Incidence  relationships:  intersection,  tangency,  coincidence. 

Fundamental  Skills.  The  drawing,  the  measuring,  and  the  basic  construction  of 
the  common  geometric  figures  are  skills,  the  development  of  which  should  repre- 
sent a continuous  program  accompanying  the  study  of  the  fundamental  geometric 
relationships. 

Among  the  skills  to  be  stressed  are  the  following: 

(a)  The  ability  to  use  such  common  instruments  as  the  ruler,  graduated  or  un- 
gracluated,  the  compasses,  the  protractor,  and  squared  paper. 

( b ) The  sketching,  or  drawing,  and  the  construction  of  common  geometric  fig- 
ures, either  full  size  or  to  scale. 

(c)  The  direct  measurement  of  lengths  and  of  angles. 

(d)  The  determination  by  formula  of  such  common  areas  as  those  of  the  rec- 
tangle, the  square,  the  triangle,  the  circle,  and  the  trapezoid. 

( e ) The  determination  by  formula  of  such  common  volumes  as  those  of  the 
prism,  especially  the  rectangular  solid  and  the  cube,  and  ihe  cylinder. 

(/)  A use  of  the  technique  of  indirect  measurement  in  simple  field  work. 

Elementary  Geometric  Facts,  Properties,  and  Relations.  The  pupil  should  ac- 
quire such  abilities  as  the  following: 

(a)  The  ability  to  recall  and  to  apply  habitually  fundamental  metric  relations 
or  propositions,  such  as  the  following:  The  sum  of  the  angles  of  any  triangle  is 
180° ; the  Pythagorean  relation. 

( b ) The  recognition  of  relations  resulting  from  varying  positions  of  geometric 
figures,  such  as  the  possible  intersection  of  lines,  of  circles  and  lines. 

(c)  The  ability  to  recognize  and  to  state  simple  functional  relations  resulting 
from  changes  in  dimension  or  position,  such  as  the  change  in  the  area  of  a square 
whose  side  is  doubled. 

Discovery  and  Verification.  There  should  be  a gradual  and  increasing  develop- 
ment of  the  ability  to  discover  and  to  seek  means  of  testing  important  geometric 
relationships.  An  acquaintance  with  the  major  propositions  resulting  from  this 
training  should  become  a definite  part  of  the  student’s  mathematical  equipment. 

Application.  See  [under  “I”] . 


III.  The  Field  of  Graphic  Representation 

Basic  Terms  and  Concepts.  There  should  be  a growing  familiarity  with  the  basic 
vocabulary  of  graphic  representation.  As  in  other  fields  this  involves  (1)  naming 
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or  identifying  a concept  when  encountered,  (2)  giving  an  example  or  informal  ex- 
planation of  the  meaning  of  given  terms,  and  at  a higher  level,  (3)  developing  for- 
mal definitions  of  the  more  important  terms.  Examples  of  such  terms  are  the  fol- 
lowing: ordinate,  abscissa;  axis,  coordinate,  distance,  tangent,  line,  slope,  locus, 
graph,  symmetry,  table,  formula,  scale,  bar  chart. 

Fundamental  Skills.  The  pupil  should  be  able  to: 

(a)  Take  tabular  data  ana  construct  therefrom  a graph  with  a suitable  scale, 

properly  titled  and  of  appropriate  type.  . 

( b ) Read  a given  graph,  recognizing  not  only  values  at  intermediate  points,  but 

also  rates  of  rise  and  fall,  and  maximum  and  minimum  values. 

(c)  (Optional)  Draw  a line  to  “fit”  data  approximately  linear. 

Application.  See  [under  “I”J. 

Further  Topics.  Some  schools  may  find  it  feasible  to  extend  the  work  in  graphic 
representation  into  the  field  of  elementary  statistics,  including  the  use  of  alignment 
charts  (nomograms). 


IV.  The  Field  op  Elementary  Analysis 

The  Basic  Vocabulary  and  Working  Concepts  of  Elementary  Analysis.  The 
pupil  should  be  able  to:  (f)  name  or  identify  a concept  when  encountered,  (3)  give 
an  example  or  an  informal  explanation  of  the  meaning  of  the  basic  terms,  and,  at  a 
higher  level,  (3)  develop  formal  definitions  of  such  terms  as  have  a broad  opera- 
tional significance.  Among  these  are  the  following : .... 

(a)  Types  of  number:  positive  and  negative  numbers,  fractions,  irrational  num- 

bcrs 

( b ) Operations:  addition,  subtraction,  multiplication,  division,  reducing  to 

lower  terms,  finding  square  root,  raising  to  a power. 

(c)  Structural  terms:  monomial,  binomial,  . polynomial,  coefficient,  exponen  , 

radical,  similar  terms.  , 

( d ) Functional  terms:  equation,  formula,  variable,  dependence,  table,  corre- 

spondence, sine,  cosine,  tangent. 

(e)  Applications:  average,  rate  of  motion  or  of  work,  evaluation  of  a formula, 
approximation,  per  cent  of  error. 

Fundamental  Principles  and  Techniques.  The  pupil  should  be  able  to  use  the 
fundamental  principles  of  algebra  and  elementary  analysis  involved  in  basic  tech- 
niques and  in  related  pertinent  applications.  Examples  of  such  principles  are:  the 
rule  for  the  addition  of  similar  terms,  the  rule  for  reducing  fractions  to  lower  terms, 
the  laws  of  exponents.  Illustrations  of  these  techniques  follow. 

(a)  The  fundamental  manipulative  techniques. 

(b)  The  ability  to  solve  equations. 

(c)  The  ability  to  make  trigonometric  reductions. 

(d)  The  ability  to  solve  triangles. 

Application.  See  [under  “I”]. 

Further  Topics.  Some  schools  may  find  it  desirable  to  extend  this  field  of  work 
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to  include  in  the  later  years  some  work  in  the  technique  of  differentiation,  togetner 
with  applications  that  are  within  the  comprehension  of  the  pupil. 


V.  The  Field  op  Logical  (or  “Straight”)  Thinking  7 


While  it  has  always  been  recognized  that  mathematics  is  essentially  a mode  of 
thinking , it  has  not  been  equally  clear  precisely  how  the  types  of  thinking  charac- 
teristic of  mathematics  are  to  be  stressed  in  connection  with  the  customary  ma- 
terials of  instruction.  Nor  is  there  general  agreement  as  to  the  degree  of  emphasis 
that  should  be  given  to  training  in  mathematical  thinking.  Recent  psychological 
investigations  tend  to  prove,  however,  that  the  “transfer”  value  of  any  given  school 
subject  is  largely  a result  of  a conscious  and  persistent  application,  in  everyday 
situations,  of  generalized  concepts,  procedures,  and  types  of  thinking.  The  ability 
to  apply  widely  and  habitually  such  potentially  broad  areas  of  training  is  not  ac- 
quired suddenly,  but  is  the  result  of  a gradual  process  of  growth.  Hence  every 
opportunity  must  be  used  in  the  classroom,  throughout  the  entire  mathematics  pro- 
gram, to  cultivate  the  active  interest  of  the  pupil  in  the  modes  of  thinking  which  we 
are  here  discussing.  These  considerations  suggest  the  need  of  analyses  of  the  kind 
given  below.  That  is,  in  this  field  of  work  we  are  concerned  with  aspects  such  as 
the  following: 

Basic  Terms  and  Concepts.  A clear  understanding  of  the  meaning  of  the  basic 
terms  and  the  ability  to  recognize  their  actual  occurrences  and  their  bearings  in  life 
situations.  Examples  of  such  concepts  are:  assumption  01  postulate,  proposition, 
converse,  conclusion. 

Fundamental  Principles.  A clear  grasp  and  appreciation  of  the  assumptions  and 
principles  on  which  the  structure  of  mathematics  rests.  This  involves  considerations 
such  as  the  following : 

(а)  A knowledge  of  the  principles  underlying  the  manipulative  techniques  of 
mathematics,  such  as  those  relating  to  order,  grouping,  distribution,  and  the  like. 

(б)  The  realization  of  the  logical  implications  of  related  propositions,  such  as 
those  involving  a given  theorem,  its  converse,  its  opposite. 

(c)  The  realization  of  the  economy  resulting  from  such  an  organizing  principle 
or  assumption  as  that  of  continuity. 

Fundamental  Abilities.  Such  abilities  as  the  following  should  be  gradually  de- 
veloped: 

(а)  To  recognize  and  formulate  the  assumptions  underlying  an  argument. 

(б)  To  recognize  terms  that  require  precise  definition. 

(c)  To  organize  statements  in  a coherent  logical  sequence. 

(d)  To  recognize  the  proposition  under  discussion  and  to  realize  when  a con- 
clusion has  been  reached. 

7.  In  connection  with  this  topic  reference  can  be  made  to  Keyser,  C.  J.,  Thinking 
about  Thinking,  E.  P.  Dutton  and  Co.,  New  York,  1926,  and  Fawcett,  H.  P.,  The  Nature 
of  Proof,  Thirteenth  Yearbook  of  the  National  Council  of  Teachers  of  Mathematics, 
Bureau  of  Publications,  Teachers  College,  Columbia  University,  1938. 
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( e ) To  discover  common  flaws  not  only  in  reasoning  in  mathematical  and  re- 
lated fields,  but  also  in  areas  inviting  emotional  bias  or  requiring  propaganda  analy- 
sis. 

(/)  To  recognize  the  logical  structure  or  plan  of  an  extended  series  of  proposi- 
tions, or  of  a related  group  of  discussions. 

Application.  A gradual  and  increasing  development  of  the  ability  to  manifest 
coherent,  logical  thinking  in  everyday  life  situations. 

VI.  The  Field  of  Relational  Thinking 

Here  we  are  concerned  with  the  development  of  a growing  ability  to  recognize, 
in  everyday  life  situations,  cases  of  quantitative  relationships  and  of  functional 
dependence.  The  importance  of  this  type  of  training  was  stressed  as  follows  in  the 
Report  of  the  National  Committee  on  Mathematical  Requirements  (p.  12) : 

■ "The  primary  and  underlying  principle  of  the  course  should  be  the  idea  of 
relationship  between  variables,  including  the  methods  of  determining  and  express- 
ing such  relationships.  The  teacher  should  have  this  idea  constantly  in  mind,  and 
the  pupil’s  advancement  should  be  consciously  directed  along  the  lines  which  will 
present  first  one  and  then  another  of  the  ideas  upon  which  finally  the  formulation 
of  the  general  concept  of  functionality  depends.”  8 

Basic  Concepts.  The  ability  to  recognize,  to  name,  and  in  simple  cases  to  define 
fundamental  terms  should  be  gradually  developed.  Such  fundamental  terms  in- 
clude: constant,  variable,  independent  variable,  dependent  variable,  one-to-one 
correspondence,  function,  formula,  table,  value  of  a function,  invariant  relation, 
increasing,  decreasing,  maximum,  minimum,  associated  data,  ordered  list,  inter- 
polation. 

Fundamental  Skills  and  Abilities.  Among  these  skills  and  abilities  are  the  fol- 
lowing : 

(a)  To  read  tables  of  related  values,  including  trigonometric  and  logarithmic 
tables. 

( b ) To  evaluate  formulas  for  assigned  values  of  the  independent  variables. 

(c)  To  interpolate  in  tables  and  graphs. 

(d)  To  construct  simple  tables,  such  as  frequency  tables,  from  raw  data,  and 
numerical  tables  from  given  formulas. 

(e)  To  construct  appropriate  formulas  from  verbal  statements. 

(/)  To  determine  the  constants  (in  very  simple  cases)  for  empirical  formulas 
to  fit  approximately  a set  of  given  data. 

( g ) To  recognize  functional  dependence,  and  to  select  variables  pertinent  to  a 
given  problem. 

Application.  There  should  be  a gradual  and  increasing  development  of  the  ability 
to  recognize  functional  dependence  as  well  as  statistical  associations  which  fall  short 
of  functional  correspondence. 

8.  Such  strong  emphasis  was  quite  justified  at  that  time,  but  the  present  Commission 
has  already  commented  upon,  the  possibility  of  over-emphasis.  (See  p.  42.) 
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VII.  The  Field  of  Symbolic  Representai  ion  and  Thinicinc 
The  aim  here  is  a gradual  development  of  the  ability  to  translate  d^aatitatne 

statements  into  symbolic  f°^  f^£^^^^^Q^gta^nofegy^<^ic^tec]taiques. 
economy  and  the  power  resulting  from  the  correct 


HABITS  AND  APPRECIATIONS  IN  THE  MATHEMATICS  CLASSROOM 
The  development  of  desirable  attitudes  habits  and  aPp^eC^10^S  ^ g 

on  conlued  attention  to  their  growth,  and  cooperate  throughout  the 
SChtery  phase  of  the  mathematics  curriculum, 

orocedures  should  be  scrutinized  for  the  opportunities  to  develop  a gio 
ing  appreciation  of  the  immense  power  of  mathematics,  o 1 s '®“r 
unwersal  servant  of  mankind,  of  its  cultural  significance,  and  of  its  peima 
n“it  placeln  the  study  of  nature,  in  the  sciences,  in  the  practical  aits,  in 

Projects  and  Activities^  In  recent 

^"pU  with  “Z  mlZ8 

, n Q-nrl  nictures  giving  evidence  of  the  important  piacc  wn  n 

• +Lp  inodern  world  The  literature  bearing  on  this  phase  o 
matics  occupies  in  the  modern  worm,  ne  Yearbooks  of  the  National 

mathematical  instruction  is  being  extended.  The  , . amf  ta 

Council  of  Teachers  of  Mathematics,  monographs  Pu“ 

Mathematica,  numerous  articles  in  such  journa  s as  special 

Teacher  and  School  Science  and  Mathematics  and  a ot  ‘pe 

treatises  all  furnish  valuable  assistance  to  teach.ers  who  desire  to  enricn 
heh  usual  programs  by  contacts  with  motivating  backgrounds.  Some  ef- 
fective modes  of  interesting  pupils  in  this  domain  are  suggested  in  the 

l0™ttme  ^a  Museum  of  Form.  In  the  Introduction,  attention  was  called 

to  the  great  influence  of  nature  upon  mathematics.  Many  «eomet™  f°™S 
are  either  clearly  seen  in  or  suggested  by  what  man  observes  about  him, 
and  a constant  mindfulness  of  this  fact  is  to  be  recommended 

References.  The  history  of  mathematics  should  not  supersede 
count  of  parts  of  the  history  of  this  old  enterprise  will  give  more  meaning 
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to  both  elementary  and  secondary  curricula  m mathematics.  Furthermore, 
it  is  to  be  recalled  that  historical  considerations  often  increase  a purely  ab- 
stract interest  that  one  finds  in  some  topic  or  some  problem  that  has  a special 
appeal  to  him. 

Dramatizing  the  Role  oj  Mathematics  in  Modem  Life.  Every  effort 
should  be  used  to  make  pupils  conscious  of  the  contributions  of  mathematics 
to  human  progress  and  to  individual  and  public  welfare.  The  close  connec- 
tion of  mathematics  with  the  practical  arts,  with  technology,  industry,  busi- 
ness, commerce,  science,  and  other  important  enterprises,  should  receive 
attention.  Among  the  methods  that  may  be  suggested  for  this  work  the 
following  have  proved  successful : 

(а)  School  exhibits.  A periodic  display,  in  classrooms  and  school  corri- 
dors, of  materials  that  will  stimulate  interest  in  present-day  uses  of  mathe- 
matics can  be  recommended  as  a helpful  device,  particularly  if  the  pupils 
themselves  have  furnished  the  materials. 

(б)  Assembly  programs.  Some  mathematical  units  or  topics  are  suitable 
for  presentation  before  the  entire  school,  in  a dramatized  form.  Brief  plays, 
especially  when  prepared  by  the  pupils  themselves,  seldom  fail  to  arouse 
enthusiasm  and  sustained  interest. 

(c)  Mathematical  films.  The  number  of  commercially  available  films 
that  have  a bearing  on  mathematics,  while  still  very  small,  will  gradually 
become  larger;  and  such  visual  aids  assist  instruction  in  mathematics  as 
they  have  already  helped  in  the  field  of  science.  Schools  should  be  encour- 
aged to  make  simple  mathematical  films  as  classroom  projects. 

(d)  Source  books.  Pupils  should  be  encouraged  to  collect  and  to  pre- 
serve, in  individual  source  books,  items  that  have  a bearing  or  mathematics. 
Those  who  are  not  acquainted  with  this  device  are  always  surprised  to  dis- 
cover how  very  wide  is  the  range  of  the  source  book  materials  that  can  be 
assembled  in  the  course  of  a single  year  by  any  class  of  normal  ability. 

(e)  A permanent  mathematical  mus°um.  In  some  schools  a good  begin- 
ning has  been  made  in  the  direction  of  creating  permanent  mathematical 
exhibits.  The  ideal  plan  is  that  of  assembling  these  collections  in  a central 
building,  preferably  in  a special  “Hall  of  Mathematics.” 

(/)  Supplementary  mathematical  projects.  Many  enrichment  projects 
based  on  local  interests  and  showing  local  uses  of  mathematics  will  suggest 
themselves  to  a resourceful  teacher.  Among  these  might  be  mentioned 
scheduled  talks  by  leading  members  of  the  community  who  find  daily  use 
for  specialized  mathematical  training,  such  as  engineers,  actuaries,  and  bank- 
ers. Sometimes  trips  to  large  industrial  plants,  or  for  the  purpose  of  en- 
gaging in  elementary  surveying,  will  add  interest  and  vitality  to  the  subject. 

Mathematical  Clubs.  In  many  schools  it  is  possible,  among  other  extra- 
curricular activities,  to  organize  at  least  one  flourishing  mathematical  club. 
It  may  be  advisable  to  have  a club  for  the  earlier  years  of  the  high  school 
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as  well  as  one  for  the  later  years.  Such  clubs  serve  the  important  purpose  of 
giving  a suitable  forum  to  particularly  superior  or  enthusiastic  pupils.  The 
study  of  mathematical  recreations,  of  advanced  topics,  of  historical  back- 
grounds, as  well  as  discussions,  reports,  competitive  tests,  and  debates  will 
influence  noticeably  the  daily  classroom  routine.  If  awards  are  offered  for 
outstanding  work  done  by  members  of  the  club,  an  effective  incentive  is 
often  given  to  the  entire  mathematics  program  of  the  school. 

Mathematical  Bulletins  or  School  Papers.  Another  extracurricular  ac- 
tivity which  has  created  enthusiasm  and  has  stimulated  effort,  is  that  of 
enabling  the  strongest  mathematics  pupils  of  a school  or  of  the  community 
to  edit  a school  paper  devoted  entirely  to  mathematics.  Such  a publication 
may  also  be  utilized  by  the  teachers  and  the  pupils  as  a medium  for  the 
collection  of  community  problems,  for  book  reviews  and  abstracts  of  im- 
portant articles,  and  for  important  announcements.  It  may  also  contain 
the  programs  of  local  or  regional  mathematical  clubs,  and  may  explain  and 
discuss  the  mathematical  equipment  demanded  by  typical  vocations  or 
professions.  In  short,  the  mathematical  paper  of  a school  or  a group  of 
schools  can  attempt  to  show  in  what  way  mathematics  is  mdeed  a “mirror 
of  civilization.” 


The  Second  Report  of  The  Commission  1 on  Post-War  Plans 

The  Improvement  of  Mathematics  in  Grades  1 to  14 


INTRODUCTION 

This  report  presents  suggestions  for  improving  mathematical  instruction 
from  the  beginning  of  the  elementary  school  through  the  last  year  of  junior 
college.  The  program  throughout  these  grades  is  in  need  of  a thoroughgoing 
reorganization.  The  arithmetic  of  the  elementary  school  can  be  and  must  be 
improved.  The  high  school  needs  to  come  to  grips  with  its  dual  responsi- 
bility, (1)  to  provide  sound  mathematical  training  for  our  future  leaders  of 
science,  mathematics,  and  other  learned  fields,  and  (2)  to  insure  mathe- 
matical competence  for  the  ordinary  affairs  of  life  to  the  extent  that  this 
can  be  done  for  all  citizens  as  a part  of  a general  education  appropriate  for 
the  major  fraction  of  the  high  school  population.  Then,  too,  the  junior  col- 
lege, which  has  grown  up  without  a well  considered  design,  should  now  take 
stock  of  its  valid  functions  before  it  enters  its  second  period  of  rapid  expan- 
sion. It  is  reasonable  to  believe  that  the  greatest  advance  can  be  made  if 
teachers  of  mathematics  in  the  elementary  school,  in  the  secondary  school, 
and  in  the  junior  college,  attack  the  problem  together.  At  any  rate  it  is 
sensible  because  of  the  essential  continuity  of  mathematical  instruction  to 
plan  the  improvements  in  any  one  grade  in  terms  of  the  total  program. 

The  report  presents  a series  of  constructive  theses  which  in  spite  of  ap- 
pearances are  not  offered  in  dogmatic  finality.  It  is  hoped  that  these  tenta- 
tive guides  will  be  widely  discussed  in  order  that  desirable  modifications 
may  be  made  in  a later  report.  The  Commission  is  seeking,  through  the 
cooperative  thinking  of  teachers  of  mathematics  in  these  grades,  to  arrive 
at  a set  of  principles  (a  blueprint)  for  building  a stronger  program  in  mathe- 
matical education.  Although  the  theses  are  tentative,  it  should  be  noted 
that  they  stem  from  the  collective  experience  and  thinking  of  the  whole 
Commission  and  from  a considerable  body  of  pedagogical  literature  and 

1.  Created  by  the  Board  of  Directors  of  the  National  Council  of  Teachers  of  Mathe- 
matics. The  first  report  of  the  Commission  appeared  in  the  May  1944  issue  of  The 
Mathematics  Teacher,  pages  226-232. 


[This  article  is  reprinted  from  the  Mathematics  Teacher  38  (May  1945): 
195-221.] 
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investigation.  Some  have,  of  course,  long  been  advocated  by  many  leaders. 

The  mental  climate  with  respect  to  mathematics  is  at  the  moment  very 
favorable  Now  is  the  time  to  put  our  house  in  order  by  making  the  im- 
provements that  have  been  postponed  for  too  long.  In  the  postwar  period 
we  should  be  ready  to  provide  the  very  finest  mathematics  program  for  every 
type  of  youngster  in  our  schools.  It  is  to  that  end  that  the  Commission  sub- 
mits the  following  theses  for  careful  study.2  The  first  one  is  of  vital  con- 
cern to  every  teacher  of  mathematics  from  grade  one  through  junior  college. 

Thesis  1.  The  school  should  guarantee  functional 3 competence  in  math- 
ematics to  all  icho  can  possioly  achieve  it. 

Competence  in  mathematics  in  many  respects  parallels  literacy  in  com- 
munication. The  legal  specification  of  literacy  is  fulfilled  by  the  ability  to 
write  and  to  speak  one's  own  language.  In  pioneer  days,  no  doubt,  this 
ability  was  adequate.  Today  the  U.S.  Army  uses  the  phrase  functional 
literacy”  to  imply  fourth-grade  ability.  Though  no  one  knows  exactly  what 
functional  literacy  means,  except  by  arbitrary  definition,  it  is  clear  that 
modern  technology  has  stepped  up  the  minimum  requirements  of  literacy  in 

communication.  . ..  , 

In  great-grandfather’s  day,  when  life  was  relatively  simple,  the  ability 

to  compute  accurately  when  dealing  with  whole  numbers,  common  fractions, 
decimals,  and  per  cent  was  adequate  for  the  ordinary  affairs  of  li  e.  lere 
are  good  reasons  for  believing  that  the  minimum  requirement  in  mathe- 
matics for  effective  citizenship  is  moving  upward  and  that  it  is  already,  a 
big  step  higher  than  control  of  the  four  fundamental  processes  of  arithmetic. 
Functional  competence  in  mathematics  in  modern  affairs  seems  almost  as 
crucial  as  functional  literacy  in  communications.  Life  m the  armed  forces 
today,  for  a boy  who  is  merely  a good  computer,  is  decidedly  limited-even 
the  road  to  the  rating  as  a sergeant  is  likely  to  be  long  and  difficult  if  the 
candidate  has  not  had  some  training  in  simple  practical  physics  and  the 
related  mathematics.  On  the  other  hand,  there  is  strenuous  competition 
among  the  services  to  secure  the  boy  who  comes  with  this  bit  of  mathe- 
matical training.  Then,  too,  industry  now  provides  a vast  training  program 
which  usually  includes  mathematics  in  order  to  get  what  it  needs  for  a 
great  variety  of  jobs.  The  same  increasing  demand  for  higher  mathematical 
competence  is  to  be  noted  in  changes  in  the  nonvocational  aspects  of  life  to- 
day. Certain  widely  read  magazines,  the  Sunday  editions  of  newspapers  of 


2 The  Commission  will  at  all  times  welcome  critical  reactions  to  its  published 
reports.  It  is  suggested  that  teachers  of  mathematics  and  mathematical  clubs  and  asso- 
ciations examine  the  theses  critically.  Comments  may  be . sent  to  any  membei  of  the 


Commission. 

3.  Obviously  the  word  functional  here  is  used  in 
the  word,  not  in  its  mathematical  sense. 


the  sense  that  the  educationist  uses 
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our  larger  cities,  and  even  occasional  radio  programs  all  assume  an  under- 
standing of  certain  basic  mathematical  ideas  which  are  not  fully  under- 
stood by  all  of  our  citizens. 

It  is  fair  to  ask,  “Does  anyone  know  what  we  mean  by  functional  com- 
petence in  mathematics,  or  is  the  phrase  as  vague  as  the  word  ‘literacy’?” 
The  answer  is  that  the  meaning  has  been  fairly  clear  for  over  twenty  years 
— the  most  authentic  analysis  having  been  given  in  the  19PS  Report  of  the 
National  Committee  on  Mathematical  Requirements  on  The  Reorganization 
of  Mathematics  in  Secondary  Education,  which  for  the  first  time  listed  in 
considerable  detail  the  specific  mathematical  objectives  for  citizenship. 
Moreover,  we  can  now  define  functional  competence  in  mathematics  more 
concretely  by  utilizing  the  experiences  of  the  armed  forces.  This  source 
of  information  has  already  been  investigated  and  the  findings  have  been 
published  in  two  committee  reports.4  These  reports  list  basic  concepts  and 
useful  skills  that  may  safely  be  presumed  to  include  the  mathematical  ma- 
terials of  functional  competence  in  mathematics  for  the  armed  services.  But 
the  reader  will  ask,  Does  the  list  of  essentials  in  mathematics  for  minimum 
army  needs  apply  to  civilian  life  as  well? 

The  mathematical  phase  of  the  training  program  in  military  schools,  at 
least  for  the  simpler  tasks,  came  largely  from  industry.  A glance  at  the  list 
of  approximately  six  hundred  jobs  in  the  army  is  sufficient  to  convince  one 
that  a very  high  percentage  of  these  jobs  have  their  counterparts  in  civilian 
life.  Pending  further  investigation,  it  will  be  sensible  to  assume  that  the 
mathematics  for  minimum  army  needs,  with  only  slight  modification,5  should 
be  part  of  the  general  education  of  all  our  citizens.  In  the  terminology  of 
the  educationist  we  can  now  outline  with  a good  deal  of  assurance  the  mathe- 
matics of  the  core  curriculum.  Although  the  phrase  “core  curriculum”  may 
disappear  from  pedagogical  literature,  there  will  persist  the  need  for  a 
common  mathematical  foundation  for  intelligent  citizenship  that  will  at  the 
same  time  serve  as  a key  to  many  “families  of  jobs.”  We  need  to  make  cer- 
tain that  the  essentials  for  functional  competence  in  mathematics  are 
achieved  by  all  who  can  learn  them  so  that  the  proper  guidance  of  the  pupil 
may  not  be  an  impossible  task. 

The  essentials  for  functional  competence  in  mathematics  are  put  as 
questions  in  the  following  Check  List: 

4.  See  the  report  oi  the  Committee  on  “Preinduction  Courses  in  Mathematics,” 
The  Mathematics  Teacher,  March,  1943.  Pages  114-124;  and  the  report  of  the  com- 
mittee on  “Essential  Mathematics  for  Minimum  Army  Needs,”  The  Mathematics 
Teacher,  October,  1943.  Pages  243-282. 

5.  It  is  not  implied  that  the  mathematics  needed  by  the  enlisted  man  and  by  the 
citizen  in  civilian  life  are  identical.  There  are  a few  important  differences.  For  example, 
as  regards  the  mathematics  of  consumer  education  the  enlisted  man  has  in  general 
little  choice  as  to  what  he  eats  and  what  he  wears,  his  budget  problems  are  obviously 
not  the  same  as  one  meets  in  civilian  life. 
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1.  Can  the  pupil  operate0  effectively  with  whole  numbers,  common 
fractions,  decimals,  and  per  cents? 

2.  Has  he  fixed  the  habit  of  estimating  an  answer  before  he  does  the. 
computation  and  of  verifying  the  answer  afterward? 

3.  Does  he  have  a clear  understanding  of  ratio? 

4.  Is  he  skillful  in  the  use  of  tables  (including  simple  interpolation)  as, 
for  example:  interest  tables,  tables  of  roots  and  powers,  trigonometric  func- 
tions, income  tax  tables,  etc.? 

5.  Does  he  know  how  to  use  rounded  numbers? 

6.  Can  he  find  the  squa  root  of  a number  by  table  or  by  division? 

7.  Does  he  know  the  main  guides  that  one  should  follow  in  collecting 
and  interpreting  data;  can  he  use  averages  (mean,  median,  mode)  ; can  he 
make  and  interpret  a graph  (bar,  line,  circle,  the  graph  of  a formula,  and 
of  a linear  equation)  ? 

8.  Does  he  have  adequate  ideas  of  point,  line,  angle,  parallel  lines,  per- 
pendicular lines,  triangle  (right,  scalene,  isosceles,  and  equilateial) , paial- 
lelogram  (including  square  and  rectangle) , trapezoid,  circle,  regular  polygon, 
prism,  cylinder,  cone,  and  sphere? 

9.  Can  he  estimate,  read,  and  construct  an  angle? 

10.  Can  he  use  the  Pythagorean  relationship  in  a right  triangle? 

11.  Can  he  with  ruler  and  compasses  construct  a circle,  a square,  and  a 
rectangle,  transfer  a line  segment  and  an  angle,  bisect  a line  segment  and  an 
angle,  copy  a triangle,  divide  a line  segment  into  more  than  two  equal  parts, 
draw  a tangent  to  a circle,  and  draw  a geometric  figure  to  scale. 

12.  Does  he  know  the  meaning  of  a measurement,  of  a standard  unit,  of 
the  largest  possible  error,  of  tolerance,  and  of  the  statement  “a  measure- 
ment is  an  approximation”? 

13.  Can  he  use  certain  measuring  devices,  such  as  an  ordinary  ruler, 
other  rulers  (graduated  to  thirty-seconds,  to  tenths  of  an  inch,  and  to  milli- 
meters), compasses,  protractor,  graph  paper,  tape,  calipers,  micrometer? 

14.  Can  he  make  a scale  drawing  and  use  a map  intelligently — know  the 
various  forms  employed  in  showing  what  scale  is  used — and  is  he  able  to 
find  the  distance  between  two  points? 

15.  Does  he  understand  the  meaning  of  vector,  and  can  he  find  the  re- 
sultant of  two  forces? 

16.  Does  he  know  how  to  use  the  most  important  metric  units  (meter, 
centimeter,  millimeter,  kilometer,  gram,  kilogram)  ? 

17.  In  measuring  length,  area,  volume,  weight,  time,  temperature,  angle, 
and  speed,  can  he  convert  from  one  commonly  used  standard  unit  to  another 

6.  It  is  assumed  that  this  item  will  be  held  to  the  needs  stated  in  the  two  com- 
mission reports.  For  example,  as  regards  operating  with  common  fractions  it  is  there 
suggested  that  the  drill  for  mastery  be  limited  to  the  denominators  that  people  use 
in  practical  affairs. 
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widely  used  standard  unit;  e.g.,  does  he  know  the  relation  between  yard  and 
foot,  inch  and  centimeter,  etc.? 

18.  Can  he  use  letters  to  represent  numbers;  i.e.,  does  he  understand  the 
symbolism  of  algebra — does  he  know  the  meaning  of  exponent  and  coeffi- 
cient? 

19.  Does  he  know  the  meaning  of  a formula — can  he,  for  example,  write 
an  arithmetic  rule  as  a formula,  and  can  he  substitute  given  values  in  order 
to  find  the  value  for  a required  unknown? 

20.  Does  he  understand  signed  numbers,  and  can  he  use  them? 

21.  Does  he  understand  what  he  is  doing  when  he  uses  the  axioms  io 
change  the  form  of  a formula  or  when  he  finds  the  value  of  an  unknown 
in  a simple  equation? 

22.  Does  he  know  by  memory  certain  widely  used  formulas  relating  to 
areas,  volumes,  and  interest,  and  to  distance,  rate,  and  time? 

23.  Does  he  understand  the  meaning  of  similar  triangles,  and  does  he 
know  how  to  use  the  fact  that  in  similar  triangles  the  ratios  of  corresponding 
sides  are  equal? 

24.  Can  he,  by  means  of  a scale  drawing,  develop  the  meaning  of  tan- 
gent, sine,  and  cosine,  and  can  he  use  a three-  or  four-place  table  of  these 
ratios  to  solve  a right  triangle? 

25.  Can  he  solve  simple  verbal  problems  (in  arithmetic,  algebra,  geom- 
etry, and  trigonometry)  ? 

26.  Does  he  have  the  information  useful  in  personal  affairs,  home,  and 
community;  e.g.,  planned  spending,  the  argument  for  thrift,  understanding 
necessary  dealings  with  a bank,  and  keeping  an  expense  account? 

27.  Is  he  mathematically  conditioned  for  satisfactory  adjustment  to  a 
first  job  in  business;  e.g.,  has  he  a start  in  understanding  the  keeping  of  a 
simple  account,  making  change,  and  the  arithmetic  that  illustrates  the  most 
common  problems  of  communications,  travel,  and  transportation? 

28.  Does  he  have  a basis  for  dealing  intelligently  with  the  main  prob- 
lems of  the  consumer;7  e.g.,  the  cost  of  borrowing  money,  insurance  to 
secure  adequate  protection  against  the  numerous  hazards  of  life,  the  wise 
management  of  money,  and  buying  with  a given  income  so  as  to  get  good 
values  as  regards  both  quantity  and  quality  ? 

[This  check  list  was  used  in  the  “Guidance  Report”  of  the  commission, 
published  in  November  1947.  The  following  twenty-ninth  item  was  included 
at  that  time,  after  considerable  debate  by  the  commission .] 

29.  Can  he  analyze  a statement  in  a newspaper  and  determine  what  is 
assumed,  and  whether  the  suggested  conclusions  really  follow  from  the  given 

7.  For  a more  detailed  and  definite  statement  see  The  Role  of  Mathematics  in  Con- 
sumer Education;  single  copies  may  be  secured  without  cost  from  the  National  Asso- 
ciation of  Secondary  School  Principals,  1201  16th  St.  N.W.,  Washington,  D.  C. 
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facts  or  assumptions? 

As  has  been  suggested  earlier,  this  thesis  is  a main  goal  for  every  teacher 
of  mathematics  throughout  grades  1-14.  Item  No.  1 in  the  Check  List  is 
obviously  the  major  part  of  the  work  of  grades  1 to  6;  the  courses  for  grades 
7 and  8 can  and  should  make  a substantial  beginning  in  teaching  most  of 
the  remaining  items.  General  mathematics,  commonly  offered  in  the  larger 
schools  as  an  alternative  to  first  year  algebra  in  grade  nine,  should  be  con- 
structed around  these  key  concepts.  The  traditional  sequential  courses  can- 
not be  taught  on  the  assumption  that  these  basic  matters  have  been  learned 
well  enough  in  earlier  grades  for  effective  use.  Finally,  it  may  well  turn  out 
that  the  subject  matter  suggested  in  the  Check  List  is  of  more  importance 
to  many  poorly  prepared  students  in  the  junior  college  than  some  of  the 
mathematical  topics  that  they  now  are  attempting  to  learn. 

In  our  effort  to  insure  functional  competence  in  mathematics  we  need  to 
keep  the  following  in  mind.  (1)  To  an  educated  person  the  basic  ideas  are 
absurdly  simple;  typical  examples  are  ratio,  the  nature  of  a measurement 
including  degrees  of  accuracy,  dependence,  scale  drawing,  interpolation,  the 
formula,  tolerance,  etc.  (2)  Although  the  basic  idees  are  simple,  they  are 
nevertheless  very  difficult  for  many  persons  to  learn,  and  therefore  require 
a long  period  of  systematic  teaching — instructors  in  the  schools  of  the  armed 
services,  when  they  had  to  scrape  the  bottom  of  the  barrel  for  human  ma- 
terial, discovered  that  it  took  time  and  lots  of  it  to  teach  a few  simple  math- 
ematical ideas  to  all  the  boys  of  all  the  people.  (3)  While  in  general  a good 
student  who  completes  the  traditional  sequential  courses  will  attain  a mathe- 
matical maturity  or  power  that  exceeds  the  essentials,  it  is  also  true  that  a 
good  student  may  complete  the  traditional  courses  (as  they  are  now  organ- 
ized) without  achieving  functional  competence;  for  example,  there  will  al- 
most certainly  be  gaps  of  the  type  revealed  by  tests  in  the  armed  services, 
and  in  any  case,  many  students  will  not  have  as  clear  an  understanding  of 
some  of  the  basic  ideas  as  they  should  have.  (4)  A good  student  may  become 
functionally  competent  in  mathematics  without  taking  any  of  the  usual 
traditional  sequential  courses  in  high  school,  and  he  certainly  can  achieve 
the  needed  competence,  as  defined  in  the  Check  List,  in  less  than  four  years, 
as  for  example,  by  taking  one  or  two  years  of  general  mathematics.  (5)  Al- 
though the  ability  to  compute  effectively  with  whole  numbers,  common  frac- 
tions, decimals,  and  per  cents  is  still  the  crux  of  functional  competence,  this 
ability  is  achieved  by  only  a fraction  of  the  school’s  total  population  during 
the  first  eight  grades,  and  is  more  likely  to  deteriorate  than  to  improve  in 
later  grades  unless  something  definite  is  done  about  it.  (6)  Although  many 
of  these  ideas  should  be  taught  in  earlier  grades,  this  list  of  essentials  for 
functional  competence  in  mathematics  should  constitute  the  main  goals  of 
the  work  in  grades  7 and  8.  It  is  not  to  be  inferred  that  all  the  essentials 
needed  for  functional  competence  in  mathematics  should  be  taught  in  grades 

623 


0 


Prewar  and  Posticar  Reforms  (1938—59) 


seven  and  eight,  nor' that  very  many  of  these  ideas  can  be  completely  taught 
to  all  pupils  enrolled  in  these  grades.  However,  grades  7 and  8 provide  a 
golden  opportunity  for  the  mathematics  teacher. 

I.  MATHEMATICS  IN  GRADES  1-6 

If  in  the  years  to  come  arithmetic  is  to  serve  its  proper  function  in  the 
elementary  curriculum,  important  changes  need  to  be  made  both  in  the 
theory  and  in  the  practical  procedures  of  instruction. 

Thesis  2.  We  must  discard  once  for  all  the  conception  of  arithmetic  as 
a mere  tool  subject. 

For  decades  arithmetic  has  been  classified  as  a tool  subject.8  Indeed,  it 
is  still  so  classified  in  many  current  courses  of  study.  As  a consequence,  the 
tool  conception  of  arithmetic  has  dominated  instruction  for  a long  time;  in- 
deed, for  a time  long  enough  to  produce  results  by  which  the  worth  of  that 
conception  may  be  assessed.  It  is  needless  here  to  canvass  all  the  evidence 
which  has  been  accumulated.  It  must  suffice  to  say  that  arithmetic  taught 
purely  as  a tool  subject  has  not  achieved  its  purpose.  It  has  failed  to  con- 
tribute its  part  in  equipping  our  citizenry  with  the  kind  of  mathematical 
competence  which  is  required  for  effective  and  intelligent  living  in  our 
culture. 

The  notion  that  arithmetic  is  nothing  more  than  a tool  subject  is  then 
condemned  by  its  record  in  the  schools.  It  can  be  condemned  as  well  on 
theoretical  grounds.  It  is  said  that  arithmetic  is  just  a tool  subject  because 
we  never  use  it  as  an  end  in  itself,  but  only  as  a means  of  dealing  with  the 
quantitative  aspects  of  situations  which  are  largely  nonquantitative.  By 
the  same  criterion  history  is  also  a tool  subject  and  so  is  geography.  We 
seldom  think  about  history  and  geography  just  to  be  thinking  about  them. 
Rather,  we  employ  them,  as  we  employ  arithmetic,  in  order  to  solve  prob- 
lems which  transcend  subject  matter  lines. 

If  it  be  pointed  out  that  history  and  geography  involve  concepts,  under- 
standings, generalizations,  and  relationships,  the  same  claim  can  be  made 
for  arithmetic.  And  by  this  same  criterion  arithmetic,  like  history  and 
geography,  becomes  a content  subject.  As  such,  it  has  a body  of  knowledge 
which  calls  for  the  same  kind  of  painstaking  instruction  that  has  always 

been  accorded  other  traditional  subjects. 

It  is  possible,  below,  only  to  suggest  the  general  character  of  this  in- 
struction. An  account  in  greater  detail  appears  in  the  published  report  of 

8.  Judd,  Chas.  H.,  “The  Fallacy  of  Treating  School  Subjects  as  'Tool  Subjects’.” 
Selected  Topics  in  the  Teaching  of  Mathematics,  Third  Yearbook  of  the  National  Coun- 
cil of  Teachers  of  Mathematics.  Pages  1-10.  Bureau  of  Publications,  Teachers  College, 
525  West  120th  Street,  New  York  27,  N.  Y. 
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an  earlier  committee.9 

Thesis  3.  We  must  conceive  of  arithmetic  as  having  both  a mathematical 
aim  and  cl  social  aim. 

The  fundamental  reason  for  teaching  arithmetic  is  represented  in  the 
social  aim.  No  one  can  argue  convincingly  for  an  arithmetic  which  is  sterile 
and  functionless.  If  arithmetic  does  not  contribute  to  more  effective  living, 
it  has  no  place  in  the  elementary  curriculum.  To  achieve  the  socinl  aim  of 
arithmetic  children  must  be  led  to  see  its  worth  and  usefulness.  In  this 
connection  “natural”  as  well  as  planned  classroom  and  extra-classroom  uses 
of  number  are  especially  serviceable.  Children  appreciate  the  value  of 
arithmetic  when  it  helps  them  to  meet  needs  of  vital  importance  to  them. 
In  meeting  their  needs  through  arithmetic  they  become  sensitive  to  other 
possible  uses,  and  they  acquire  the  habit  of  using  arithmetic  as  a perfectly 
normal  way  of  adjusting  to  life  situations.  Children  who  have  developed 
this  sensitivity  and  this  habit  of  use  are  well  on  the  way  to  the  attainment 
of  the  social  aim  of  arithmetic. 

We  may  grant  the  paramount  importance  of  the  social  aim,  and  yet 
insist  that  it  can  be  achieved  only  to  a limited  extent  if  the  mathematical 
aim  is  neglected.  The  latter  aim  relates  to  the  acquisition  of  the  content 
of  arithmetic,  to  the  learning  of  arithmetical  skills  and  ideas  (concepts, 
principles,  generalizations,  and  the  like) . Both  skills  and  ideas  should  be 
made  sensible  to  children  through  their  mathematical  relationships.  This 
means  that  children  must  understand  whole  numbers,  the  number  system, 
common  fractions,  decimal  fractions,  per  cents,  units  of  measure,  etc.,  that 
they  must  understand  the  functions  of  the  basic  operations,  and  that  they 
must  understand  the  rationale  of  our  methods  of  computation.  To  teach  well 
these  understandings  and  the  essential  skills  is  to  achieve  the  mathematical 
aim. 

It  is  not  a matter  of  having  to  choose  between  the  mathematical  aim 
and  the  social  aim — we  must  realize  both  aims  through  our  teaching.  The 
next  five  theses  are  intended  to  show  how  this  goal  may  be  realized. 

Thesis  4.  We  must  give  more  emphasis  and  much  more  careful  attention 
to  the  development  of  meanings. 

In  the  discussion  of  the  foregoing  thesis  “understand”  is  the  key  word. 
The  purposes  of  arithmetic  cannot  be  fully  attained  unless  children  under- 
stand what  they  learn  and  know  when  and  how  to  use  it.  We  face  here  the 

9.  “Essential  Mathematics  for  Minimum  Army  Needs.”  Report  of  a joint  com- 
mittee sponsored  by  the  Civilian  Pre-Induction  Training  Branch  of  the  ..A.  S.  F.  and 
by  the  U.  S.  Office  of  Education.  The  Mathematics  Teacher,  XXXVI  (October, 

1943),  243-282. 
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problem  of  developing  meanings,  both  mathematical  and  social  meanings; 
and  meanings  have  not  customarily  received  their  share  of  attention  in 
classroom  instruction. 

Consider  as  a case  in  point  the  common  practice  of  giving  children  rules 
instead  of  developing  them;  for  example,  of  telling  children  where  to  write 
quotient  figures  in  division,  instead  of  helping  them  to  see  that  their  positions 
are  predetermined  by  the  principles  of  place  value;  or,  of  telling  children  to 
invert  and  multiply  (a  short  cut)  when  they  divide  by  a fraction,  instead 
of  developing,  first,  a rational  explanation  through  the  use  of  the  common 
denominator. 

Consider  also  how  relatively  empty  of  meaning  are  children’s  concepts 
of  common  and  decimal  fractions  when  in  grades  5 and  6 they  come  to  use 
them  in  abstract  computation  and  in  problem  solving.  There  is  small  won- 
der that  such  children  make  absurd  mistakes  and  still  are  utterly  com- 
placent about  them.  Nothing  else  should  be  expected.  Not  possessing  the 
basic  understandings,  they  can  do  little  more  than  to  acquire  skills  in  a 
mechanical  fashion.  And  when  skills  are  acquired  unintelligent^,  they  can 
be  used  only  unintelligently. 

And,  last  of  all,  consider  what  is  too  frequently  done  in  teaching  the 
process  of  measurement  and  the  units  used  in  measuring.  Traditionally 
children  have  been  required  to  master  various  tables.  This  they  have  done 
with  varying  degrees  of  success,  the  more  capable  of  them  being  able  to 
recite  the  tables  confidently  and  accurately.  Yet,  their  learning  may  be 
exceedingly  superficial,  for  they  may  have  only  the  haziest  ideas  of  the 
units  involved  (e.g.,  the  length  represented  by  a yard  or  the  distance  repre- 
sented by  a mile) . And  their  learning  may  be  without  value,  save  in  enabling 
them  to  make  the  abstract  computations  of  classroom  problems.  Faced  by 
practical  situations,  they  may  not  be  able  to  employ  in  an  intelligent  man- 
ner the  units  wdiose  names  they  have  memorized.  Here,  as  elsewhere  in 
arithmetic  and  in  other  subject  matter  areas,  it  is  a mistake  to  accept  glib 
verbalism  as  evidence  of  sound  learning. 

(a)  Meanings  do  not  just  happen.  Nor  can  they  be  imparted  directly 
from  teacher  to  pupils,  as  by  having  them  memorize  the  language  patterns 
in  which  meanings  are  couched.  Instead,  meanings  grow  out  of  experience, 
as  that  experience  is  analyzed  and  progressively  re-organized  in  the  thinking 
of  the  learner.  In  a word,  each  child  creates  his  own  meanings,  accordingly 
teacher  activities  are  perforce  restricted  to  those  of  guidance.  It  is  the  func- 
tion of  the  teacher  to  provide  an  abundance  of  relevant  experiences  and  to 
assist  the  child  to  isolate  the  critical  elements  and  to  build  them  into  the 
desired  understandings. 

(b)  Meanings  are  not  all-or-none  affairs:  they  are  relative  matters.  It 
is  incorrect  to  say  that  a child  either  does  or  does  not  have  an  understand- 
ing. He  may  understand  something  well  enough  for  one  purpose  but  not 
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well  enough  for  another.  The  problem  therefore  is  to  help  him  extend  and 
enrich  his  understandings  to  the  needed  limits. 

. (c)  Experiences  to  develop  meanings  need  to  be  arranged  and  ordered 
as  carefully  as  are  the  experiences  by  which  we  develop  computational 
skills.  The  first  encounters  with  meanings  should  ordinarily  occur  in  con- 
crete situations  of  large  personal  significance  to  the  learner.  At  first,  and 
for  sometime,  children  should  actually  use  the  ruler  to  determine  the  length 
of  objects  and  should  find  volumes  by  using  cups  and  quart  measures.  In 
these  activities  their  attention  should  be  repeatedly  called  to  the  units  which 
they  are  using,  the  purpose  being  to  have  them  acquire  an  understanding  of 
these  units.  Next  they  can  be  led  to  estimate  lengths  and  capacities,  the 
estimates  being  checked  by  actual  measurement.  When  they  can  estimate 
with  reasonable  accuracy,  it  is  time  enough  to  have  them  move  on  to  the 
next  level  of  abstractness  and  to  learn  the  relationships  among  inches,  feet, 
and  yards,  and  among  cups,  quarts,  and  gallons,  as  these  are  summarized 
in  the  corresponding  tables.  As  a matter  of  fact,  having  themselves  (under 
guidance)  discovered  these  relationships  in  connection  with  mal  measuring 
experiences,  they  may  already  have  formulated  the  relationships  and  need 
only  to  complete  their  learning  by  organizing  them  into  the  standard  tables. 

What  has  been  said  about  the  development  of  meanings  relating  to 
measurement  and  units  of  measure  is  not  limited,  of  course,  to  these  ideas.  It 
holds  equally  well  for  all  the  meanings  commonly  taught  in  arithmetic,  or 
in  any  phase  of  mathematics,  for  that  matter.  It  holds  not  only  for  mathe- 
matical meanings,  but  also  for  the  social  meanings  of  mathematics.  In  the 
latter  connection  it  is  imperative  that  teacht'rs  know  how  and  when  arith- 
metical skills  and  concepts  are  used,  or  may  profitably  be  used,  in  the  lives 
of  children  and  of  adults  alike.  In  the  absence  of  such  knowledge  it  is  im- 
probable that  children  will  have  real  experiences  in  employing  the  arith- 
metic they  learn  or  that  they  will  come  to  a rich  appreciation  of  the  sig- 
nificance of  arithmetic  in  our  culture. 

Thesis  5.  We  must  abandon  the  idea  that  arithmetic  can  be  taught 
incidentally  or  inf  ormally . 

It  has  been  a popular  notion  in  the  last  fifteen  or  twenty  years  that 
arithmetic  can  be  satisfactorily  taught  in  terms  of  pupils’  "interests  and 
needs”  which  result  spontaneously  from  casual  happenings  or  which  are 
intentionally  stimulated  through  planned  units  of  work.  The  limitations  of 
this  instructional  program  have  been  pointed  out  many  times. 

(a)  It  is  unlikely  that  Children  left  to  themselves  will  have  enough  num- 
ber experiences  or  an  adequate  variety  of  experiences  to  develop  a feeling 
of  need  for  any  but  the  simplest  of  arithmetical  ideas  and  skills  (e.g.,  count- 
ing). (b)  Few  teachers  are  sufficiently  sensitive  to  the  quantitative  aspects 
of  events  to  recognize  them  and  to  call  attention  to  their  presence  in  ordinary 
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situations  or  to  arrange  for  their  presence  in  activity  units,  (c)  When  an 
effort  is  made  to  infuse  arithmetic  into  activity  units,  not  all  children  profit 
equally.  Usually  the  more  capable  children  "run  away”  with  the  project, 
and  the  less  capable  gain  little  if  anything,  (d)  Number  ideas  and  skills 
are  not  learned  as  such  when  they  occur  only  as  parts  of  larger  experiences. 
True,  these  larger  experiences  may  arouse  a feeling  of  need  for  a new  idea 
or  skill,  and  so  motivate  learning;  true,  also,  they  may  provide  excellent 
opportunities  to  apply  ideas  and  skills  that  have  been  already  acquired. 
But  they  cannot  produce  or  guarantee  the  learning.  One  learns  little  about 
the  chemical  nature  of  sea  water  by  being  immersed  in  it,  or  about  the  me- 
chanical principles  of  a machine  by  operating  it.  (e)  Mathematics,  including 
arithmetic,  has  an  inherent  organization.  This  organization  must  be  re- 
spected in  learning.  Teaching,  to  be  effective,  must  be  orderly  and  syste- 
matic; hence,  arithmetic  cannot  be  taught  informally  and  incidentally. 

Thesis  6.  We  must  realize  that  readiness  for  learning  arithmetical  ideas 
and  skills  is  primarily  the  product  of  relevant  experience,  not  the  effect  of 
merely  becoming  older. 

Of  late,  the  so-called  stepped-up  curriculum  has  been  rather  generally 
accepted.  Systematic  instruction  in  arithmetic  is  deferred  to  Grade  3;  the 
multiplication  and  division  combinations  are  postponed  a year  or  two,  until 
Grade  4 or  5 or  6;  the  last  computations  with  common  fractions  appear  in 
Grade  6 or  7,  instead  of  in  Grade  5,  and  so  on.  The  assumption  is  that  chil- 
dren, by  reason  of  their  greater  "maturity”  in  later  grades,  will  easily  learn 
ideas  and  skills  which  present  undue  difficulty  when  taught  in  the  tradi- 
tional grades. 

(a)  There  is  no  magic  in  birthdays.  So  far  as  learning  the  school  sub- 
jects is  concerned,  increase  in  age  makes  for  readiness  only  (or  at  least  pre- 
dominantly) to  the  extent  that  extra  time  gives  opportunity  for  relevant 
experience.  Postponement  of  arithmetical  topics  can  by  itself  be  only  a 
questionable  device  for  removing  learning  difficulties,  (b)  The  earlier  years 
are  wasted.  Children  are  deprived  of  ideas  and  skills  which  could  give  them 
surer  control  over  their  environment  and  their  activities,  (c)  Not  only  this, 
but  unless  we  are  prepared  to  shift  much  of  the  traditional  arithmetic  of 
Grades  7 and  8 into  the  high  school,  there  must  inevitably  be  a jamming  of 
content  in  Grades  3,  4,  5,  and  6,  with  consequent  superficiality  in  learning, 
(d)  When  children  are  adequately  prepared  (i.e.,  when  they  have  been 
provided  with  relevant  experiences),  the  traditional  placement  for  mastery 
is  not  far  from  wrong.  Admittedly,  the  more  troublesome  phases  of  topics 
may  well  be  postponed;  but  a movement  of  the  easier  phases  to  earlier 
grades  may  be  justified  equally  as  well.  In  any  case,  the  fundamental  re- 
quirement is  that  children’s  number  experiences  be  ordered  so  as  best  to 
assure  progression  in  sound  learning,  (e)  The  research  on  readiness  which 
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is  supposed  to  establish  the  need  for  postponement  is  exceedingly  shaky, 
and  does  not  warrant  the  conclusions  which  have  been  drawn.  Certainly  it 
does  not  justify  the  notion  that  the  teacher’s  function  is  one  of  custodial 
care  while  waiting  for  the  day  of  readiness  to  make  learning  possible.  This 
idea  is  na'ive  in  its  psychological  basis,  and  impracticable  in  operation. 

Thesis  7.  We  must  learn  to  administer  drill  ( repetitive  practice)  much 
more  wisely. 

The  pendulum  swings  from  one  extreme  of  excessive  drill  to  the  othei 
extreme  of  no  drill.  It  is  possible  to  expect  from  drill  both  too  much  and  too 
little.  Drill— having  children  do  essentially  the  same  thing  over  and  over 
again— cannot  develop  understanding.  For  this  purpose  varied  experiences 
are  called  for.  But  once  the  desired  degree  of  meaning  has  been  generated, 
repetitive  practice  reduces  the  meaning  to  an  easily  managed  thought  pat- 
tern, it  gives  the  learner  confidence  in  what  he  does,  and  it  protects  the 
meaning  against  forgetting.  In  the  case  of  skills  it  makes  for  efficiency  of 
performance  and  leaves  a basis  for  the  building  of  later  mastery.  It  may 
do  even  more  than  this.  It  may  help  to  forestall  tne  feelings  of  insecurity, 
frustration,  and  fear  which  too  many  children  now  experience  in  the  arith- 
metic of  the  upper  grades  because  of  their  lack  of  confident  mastery. 

From  all  this  it  follows  that  drill  is  to  be  prescribed,  not  in  this  or  that 
grade,  but  at  the  critical  time  with  respect  to  each  separate  idea  and  skill. 
This  critical  time  comes  in  the  last  stage  of  learning,  when  earlier  steps  have 
been  completed  and  when  mastery  is  the  goal. 

Thesis  8.  We  must  evaluate  learning  in  arithmetic  more  comprehen- 
sively than  is  common  practice. 

Evaluation,  like  teaching,  starts  with  a consideration  of  the  outcomes, 
all  the  outcomes,  which  are  to  be  achieved.  In  arithmetic  these  outcomes 
include  more  than  skill  in  abstract  computation  and  in  problem  solving. 
They  include  mathematical  understandings,  mathematical  judgments,  the 
ability  to  estimate  and  approximate,  habits  of  use,  and  the  like.  If  these 
outcomes  are  important  for  teaching,  they  are  equally  important  fiom  the 
standpoint  of  evaluation.  And  no  program  of  evaluation  which  disregards 

these  outcomes  is  adequately  comprehensive. 

Recognizing  these  facts,  we  shall  use  paper-and-pencil  tests  foi  what  they 
are  worth ; but  we  must  supplement  these  tests  with  other  procedures,  such  as 
those  of  the  interview,  observation,  the  examination  of  work  products,  and 
the  like.  The  spontaneous  use  of  arithmetical  ideas  and  skills  in  the  ordi- 
nary happenings  of  the  classroom  and  in  planned  activity  units  is,  for 
example,  the  best  kind  of  evidence  that  children  are  realizing  the  social 
aim  of  arithmetic. 
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II.  THE  MATHEMATICS  OF  GRADES  SEVEN  AND  EIGHT 

The  theses  which  follow  apply  in  essence  to  all  seventh-grade  and  eighth- 
grade  pupils  of  normal  intelligence,  irrespective  of  the  type  of  school  in 
which  they  are  enrolled.  The  mathematical  program  of  grades  7 and  8 should 
not  be  viewed  as  a problem  by  itself,  but  as  an  integral  part  of  the  total 
program  as  suggested  in  this  Report. 

Thesis  9.  The  mathematical  program  of  grades  7 and  8 should  be  essen- 
tially the  same  for  all  normal  pupils. 

This  is  not  the  place  to  begin  differentiated  courses.  As  was  pointed  out 
in  the  opening  section  of  this  Report,  “we  need  to  make  certain  that  the 
essentials  for  functional  competence  are  achieved  by  all  who  can  learn  them, 
in  order  that  the  proper  guidance  of  the  pupil  may  not  be  an  impossible 
task.”  The  seventh  and  eighth  grades  are  crucial  years  in  the  attainment 
of  that  objective.  Departure  from  these  essentials  will  not  only  jeopardize 
the  attainment  of  functional  competence,  but  also  result  in  large-scale  re- 
tardation that  is  so  difficult  to  correct  later. 

Regardless  of  the  type  of  school  or  the  community,  the  mathematical 
program  of  these  grades  should  be  designed  to  do  three  things: 

(a)  Provide  an  adequate , organic  continuation  of  the  work  of  grades 
1-6. 

The  seventh-grade  teacher  must,  of  course,  begin  the  year’s  work  with 
pupils  “as  they  are.”  However,  disabilities  in  arithmetic  should  not  be  re- 
garded as  an  inevitable  and  permanent  feature  of  the  elementary  school. 
On  the  contrary,  the  Commission  wishes  to  assert  that  a fatalistic  attitude 
toward  this  vexing  issue  is  unwarranted,  and  that  wherever  large-scale  weak- 
nesses in  arithmetic  are  observed,  they  should  be  corrected  at  the  source, 
namely,  in  the  elementary  grades.  On  the  basis  of  completely  trustworthy 
evidence  the  claim  is  warranted  that,  under  competent  instruction,  Ameri- 
can children  can  and  do  acquire  a satisfactory  foundation  in  arithmetic  in 
the  elementary  grades,  and  that  the  average  child,  when  properly  taught, 
enjoys  arithmetic. 

Disabilities  in  arithmetic  should  be  located  at  the  earliest  possible  mo- 
ment with  the  aid  of  reliable  inventory  or  diagnostic  tests.  An  adequate 
remedial  and  maintenance  program  should  be  regarded  as  an  integral  part 
of  the  curriculum.  Experience  shows  that  shortages  in  arithmetic,  if  not 
promptly  corrected,  prevent  or  retard  the  pupil’s  progress  in  mathematics. 
In  all  the  basic  techniques  of  arithmetic  the  goal  should  be  mastery.  To 
attain  this  goal,  extensive  re-teaching  is  necessary  in  all  cases  of  marked 
disability.  Mere  repetitive  drill,  devoid  of  real  understanding,  only  aggra- 
vates the  situation.  A remedial  program  or  a refresher  course  which  is  not 
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anchored  on  insight,  cannot  be  expected  to  produce  lasting  lesults.  The 
secret  of  success  in  arithmetic  is  meaningful  learning,  combined  with  intel- 
ligent practice  and  functional  application. 

(b)  Provide  a substantial  beginning  in  achieving  functional  competence. 

It  is  the  clear  responsibility  of  mathematics  to  provide  training  that  'will 

make  the  pupil  intelligent  and  efficient  in  dealing  with  the  problems  that  he 
may  meet  in  other  school  subjects,  in  the  home  and  in  his  everyday  reading 
and  conversation.  Therefore,  as  has  been  suggested  earlier,  many  of  the 
items  in  the  Check  List  should  be  an  important  part  of  the  program. 

(c)  Provide  a dependable  foundation  for  subsequent  courses  in  mathe- 
matics. 

Obviously,  the  mathematical  program  at  any  stage  should  not  be  deter- 
mined exclusively  by  considerations  of  immediate  needs  and  interests  or  of 
direct  experience,  but  should  also  have  regard  for  possible  future  needs. 

Thesis  10.  The  mathematics  for  grades  7 and  8 should  be  planned  as  a 
unified  program  and  should  be  built  around  a few  broad  categories. 

Before  it  is  possible  to  consider  the  grade  placement  of  specific  topics,  it  is 
necessary  to  develop  a comprehensive  plan  for  these  two  years.  The  pro- 
gram should  be  organized  10  around:  (1)  number  and  computation,  (2)  the 
geometry  of  everyday  life",  (3)  graphic  representation;  (4)  an  introduction 
to  the  essentials  of  elementary  algebra  (formula  and  equation). 

It  should  be  pointed  out  that  these  four  categories  are  essential  not 
merely  for  subsequent  courses  in  mathematics,  but  also  for  the  demands  of 
modern  industry,  technology,  and  business,  as  well  as  for  national  defense. 

Thesis  11.  The  mathematics  program  of  grades  7 and  8 should  be  so 
organized  as  to  enable  the  pupils  to  achieve  mathematical  maturity  and 
power. 

The  teachers  should  constantly  develop  a genuine  understanding  and 
appreciation  of  the  fundamental  concepts,  principles,  and  modes  of  thinking, 
and  to  develop  real  proficiency  in  using  the  basic  techniques  of  mathematics. 

The  shortages  in  the  mathematical  training  of'  young  men  entering  the 
armed  forces  have  in  some  quarters  been  attributed  merely  to  “forgetting.” 
However,  there  is  convincing  evidence  that  lack  of  understanding  of  the 
key  concepts  and  principles,  and  of  mathematical  modes  of  thinking,  is 
primarily  to  blame  for  widespread  mathematical  incompetence.  The  lemedy 
is  obvious.  As  Professor  Dewey  pointed  out  long  ago,  skills  cannot  be  used 
effectively  unless  intelligence  has  played  a part  in  their  acquisition.  Me- 

10.  See,  for  example.  The  Report  of  the  Joint  Commission  on  “The  Place  of  Mathe- 
matics in  Secondary  Education,”  The  Fifteenth  Yearbook  of  the  National  Council  of 
Teachers  of  Mathematics,  1940,  pp.  62  ff.  The  Bureau  of  Publications,  Teachers  Col- 
lege,  525  W.  120th  St.,  New  York,  N.  Y. 
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chanical  drill  is  not  a substitute  for  understanding. 

At  all  stages  of  mathematical  instruction,  the  first  concern  of  the  teacher 
should  be  that  of  developing  a real  understanding  of  key  concepts  and 
principles.  The  pupil  should  know  the  underlying  reasons  for  all  the  proc- 
esses he  is  taught.  In  building  for  power  the  classroom  work  should  involve 
more  than  mere  theory.  It  calls  for  constant  and  insistent  attention  to  sig- 
nificant applications.  This  is  necessary  for  the  sake  both  of  effective  moti- 
vation and  of  effective  transfer.  The  range  of  possible  and  desirable  mathe- 
matical applications  is  growing  from  year  to  year.  As  science  and  tech- 
nology become  increasingly  important  in  the  modern  world,  the  functional 
uses  of  mathematics,  likewise,  become  correspondingly  urgent.  In  fact, 
throughout  the  recorded  period  of  human  history,  mathematics  has  been  a 
mirror  of  civilization.  It  seems  destined  to  continue  in  that  role. 

III.  MATHEMATICS  IN  GRADE  NINE 

Thesis  12.  The  large  11  high  school  should  provide  in  grade  9 a double 
track  in  mathematics,  algebra  for  some  and  general  mathematics  for  the  rest. 

In  the  large  high  schools,  the  teacher  of  mathematics  is  confronted  with 
a difficult  problem,  but,  fortunately,  it  is  one  than  can  be  solved.  The  range 
as  regards  both  native  ability  and  acquired  competence  of  pupils  is  very 
great.  For  example,  one  commonly  finds  in  the  same  class  a few  pupils  with 
and  I.Q.  as  low  as  75  and  several  that  have  an  I.Q.  higher  than  140.  Many 
have  not  mastered  the  essentials  whereas  perhaps  a fourth  of  the  class  are 
fully  ready  to  undertake  successfully  the  study  of  first-year  algebra. 

Far  too  often  a school  resorts  to  one  or  more  of  the  following  unsatis- 
factory solutions.  (1)  Only  general  mathematics  is  offered.  This  policy 
delays  the  beginning  of  the  study  of  algebra  for  those  who  plan  to  take  the 
long  road  to  leadership  in  science  and  mathematics.  (2)  Only  algebra  is 
provided.  This  program  inevitably  results  in  a large  number  of  frustrated 
pupils  who  fear  and  dislike  mathematics,  with  a devastating  lowering  of 
standards  in  all  algebra  classes.  In  a survey  by  Fortune,12  mathematics 
was  the  best-liked  subject  in  the  high  school  curriculum,  but  it  also  received 
a high  vote  as  the  least-liked  subject.  (3)  Only  a diluted  algebra  is  taught. 
This  practice  is  a shot  that  misses  both  targets.  Algebra  cannot  fullfil  its 
main  purpose  if  the  teacher  resorts  to  a wide  use  of  popular  materials  in 
the  futile  effort  to  meet  the  needs  of  pupils  who  should  not  be  taking  algebra 

11.  By  a large  high  school  the  Commission  means  a school  with  more  than  200 
pupils.  The  special  problem  of  the  small  high  school  is  discussed  in  a separate  section. 

12.  Fortune,  November  and  December  issues,  1942.  Free  reprints  of  this  material 
may  be  secured  by  writing  to  the  General  Manager,  Fortune  Magazine,  Time  and  Life 
Building,  Rockefeller  Center,  New  York,  N.  Y.  See  also  The  Mathematics  Teacher, 
February  1943.  Page  83. 
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at  their  stage  of  mathematical  maturity  (4)  Most  of  the  pupils  are  encour- 
aged to  elect  commercial  arithmetic  or  consumer  mathematics.  This  plan 
results  in  teaching  much  too  early  material  that  might  be  very  worth  while 
if  taught  several  years  later.  In  general,  ninth  grade  pupils  do  not  have 
the  experiences  that,  are  needed  for  dealing  with  the  mathematics  of  con- 
sumer problems  in  respectable  fashion.  It  is  difficult  to  motivate  the  arith- 
metic that  may  be  needed  on  an  unknown  job  that  is  still  several  years  in 
the  future.  (5)  The  slowly  maturing  pupil  is  discouraged  from  taking  any 
mathematics.  This  practice,  as  the  experience  of  the  schools  of  the  armed 
forces  has  convincingly  demonstrated,  is  an  oversimplification  of  the  prob- 
lem. Too  often  this  type  of  pupil  leaves  school  with  little  control  over  the 
essentials  needed  later  on  a semitechnical  job.  (6)  Many  schools  give  drill 
work  in  arithmetic  computation  without  stopping  to  teach  the  meaning  of 
the  processes  used,  without  diagnosis,  and  even  without  motivation.  This 
is  merely  giving  a larger  dose  of  a medicine  that  hasn’t  helped  the  pupil  in 
earlier  grades. 

The  situation  in  the  ninth  grade  of  the  large  high  school  clearly  requires 
a double  track  in  mathematics — algebra  only  for  those  whose  ability  and 
future  outlook  indicate  to  their  advisers  that  they  should  take  it  and  a good 
course  in  general  mathematics  for  the  rest.  General  mathematics  for  the 
ninth  grade  is  here  defined  as  a course  that  includes  and  emphasizes  the 
elements  of  functional  competence  as  outlined  in  the  Check  List  on  pages 
197-198  of  this  report.  It  has  been  suggested  earlier  that  the  task  of  insuring 
functional  competence  cannot  be  completed  for  all  pupils  in  the  first  eight 
grades.  For  many,  this  task  must  be  continued  at  least  through  grade  9. 
The  main  purpose  then  of  a general  mathematics  course  in  the  ninth  grade 
is  to  provide  such  experiences  as  will  insure  growth  'in  understanding  of  the 
basic  concepts  and  improvement  in  the  necessary  skills. 

We  come  now  to  the  phase  of  our  problem  that  is  difficult  for  many 
teachers  of  mathematics — the  administration  of  general  mathematics  in  a 
way  that  will  make  it  respectable  and  desirable.  Here  the  attitude  of  the 
teacher  is  the  determining  factor  and  far  too  often  the  teacher  is,  by  training, 
disposed  to  propagandize  unduly  for  algebra.  As  a matter  of  fact,  algebra 
needs  no  propaganda — it  will  always  be  respected  and  it  will  always  have 
great  value  for  the  person  who  should  elect  it.  When,  however,  a teacher 
implies  that  the  penalty  for  failure  in  algebra  is  transfer  to  general  mathe- 
matics, an  unwarranted  halo  of  prestige  is  given  to  algebra  that  implies 
stigma  and  disrespect  for  general  mathematics  which  should  not  be  so  if 
the  general  mathematics  is  properly  organized  and  taught. 

It  should  be  made  clear  to  pupils  that  the  two  parallel  courses  of  the 
ninth  grade  are  both  tremendously  worth  while,  but  that  they  do  have  very 
different  goals  and  experiences  for  pupils  with  different  interests  and  needs. 
General  mathematics  is  a more  flexible  course  than  algebra;  it  can  more 
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easily  be  adapted  to  different  backgrounds  and  levels  of  ability.  The  mate- 
rial can  and  should  be  offered  in  such  a way  as  to  challenge  the  pupil  to  his 
best  effort.  Pupils  should  be  told  thaj.  general  mathematics  is  organized 
differently,  that  it  offers  a greater  variety  of  topics  and  that  it  is  related 
more  directly  with  immediate  application.  They  may  well  be  told  that 
good  work  in  general  mathematics  demands  as  much  time  and  exeition  as 
algebra.  It  is  a fatal  error  to  imply  that  in  general  mathematics  anything 
will  do.  Shop  teachers  of  the  right  kind  certainly  expect  accuracy  in  compu- 
tation and  measurement  beyond  anything  required  in  the  ordinary  academic 
class.  General  mathematics  may  seem  an  easier  course  than  algebra,  but 
that  fact  alone  will  not  stigmatize  the  course  in  the  opinion  of  a student  body. 

Classification  should  not  be  based  on  ability  alone.  In  a strong  mathe- 
matics department  some  of  the  best  pupils  in  the  ninth  grade  will  be  study- 
ing general  mathematics.  Differentiation  to  avoid  tiouble  foi  eithei  group 
should,  as  has  been  suggested,  be  based  primarily  on  a difference  of  goals. 
A good  argument  for  general  mathematics  is  that  a mastery  of  the  essentials, 
as  outlined  in  the  Check  List,  will  remove  the  feeling  of  insecurity  from 
many  ninth  grade  pupils  who  have  never  had  the  satisfaction  of  achieve- 
ment. The  best  criterion,  obviously,  for  selecting  a pupil  for  the  algebra 
class  is  the  desire  and  the  ability  to  do  work  of  a high  order  of  excellence. 
Therefore,  unsatisfactory  work  in  algebra  should  be  tolerated  for  only  a 
brief  trial  period — a semester  would  seem  to  be  much  too  long.  It  should 
be  noted  that  in  guiding  the  pupil  into  the  appropriate  course,  measures  of 
reading,  intelligence,  and  computation  are  also  very  helpful.  Teachers 
should  scrutinize  critically  all  materials  used  in  the  guidance  of  pupils  to 
make  certain  that  they  do  not  include  statements  that  prejudice  pupils 

against  the  general  mathematics  courses. 

One  or  more  general  mathematics  sections  and  at  least  one  algebra 
section  should  be  scheduled  at  the  same  hour  in  order  to  facilitate  the  trans- 
fer of  pupils.  The  pupil  who,  at  the  end  of  a year  of  general  mathematics, 
wishes  to  study  algebra,  may,  if  he  has  provided  convincing  evidence  of 
adequate  ability,  be  encouraged  to  elect  the  second  semester  of  first-year 
algebra  Finally,  it  should  be  noted  that  the  real  hazard  to  general  mathe- 
matics is  the  undesirable  label  unconsciously  in  the  minds  of  many  tradi- 
tionally trained  mathematics  teachers.  In  schools  where  teachers  of  mathe- 
matics recognize  the  very  great  importance  of  general  mathematics  in  the 
total  offering,  it  readily  becomes  a popular  course  for  many  pupils.  Ihe 
road  to  algebra  should  be  open  to  the  pupil  who  matures  slowly  in  mathe- 
matics, and  general  mathematics  will  be  more  highly  regarded  by  pupils 
if  it  is  made  clear  that  it  contributes  to  the  successful  pursuit  of  many 
things.  The  goal  of  a strong  mathematics  department  should  be  to  have 
every  pupil  in  the  appropriate  course  with  no  dissatisfied  customer  in  any 

class. 
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Thesis  13.  In  most  schools  first-year  algebra  should  be  evaluated  in 
terms  of  good  'practice. 

Let  no  one  assume  that  all  is  well  with  first-year  algebra.  There  is  a 
wide  gap  between  first-year  algebra  as  it  is  commonly  taught  and  what 
good  teachers  everywhere  have  long  demonstrated.  The  situation  described 
in  the  following  quotation13  may  still  be  found  in  many  schools  although 
it  was  written  twenty-five  years  ago: 

The  situation  that  needs  to  be  met  may  best  be  illustrated  by  the  case  of  algebra. 
Our  elementary  algebra  is,  in  theory  and  symbolism,  substantially  what  it  was  in 
the  seventeenth  century.  The  present  standards  of  drill  work,  largely  on  non- 
essentials,  were  set  up  about  fifty  years  ago.  A considerable  number  of  teachers, 
both  in  the  secondary  schools  and  the  colleges,  believe  that  the  amount  of  time  spent 
by  pupils  on  abstract  work  in  difficult  problems  in  division,  factoring,  fractions, 
simultaneous  equations,  radicals,  etc.,  is  excessive;  that  such  work  leads  to  nothing 
important  in  the  science,  and  adds  but  little  to  facility  in  the  manipulation  of 
algebraic  forms. 

However,  let  us  turn  to  the  brighter  side  of  the  picture  and  see  what  is 
happening  in  the  classrooms  of  competent  teachers  of  first-year  algebra  in 
some  parts  of  the  country.  It  is  likely  that  there  are  few,  if  any,  high-school 
subjects  that  have  been  improved  as  much  during  the  last  quarter  of  a 
century  as  has  first-year  algebra. 

The  list  of  desirable  trends  is  a long  and  impressive  one.  Today  good 
teachers  of  algebra  (1)  reduce  the  manipulation  of  symbolism  (nests  of 
parentheses,  four-story  fractions,  involved  cases  of  factoring,  difficult  cases 
of  simultaneous  equations,  etc.) ; (2)  introduce  a unit  of  from  four  to  six 
weeks’  duration  on  the  trigonometry  of  the  right  triangle;  (3)  emphasize 
the  notion  of  dependence  or  function;  (4)  teach  with  great  care  the  mean- 
ing of  a formula;  (5)  apply  graphic  techniques  widely;  (6)  use  the  newer 
testing  procedures  for  instructional  purposes;  (7)  introduce  symbolism 
gradually  and  through  a variety  of  geometric  and  other  illustrations;  (8) 
discard  the  definitional  approach  and  manage  materials  so  that  definitions 
as  well  as  principles,  processes  and  concepts  stem  from  numerous  and  simple 
mathematical  experiences;  (9)  make  better  provision  for  individual  dif- 
ferences by  providing  problems  of  graded  difficulty;  (10)  use  a more  sensi- 
ble program  of  “drill”  based  on  the  fact  that  a pupil  learns  more  quickly 
and  remembers  longer  the  things  that  he  understands  fully;  (11)  use  a 

13.  Quoted  from  a memorandum  addressed  to  the  General  Education  Board  by  a 
committee  representing  the  Mathematical  Association  of  America.  This  memorandum 
secured  generous  funds  for  the  support  of  the  National  Committee  on  Mathematical 
Requirements.  It  is,  therefore,  of  special  interest  to  the  student  of  mathematical 
education. 
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few  simple,  interesting,  and  practical  applications  to  motivate  each  new 
principle  and  topic;  (12)  strive  to  improve  the  problem  material  by  select- 
ing functional  applications  (aviation,  the  school  shop,  general  science,  etc.) ; 
(13)  make  sagacious  use  of  the  bulletin  board  and  other  visual  aids  to  en- 
rich the  subject;  (14)  utilize  whenever  possible  laboratory  or  investigational 
techniques  and  seek  to  give  the  mathematics  classroom  the  furniture,  equip- 
ment, and  atmosphere  of  a workroom;  (15)  know  that  reading  ability  fixes 
a low  ceiling  as  to  what  can  be  achieved  in  problem  solving  in  the  case  of 
many  pupils;  (16)  recognize  that  it  is  far  better  to  teach  a few  concepts  well 
than  to  teach  many  concepts  superficially;  and  (17)  do  what  they  can  to 
restrict  first-year  algebra  to  those  pupils  who  should  study  it  and  provide 
a course  with  sufficient  rigor  and  continuity  for  subsequent  courses. 


IV.  MATHEMATICS  IN  GRADES  TEN  TO  TWELVE 

The  traditional  sequential  courses  include  the  elements  of  algebra,  plane 
geometry,  solid  geometry,  and  trigonometry.  In  some  schools  they  may 
also  include  the  elements  of  statistics,  analytic  geometry,  and  the  Calculus. 
While  an  attempt  is  often  made  to  correlate  these  various  subjects,  in  gen- 
eral, they  are  taught  separately.  The  very  fact  that  the  sequential  courses 
are  the  oldest  mathematics  courses  in  the  high  school  makes  it  difficult  to 
change  them.  However,  there  is  great  opportunity  for  improvement.  Again 
we  might  do  well  to  follow  the  example  of  the  industrialists  and  go  forward 
with  improved  materials  and  more  efficient  methods. 

Thesis  14.  The  sequential  courses  should  be  reserved  for  those  pupils 
who , having  the  requisite  ability,  desire  or  need  such  work. 

All  the  pupils  in  the  high  school  need  training  in  quantitative  thinking, 
but  it  would  be  a mistake  for  this  reason  to  require  all  of  them  to  take  the 
sequential  courses  in  mathematics. 

Pupils  of  ability  should  be  informed  that  the  sequential  program  in 
mathematics  is  a definite  prerequisite  for  many  lines  of  work. 

The  need  for  careful  training  in  mathematics  for  those  planning  careers 
in  the  physical  sciences,  engineering,  architecture,  and  similar  fields  is  uni- 
versally recognized.  In  order  to  give  adequate  preparation  for  these  tech- 
nical fields,  the  sequential  courses  must  give  attention  to  many  phases  of 
mathematics  that  are  more  detailed  and  abstract  than  is  necessary  or  de- 
sirable for  most  pupils.  If  the  sequential  courses  are  to  fulfill  the  purpose 
for  which  they  are  intended,  they  cannot  be  emasculated  to  fit  the  needs 
of  those  of  low  ability  and  weak  purpose. 

Thesis  15.  Teachers  of  the  traditional  sequential  courses  must  empha- 
size functional  competence  in  mathematics. 
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It  has  been  assumed  that  pupils  studying  algebra,  geometry,  and  the 
higher  branches  of  mathematics  of  the  high  school  not  only  retain  their 
skills  in  arithmetic  and  other  important  topics  of  the  junior  high  school  but 
gain  further  understanding  of  these  topics.  This  is  not  always  the  case.  I lie 
war  has  taught  us  that  success  in  the  traditional  sequential  courses  does  n 
guarantee  mastery  of  all  the  items  in  the  Check  List.  For  this  reason  the 
study  of  the  fundamentals  of  arithmetic  and  of  other  phases  of  elementary 
mathematics  taught  in  grades  7 and  8 must  be  continued  in  the  senior  school 

Most  of  these  topics  can  be  fitted  into  the  regular  sequential  work  and 
become  an  integral  part  of  it.  For  example,  instead  of  being  content  with 
the  understanding  of  principles  in  algebra  and  geometry  and  applications 
of  these  principles  in  numerical  exercises  with  small  whole  numbers  as  is 
often  done,  good  practice  in  arithmetic  can  be  obtained  by  using  larger 

numbers,  fractions,  mixed  numbers,  and  decimals.  . 

It  follows  that  provision  should  be  made  for  periodical  checks  on  pupi  s 
understanding  of  these  topics.  Topics  not  clearly  understood  should  be 
retaught  and  adequate  practice  provided  for  those  students  who  need  it. 

Thesis  16.  The  m.ain  objective  of  the  sequential  courses  should  be  to 
develop  mathematical  power. 

Drill  on  the  manipulation  of  mathematical  symbols  not  accompanied 
by  clear  understanding  of  the  underlying  concepts  and  principles  is  of  little 
value  When  such  drill  is  discontinued,  the  ability  is  soon  lost.  Power  is 
attained  when  the  learner  understands  _ the  _ relationships  involved  well 
enough  to  apply  them  in  new  and  varied  situations. 

Thesis  17.  The  work  of  each  year  should  be  organized  into  a few  large 
units  built  around  key  concepts  and  fundamental  principles. 

In  a sequential  course  the  major  emphasis  should  be  on  concepts  and 
principles.  It  has  long  been  urged  that  some  of  the  more  complex  ma™pu- 
lations  in  algebra  be  treated  lightly  or  omitted  altogether,  provided  the 
basic  ideas  are  mastered.  For  future  work  in  mathematics  and  the  sciences, 
the  basic  ideas  are  more  important  than  complex  details.  The  studen  w io 
knows  the  fundamental  meanings  and  has  complete  mastery  over  the  simpler 
manipulations  in  connection  with  the  basic  ideas  can  gam  the  complex  de- 
tails when  and  if  necessary.  For  example,  in  a first  course  in  algebra,  one 
of  the  large  units  may  well  be  “ algebra  as  generalized  arithmetic.  e 
unit  devised  on  this  idea  would  point  two  ways,  backward  to  arithmetic 
already  learned,  and  forward  to  more  advanced  algebra.  It  would  carry 
with  it  the  symbolism  of  algebra,  would  bring  together  and  clarify  many 
of  the  relationships  of  arithmetic,  and  give  meaning  to  a host  of  isolated 

topics  usually  considered  as  merely  formal  algebra. 

Then  too,  we  should  not  continue  to  give  so  much  time  to  continuous 
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logical  development  in  geometry.  Once  a student  has  learned  what  it 
means  to  prove  a statement  deductively,  it  is  not  necessary  to  devote  an 
entire  year  to  deductive  proof.  Of  course,  we  should  continue  proofs 
throughout  the  year,  and  in  subsequent  years,  just  as  we  should  continue 
arithmetic.  Meanings  and  skills  are  not  established  once  for  all.  Some  of 
the  theorems  can  be  postulated  after  careful  laboratory  work,  while  others 
can  be  discussed  informally. 

In  solid  geometry  proofs  might  be  restricted  to  those  theorems  which 
deal  with  lines  and  planes  in  space,  and  with  the  geometry  of  the  sphere. 
The  metric  properties  of  solids,  including  the  sphere,  may  well  be  developed 
informally. 

A common  complaint  of  teachers  is  that  there  are  so  many  topics  to 
teach  in  any  one  year  that  they  cannot  “finish  the  book.”  If  we  teach  in 
terms  of  the  mastery  of  key  concepts  and  fundamental  ideas,  the  pages  not 
covered  will  not  matter  so  much. 

While  there  is  considerable  continuity  in  the  sequential  courses,  there 
is  not  as  much  as  has  been  generally  believed.  As  taught,  the  various  topics 
in  algebra  and  geometry  seem,  to  the  pupil  at  least,  to  be  quite  unrelated. 
The  continuity  can  be  seen  better  in  terms  of  large  ideas  rather  than  in 
terms  of  details. 

Planning  a year’s  work  in  terms  of  large  units  built  around  key  concepts 
and  fundamental  principles  will  also  help  to  solve  the  problems  of  integra- 
tion of  the  various  subjects.  It  is  obvious  that  natural  interrelations  be- 
tween algebra,  geometry,  and  trigonometry  should  be  emphasized. 

Thesis  18.  Simple  and  sensible  applications  to  many  fields  must  ap- 
pear much  more  frequently  in  the  sequential  courses  than  they  have  in  the 
past. 

Applications  of  mathematics  to  problems  of  industry,  physical  science, 
aviation  and  business  should  be  used  for  purposes  of  motivation,  illustra- 
tion, and  transfer.  Mathematics  teachers  must  become  sufficiently  familiar 
with  these  fields  so  that  they  can  choose  the  applications  wisely.  But  mathe- 
matics cannot  be  taught  solely  through  its  applications.  A few  simple  ap- 
plications at  every  advanced  step  should  be  used  for  motivation  and  as  a 
means  of  increasing  the  possibility  of  transfer.  They  cannot  be  an  end  in 
themselves. 

Thesis  19.  New  and  better  courses  should  be  provided  in  the  high  schools 
for  a large  fraction  of  the  school’s  population  whose  mathematical  needs 
are  not  well  met  in  the  traditional  sequential  courses. 

As  everyone  knows,  there  are  pupils — very  large  groups — who  do  net 
elect  the  sequential  courses,  and  many  of  whom  are  maladjusted  in  case 
they  do.  Such  pupils  as  these  will  never  be  satisfied  with  a purely  academic 
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program.  Many  of  them  have  the  ability  to  render  valuable  services  with 
a bit  of  mathematical  training  as  is  evidenced  by  the  several  hundred  thou- 
sand boys  who  held  important  semi-technical  jobs  in  the  military  activities 
as  a result  of  mathematics  they  studied  after  they  left  the  regular  schools. 
The  military  training  program  took  these  boys  and  taught  them  a simple 
technical  science  and  the  related  mathematics.  We  must  give  more  atten- 
tion to  the  needs  of  industry,  which  the  traditional  mathematics  teacher  has 
neglected  far  too  long.  We  must  provide  a more  realistic  curriculum  for  the 
large  number  of  persons  who  will  continue  to  be  absorbed  fairly  early  in 
life  by  industry,  trade,  farm,  and  business.  Then,  too,  we  must  provide  a 
course  that  will  give  them  greater  mathematical  security  in  practical  af- 
fairs, such  as  budgets,  insurance,  taxation,  and  the  like. 

Since  there  are  in  our  high  schools  these  large  groups  of  pupils  whose 
needs  cannot  possibly  be  met  by  traditional  mathematics  courses,  the  sensi- 
ble thing  to  do  is  to  provide  good  courses  with  very  different  goals  and 
experiences  for  groups  with  different  needs.  Furthermore,  as  has  been  sug- 
gested earlier,  we  must  somehow  do  this  in  a manner  that  does  not  offend 
any  group. 

What  kind  of  courses  are  suggested  by  these  varied  needs?  It  is  obvi- 
ous that  a year  or  even  two  years  of  mathematics  paralleling  the  sequential 
courses,  in  grades  10  and  11,  will  serve  a useful  purpose  for  a very  large 
part  of  the  total  school  population.  The  content  of  this  mathematics  would 
clearly  embrace  substantial  materials  from  at  least  several  of  the  following- 
areas:  mathematics  as  related  to  trades  and  shop  work;  commerce  and  busi- 
ness; industry;  agriculture.  It  is  also  clear  that  every  pupil  is  potentially 
both  citizen  and  consumer;  hence  all  pupils  should  be  given  some  under- 
standing of  the  persistent  problems  that  confront  most  of  our  families;  viz., 
social  security,  taxation,  insurance  against  the  numerous  hazards  of  life,  and 
ways  and  means  of  stretching  the  dollar  in  order  to  buy  the  maximum  of 
material  comforts  and  values  with  a given  income. 

To  be  sure,  this  does  not  preclude  the  possibility  that  certain  schools  in 
certain  areas  will  deem  it  advisable  to  treat  these  separate  areas  more  ex- 
tensively and  specifically  through  specialized  courses. 

In  the  early  months  of  the  war,  a refresher  course  in  mathematics  was 
popular  among  seniors  in  the  high  schools.  Even  though  the  term  “refresher” 
may  disappear,  there  will  probably  always  be  pupils  in  the  late  years  of 
the  senior  high  school  who  have  a feeling  of  insecurity  with  respect  to 
mathematics.  It  would  seem  that  there  is  a place,  at  least  in  the  large  high 
school,  for  a course  that  reteaches  the  essentials  of  mathematics  with  new 
and  fresh  materials  consisting  of  practical  applications  that  are  simple  and 
interesting. 

Then  too  there  will  probably  always  be  some  pupils  who  arrive  at  the 
eleventh  or  twelfth  grades  without  having  taken  any  mathematics  beyond 
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the  eighth  grade.  These  pupils  may  wish  to  rectify  a mistake,  and  so  will 
want  a course  that  will  make  them  as  competent  as  possible  in  a relatively 
short  period  of  time.  The  Commission  believes  that,  so  long  as  this  need 
exists,  the  larger  schools,  at  least,  should  continue  to  provide  a course  for 
pupils  in  the  eleventh  and  twelfth  grades  with  a content  for  the  most  part 
as  outlined  in  a report  entitled  Preinduction  Courses  in  Mathematics ,14 

There  is  here  no  implication  that  the  traditional  sequential  courses  will 
be  less  important  in  the  future  than  they  have  been  in  the  past.  Since  the 
turn  of  the  century  the  high  school  has  been  facing  a double  responsibility. 
It  must  train  for  leadership,  and  it  must  provide  a broad  education  in  terms 
of  effective  citizenship,  in  the  home,  the  community,  the  state  and  the  world. 
It  is  not  a question  as  to  whether  special  attention  shall  be  given  to  either 
group;  both  jobs  must  be  done.  However,  it  is  the  main  thesis  of  the  Com- 
mission that  there  are  at  present  large  neglected  groups  of  pupils  whose 
needs  cannot  possibly  be  met  in  traditional  courses,  and  for  whom  new  and 
better  courses  should  now  be  provided. 

Thesis  20.  The  small  high  school  can  and  should  provide  a better  pro- 
gram in  mathematics. 

Many  persons  do  not  realize  that  more  than  two-thirds  of  all  high 
schools  are  small,  with  certainly  fewer  than  200  students  and  probably 
fewer  than  8 teachers.  Such  small  high  schools  enroll  in  all  more  than  a 
million  pupils.  Professional  literature  dealing  with  the  mathematics  of  the 
small  high  school  is  meager.  For  example,  the  important  committee  reports 
on  mathematical  education  devote  very  little  space  to  this  problem.  In 
amazing  fashion  a considerable  fraction  of  the  population  of  our  high 
schools  has  been  overlooked  altogether  in  formulating  programs  for  the 
betterment  of  mathematics. 

The  mathematical  offering  of  the  small  school  is  necessarily  limited  by 
the  following  conditions:  (1)  the  rate  of  turnover  of  teachers  is  high;  in  a 
given  year,  most,  indeed  all,  of  the  teachers  may  be  new  to  their  positions; 
(2)  the  teachers  have  little  experience;  in  a three-teacher  school,  all  may 
be  beginners;  (3)  the  member  of  the  staff  teaching  mathematics  may  have 
had  little  or  no  training  in  the  field;  (4)  the  cost  of  instruction  per  pupil  is 
high;  (5)  the  library  and  the  storage  space  within  the  classrooms  for  sup- 
plementary materials  are  inadequate;  (6)  there  is  seldom  a classroom 
devoted  exclusively  to  the  teaching  of  mathematics,  and  (7)  the  teacher  of 
mathematics  may  have  to  teach  in  two  or  more  other  fields. 

As  a result,  the  curriculum  in  mathematics  is  meager  and  remote  from 
the  pupils’  needs.  Thus,  a small  high  school  with  five  or  six  pupils  in  a 
class  may  offer  only  two  years  of  mathematics.  These  two  years  may  be 

14.  See  The  Mathematics  Teacher  for  March  1943. 
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organized  according  to  any  one  of  many  patterns  that  are  in  most  cases 
unrealistic  when  evaluated  in  terms  of  the  pupils’  mathematical  needs.  For 
example,  a school  may  offer  a year  of  formal  algebra  and  a year  of  demon- 
strative geometry.  Presumably  the  aim  in  this  case  is  to  prepare  all  pupils 
for  college  even  though  the  school  may  have  sent  relatively  few  of  its  gradu- 
ates to  college  in  its  entire  history.  At  the  other  extreme  a school  may  offer 
only  one  year  of  commercial  arithmetic  and  a year  of  agricultural  mathe- 
matics with  little  emphasis  on  basic  concepts  and  fundamental  principles. 
Then  too,  many  schools  offer  only  a year  of  general  mathematics  and  a 
year  of  commercial  arithmetic.  In  such  schools  the  occasional  pupil  who 
should  be  preparing  himself  for  future  leadership  in  science  and  mathe- 
matics, graduates  with  far  less  of  the  sequential  mathematics  than  he 
should  have. 

What  constructive  suggestions  can  be  made  for  the  improvement  of 
mathematics  for  the  small  school?  Let  us  assume  that  wre  are  dealing  with 
a school  that  has  only  six  pupils  in  each  grade  from  9 to  12  inclusive.  Let 
us  further  assume  that  we  can  use  only  as  much  of  one  teacher’s  time  as  is 
represented  by  one-third  of  the  school  day  (two  periods  of  an  hour  each). 
For  this  small  school  the  Commission  makes  the  following  suggestions. 

(a)  Offer  two  courses  simultaneously  within  the  same  class  period. 
Instead  of  general  mathematics  or  algebra,  one  or  the  other,  it  is  proposed 
that  both  be  taught.  The  teacher  of  the  one-room  rural  school  has  always 
taught  from  six  to  eight  groups  simultaneously;  it  seems  reasonable  that  a 
high  school  teacher  can  teach  two.  In  fact,  an  experiment  in  Indiana  has 
demonstrated  the  feasibility  of  such  a procedure.  In  our  hypothetical 
school,  one,  or  perhaps  two,  of  the  six  ninth-grade  pupils  might,  under 
proper  guidance,  elect  algebra  and  the  remainder  study  general  mathe- 
matics. A generous  fraction  of  each  hour  period  should  be  a work-period 
with  an  up-to-date  textbook.  The  algebra  pupils  might  not  need  more  than 
thirty  minutes  per  week  for  the  checking  and  guidance  of  their  work.  There 
are  instances  on  record  where  pupils  have  done  a year’s  work  in  algebra  to 
prepare  themselves  for  rigorous  college  entrance  examinations  without 
utilizing  more  than  a dozen  hours  of  a teacher’s  'or  tutor’s  time.  The  notion 
that  a pupil  must  recite  for  five  hours  a week  is  outmoded. 

Our  hypothetical  school  might,  in  the  tenth  year,  offer  both  geometry 
and  a course  in  consumer  mathematics  to  which  pupils  in  the  tenth,  eleventh, 
and  twelfth  grades  might  be  admitted.  Thus  the  mathematics  offering  of  a 
small  high  school  might  well  be  broadened  and  made  more  flexible.  If  a 
school  can  afford  instruction  in  mathematics  for  three  or  four  periods  of 
the  school  day,  its  offerings  can,  by  this  plan,  be  as  wide  as  is  now  com- 
monly found  in  much  larger  high  schools. 

(b)  Provide  correspondence  courses  in  the  small  high  schools.  The  small 
school  can  extend  its  mathematics  offering  by  encouraging  interested  and 
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capable  pupils  to  elect  correspondence  courses.  A great  variety  of  corre- 
spondence courses  are  now  provided  by  commercial  organizations.  More- 
over, it  seems  reasonable  to  assume  that  the  many  correspondence  courses 
now  available  to  the  men  and  women  of  the  armed  services  may  be  made 
available  also  to  public  education  in  the  postwar  period.  It  is  gratifying 
to  note  that  at  least  one  state  (Wisconsin)  has  authorized  school  boards  to 
buy  correspondence  courses,  and  in  other  states  there  seem  to  be  no  legal 
obstacles  in  the  way  of  a school  board  that  desires  to  pay  for  correspondence 
courses.  The  Wisconsin  law  reads  as  follows: 

The  board  of  any  school  district  which  operates  a high  school  may  contract  with 
the  university  extension  division  of  the  University  of  Wisconsin  for  extension  courses 
for  pupils  enrolled  in  such  high  schools.  The  cost  of  such  contract  shall  be  paid  out 
of  school  district  funds  and  shall  be  included  in  the  cost  of  operation  and  mainte- 
nance of  the  high  school  districts  which  enter  into  such  contract  for  the  purpose  of 
computing  tuition  costs. 

During  the  war,  over  a million  men  have  taken  correspondence  courses 
under  conditions  that  were  often  very  difficult.  It  would  seem  that  pupils 
in  the  small  high  school  would  have  a much  better  chance  to  succeed  in 
correspondence  courses  than  men  in  the  armed  forces  for  the  reason  that 
the  local  mathematics  teacher  might  service  such  work  in  the  courses  that 
he  happens  to  be  teaching.  Under  this  plan  a pupil  who  wishes  to  study 
first  year  algebra  might  attend  the  class  in  general  mathematics  or  in 
geometry,  and  take  a correspondence  course  in  algebra  under  the  general 
supervision  of  the  teacher.  Since  the  teacher  of  our  hypothetical  school  has 
only  a few  regular  students,  the  implementation  of  a correspondence  course 
for  one  or  two  pupils  would  obviously  not  be  an  impossible  task. 

(c)  Increase  the  member  of  courses  by  cycling.  Our  hypothetical  school 
might  well  offer  algebra  and  general  mathematics  one  year,  geometry  and 
general  mathematics  the  next  year,  and  general  mathematics  and  another 
course  consisting  of  a third  semester  of  algebra  and  a semester  of  trigonom- 
etry in  the  following  year.  Under  adequate  guidance  and  by  careful  plan- 
ning early  in  his  high  school  career  a pupil  can  thus  get  at  least  two  years 
of  general  mathematics  or  even  three  years  of  sequential  mathematics  by 
the  time  he  graduates  from  high  school.  It  is  assumed  that  some  schools 
might  wish  to  substitute  a course  in  related  mathematics,  commercial 
arithmetic,  consumer  mathematics,  and  the  like,  for  any  one  of  the  courses 
used  in  the  preceding  illustrations.  However,  in  cycling,  careful  planning 
and  adequate  guidance  are  necessary  in  order  to  avoid  a situation  in  which 
a prerequisite  course  has  been  offered  in  the  wrong  year  for  a group  of 
students. 

From  the  foregoing,  it  becomes  obvious  that  the  offerings  of  the  small 
high  school  do  not  need  to  be  as  limited  as  they  so  often  are.  Incidentally, 
by  this  plan  classes  will  be  approximately  doubled  in  enrollment  with  the 
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cost  of  mathematical  instruction  per  pupil  sharply  reduced.  Finally,  it  is 
suggested  that  the  superintendent  and  the  board  of  education  employ  at 
least  one  teacher  with  a respectable  minor  or  major  in  mathematics  in  order 
that  the  extended  offering  may  be  properly  taught. 

V.  MATHEMATICS  IN  THE  JUNIOR  COLLEGE 

It  is  now  rather  generally  agreed  that  one  of  the  main  functions  of  the 
junior  college  is  to  serve  as  somewhat  of  a “community  institute  pioucling 
educational  opportunities,  which  otherwise  might  be  inaccessible,  to  a large 
number  of  educable  youth.  The  curriculum  of  each  junior  college,  therefore, 
becomes  something  of  a local  enterprise  in  that  it  needs  to  be  oiganized 
and  administered  in  relation  to  the  pattern  of  living  in  its  community.  This 
statement  does  not  restrict  the  curriculum  within  the  nanow  limits  for 
living  always  in  that  community;  rather  it  calls  attention  to  the  peispecti\e 
needed  for  a really  functional  educational  program. 

From  the  point  of  view  of  interest  in  mathematics,  the  student  bod}  of 
the  junior  college  will  divide  itself  into  three  major  groups:  Group  I those 
students  who  desire  some  knowledge  of  mathematics  merely  as  a part  of 
their  cultural  background;  Group  II — those  students  who  need  a minimum 
of  certain  mathematical  prerequisites  because  of  their  desire  to  follow 
specific  vocational  int  rests;  Group  III — those  students  who  have  major 
mathematical  needs  because  they  plan  a career  in  some  field  such  as  engi- 
neering, natural  science,  or  pure  mathematics. 

Thesis  21.  The  junior  college  should  offer  at  least  one  year  of  mathe- 
matics which  is  general  in  appeal,  flexible  in  purpose,  challenging  in  content, 
and  functional  in  service. 

In  any  junior  college  there  is  likely  to  be  a group  of  students  who  feel 
that  they  do  not  care  to  take  a traditional  course  in  mathematics  (Group  I). 
They  are  not  interested  in  intricate  calculations  and  excessive  manipulation. 
Many  of  them  do  not  have,  at  least  they  think  they  do  not  have,  the  special 
aptitude  necessary  for  understanding  such  work.  It  does  not  follow,  however, 
that  these  students  would  elect  to  by-pass  all  mathematics  courses.  Many 
of  them  might  find  interesting  challenge  in  courses  containing  those  mathe- 
matical ideas  and  experiences  which  are  an  essential  part  of  a liberal  educa- 
tion. A basic  general  course  in  mathematics  might  offer  these  individuals 
opportunities  for  development  which  the  traditional  courses  in  freshman 
mathematics  do  not  offer. 

A course  such  as  the  one  suggested  above  could  also  have  definite  cul- 
tural content.  This  would  be  particularly  true  if  the  mathematical  concepts 
and  techniques  developed  were  presented  as  an  important  part  of  the  history 
of  thought,  and  were  interpreted  in  terms  of  social  usefulness.  Such  a pres- 
entation of  materials  would  enhance  the  opportunities  for  richer  significance, 
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deeper  appreciation,  and  clearer  understanding  of  all  mathematical  concepts 
and  techniques.  Those  students  who  have  an  interest  in  mathematics  only 
as  a part  of  their  liberal  education  would  learn  from  such  a course  something 
of  the  vital  significance  of  mathematics  as  an  integral  element  of  the  cultures 
of  the  world. 

Thesis  22.  The  junior  college  program  should  provide  for  a one-year 
pre-vocational  course  in  mathematics. 

There  is  a wide  range  of  vocations  which  require  that  mathematics  in 
varying  amounts  be  given  a significant  place  in  the  program  of  preliminary 
training,  and  the  number  is  likely  to  increase  in  the  post-war  period.  It, 
therefore,  follows  that  the  students  of  Group  II  will  very  likely  be  one  of 
the  largest  and  most  important  groups  in  any  junior  college  program.  The 
mathematical  requirements  of  many  of  these  vocations  will  be  such  that 
they  can  be  satisfied  by  a one-year  program  in  basic  mathematical  concepts 
and  techniques.  It  is  the  responsibility  of  teachers  of  mathematics  to  deter- 
mine this  body  of  basic  mathematics  and  to  organize  it  into  a general  one- 
year  program  which  will  take  care  of  the  pre-professional  requirements 
which  this  group  of  students  will  need  to  meet.  For  example,  there  are 
many  prospective  teachers  of  other  school  subjects  who  are  not  prepared 
for,  and  who,  therefore,  cannot  be  expected  to  become  interested  in  con- 
ventional courses  in  college  algebra  and  trigonometry.  There  is,  however,  an 
abundant  reservoir  of  mathematical  information  of  rich  cultural  value  and 
essential  educational  significance  to  all  who  aspire  to  teach  in  our  nation  s 
schools.  Similarly,  there  are  many  students  preparing  for  pharmacy,  medi- 
cine, business,  agriculture,  industry,  and  many  other  fields  of  service,  who 
are  forced  to  elect  traditional  freshman  mathematics  instead  of  being  chal- 
lenged by  a more  functional  program  of  mathematical  training. 

There  is  a great  need  for  a basic  one-year  program  in  mathematics  at 
the  junior  college  level  such  as  has  been  outlined  by  the  Joint  Commission.15 
Needless  to  say,  in  a movement  so  young  as  the  junior  college,  considerable 
experimentation  will  be  necessary  to  determine  the  desirable  content  of  such 
a course.  The  function  of  such  a course  will  indeed  vary  from  time  to  time, 
and  from  one  community  to  another. 


Thesis  23.  The  junior  college  program  should  make  ample  provision  for 
the  student  with  a major  interest  in  mathematics. 

One  of  the  important  functions  of  the  junior  college  is  that  of  preparing 
its  students  for  subsequent  work  at  a more  advanced  level  of  instruction. 
The  third  group  of  students,  namely,  those  who  have  a major  interest  in 
mathematics,  should  be  provided  with  the  opportunity  for  becoming  moie 

15.  Report  of  the  Joint  Commission,  op.  cit.,  p.  159. 
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proficient  in  fundamental  mathematical  techniques  and  for  broadening  their 
“with  basic  mathematical  concepts  and  skills.  Their  horizon  of 
mathematical  needs  will  vary  considerably  from  the  more 
of  the  less  technical  phases  of  biology  to  the  maximum  p p 
major  in  mathematics.  The  program  for  this  group  of  student ; shou  b 
characterized  by  a clear  current  of  challenging  mathematical  thought 

mei fpfgram^Uowing  for  such  flexibility  of  mathematical  training  as  is 
suggested  in  this  report  will  greatly  enhance  the  opportunities  of  the  junior 
o lege  To  effective  educational  service.  It  should  be  of  particular  signifi- 
cance in  the  immediate  post-war  period  when  the  varying 5 demand M 
returning  war  veterans  will  tend  to  make  the  planning  and  admmiste  ,g 
nf  educational  progranas  very  difficult. 


VI.  THE  education  of  teachers  of  mathematics 

A.  In  Grades  1-8 

Most  mathematics  courses  in  the  elementary  school  are  tough! ; by  teach- 
ers who  have  responsibilities  with  respect  to  other  bodies  of  subject  mat  ten 
On  this  account  the  proposals  to  be  advanced  below  are  otodjntt , ful 
recognition  of  the  necessity  to  prepare  teachers  for  duties  in  addition  to 
relating  to  arithmetic  (elementary  mathematics) . 

Thesis  24.  All  students  who  are  likely  to  teach  mathematics  m Grades 
1-8  should,  as  a minimum,  demonstrate  competence  over  the  whole  range 
of  subject  matter  which  may  be  taught  in  these  grades. 

It  is  a mistake  to  assume  that  teachers  need  to  know  only  the  siib^ect 
matter  Which  they  will  teach.  In  the  first  place,  they  should  be  expec  ted 
to  have  more  mathematical  competence  than  we  should  insist  upon  for  t 
average  adult.  In  the  second  place,  they  cannot  orient  their , '"^Im- 
properly if  they  do  not  recognize  the  potential  consequences 
ticm  f or successful  accomplishment  on  the  part  of  their  pup,  s m ater  grade. 
For  example,  primary-grade  teachers  may  see  little  sense  ,n ^ teaching  the 
nature  of  our  number  system  if  they  do  not  understand  how  this  knowledg 
facilitates  the  meaningful  learning  of  computation  in  Grades  3 4°  6 , 

Each  prospective  teacher  should  be  expected  to  achieve  an 
strate  mathematical  competence.  Teachers  of  Grades  1 to  6 should  do  this 
on  their  own  responsibility,  without  course  credit  for  whatever^cial  «tudy 
they  may  need  to  make.  Instead,  with  or  without  coaching,  such  stude 
should  prepare  themselves  until  they  can  make  a satisfactory  score  on 
acceptable  examination.  It  is  suggested  that  this  score  might  be  equ 
to  the  tenth  grade  norms  in  computation  and  problem  solving  on  some 
comprehensive  and  reliable  standard  test.  For  teachers  of  Grades  7 and  8 
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this  criterion  is  wholly  inadequate,  for  competence  needs  to  be  assured  over 
a much  wider  range  of  subject  matter,  to  include  something  beyond  the 
elements  of  algebra,  geometry,  and  trigonometry  which  are  involved  in  the 
courses  for  Grades  7 and  8. 

Thesis  25.  Teachers  of  mathematics  in  Grades  1-8  should  have  special 
course  work  relating  to  subject  matter  as  well  as  to  the  teaching  process, 
as  detailed  below. 

Thesis  24  above  merely  assures  mathematical  competence  as  such  compe- 
tence has  traditionally  been  conceived.  An  earlier  section  of  this  report 
made  clear  the  shortcomings  of  this  conception,  at  least  as  far  as  arithmetic 
is  concerned.  It  therefore  becomes  necessary  to  outline  other  aspects  of 
mathematical  preparation,  now  too  commonly  neglected,  which  are  never- 
theless indispensable  parts  of  the  equipment  for  effective  teaching.  As  will 
be  evident,  the  provision  of  this  professional  equipment  places  heavy  respon- 
sibilities upon  instructors  in  the  college  courses  which  are  called  for.  This 
is  particularly  true  in  the  case  of  courses  for  teachers  in  Grades  7 and  8. 
In  such  courses  the  instructors  might  well  be  mathematicians  who,  besides 
their  interest  in  the  improvement  of  instruction,  have  rich  backgrounds  of 
experience  in  the  social,  vocational,  and  industrial  uses  of  mathematics. 

(a)  Theory  and  background  of  elementary  mathematics. — To  live  effec- 
tively and  intelligently  in  our  culture  we  must  of  course  be  able  to  compute 
and  to  solve  verbal  problems  quickly,  accurately,  and  confidently.  But  we 
must  also  be  equipped  with  meanings,  generalizations,  appreciations  of  rela- 
tionships, and  the  like.  In  a word,  we  need  to  know  something  of  the  theory 
and  background  of  elementary  mathematics. 

Important  as  this  knowledge  is  for  the  average  citizen,  it  is  vastly  more 
important  for  teachers.  Lacking  it,  teachers  will  scarcely  be  qualified  to 
help  their  pupils  to  acquire  it.  Hence,  at  some  point  in  their  education, 
prospective  teachers  of  Grades  1 to  6 need  to  learn  a good  deal  about  the 
nature  of  our  decimal  number  system  and  the  story  of  its  development,  the 
evolution  of  fractional  notation,  the  theory  and  history  of  measurement,  the 
functions  of  the  fundamental  operations  with  whole  numbers,  fractions, 
and  decimals,  and  the  rationale  and  history  of  computation.  Teachers  of 
Grades  7 and  8 need  all  this,  but  they  obviously  need  much  more  than  this. 
Their  course  work  in  algebra,  geometry,  and  trigonometry  should  be  corre- 
spondingly extended  to  include  the  social  and  historical  background  of  these 
more  advanced  mathematical  subjects. 

(6)  Important  applications. — The  foregoing  paragraphs  are  intended  to 
suggest  the  type  of  preparation  teachers  shornd  have  in  order  to  realize  as 
fully  as  possible  the  mathematical  aim  of  their  subject  matter.  But  steps 
need  also  to  be  taken  to  assure  equivalent  preparation  in  order  that  they 
may  realize  the  social  aim  as  well.  It  is  possible  to  know  mathematics  as  a 


O 


646 


“The  Second  Report  of  the  Commission  on  Post-War  Plans” 


closed  system  of  ideas  and  skills  without  being  able  to  apply  it. 

Teachers  of  Grades  1-6  wrho  know  arithmetic  in  this  narrow  way  are 
insensitive  to  the  contribution  of  arithmetic  to  social  progress  and  to  sound 
and  effective  individual  adjustment  in  our  present  culture.  The  course  in 
the  teaching  of  arithmetic  should  remove  this  deficiency.  It  can  do  so  if 
the  topics  mentioned  in  the  preceding  section  are  treated  with  respect  to 
their  social  implications  and  if  students  are  encouraged  to  note  systemati- 
cally the  applications  of  mathematical  concepts  and  processes  to  everyday 
life.  The  same  generalization  applies  in  the  case  of  teachers  in  Grades  7 
and  8,  of  course  with  due  recognition  of  the  expanded  area  of  their  mathe- 
matical subject  matter.  Beyond  the  material  which  they  will  teach  they 
need  backgrounds  in  the  social  and  economic  uses  of  mathematics.  Thus,  to 
be  able  to  teach  with  confidence  and  assurance  such  topics  as  buying  a home, 
the  cost  of  running  an  automobile,  making  provision  for  the  future  (savings, 
insurance,  social  security,  and  investments),  protection  against  large  losses 
(fire  and  liability  insurance) , the  prospective  teacher  needs  course  work 
and  real  experiences  in  these  economic  applications  of  mathematics. 

(c)  Supplementary  instructional  equipment. — Prospective  teachers 
should  have  access  to  new  textbook  and  workbook  series,  to  some  of  the 
better  courses  of  study,  to  standard  tests,  and  to  the  newer  devices  and  aids 
for  teaching,  such  as  models,  films,  film  strips,  slides,  and  the  like.  They 
should  have  access  to  a reasonable  amount  of  this  equipment;  but,  more 
than  this,  they  should  have  opportunity  to  examine  it  critically  and  to  note 
special  advantages  and  limitations.  No  single  textbook  or  workbook  series, 
for  example,  has  a monopoly  on  good  systems  of  organization,  on  superior 
methods  of  meeting  individual  differences,  on  ingenious  testing  devices,  and 
on  commendable  developmental  explanations.  And  teachers  should  not 
expect  to  find  all  that  is  good  and  all  that  is  important  in  the  series  which 
they  happen  to  teach.  Moreover,  they  should  know  and  understand  the 
value  of  the  many  excellent  multi-sensory  aids  which  are  being  made  avail- 
able in  increasing  numbers.  (See  Section  VII  of  this  report.) 

( d ) Methods  of  teaching. — In  courses  in  the  teaching  of  mathematics, 
the  methods  which  are  most  commonly  described  and  exemplified  are  those 
which  relate  to  facts  and  to  mechanical  skills.  With  new  emphasis  on  the 
mathematical  aim  of  arithmetic,  prospective  teachers  must  learn  how  to 
develop  meanings,  understandings,  generalizations,  a sure  grasp  of  relation- 
ships, and  the  like.  And  with  the  new  emphasis  on  the  social  aim,  they  must 
know  how  to  engender  in  their  pupils  sensitivity  to  the  usefulness  of  number 
and  of  measurement  in  life. 

(e)  Student  teaching. — Provision  should  be  made  for  adequate  experi- 
ence in  student  teaching.  In  considering  this  need,  see  Thesis  32. 

(/)  Procedures  for  comprehensive  evaluation. — It  was  stated  above  that 
prospective  teachers  should  know  about  the  better  standard  tests  in  mathe- 
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matics.  But,  good  as  they  are  for  some  purposes,  these  instruments  are  in- 
adequate for  comprehensive  evaluation.  Almost  without  exception  they 
measure  skill  in  computation  and  ability  in  problem  solving  and  these 
outcomes  only.  If  the  other  outcomes  which  are  inherent  in  the  mathemati- 
cal and  social  aims  are  to  be  evaluated  at  all,  they  must  be  evaluated  by 
means  other  than  published  tests. 

For  comprehensive  evaluation  prospective  teachers  need,  first  of  all,  to 
have  a clear  conception  of  the  purposes  of  mathematics.  They  need,  second, 
to  know  and  to  be  able  to  identify  the  kinds  of  behavior  which  will  be 
exhibited  both  by  their  pupils  who  are  achieving  these  purposes  and  by 
those  who  are  not.  Third,  they  must  have  considerable  ingenuity  in  devising 
situations  for  testing,  observing,  and  interviewing,  in  order  to  elicit  critical 
types  of  behavior.  And,  fourth,  they  must  have  confidence  in  their  judg- 
ment, however  subjective  it  may  be,  as  a basis  for  evaluating  progress  in 
learning. 

( g ) Research  literature. — In  the  end,  it  will  be  through  competent  re- 
search that  we  shall  arrive  at  greatly  improved  teaching  procedures.  There 
are  at  present  more  than  two  thousand  published  reports  of  quantitative 
investigations,  some  good,  some  bad,  on  the  teaching  of  mathematics.  Yet, 
many  teachers  are  unaware  of  this  large  body  of  information,  and  still  fewer 
make  use  of  it.  This  condition  should  be  remedied. 

Only  a few  teachers  will  become  producers  of  research,  but  all  of  them 
can  and  should  become  intelligent  consumers  of  research.  This  latter  purpose 
can  be  achieved  if  at  some  time  in  their  education  they  can  be  brought  into 
contact  with  a few  selected  research  reports.  These  reports  they  should 
study  under  guidance,  with  the  view  to  developing  habits  of  critical  analysis. 
When  they  are  possessed  of  these  habits,  they  can  profit  immediately  from 
the  findings  of  new  studies  rather  than  have  to  wait,  as  is  now  the  case,  for 
these  findings  to  work  their  way  slowly  into  textbooks  and  courses  of  study. 
In  this  connection  the  Yearbooks  of  The  National  Council  of  Teachers  of 
Mathematics  should  be  helpful. 

B.  In  Grades  9-12 

The  optimum  training  of  mathematics  teachers  for  grades  9—12  should 
be  based  on  the  functions  they  should  be  able  to  perform  and  on  the  objec- 
tives they  should  seek  for  their  pupils.  A well-prp.nared  teacher  of  mathe- 
matics should  have  adequate  training  so  that  he  can  meet  all  classroom 
situations  with  that  assurance  which  can  be  based  oaly  on  wide  knowledge 
and  rich  background.  The  following  theses,  based  on  this  optimum  training, 
suggest  course  work  and  study  in  mathematics,  education,  and  related  fields 
over  a period  of  five  years. 

Thesis  26.  The  teacher  of  mathematics  should  have  a wide  background 
in  the  subjects  he  will  be  called  upon  to  teach. 
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It  will  not  be  possible  to  accomplish  this  program  completely  with  most 
prospective  teachers  during  their  undergraduate  training.  However,  enough 
training  may  be  given  to  enable  the  teacher  to  get  well  on  the  way  to  com- 
plete accomplishment.  This  thesis  means  that  the  teacher’s  study  of  mathe- 
matics must  include  courses  in  college  mathematics  and  not  be  merely  a 
review  of  high  school  mathematics  (algebra,  plane  and  solid  geometry,  and 
trigonometry) . 

A teacher  cannot  teach  mathematics  with  competence  unless  he  knowTs 
enough  about  the  subject  to  understand  what  elements  are  important  for 
pupils  in  their  possible  life  needs  or  future  study.  He  cannot  intelligently 
aid  in  reorganizing  the  high  school  curriculum  in- mathematics  without  an 
adequate  reserve  of  mathematical  knowledge.  Without  this  kind  of  training 
he  will  not  see  that  pupils  need  basic  understandings  as  well  as  manipulative 
skill  if  they  are  to  develop  power  in  dealing  with  quantitative  situations. 

The  mathematical  background  should  include  work  in  trigonometry  and 
solid  geometry  if  these  have  not  been  studied  in  high  school.  It  should  also 
include  analytic  geometry  and  calculus  (elements  of  these  subjects  are 
taught  in  many  high  schools)  and  a course  in  college  geo]  ietry  beyond  the 
secondary  course  in  synthetic  geometry.  Also  advisable  are  a course  in  the 
theory  of  equations  and  a course  in  spherical  trigonometry  with  applications 
to  global  geometry,  astronomy,  and  mapping;  so  also  is  a course  in  the  his- 
tory of  mathematics,  with  emphasis  on  the  historical  development  of  com- 
putation and  of  elementary  mathematics. 

Some  knowledge  of  the  foundations  of  mathematics  is  indispensable  for 
a well-trained  teacher  of  mathematics.  It  is  not  likely  that  students  will 
get  it  outside  of  class  work.  It  may  easily  be  included  in  the  courses  in 
college  algebra  and  geometry. 

At  some  time  in  his  training  the  teacher  should  learn  the  use  of,  and  the 
elementary  problems  of,  the  transit,  sextant,  slide  rule,  other  mechanical 
computers,  and  related  elementary  problems.  Not  to  be  neglected  is  the 
habit  of  browsing  in  the  college  library  that  gives  a knowledge  of  those 
recreational  topics  so  useful  in  conducting  mathematics  clubs.  College 
mathematics  clubs,  and  the  sponsoring  of  high  school  clubs  during  apprentice 
teaching  will  help  greatly. 

Other  courses  from  wrhich  selections  may  be  made  and  which  will  widen 
the  teacher’s  background  are:  elementary  statistics  and  educational  mea- 
surements, the  elements  of  non-euclidean  geometry,  projective  or  descriptive 
geometry,  and  the  mathematics  of  finance.  Selections  should  not,  however, 
be  made  from  these  courses  at  the  expense  of  the  other  training  outlined 
above  in  this  section. 

Thesis  27.  The  mathematics  teacher  should  have  a sound  background 
in  related  fields. 
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Courses  in  physics,  mechanics,  astronomy,  navigation,  economics,  busi- 
ness problems,  and  the  like  add  much  to  the  teacher’s  ability  to  draw  upon 
other  fields  and  to  understand  and  use  vital  applications  from  these  fields 
in  his  teaching. 

Thesis  28.  The  mathematics  teacher  should  have  adequate  training  in 
the  teaching  of  mathematics,  including  arithmetic. 

The  background  developed  in  previous  paragraphs  is  of  little  use  to  the 
teacher  unless  he  can  teach  with  skill.  Therefore  he  should  take  courses 
in  the  history  and  philosophy  of  education,  psychology,  and  the  techniques 
and  problems  of  teaching  in  general,  as  well  as  specific  methods  in  one  or 
more  mathematics  subjects. 

The  mathematics  teacher  should  be  thoroughly  familiar  with  the  meth- 
ods of  teaching  arithmetic.  The  war  has  shown  a need  for  emphasis  on 
arithmetic  by  high  school  teachers.  There  is  a rather  widespread  belief 
among  high  school  teachers  that  a knowledge  of  higher  mathematics  carries 
with  it  skill  in  teaching  arithmetic.  Such  is  not  the  case.  A teacher  cannot 
adequately  remedy  earlier  defects  in  arithmetic  teaching  without  a knowl- 
edge of  how  arithmetic  should  be  taught,  nor  can  he,  without  such  knowledge, 
devise  adequate  diagnostic  tests  or  conduct  remedial  work  in  arithmetic. 
The  need  is  for  specific  training  in  arithmetic  for  prospective  high-school 
teachers. 

As  a part  of  his  training  la  teaching  methods  he  should  become  ac- 
quainted with  those  multi-sensory  aids  that  are  available  through  commer- 
cial sources,  motion  pictures,  film  strips,  and  models.  In  time  he  should 
become  adept  in  devising  and  making  for  his  own  class  use  simple  models, 
devices,  and  even  film  strips,  to  aid  him  in  teaching. 

Thesis  29.  The  courses  in  mathematical  subject  matter  for  the  prospec- 
tive mathematics  teacher  should  be  professionalized. 

Since  the  objectives  to  be  sought  in  training  a high  school  teacher  are 
obviously  not  the  same  as  the  objectives  sought  in  training  a research  scholar 
or  an  engineer,  college  instructors  in  mathematics  should  be  closely  con- 
nected with  the  teaching  of  mathematics  in  secondary  schools,  should  have 
an  intimate  knowledge  of  the  problems  that  teachers  in  such  schools  have 
to  meet,  and  should  be  able  to  tie  in  the  college  courses  with  problems  in 
secondary  teaching. 

Thesis  30.  It  is  desirable  that  a mathematics  teacher  acquire  a back- 
ground of  experience  in  practical  fields  where  mathematics  is  used. 

He  should  have  opportunity  for  experience  in  such  fields  as  the  general 
shop,  machine  shop,  the  making  and  reading  of  simple  blue  prints,  and 
surveying.  A few  colleges  and  universities  are  providing  courses  for  prospec- 
tive teachers  of  mathematics  which  include  a semester  of  experience  in 
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holding  a job  in  an  industry  or  a business.  It  would  seem  feasible  and 
certainly  desirable  for  a teacher  of  mathematics  to  devote  at  least  a summer 
or  two  in  learning  a variety  of  jobs  in  one  of  the  large  manufactuiing  plants. 
All  such  experiences  provide  illustrations  of  mathematical  uses. 

Thesis  31.  The  minimum  training  for  mathematics  teachers  in  small 
high  schools  should  be  a college  minor  in  mathematics. 

This  report  would  not  be  complete  without  mention  of  teachers  in  the 
smaller  high  schools  who  must  teach  one  or  more  subjects  besides  mathe- 
matics and  who  may  have  a major  interest  in  some  subject  other  than 
mathematics.  Under  these  circumstances  the  training  outlined  for  mathe- 
matics teachers  in  larger  high  schools,  whose  major  interest  is  in  mathe- 
matics, cannot  be  expected  or  obtained.  In  suggesting  a minimum  training 
for  such  teachers  there  is  always  the  chance  that  the  minimum  may  be 
misinterpreted  as  a satisfactory  standard.  This  error  must  not  be  made. 
If  these  teachers  continue  to  teach  mathematics,  they  should  plan  to  take 
undergraduate  or  graduate  work  to  bring  their  background  and  tiaining  up 
to  the  standard  suggested  in  these  theses. 

Since  the  training  outlined  in  this  thesis  must  be  considered  as  an  abso- 
lute minimum,  the  state  should  insist  that,  if  the  teachei  is  to  continue 
teaching  mathematics,  he  must  improve  his  preparation.  This  improvement 
snould  follow  the  suggestions  made  earlier  in  this  section. 

Thesis  32.  Provision  should  be  made  for  the  continuous  education  of 
teachers  in  service. 

Prospective  teachers  for  all  grades  should  have  extensive  opportunities 
to  engage  in  student  teaching  under  skillful  supervision  and  guidance.  To 
say  that  one  learns  to  teach  by  teaching  is  not  to  disparage  the  more  formal 
and  academic  aspects  of  teacher  education.  It  is  simply  to  recognize  that 
such  instruction  gains  greatly  in  meaning  and  effectiveness  when  it  is  trans- 
lated into  the  activities  of  concrete  teaching  experience.  Ideally,  student 
teaching  should  be  started  in  a campus  or  laboratory  school  where  good 
teaching  and  competent  supervision  is,  in  general,  rather  easily  provided. 
It  should  be  supplemented  by  experience  in  situations  involving  run-of-the- 
mill  pupils,  a feeling  of  full  responsibility  for  the  results  produced,  and  at 
least  reasonably  good  supervision. 

A teacher  should  serve  an  internship  which  will  enable  him  to  observe 
good  teaching  and,  under  the  guidance  of  a critic  teacher,  allow  him  to 
practice  what  he  has  observed.  A training  school,  no  matter  how  fine,  can 
not  provide  all  the  variety  of  experiences  necessary.  A student  teachei 
needs  an  internship  under  competent  supervision  in  a typical  school  situa- 
tion with  about  half  a teaching  load  and  with  enough  pay  so  that  he  can 
concentrate  on  becoming  a good  teacher. 
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VII.  MULTISENSORY  AIDS  IN  MATHEMATICS 

Thesis  33.  Mathematics  teachers  need  to  give  careful  consideration  to 
the  possibilities  of  multi-sensory  aids1(i 

The  schools  of  the  armed  forces  have  made  extensive  use  of  training  aids 
which  may  be  listed  as,  (1)  motion  pictures,  (2)  film  strips  and  slides, 
(3)  graphic  charts  and  pictures,  (4)  models  and  other  equipment,  and 
(5)  recordings.  The  figures  for  production  and  use  are  fantastic.17  As  of 
January,  1944,  2200  film-strip  subjects  had  been  produced  by  the  Training 
Film  Section  of  the  Navy  alone!  Figures  on  the  use  of  other  visual 
aids,  charts,  graphs,  models,  recordings,  etc.,  would  likewise  exceed  the 
imagination. 

Training  aids  are  useful  in  a great  variety  of  testing  and  learning  situa- 
tions. Training  aids  are  being  used  in  the  armed  forces  in  about  every  type 
of  training  and  in  about  every  conceivable  situation.  For  example,  training 
aids  are  used  in  tests  of  factual  memory,  for  inspirational  purposes,  in  the 
development  of  concepts,  in  the  practice  of  skills,  in  orientation  to  new 
situations,  and  especially  in  teaching  the  relationships  of  parts  of  an  oper- 
ating machine.  In  fact,  the  range  of  applications  seems  to  be  limited  only 
by  the  imagination,  the  resourcefulness,  and  the  competence  of  the  training 
personnel. 

Since  this  amazing  development  of  training  aids  is  essentially  the  product 
of  the  thought,  research,  and  effort  of  professional  educators  now  serving  as 
wartime  officers,  it  is  safe  to  predict  that  multi-sensory  aids  will  be  widely 
used  in  the  post-war  period  provided  that  the  public  is  willing  to  furnish 
large  funds  for  materials  and  personnel.  It  is  also  obvious  that  multi-sensory 
aids  are  especially  useful  in  teaching  science  and  mathematics. 

Thesis  34.  The  resourceful  teacher  of  mathematics  should  be  given  com- 
petent guidance  in  the  production , selection,  and  use  of  slide  films. 

There  are  good  reasons  for  believing  that  a teacher  of  mathematics  can 
make  a significant  improvement  in  his  work  by  the  wider  use  of  slide  films. 
The  slide  film  or  film  strip  consists  of  a series  of  “frames”  that  may  be 
projected  on  the  ordinary  wall  of  a class  room.  It  has  the  very  great  advan- 
tage that  a single  slide  or  frame  may  be  held  on  the  screen  or  wall  for  a 
period  of  time  that  is  adequate  for  careful  study.  Fortunately  film  strips 
are  not  too  expensive  to  produce  nor  too  difficult  to  design  by  a resourceful 
teacher.  It  is  conceivable  that  a teacher  with  imagination,  in  a favorable 

16.  See  Multi-Sensory  Aids  in  the  Teaching  of  Mathematics.  The  18th  Yearbook 
of  The  National  Council  of  Teachers  of  Mathematics.  The  Bureau  of  Publications, 
Teachers  College,  525  W.  120th  St.,  New  York  27,  N.  Y.  Price,  $2. 

17.  For  a more  complete  picture  of  the  wide  use  of  training  aids,  the  reader  may 
wish  to  refer  to  three  articles  by  Lieutenant  Commander  Francis  W.  Noel,  U.S.N.R., 
in  the  School  Executive,  February,  March  and  April,  1944. 
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school  situation,  may  be  disposed  to  experiment  with  slide  films.  If  this 
should  happen,  the  total  number  of  such  teachers  in  the  nation  will  be  more 
than  necessary  to  provide  a complete  set  of  slide  films  for  all  curriculum 
units  that  can  be  illuminated  by  this  technique,  if  properly  coordinated.  The 
increased  interest  in  multi-sensory  aids  is  likely  to  produce  a vast  number 
of  slide  films — some  excellent,  from  which  the  teacher  must  make  a selection. 

The  Council  is  the  appropriate  organization  to  sponsor,  guide,  and 
coordinate  the  production  of  an  excellent  collection  or  library  of  slide  films. 
The  Council  could  promote  such  a program  by  (a)  providing  the  neces- 
sary directions  for  making  a slide  film,  (b)  giving  generous  recogni- 
tion and  reasonable  compensation  to  the  person  or  persons  creating  the 
slide  films,  (c)  utilizing  the  audience  situations  at  regional  and  national 
meetings  for  the  selection  of  the  Pest  slide  films,  (d)  arranging  for  the 
effective  distribution  of  its  films  by  an  organization  that  would  operate  on 
a low  service  charge  and  turn  over  a small  profit  on  each  film  to  the  Council, 
and  (e)  giving  wide  publicity  to  the  film  strips  sponsored  by  the  Council. 

Though  the  film  strip  seems  at  the  moment  to  offer  the  most  promising 
possibilities  for  mathematics,  it  is  obviously  not  the  only  one  of  the  newer 
aids  that  deserves  study  and  experimentation.  The  fact  that  the  18th  year- 
book of  the  Council  deals  with  the  broad  topic  of  multi-sensory  aids  is 
evidence  of  the  importance  of  other  aids.  Questions  and  proposals  relating 
to  training  aids  deserve  careful  study  by  a special  committee  of  the  Council. 
The  Commission,  therefore,  has  recommended  to  the  Board  of  Directors  of 
the  Council,  that  a standing  committee  on  multi-sensory  aids  be  created  to 
study  developments,  to  keep  the  council  informed  and  up-to-date,  and  to 
make  information  about  the  best  multi-sensory  aids  generally  available  to 
mathematics  teachers. 

In  conclusion,  let  it  be  repeated  that  the  foregoing  Report  is  tentative 
and  provisional.  It  does  not  offer  final  solutions,  but  submits  a set  of  theses 
which,  it  is  hoped,  will  stimulate  further  deliberation  and  discussion  among 
the  nation’s  educators,  administrators,  and  teachers  of  mathematics.  It 
should  also  be  stated  that  the  Report  is  the  result  of  intensive  group  con- 
ferences and  of  much  correspondence.  Such  discussions  by  local  groups 
should  resolve  differences  of  opinion  as  to  certain  details.  Absolute  agree- 
ment under  ordinary  circumstances  is  not  to  be  expected.  Nevertheless 
most  of  the  theses  of  this  report  were  endorsed  unanimously  and  all  others 
were  approved  by  a substantial  majority  of  the  members  of  the  Commission. 
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UICSM  Project  Staff 
University  of  Illinois  High  School 1 
Urbana,  Illinois 


INTRODUCTION 


The  state  of  mathematics  teaching  in  secondary  schools  in  this  country 
has  received,  within  the  last  few  years,  considerable  attention  in  the  public 
press.  The  publication  of  the  survey  conducted  by  the  Educational  Testing 
Service  was  followed  by  severe  editorial  indictments  of  the  way  in  which 
mathematics  training  is  provided  in  public  schools.2  The  American  school 
patron  has  been  bombarded  with  statistics  which  purport  to  show  that 
America’s  production  of  scientifically  trained  personnel  is  lagging  far  be- 
hind America’s  needs  for  such  personnel  and  certainly  far  behind  the  pro- 
duction of  technically  trained  people  in  the  Soviet  Union.  We  have  also 
been  exposed  to  statistics  which  show  alleged  declines  in  enrollments  in 
mathematics  and  science  in  secondary  schools.  It  has  become  commonplace 
to  hear  mathematics  professors  deplore  the  lack  of  mathematics  training  in 
college  freshmen  students.  Despite  the  fact  that  much  of  what  we  read 
about  mathematics  education  in  the  public  press  may  be  alarmist  propa- 
ganda, it  is  clear  to  those  of  us  in  the  mathematics  education  profession 
that  there  is  abundant  room  for  improvement  in  the  secondary  school  math- 
ematics curriculum.  We  do  not  think  that  there  was  once  a “golden  age  of 
mathematics  instruction”  in  the  public  schools  and  that  this  period  was 
brought  to  a close  by  the  depredations  of  faddists  and  educationists.  Our 
group  at  the  University  of  Illinois  believes  that  the  mathematics  education 
of  high  school  youth  who  are  preparing  for  college  can  be  significantly  im- 
proved if  certain  fundamental  changes  are  made  in  the  content  of  the 


1.  University  of  Illinois  Committee  on  School  Mathematics — Project  for  the  Im- 
provement of  School  Mathematics:  Max  Beberman  (Director),  David  A.  Page  (Editor), 
Herbert  E.  Vaughan  (Mathematics  Consultant),  Gertrude  Hendrix  (Teacher  Coordi- 
nator), et  al.  The  ideas  expressed  in  this  article  are  to  a large  extent  derived  from  the 
texts,  teacher  commentaries,  and  teaching  program  of  the  project.  This  article  and  the 
other  work  of  the  project  has  been  made  possible  by  a grant  from  the  Carnegie  Corpo- 
ration of  New  York. 

2.  Henry  S.  Dyer,  Robert  Kalin,  and  Frederic  M.  Lord,  Problems  in  Mathematical 
Education.  Princeton,  New  Jersey:  Educational  Testing  Service,  1956. 


[This  report  was  issued  in  195G.] 
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mathematics  curriculum  and  in  the  ways  in  which  mathematics  is  taught.  It 
is  the  purpose  of  this  article  to  describe  such  changes. 


BACKGROUND 

In  the  fall  of  1951  the  University  of  Illinois  issued  a bulletin  which 
stated  new  entrance  requirements  in  mathematics  for  the  College  of  Engi- 
neering.3 The  statement  of  these  requirements — four  units  or  the  equivalent 
of  high  school  mathematics — was  accompanied  by  a set  of  supporting  argu- 
ments which  demonstrated  the  need  for  increasing  mathematics  competence 
of  beginning  engineering  students.  The  bulletin  contained  a list  of  topics 
which  attempted  to  describe  this  competence.  The  arguments  and  list  were 
prepared  by  a joint  committee  comprising  faculty  members  from  the  Col- 
leges of  Education  and  Engineering,  and  the  Department  of  Mathematics  in 
the  College  of  Liberal  Arts  and  Sciences.  The  work  of  this  committee  is 
often  cited  as  one  of  the  first  cooperative  undertakings  among  several 
branches  of  a university  with  regard  to  educational  problems  in  mathematics 
in  the  public  secondary  schools.4 

The  success  of  this  joint  venture  served  as  impetus  for  the  creation  of 
another  committee  (UICSM)  comprising  representatives  from  the  three 
divisions  mentioned  above  and  the  University  of  Illinois  (Laboratory)  High 
School.  The  fundamental  charge  to  this  new  committee  was  to  search  for 
ways  of  helping  the  high  schools  in  the  state  of  Illinois,  particularly  the 
small  high  schools,  to  develop  a mathematics  curriculum  which  would  be 
more  effective  in  preparing  students  to  meet  the  new  requirements  for  en- 
trance into  the  College  of  Engineering.  Very  early  in  its  work,  this  Com- 
mittee concluded  that  the  education  of  the  prospective  engineering  student 
was  not  a separate  problem.  It  was  felt  that  all  students  who  plan  to  do 
collegiate  work  requiring  a study  of  mathematics  should  have  sound  mathe- 
matical background.  There  is  little  need  to  differentiate  at  the  early  ado- 
lescent level  among  prospective  engineers,  prospective  physicists,  prospec- 
tive physicians,  prospective  accountants,  etc.  Since  the  Committee  was 
given  considerable  freedom  to  experiment  and  since  it  had  availab’e  to  it 
the  laboratory  facilities  at  the  University  of  Illinois  High  School,  it  under- 
took the  development  of  a secondary  school  mathematics  curriculum.5 

3.  Mathematical  Needs  of  Prospective  Students  at  the  College  of  Engineering  of 
the  University  of  Illinois.  University  of  Illinois  Bulletin,  Vol.  XLIX,  No.  18.  Urbana, 
Illinois:  University  of  Illinois,  1951.  [Out  of  print.] 

4.  Kenneth  B.  Henderson  and  Kern  Dickman,  “Minimum  Mathematical  Needs  of 
Prospective  Students  in  a College  of  Engineering.”  The  Mathematics  Teacher,  XLV 
(February,  1952),  89-93. 

5.  Bruce  E.  Meserve,  “The  University  of  Illinois  List  of  Mathematical  Compe- 
tencies,” The  School  Review,  Vol.  LXI,  No.  2 (February  1953),  85—92. 
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One  of  its  basic  working  principles  is  that  high  school  mathematics 
need  not  be  organized  in  the  conventional  manner:  a year  of  algebra,  fol- 
lowed by  a year  of  geometry,  followed  by  a year  of  algebra,  followed  by 
solid  geometry  and  trigonometry.  It  is  quite  possible  to  take  basic  and 
simple  ideas  from  each  of  the  branches  of  traditional  high  school  mathe- 
matics and  incorporate  them  into  a beginning  course  and  to  follow  this 
beginning  course  by  moving  along  threads  of  arithmetic,  algebra,  and 
toeomttiy  thiough  all  years  of  high  school  mathematics.  An  obvious  advan- 
tage of  this  approach  is  that  a student  tends  to  view  mathematics  as  a 
unified  discipline.  Moreover,  through  this  process  of  sampling  among  the 
various  branches  of  mathematics  at  the  beginning  of  his  high  school  career, 
he  acquires  the  ability  to  make  a judicious  choice  of  the  subjects  he  shall 
elect  to  concentrate  on  while  in  high  school'. 

The  UICSM  developed  a high  school  freshman  course  which  was  taught 
in  one  class  at  the  University  High  School  in  the  academic  year  1952-53. 
The  result  of  this  year’s  experience  was  encouraging  enough  to  suggest  to 
the  Committee  and  to  University  officials  that  the  UICSM  program  be  ex- 
tended to  several  public  schools  in  the  state  for  experimental  trial.  Two 
Illinois  public  schools  entered  the  UICSM  program  in  the  fall  of  1953  and 
taught  First  Course  during  the  academic  year  1953-54. 


THE  NEW  MATHEMATICS  CURRICULUM 

The  early  attempts  of  the  UICSM  to  design  a new  curriculum  in  high 
school  mathematics  were  directed  largely  toward  a reorganization  of  the 
traditional  curriculum.  Although  the  “integration”  aim  is  a laudatory  one, 
the  attempt  to  implement  this  aim  did  not  result  in  a product  which  was 
entirely  satisfactory  to  the  Committee.  The  curriculum  makers  of  the  Com- 
mittee asked  questions  such  as  the  following: 

What  is  a number? 

What  is  a variable? 

What  is  a function? 

What  is  an  equation? 

What  is  geometry? 

IS  one  of  these  questions  is  treated  satisfactorily  in  conventional  textbooks, 
nor  does  a reshuffling  of  traditional  content  help.  The  Committee  members,’ 
especially  those  who  had  high  school  teaching  experience,  were  deeply  con- 
cerned with  these  questions.  They  felt  that  unless  such  questions  could 
be  answered  in  a consistent  fashion,  the  intellectual  content  of  high  school 
mathematics  would  remain  disjointed  and  mysterious.  In  fact,  the  charge 
that  the  traditional  high  school  curriculum  in  mathematics  is  riddled  with 
inconsistencies  is  one  which  can  be  easily  documented.  [Yet,  one  hears  very 
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little  of  this  charge  in  current  criticisms  of  mathematics  education.]  To  us, 

the  quest  for  a consistent  exposition  of  high  school  mathematics  is  a pri- 
mary motivation. 

But,  if  m conventional  programs,  the  explanations  of  basic  concepts  are 
confused,,  how  do  we  explain  the  fact  that  some  high  school  graduates  ap- 
pear to  be  well-grounded  in  mathematics?  A clue  to  an  explanation  of  this 
phenomenon  is  provided,  indirectly,  by  Brownell  in  a description  of  re- 
search conducted  under  his  supervision.0  In  this  particular  study,  third 
giade  children  demonstrated  a variety  of  procedures  in  arriving  at  answers 
to  simple  questions  concerning  arithmetic  combinations.  Although  the  chil- 
clicn  vcic  taught  in  such  a manner  that  one  would  expect  them  to  respond 
to  questions  with  answers  which  they  had  learned  by  rote,  it  was  discovered 
upon  interviewing  the  children  that  they  used  many  “common  sense”  tech- 
niques to  obtain  answers,  for  example,  6 and  4 are  10  because  5 and  5 are  10. 
Thus,  despite  what  children  are  actually  told  in  the  classroom,  they  tend  to 
organize^ their  mathematical  knowledge  in  ways  which  are  meaningful  to 
them.  TV  e think  that  this  tendency  persists  throughout  a child’s  elementary 
and  secondary  education.  Children  observe  teachers  solving  problems  at 
the  blackboard;  they  imitate  their  teachers.  However,  not  all  problems 
can  be  solved  through  imitation  simply  because  there  is  not  enough  time 
for  teachers  to  demonstrate  the  solutions  to  all  problems.  Therefore,  the 
more  able  student  makes  some  attempt  to  systematize  his  knowledge  of 
mathematics.  Sometimes  his  textbooks  will  attempt  to  assist  him  in  this 
systematization.  But  textbook  statements  are  so  often  fraught  with  semantic 
confusion  that  a literal  acceptance  of  them  cannot  help  but  confuse  a child. 
Thus,  the  bright  student  who  is  interested  in  mathematics  tends  to  learn 
mathematics  almost  in  spite  of  teacher  and  textbook.  The  less  able  student 
who  is  not  successful  in  systematization  can  operate  only  in  familiar  areas. 
Thus  many  students  who  have  had  several  years  of  mathematical  training 
in  high  school  are  at  a loss  when  presented  with  a mathematics  problem 
which  does  not  resemble  closely  the  ones  they  learned  to  do  through  imita- 
tion. Of  course,  there  are  some  bright  students  who  very  quickly  detect  in- 
consistencies in  textbook  explanations  and  in  teacher  explanations  and  so 
decide  that  ‘‘math  is  silly”  or  that  “there  is  the  math  teacher’s  way  of  solving 
a problem  and  there  is  the  common  sense  way  of  solving  it.”  Such  students 
give  up  mathematics  at  a rather  early  age  and  move  into  areas  which  are 
more  intellectually  satisfying  to  them. 

We  believe  that  the  students’  desire  for  systematization  is  ever-present. 
In  fact,  it  is  probable  that  this  desire,  and  the  ability  to  satisfy  it,  are  the 


6.  William  A.  Brownell,  “Psychological  Considerations  in  the  Learning  and  the 
Teaching  of  Arithmetic,  The  Teaching  of  Arithmetic,  The  Tenth  Yearbook  of  the 
Aational  Council  of  Teachers  of  Mathematics,  New  York  City:  Bureau  of  Publications, 
teachers  College,  Columbia  University,  1935.  8-10. 
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important  components  of  what  we  call  creativity.  We  do  not  think  that  a 
program  of  instruction  could  be  or  should  be  designed  to  eliminate  this  de- 
oire.  Moreover,  mathematics  courses  ought  to  be  such  as  to  capitalize  upon 
the  existence  of  this  desire.  Whatever  the  teacher  and  textbook  say  about 
mathematics  ought  to  help  the  student  to  make  his  systematization  more 
inclusive  and  consistent. 

In  addition  to  its  thesis  that  expositions  of  mathematics  should  be  con- 
sistent, the  UICSM  maintains  a second  thesis,  somewhat  related  to  the  first. 
We  believe  that  high  school  students  have  a profound  interest  in  ideas. 
High  school  students  are  speculative;  they  enjoy  working  with  abstractions; 
they  like  to  exercise  their  imaginations.  Despite  the  current  furor  concern- 
ing the  usefulness  of  mathematics  in  various  occupations,  we  believe  that 
high  school  students  are  not  genuinely  stirred  by  such  a "sales  campaign.” 
The  goal  of  vocational  utility  is  too  remote  to  make  much  difference  to  a 
ninth  grader.  He  wants  to  know  how  mathematics  fits  into  his  own  world. 
And,  happily  enough,  his  own  world  is  full  of  fancy  and  abstractions.  Thus, 
we  hold  that  students  become  interested  in  mathematics  because  it  gives 
them  quick  access  to  a kind  of  intellectual  adventure  which  is  enticing  and 
significant.  For  example,  we  do  not  believe  in  attempting  to  motivate  a 
student’s  study  of  quadratic  equations  by  telling  him  that  engineers  make 
considerable  use  of  them  in  their  everyday  work.  Even  if  this  statement 
about  engineers  were  true,  a student  is  interested  in  how  a quadratic  equa- 
tion can  be  solved  because  this  information  can  be  incorporated  into  his 
"internal  theory”  of  equation-solving. 

The  third  thesis  of  the  UICSM  is  one  which  provokes  opposition  from 
more  teachers  of  mathematics  than  do  either  of  the  other  two.  There  are 
teachers  who  believe  that  the  most  effective  kind  of  curriculum  for  the  high 
school  student  is  one  which  is  heavy-laden  with  manipulative  tasks.  They 
feel  that  the  period  of  adolescence  is  the  best  period  in  which  to  get  students 
to  become  adroit  in  carrying  out  mathematical  routines.  Although  we  do 
not  deny  the  need  for  dexterity  in  carrying  out  routine  mathematical  tasks, 
we  do  not  believe  that  a curriculum  which  is  based  primarily  on  such  tasks 
is  attractive  to  high  school  youth.  To  be  sure,  manipulative  tasks  can  be 
designed  to  develop  a certain  degree  of  cleverness,  and  many  good  mathe- 
maticians had  their  early  contact  with  mathematics  in  just  such  a curricu- 
lum. However,  the  creative  urge  of  the  adolescent  does  not  find  satisfaction 
in  such  a curriculum.  Moreover,  the  mathematics  teacher  wrho  is  interested 
in  ideas  can  hardly  find  satisfaction  in  becoming  a "drill  sergeant.”  In 
developing  the  UICSM  program  we  avoid  manipulative  tasks  which  do  not 
cast  light  on  some  basic  concept,  If  in  teaching  the  solution  of  systems  of 
equations  we  must  choose  between  teaching  what  it  means  to  solve  a system 
of  linear  equations  and  teaching  rote  methods  for  solving  both  systems  of 
linear  equations  and  systems  of  quadratic  equations,  our  choice  is  clear. 
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We  have  evidence  for  the  belief  that  a student  who  understands  the  solution 
of  systems  of  linear  equations  can  create  his  own  methods  for  solving  sys- 
tems of  quadratic  equations.  We  believe  that  a student  who  has  been  ex- 
posed to  a diet  rich  in  ideas  is  more  resourceful  than  one  who  has  been  ex- 
posed only  to  manipulative  tasks. 

In  our  attempt  to  develop  a curriculum  consistent  with  the  aforemen- 
tioned theses,  the  UICSM  program  acquired  characteristics  which  have 
marked  it  in  the  eyes  of  many  mathematicians  and  educators  as  one  which 
seeks  to  introduce  modern  mathematics  into  the  high  school  curriculum. 
This  judgment  is  correct  although  it  should  not  be  interpreted  as  indicative 
of  a primary  motive.  We  are  more  concerned  with  consistency  than  with 
“up-to-dateness.”  But  we  discovered  that  in  trying  to  tell  a consistent 
mathematical  story  we  were  compelled  to  seek  the  advice  of  the  contempo- 
rary research  mathematician,  particularly  that  of  the  mathematician  who 
is  concerned  with  discoveries  in  the  foundations  of  mathematics.  This  field 
of  research  seems  to  be  the  most  fruitful  source  of  answers  to  the  questions 
we  have  raised.  Consequently,  in  the  academic  year  1954-55  the  UICSM 
developed,  purely  on  an  exploratory  basis,  teaching  units  which  dealt  with 
theoretical  treatments  of  the  natural  number  system,  the  system  of  integers, 
the  rational  number  system,  and  a Hilbert-like  version  of  plane  geometiy. 
Although  these  units  did  not  meet  with  unqualified  success  in  all  of  the 
schools  participating  in  the  program,  the  experience  gained  through  the 
trial  led  to  the  following  conclusions. 

1.  Contemporary  mathematics  (material  of  interest  to  research  mathe- 
maticians within  the  last  hundred  years)  contains  much  that  can  be 
both  interesting  and  valuable  to  high  school  students. 

2.  High  school  teachers  of  mathematics,  although  receptive  to  these  new 
ideas  and  anxious  to  incorporate  them  in  their  teaching,  are  not  pre- 
pared academically  to  teach  concepts  from  contemporary  mathematics. 
However,  they  are  capable  to  doing  so  when  they  are  given  appro- 
priate help  both  in  understanding  these  ideas  and  in  teaching  them. 

We  shall  say  more  about  the  implications  of  the  second  conclusion  in  a 
later  section.  At  this  point  it  is  appropriate  to  present  in  outline  form  the 
content  of  the  four-year  curriculum  as  it  is  presently  conceived  by  the 
UICSM.  We  list  below  the  major  topics  in  our  four  courses  as  they  are 
presently  being  taught. 

First  Course 

Distinction  between  numbers  and  their  numerals. 

Principles  of  arithmetic  (commutative,  associative,  etc.). 

Positive  and  negative  numbers. 

Relations  of  inequality  (^,  <,  >,  etc.). 

Variables  (“pronumerals”;  we  sedulously  avoid  such  confusing  terms  as 
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‘variable  number’  and  ‘general  number’.) . 

Generalizations  about  numbers  (Ex.  For  every  x and  y, 

I ^ + V |<  | x | + | y |.). 

Equations  and  inequalities  and  their  loci. 

Second  Course 

Euclidean  geometry  of  the  coordinate  plane  (lines,  angles,  polygons, 
circles,  etc.  are  treated  as  sets  of  points ) . 

Sets  and  relations  (elementary  probability,  algebra  of  sets,  relations  as 
sets  of  ordered  pairs,  systems  of  equations  and  inequalities,  equivalence' 
relations,  number  systems) . 

Functions  (functions  as  relations,  linear  and  quadratic  functions,  zeros  of 
functions,  inverses  of  functions) . 

Third-Fourth  Courses 

Mathematical  induction  (generalizations,  hereditary  properties,  recursive 
definitions,  progressions,  5-notation) . 

Exponents  and  logarithms  (recursive  definitions  of  exponentials,  inductive 
proofs  of  laws  of  exponents,  rational  and  real  number  exponents,  ex- 
ponential curves). 

Complex  numbers  (ordered  pairs  of  real  numbers,  field  properties,  appli- 
cations to  plane  geometry) . 

Functions  (integral  rational  functions,  polynomial  equations,  derivatives, 
Newton’s  Method) . 

Circular  functions  (winding  functions,  periodic  functions,  even  and  odd 
functions,  cosine  and  sine  and  related  functions,  trigonometry,  subtrac- 
tion formulas,  etc.,  inverses  of  circular  functions,  “trigonometric”  equa- 
tions, limit  law  for  sine,  loci  of  composite  circular  functions) . 

It  should  be  remarked  that  the  UICSM  curriculum  has  always  been  in  a 
somewhat  fluid  state,  and  that  we  expect  it  to  remain  so  for  some  time.  Both 
major  and  minor  changes  in  the  curriculum  are  suggested  by  the  classroom 
experiences  of  the  teachers  who  are  cooperating  with  us,  and  by  the  insights 
into  the  structure  of  elementary  mathematics  which  come  to  us  as  we  at- 
tempt to  solve  the  problems  of  exposition.  For  example,  our  present  ninth 
grade  course  ( First  Course ) is  now  in  its  fourth  edition,  and  a comparison 
with  the  first  edition  will  reveal  scant  similarity  between  the  two.  Since 
there  have  been  few  really  radical  experiments  in  mathematics  curriculum 
construction,  we  have  almost  no  precedents  to  go  by  other  than  those  which 
we  create  ourselves. 

THE  “NEW”  TEACHING 

It  is  implicit  in  the  foregoing  discussion  that  we  have  strong  beliefs 
about  how  students  learn  mathematics.  The  most  carefully  devised  cur- 
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riculum  can  be  vitiated  if  teachers  utilize  techniques  which  are  inappro- 
priate. 

We  believe  that  students  can  perceive  their  mathematics  courses  in  much 
the  same  light  as  they  perceive  courses  in  art  and  in  literature.  Just  as  a good 
literature  teacher  leaves  students  wfith  the  belief  that  literature  is  a living 
subject  and  that  students  can  contribute  to  it,  so  does  a good  mathematics 
teacher  foster  in  his  students  the  belief  that  the  development  of  mathematics 
is  a human  creation  which  is  not  complete  and  to  which  each  person  can 
make  contributions.  Such  a belief  is  not  cultivated  merely  by  talking  about 
it.  It  can  be  fostered,  however,  through  daily  experience.  The  UICSM  does 
not  claim  to  have  invented  this  kind  of  teaching.  On  the  other  hand,  it  must 
be  admitted  that  such  teaching  is  not  commonplace.  We  do  believe  that 
teachers  can  be  helped  to  accomplish  the  result  we  mentioned  above.  They 
need  extensive  help  in  developing  teaching  techniques  consonant  with  this 
aim,  and  they  need  textbook  materials  which  are  of  real  assistance  to  them. 
We  describe  below  two  examples  which  illustrate  the  kind  of  teaching  we 
advocate. 

(a)  Discovery. — In  our  treatment  of  positive  and  negative  numbers  we 
do  not  give  a statement  of  the  rules  for  operating  with  such  numbers. 
We  know  that  students  can  discover  such  rules  on  their  own.  If 
students  are  given  a reasonable  interpretation  of  the  symbols  for 
positive  and  negative  numbers,  we  have  seen  that  they  will  develop 
rules  for  operating  with  such  numbers  and  will  also  develop  ways 
and  means  of  carrying  out  the  rules.  If,  at  an  early  stage  in  the 
student’s  learning,  we  ask  him  to  state  the  rules  he  has  discovered, 
we  are  sure  that  such  statements  will  be  ill-conceived  and  will  involve 
semantical  errors.  Since  such  errors  are  difficult  to  correct  at  this 
early  stage  and  since  we  do  not  want  students  to  follow  verbaliza- 
tions which  are  essentially  incorrect,  we  avoid  verbal  formulations 
of  these  rules.  In  a later  chapter  when  the  concept  of  numerical 
variables  has  been  treated,  the  student  is  given  formulations  of  the 
rules  and  asked  to  check  them. 

Now,  it  is  not  an  easy  task  to  convince  teachers  that  students 
can  operate  successfully  with  positive  and  negative  numbers  in  the 
absence  of  formalized  rules.  There  is  a tendency  for  teachers  to  “tie 
things  up”  in  verbalizations.  We  find  it  necessary  to  persuade 
teachers  with  whom  we  work  that  students  can  operate  without  this 
“tying-up.”  Usually,  the  first  trial  is  enough  to  convince  teachers  of 
the  soundness  of  this  position.  Frequently,  beginning  students  will 
ask  for  verbalizations  of  the  rules.  They  are  astounded  to  learn  that 
it  is  their  job  to  make  up  the  rules.  It  is  not  easy  to  bring  students 
to  the  point  where  they  believe  that  they  do  not  have  to  depend  upon 
textbooks  or  teachers  in  order  to  operate  successfully,  but  it  is  pos- 
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sible,  and  rewarding. 

(b)  Freedom. — It  is  common  to  hear  high  school  mathematics  students 
talk  about  the  “arithmetic  way  of  solving  a problem/’  the  “algebra 
way  of  doing  it,”  or  the  “geometry  way  of  doing  it.”  Observation 
gives  credence  to  the  belief  that  many  current  textbooks  and  teaching 
methods  engender  this  attitude.  Much  of  conventional  mathematics 
is  taught  in  an  exceedingly  formal  manner.  Often,  a formalism  is  re- 
quired in  the  performance  of  mathematical  tasks  which  beais  no 
relation  to  the  manner  in  which  mathematics  is  applied  outside  the 
classroom  or  to  the  way  mathematics  is  studied  at  more  advanced 
levels.  It  is  no  exaggeration  to  state  that  some  students  believe  that 
one  has  not  proved  a theorem  unless  one  has  divided  a sheet  of  paper 
into  two  columns  and  has  placed  statements  in  one  column  and  rea- 
sons in  the  other!  It  is  not  surprising  that  many  students  develop  an 
aversion  to  mathematics  just  because  of  this  petty  formalism.  We 
urge  that  teachers  in  our  program  give  students  much  freedom  in 
attacking  problems.  For  example,  in  our  treatment  of  equations  and 
inequalities  in  FIRST  COURSE,  we  demonstrate  to  students  several 
techniques  for  using  equations  in  solving  the  familiar  “story”  prob- 
lems. Nowhere  do  we  insist  that  students  use  equations  to  solve  such 
problems.  In  fact,  we  are  frequently  surprised  at  the  ingenious,  so- 
called  “arithmetic”  techniques  which  students  discover  in  solving 
such  problems.  Frequently,  the  problems  are  too  difficult  to  yield 
to  an  arithmetic-type  approach;  it  is  for  these  problems  that  the 
so-called  “algebraic”  method  is  appropriate.  At  times  a student  will 
bring  to  class  an  ingenious  arithmetic  solution  for  a problem.  His 
teacher  may  ask  him  if  he  could  also  solve  the  problem  by  using  an 
equation.  If  he  is  successful  with  the  second  method,  both  methods 
can  be  compared.  But  in  no  sense  is  his  first  method  rejected.  We 
urge  students  to  exercise  their  intuition  in  solving  problems,  in  making 
estimates  of  answers,  and  even'  in  making  a wild  guess  and  then  ad- 
justing the  guess  in  the  light  of  subsequent  verification.  This  attitude 
of  freedom  has  remarkable  results.  We  have  witnessed  bursts  of 
creativity  which  are  indicative  of  genuine  mathematical  talent. 

We  do  not  aim  at  a passive  “permissiveness”  on  the  part  of  the 
teacher,  but  at  something  much  more  active:  a receptiveness  to  stu- 
dents’ ideas  and  an  attitude  of  delight  in  another’s  intellectual  ad- 
venture. 


[The  report  continues  with  specifics  on  the  organization  and  future  plan- 
ning within  the  project .] 
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1.  Orientation:  An  Urgent  Need  for  Curricular  Revision 

Mathematics  is  a living,  growing  subject.  The  vitality  and  vigor  of 
present-day  mathematical  research  quickly  dispels  any  notion  that  mathe- 
matics is  a subject  long  since  embalmed  in  textbooks.  Mathematics  today 
is  in  many  respects  an  entirely  different  discipline  from  what  it  was  at  the 
turn  of  the  century.  New  developments  have  been  extensive;  new  concepts 
have  been  revolutionary.  The  sheer  bulk  of  current  mathematical  develop- 
ment is  staggering. 


CREATION  OF  NEW  MATHEMATICS 

The  American  Mathematical  Society,  the  learned  society  in  this  country 
devoted  primarily  to  the  advancement  of  mathematical  research,  publishes 
a journal  entitled  Mathematical  Reviews , in  which  brief  notice  is  given  of 
new  mathematical  results.  No  proofs  are  included,  nor  any  expositions,  but 
merely  critical  factual  reports — and  still  the  journal  runs  to  some  1,200 
large,  double-column  pages  each  year. 

Also,  the  Society  holds  meetings  at  which  research  results  are  communi- 
cated. Over  800  papers  are  presented  annually  at  such  meetings.  The 
Society’s  membership  in  the  United  States  and  Canada  alone  numbers  more 
than  5,000.  When  one  realizes  that  mathematicians  are  active  all  over  the 
world,  he  begins  to  see  why  the  annual  production  of  new  mathematics  is 
formidable. 

One  inevitable-  result  of  this  explosive  development  of  mathematics  has 
been  the  creation  of  newr  subject  matter.  Such  fields  as  mathematical  logic, 
probability  and  statistical  inference,  topology,  and  modern  abstract  algebra 
are  largely  or  wholly  the  products  of  recent  mathematical  research.  Mathe- 
matical logic,  for  example,  was  little  known  to  most  mathematicians  a gen- 
eration ago.  But  by  1936  its  development  was  sufficiently  extensive,  and  ' 
interest  in  it  sufficiently  widespread  to  warrant  the  formation  of  an  inter- 
national learned  society,  the  Association  for  Symbolic  Logic,  devoted  ex- 
clusively to  this  branch  of  mathematics.  The  Association  publishes  some 
200  pages  of  research  annually. 

Similarly,  the  field  of  probability  and  statistical  inference  has  been 
extensively  developed  in  recent  years.  In  this  field,  too,  a research  society 
and  research  journal  have  been  established  in  this  country:  the  Institute  of 
Mathematical  Statistics,  and  the  Annals  of  M athcmatical  Statistics,  now  in 
its  twenty-ninth  year.  At  least  10  other  journals,  in  English,  are  entirely  de- 
voted to  the  theory  and  applications  of  probability  and  statistics. 
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These  exciting  new  mathematical  developments  also  receive  popular 
notice.  For  example,  articles  on  "The  New  Mathematics”  and  "The  New 
Uses  of  the  Abstract”  by  G.  A.  W.  Boehm  recently  have  appeared  in  Fortune , 
in  the  issues  of  June  and  July  1958. 


REORGANIZATION  OF  OLDER  MATHEMATICS 

Another  result  of  the  recent  growth  of  mathematics  has  been  the  reorgani- 
zation, extension,  and  transformation  of  parts  of  the  older  mathematics. 

Algebra  is  a branch  of  mathematics  that  has  been  transformed  by  the 
mathematical  research  of  the  last  quarter-century.  A first-year  graduate 
school  course  in  algebra  today  bears  little  or  no  resemblance  to  that  of  30 

years  ago.  The  key  concepts  of  the  earlier  course  would  now  be  subsumed  1 

under  newer  and  broader  concepts  that  had  not  been  formulated  in  1928.  1 

Yet  the  corresponding  course  of  30  years  ago  differed  little  or  not  at  all  from  1 

its  predecessor  of  1900.  | 

The  essence  of  this  transformation  is  essentially  that  algebra  is  now  1 

thought  of  as  the  study  of  mathematical  structure,  or  "pattern.”  For  ex-  | 

ample,  high  school  algebra  deals  extensively  with  systems  of  numbers: 

positive  and  negative  integers,  rational  numbers,  real  numbers,  and  com-  j 

plex  numbers.  One  rule  of  combination  of  numbers  is  multiplication.  In 

all  of  these  systems,  two  of  the  patterns  of  multiplication  are  given  by  the  i 

commutative  and  associative  laws:  1 


a X b = 6 X a 

and 

(a  X b)  X c — a X (b  X c) 

Today’s  algebra  encompasses  as  well  systems  in  which  the  elements  are  not 
numbers  at  all.  And  in  such  systems  familiar  patterns  may  not  appear — for 
example,  the  commutative  and  associative  laws  do  not  hold  in  some  algebras. 

Earlier  mathematicians  often  looked  upon  algebra  from  a manipulative 
point  of  view.  Skill  in  performing  the  operations  within  the  system  fre- 
quently was  the  goal  of  instruction,  rather  than  an  understanding  of  the 
properties  of  the  system.  The  contemporary  point  of  view,  while  not  dis- 
counting the  manipulative  skills  necessary  for  efficient  mathematical  thought, 
puts  chief  emphasis  on  the  structure  or  pattern  of  the  system  and  on  de- 
ductive thinking. 

THE  NATURE  OF  CONTEMPORARY  MATHEMATICS 

The  difference  in  point  of  view  between  the  older  approach  and  the  con- 
temporary conception  is  well  put  by  W.  W.  Sawyer:  "The  mathematician 
of  older  times  asked,  ‘Can  I find  a trick  to  solve  this  problem?’  If  he  could 
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not  find  a trick  today,  he  looked  for  one  tomorrow.  But  ...  we  no  longer 
assume  that  a trick  need  exist  at  all.  We  ask  rather,  'Is  there  any  reason 
to  suppose  that  this  problem  can  be  solved  with  the  means  we  have  at 
hand?  Can  it  be  broken  up  into  simpler  problems?  What  is  it  that  makes 
a problem  soluble,  and  how  can  we  test  for  solubility?’  We  try  to  discover 
the  nature  of  the  problem  we  are  dealing  with.”1 

Today,  developments  in  mathematics  are  concerned  with  such  patterns 
of  thought  and  such  insights  into  meaning.  Thus,  contemporary  mathe- 
matics is  characterized  by:  (1)  a tremendous  development  quantitatively; 
(2)  the  introduction  of  new  content;  (3)  the  reorganization  and  extensior 
of  older  content;  and  (4)  renewed,  increased,  and  conscious  emphasis  upon 
the  view  that  mathematics  is  concerned  with  abstract  patterns  of  thought. 

NEW  APPLICATIONS  OF  MATHEMATICS 
Not  only  in  pure  mathematics  are  great  vitality,  new  content,  and  spec- 
tacular growth  to  be  found.  The  same  d welopments  are  seen  in  recent  ap- 
plications of  mathematics.  Mathematics  is  extending  itself,  often  with  dra- 
matic results,  into  fields  in  which  until  recently  it  had  not  been  used. 

There  are  two  aspects  to  this  greatly  expanded  application  of  mathe- 
matics: first,  the  new  uses  of  the  older  mathematics;  second,  the  uses  of 
the  newer  mathematics. 


NEW  USES  OF  OLDER  MATHEMATICS 


Some  idea  of  the  scope  and  nature  of  the  recent  application  of  mathe- 
matics long  since  known  is  conveyed  by  the  following  statement  prepared 
for  the  Commission  by  M.  S.  Longuet-Higgins,  a British  expert  on  fluid 
dynamics: 

"The  basic  mathematical  ideas  and  methods  that  have  been  known  for 
centuries  still  are  as  valid,  as  exciting,  and  as  practically  useful  as  ever. 
Especially  is  this  true  in  the  fields  of  calculus  and  mathematical  analysis. 
Many  of  the  most  striking  advances  of  our  age,  for  example  the  develop- 
ment of  supersonic  flight  and  the  launching  of  earth  satellites,  depend  di- 
rectly on  an  expert  application  of  fluid  dynamics,  to  which  calculus  is  ab- 
solutely fundamental.  Current  research  in  geophysics — in  the  upper  at- 
mosphere (ionosphere),  in  the  oceans  (discovery  of  deep  ocean  currents), 
and  in  the  interior  of  the  earth  (theories  of  the  magnetic  field) — are  closely 
associated  with  advances  in  mathematical  theory.  New  achievements  in  me- 
chanical engineering,  in  automatic  control  (automation),  and  in  radar  com- 
munication would  be  unthinkable  but  for  the  work  of  analysts  (such  as 
Norbert  Wiener  and  applied  mathematicians  (such  as  Claude  Shannon). 
To  all  such  workers  calculus  is  a basic  tool,  and  analysis  is  part  of  their 
very  thought. 

1.  Prelude  to  Mathematics  (Baltimore:  Pelican  Books,  Penguin  Books.  Inc.,  1955), 
p.  214. 
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“The  close  connection  between  mathematics  and  physics  also  should 
not  be  forgotten.  Most  of  the  great  physical  discoveries  have  come  from 
skilled  use  of  mathematical  technique.  Newton’s  law  of  gravitation  (on 
which  the  Sputniks  and  Explorers  depend)  was  established  by  combined  use 
of  calculus  and  physical  observation.  The  more  refined  Einstein  law  of 
gravitation  is  stated  in  terms  of  differential  geometry.  Theories  of  the  atom 
are  described  in  terms  of  Schroedinger’s  differential  equation.  A satisfac- 
tory theory  of  the  atomic  nucleus,  still  to  be  formulated,  almost  certainly 
will  come  in  a mathematical  form. 

“Therefore,  while  the  growing  character  of  mathematics  may  be  em- 
phasized, the  permanence  of  traditional  mathematical  ideas  must  not  be 
forgotten.  Mathematics  may  be  compared  to  a great  tree,  ever  putting  forth 
green  shoots  and  new  branches,  still  nevertheless,  having  the  same  firm 
trunk  of  established  knowledge.  The  new  shoots  are  evidence  of  life,  the 
trunk  is  essential  for  the  support  of  the  wdiole.” 

USES  OF  NEW  MATHEMATICS 

In  addition  to  the  impressive  array  of  new  uses  to  which  the  older  mathe- 
matics is  now  put,  there  are  also  astonishing  and  rapidly  expanding  fields  of 
application  for  contemporary  mathematics.  Mathematics  is  no  longer  re- 
served for  the  use  of  engineers  and  physical  scientists,  even  though  a great 
many  of  its  applications  are  still  in  their  hands. 

Mathematics  and  mathematical  techniques  and  modes  of  thought  perme- 
ate our  lives  and  activities  today  to  an  extent  that  relatively  few  people 
yet  perceive.  Previous  ages  regarded  mathematics  as  a worthy  hand- 
maiden of  science  and  engineering.  Today  mathematics  exerts  actual 
leadership  in  natural  science,  social  science,  business,  industry,  and  other 
fields  of  application. 

Mathematics  in  the  social  sciences:  One  of  the  most  important  of  these 
new  fields  of  application  is  that  of  the  social  sciences.  Social  scientists  have 
frequent  occasion  to  deal  with  large  masses  of  data,  usually  obtained  by 
sampling.  With  respect  to  such  data,  problems  of  presentation,  description, 
and  inference  must  be  considered.  How  can  extensive  data  be  organized 
to  show  essential  features  and  to  reval  relationships  without  distortion? 
How  can  such  a mass  of  data  be  accurately  summarized  without  neglecting 
its  dispersion?  Under  what  conditions  can  inferences  be  drawn  from  the 
data,  and  how  reliable  are  the  inferences?  Such  mathematical  questions 
are  dealt  with  in  the  contemporary  theory  of  probability  and  statistical 
inference. 

Areas  of  the  field  of  psychology  increasingly  are  using  quantitative 
methods,  in  the  form  of  statistics  and  other  advanced  mathematical  tech- 
niques. The  same  is  true  in  sociology — in  population  and  social  studies  con- 
cerning the  individual  and  the  community. 
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While  economists  for  some  time  have  found  frequent  uses  for  mathe- 
matics, especially  calculus,  in  their  work,  recent  years  have  seen  these 
undergo  a startling  increase.  This  increase  is  reflected  not  only  in  the  num- 
ber and  variety  of  problems  attacked  mathematically,  but  in  the  bewilder- 
ing diversity  of  mathematics  employed.  And  this  is  by  no  means  a one-way 
street.  Economics  is  contributing  problems  that  lead  to  the  development  of 
new  mathematics.  The  theory  of  games  is  an  example  of  a branch  of  mathe- 
matics suggested  by  problems  in  economics  related  to  competition  and 
cooperation. 

Economists  have  directed  much  research  toward  quantitative  interrela- 
tions among  various  sectors  of  industry,  toward  constructing  models  of  dy- 
namic processes  in  the  national  economy,  and  toward  predictions  of  the 
behavior  of  large  economic  complexes. 

Economics  and  direct  industrial  applications  overlap  in  the  use  of 
mathematical  methods  to  solve  complicated  problems  of  management.  In 
this  field,  sometimes  called  “operations  research,”  are  found  specific  in- 
stances of  the  application  of  the  theory  of  games,  of  input-output  analysis, 
and  of  programming  for  problems  in  machine  loading,  distribution,  alloca- 
tion, and  scheduling. 

The  Social  Science  Research  Council  has  set  up  a committee  on  the 
mathematical  training  of  social  scientists,  and  summer  seminars  have  been 
conducted  to  help  provide  training  in  mathematics  for  persons  active  in 
social  science  research.  Many  research  projects  and  organizations  in  social 
science  have  engaged  mathematicians  either  as  regular  staff  members  or  as 
consultants. 

Mathematics  in  industry:  The  use  of  statistics  has  expanded  greatly  in 
industry.  This  is  especially  true  in  the  design  and  analysis  of  industrial  re- 
search experiments,  and  in  statistical  quality  control  and  sampling  theory. 
The  techniques  of  statistical  quality  control,  now  extensively  used  in  mass 
production  industries,  are  essentially  mathematical  answers  to  questions  of 
reliability  of  inference. 

Samples  of  products  being  made  are  withdrawn  for  inspection  or  testing. 
What  inferences  as  to  the  quality  of  the  total  production  can  be  drawn 
from  the  moults  of  the  tests  of  such  samples?  Are  defective  items  suffi- 
ciently few  in  number  to  justify  acceptance  of  the  product  by  the  purchaser? 
What  is  the  life  expectancy  of  the  product?  Are  defects,  when  they  occur, 
caused  by  chance,  by  inferior  raw  material,  or  by  faulty  workmanship? 
Are  the  defective  items  the  product  of  particular  machines  or  particular 
workers?  Row  reliable  are  the  answers  to  these  questions?  The  techniques 
of  statistical  quality  control — techniques  that  are  an  application  of  con- 
temporary mathematics — have  been  developed  precisely  to  solve  such  prob- 
lems. 

Other  applications  of  contemporary  mathematics  are  found  in  the  design 
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of  high-speed  computing  machines,  in  the  communications  industry,  and 
in  the  theory  of  learning.  The  importance  of  these  developments  is  well 
emphasized  by  the  following  statements  quoted  from  a pamphlet  entitled 
Mathematics  in  an  Industrial  Economy  2 

“The  growing  volume  of  knowledge  and  the  complexity  of  our  social  or- 
ganization have  made  necessary  an  incredible  expansion  of  the  application 
of  logical  and  quantitative  methods.  Here  the  automatic  computer  has 
greatly  facilitated  and  extended  the  usefulness  of  mathematics.  The  elec- 
tronic computers  and  data-processing  systems  make  logical  and  analytical 
investigations  possible  on  a scale  undreamed  of  only  a few  decades  ago.  . . . 

. . Mathematics  offers  a medium  for  expressing  complicated  and  logi- 
cal relationships.  It  provides  a framework  for  organizing  masses  of  data 
and  information.  Its  concepts  and 'symbols  display  a dynamic  dependence 
of  the  performance  of  the  whole  upon  the  behavior  of  its  parts.” 

SIGNIFICANCE  FOR  THE  SECONDARY  SCHOOL  CURRICULUM 

The  fact  that  the  new  mathematics  of  the  past  50  or  100  years  is  playing 
an  ever-increasing  role  in  our  society  is  of  special  importance  for  the  work 
of  the  Commission.  It  has  profound  implications  with  respect  to  curricular 
revision. 

The  Commission  is  concerned,  as  was  the  committee  of  examiners  whose 
recommendations  led  to  its  appointment,  over  the  fact  that  the  present 
secondary  school  mathematics  curriculum  has  lagged  behind  the  growth 
and  uses  of  the  subject.  The  development  of  mathematics  and  the  broaden- 
ing of  its  applications  have  outrun  the  curriculum.  Another  way  of  putting 
this  is  to  say  that  the  present  curriculum  rests  on  a static  rather  than  on  a 
dynamic  concept  of  mathematics.  An  analogy  may  help  to  dramatize  the 
difference. 

As  a city  grows,  it  becomes  increasingly  difficult  to  find  adequate  trans- 
portation from  the  center  of  the  city  to  the  outlying  areas  and  the  suburbs. 
The  center  is  still  the  core  of  the  city,  but  the  streets  are  too  narrow  and 
too  congested  for  the  newer  sections  to  be  reached  as  quickly  as  the  needs  of 
the  residents  require.  For  a time,  systems  of  traffic  lights  and  one-way 
streets  suffice;  but  ultimately  these  patchwork  methods,  too,  are  found  to 
be  inadequate.  Then  there  is  constructed  a limited-access  freeway  or  ex- 
pressway from  the  heart  of  the  city  to  outlying  points,  bringing  the  newer 
regions  effectively  closer  to  the  core. 

Precisely  this  process  is  what  the  growth  of  mathematics  demands — 
namely,  that  new  and  more  efficient  routes  be  found  in  the  foundations  of 
the  subject  as  laid  in  secondary  school  to  the  newer  territory  of  modern 
mathematics,  in  order  that  students  may  penetrate  these  newer  territories 

2.  (Detroit,  Mich.:  Industrial  Mathematics  Society,  1955  [revised,  1958]),  p.  6. 
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without  laboriously  traversing  all  of  the  older  content.  In  the  process  some 
obsolete  or  obsolescent  material  will  be  dropped,  as  will  some  mateiial 
whose  omission  will  cause  regret.  While  still  of  value,  it  is  of  lesser  value 
than  the  objective  of  attaining  an  understanding  of  the  spirit,  method,  and 
content  of  contemporary  mathematics.  Traditional  mathematics  algebra., 
geometry,  trigonometry — is  still  the  great  core  of  the  subject,  but  the  dis- 
tance between  the  core  and  the  newer  developments  must  be  shortened  by 
new  methods  of  approach. 

Fortunately,  much  of  the  new  mathematics  suitable  for  high  school  is 
no  more  difficult,  though  of  course  less  familiar,  than  a large  part  of  the 
older  mathematics.  This  is  not  surprising.  A new  topic  must  of  necessity 
start  with  ideas  that  are  in  some  sense  elementary,  whereas  the  further 
development  of  older  topics  cannot  help  but  presuppose  familiarity  with  a 
considerable  amount  of  technical  material.  Intricate  ideas  are  moie  likely  to 
be  found  in  the  extensive  development  of  any  subject  than  in  its  beginnings. 

It  is  fortunate  that  this  is  so  because,  as  has  been  suggested,  the  scope 
of  recent  developments  in  mathematics  and  in  its  applications  requires  that 
schools  and  colleges  recognize  the  existence  of  the  new  material  and  its  im- 
portance. They  should  include  in  their  courses  of  instruction  at  least  selec- 
tions from  it  or  introductions  to  it.  It  is  entirely  feasible  to  accomplish  this 
since  much  of  the  material  to  be  introduced  has  the  added  advantage  of 
being  in  some  ways  simpler  than  the  traditional  content. 

Substantial  changes  in  the  mathematical  curriculum  are  thus,  long  over- 
due. But  a mere  change  of  subject  matter  is  not  sufficient.  A poor  cur- 
riculum well  taught  is  better  than  a good  curriculum  badly  taught.  A good 
curriculum  well  taught  is  the  only  acceptable  goal.  With  adequate  guidance, 
students  will  seek  courses  in  mathematics  (and  in  anything  else)  that  pre- 
sent significant,  challenging  subject  matter,  interestingly  and  meaningfully 
taught.  The  quality  of  the  curriculum  and  the  skill  of  the  teacher  both  are 
vital : this  combination  alone  can  effect  the  kind  of  improvement  in  mathe- 
matical instruction  that  the  United  States  must  have. 

DEMAND  FOR  IMPROVED  INSTRUCTION 

There  is  abundant  evidence  of  public  dissatisfaction  with  mathematics 
programs,  curricula,  and  instruction.  Many  writers  have  claimed  that  the 
general  quality  of  mathematics  teaching  is  in  need  of  improvement,  and 
that  the  level  of  mathematical  competence  of  American  high  school  gradu- 
ates is  low.  Colleges  complain  that  entering  freshmen  are  poorly  prepared  in 
mathematics.  The  requirements  in  mathematics  for  high  school  graduation 
in  many  states  are  exceedingly  limited.  It  is  alleged  that  too  small  a per- 
centage of  high  school  students  is  enrolled  in  mathematics  courses,  and  that 
many  students  dislike  mathematics.  Complaints  such  as  these  became  veiy 

673 


aatutti 


Prewar  aiul  Postwar  Reforms  (1938—59) 

widespread  after  the  launching  of  the  first  earth  satellite. 

It  is  not  appropriate  in  this  report  to  examine  these  popular  beliefs  in 
detail.  No  useful  end  would  be  served  here  by  an  attempt  to  determine 
statistically  the  proportion  of  secondary  school  students  who  dislike  mathe- 
matics, or  how  they  acquired  their  dislike.  Nor  would  it  assist  the  Com- 
mission, in  dealing  with  its  assigned  task,  if  it  were  to  become  involved  in 
a consideration  of  the  percentage  of  students  studying  a particular  course 
in  mathematics  today,  as  compared  with  some  past  date.  Such  a study  would 
not  be  directly  germane  to  the  work  of  the  Commission,  nor  would  a discus- 
sion of  minimum  graduation  requirements  for  mathematics  in  the  high 
schools  of  the  several  states. 

If  the  nation  is  indeed  faced  with  low  levels  of  mathematical  competence 
— and  in  fact  it  is — the  Commission  thinks  that  part  of  the  answer  may  be 
found  in  increasing  the  amount  of  time  devoted  to  the  study  of  mathematics 
(in  both  homework  and  schoolwork) ; but  a complete  solution  demands  im- 
provements in  the  effectiveness  of  instruction  and  in  the  appropriateness 
of  course  content.  Also,  while  the  general  quality  of  mathematics  teach- 
ing, like  the  general  quality  of  teaching  in  any  field,  is  probably  in  need  of 
improvement,  one  can  cite  many  examples  of  excellent  classroom  technique 
and  exciting — even  inspired — mathematical  instruction  in  the  American 
schools. 

From  the  point  of  view  of  the  Commission,  it  is  not  important  to  de- 
termine the  precise  reasons  for  public  concern  about  the  program  of 
secondary  school  mathematical  instruction,  or  to  support  or  refute  such  rea- 
sons. It  is  important  to  recognize  that  such  a general  concern  exists,  and 
that  the  existence  of  this  concern  strongly  supports  the  thesis  that  the  time 
is  ripe  for  the  improvement  of  the  high  school  mathematics  program.  But 
improvement  should  not  be  conceived  merely  as  a by-product  of  the  post- 
Sputnik  panic.  Awareness  of  the  problem,  the  appointment  of  the  Com- 
mission, and  the  beginning  of  its  study  all  antedate  the  Sputniks.  The 
dramatic  Soviet  achievements  serve,  helpfully,  to  create  greater  public  con- 
cern and  greater  awareness  and  acceptance  of  what  must  be  done.  It  is 
imperative  that  hasty  improvisations  be  avoided,  and  that  action  be  based 
on  sound  judgment  and  well-reasoned  arguments.  As  in  most  concerns  of 
importance,  one  should  beware  of  the  pat  answer.  Individual  differences 
among  human  beings  are  the  rule ; these  differences  can  be  neglected  only 
with  peril. 

THE  NATIONAL  NEED  FOR  MATHEMATICAL  MANPOWER 

Finally,  the  fast-growing  national  need  for  people  skilled  in  various 
branches  of  mathematics  provides  a compelling  reason  why  an  improved 
mathematics  cm  riculum  for  college  preparation  is  of  the  utmost  importance. 
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Americans  traditionally  have  devoted  themselves  to  practical  rather  than 
to  theoretical  knowledge.  The  names  of  certain  American  inventors  are 
household  words — Whitney,  Morse,  McCormick,  Edison,  and  others;  the 
names  of  great  American  theoretical  scientists,  except  for  Einstein  ( an 
American  by  adoption),  are  not.  Over  a century  ago,  de  Tocqueville  ob- 
served, “Hardly  anyone  in  the  United  States  devotes  himself  to  the  theo- 
retical and  abstract  portion  of  human  knowledge.”  This  same  imbalance 
between  practical  and  theoretical  preoccupations  remains  a serious  problem 
to  the  United  States.  The  Commission  does  not  wish  to  support  its  recom- 
mendations by  playing  on  fears,  but  it  is  an  incontrovertible  fact  that 
America  does  have  an  undersupply  of  men  and  women  adequately  trained 
in  mathematics  and  science.  For  example,  a committee  of  the  American 
Association  for  the  Advancement  of  Science  tells  us  that,  “The  progress  of 
basic  science  does  not  appear  to  be  keeping  pace  with  the  development  of 
applied  science.”  Neither  basic  nor  applied  science  can  develop  as  they 
ought  without  adequate  mathematical  foundations. 

The  demand  for  mathematically  trained  men  and  women  comes  not  only 
from  science  and  engineering,  as  in  the  past;  it  now  comes  from  business, 
industry,  and  government  as  well.  Within  two  decades  the  employment 
pattern  of  persons  with  mathematical  training  has  changed  completely. 
Twenty  years  ago,  college  or  secondary  school  teaching  absorbed  all  but  a 
handful  of  persons  holding  master’s  or  doctor’s  degrees  in  mathematics; 
there  were  no  other  jobs.  Today  the  applications  of  mathematics  in  elec- 
tronics, in  the  design  and  use  of  computing  machinery,  in  industrial  re- 
search, in  automation,  and  in  a dozen  other  areas  have  opened  up  new  op- 
portunities and  created  new  demands.  Mathematical  journals  and  even 
daily  newspapers  carry  “help  wanted”  advertisements  for  the  mathemati- 
cally trained;  qualified  teachers  are  being  attracted  from  the  classroom  to 
the  laboratory,  plant,  or  office. 

One  aspect  of  this  startling  demand  for  mathematical  manpower  is  evi- 
denced in  a statement  made  by  George  E.  Forsythe,  professor  of  mathe- 
matics at  Stanford  University,  in  a lecture  presented  before  the  Mathemati- 
cal Association  of  America  in  Cambridge,  Massachusetts,  on  August  30, 
1958: 3 

“There  seem  to  be  over  3,000  automatic  digital  computers  now  installed 
in  the  United  States,  with  more  on  the  way.  As  a rough  estimate,  each 
automatic  computer  needs  to  have  10  attendants  who  serve  it  as  mathema- 
ticians— programmers,  coders,  analysts,  supervisors,  and  so  forth.  The  re- 
sulting requirement  for  30,000  computer  mathematicians  should  be  com- 
pared with  the  combined  membership  of  the  American  Mathematical  Society, 

3.  “The  role  of  numerical  analysis  in  an  undergraduate  program.” 
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Mathematical  Association  of  America,  Society  for  Industrial  and  Applied 
Mathematics,  Association  for  Computing  Machinery,  Institute  of  Mathe- 
matical Statistics,  and  American  Statistical  Association — under  20,000  per- 
sons. While  some  makeshift  arrangements  are  possible,  the  disparity  in 
numbers  is  creating  the  unprecedented  demand  ...  for  the  nev/  A.B.  in 
mathematics. ” 

This  pressing  national  neeci  for  what  we  may  call  “mathematical  man- 
power” cannot  be  met  merely  by  training  more  young  men  and  women  in 
an  outmoded  curriculum.  One  well-trained  high  school  graduate  may  make 
a more  effective  contribution  to  the  national  manpower  need  than  a half- 
dozen  who  are  poorly  trained. 

i 


SUMMARY  OF  THE  CASE  FOR  REVISION 

This  then  is  the  case  for  curricular  revision:  Mathematics  is  a dynamic 
subject,  characterized  in  recent  years  by  such  impressive  growth  and  such 
extensive  new  applications  that  these  have  far  outrun  the  curriculum. 
Moreover,  the  traditional  curriculum  fails  to  reflect  adequately  the  spirit  of 
contemporary  mathematics,  which  seeks  to  study  all  possible  patterns 
recognizable  by  the  mind,4  and  by  so  striving  has  tremendously  increased 
the  power  of  mathematics  as  a tool  of  modern  life.  Nor  does  the  traditional 
curriculum  give  proper  emphasis  to  the  fact  that  the  developments  and  ap- 
plications of  mathematics  have  always  been  not  only  important  but  indis- 
pensable to  human  progress. 

In  order  that  the  school  and  college  curricula  meet  the  needs  of  mathe- 
matics itself  and  of  its  applications,  there  must  be  a change.  A new  pro- 
gram, oriented  to  the  needs  of  the  second  half  of  the  twentieth  century  and 
based  on  a dynamic  conception  of  mathematics,  is  required.  The  national 
need  for  mathematical  manpower,  and  a general  feeling  of  dissatisfaction 
with  the  present  state  of  affairs,  support  the  early  introduction  of  such  a 
new  curriculum. 

The  necessity  for  a thorough  revision  of  the  program  in  mathematics  (as 
a basic  element  of  the  program  in  science  education)  is  impressively  sum- 
marized in  the  following  quotation: 

“First,  the  crisis  in  our  science  education  is  not  an  invention  of  the  news- 
papers, or  scientists,  or  the  Pentagon.  It  is  a real  crisis. 

“Second,  the  U.S.S.R.  is  not  the  ‘cause’  of  the  crisis.  The  cause  of  the 
crisis  is  our  breath-taking  movement  into  a new  technological  era.  The 
U.S.S.R.  has  served  as  a rude  stimulus  to  awaken  us  to  that  reality. 

“The  heart  of  the  matter  is  that  we  are  moving  with  headlong  speed  into 

4.  Cf.  W.  W.  Sawyer,  op.  cit.,  p.  12. 
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a new  phase  in  man’s  long  struggle  to  control  his  environment,  a phase  be- 
side which  the  industrial  revolution  may  appear  as  a modest  alteration  of 
human  affairs.  Nuclear  energy,  exploration  of  outer  space,  revolutionary 
studies  of  brain  functioning,  important  new  work  on  the  living  cell— all 
point  to  changes  in  our  lives  so  startling  as  to  test  to  the  utmost  our  adaptive 
capacities.  . . . 

“The  immediate  implications  for  education  may  be  briefly  stated.  We 
need  an  ample  supply  of  high  caliber  scientists,  mathematicians,  and  engi- 
neers. . . . We  need  quality  and  we  need  it  in  considerable  quantity.”5 


5.  The  Pursuit  of  Excellence;  Education  and  the  Future  of  America  (Special  Studies 
Project  Report  V,  Rockefeller  Brothers  Fund),  (Garden  City,  N.Y.:  Doubleday  and 
Co.,  Inc.,  1958),  pp.  27-28. 
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2.  Secondary  Education:  The  Commission’s  Premises 

The  Commission  was  appointed  for  the  avowed  purpose  of  improving 
the  program  of  college  preparatory  mathematics  in  the  secondary  schools. 
This  goal  has  been  before  its  members  at  all  times.  The  Commission  has  no 
authority  to  enforce  changes;  its  role  is  to  recommend  and  to  suggest.  By 
these  means,  it  hopes  to  influence,  but  not  dictate,  the  immediate  future  of 
the  college  preparatory  mathematics  curriculum. 

In  curriculum  building,  attention  must  be  paid  to  the  purposes  of  the 
schools,  their  place  in  society,  and  their  programs;  to  the  nature  of  the 
pupils,  their  maturity,  their  interests,  their  objectives;  and  to  the  findings 
of  psychology  as  to  how  human  beings  grow,  develop,  mature,  and  learn. 
At  this  point,  therefore,  it  may  be  appropriate  for  us  to  indicate  the  gen- 
eral premises  within  which  our  recommendations  for  a new  curriculum  are 
made. 


THE  ROLE  OF  THE  SECONDARY  SCHOOL 

The  members  of  the  Commission  recognize  that  there  rests  on  the 
American  secondary  school  an  obligation  to  serve  "all  the  children  of  all 
the  people.”  We  do  not  believe,  however,  that  this  means  that  the  entire 
school  population  should  be  required  to  take  exactly  the  same  program. 
While  we  hold  that  some  form  of  mathematical  instruction  is  needed  by 
every  secondary  school  student,  we  do  not  believe  that  everyone  should 
study  the  curriculum  set  forth  in  this  report. 

Our  program  is  a college  preparatory  program,  designed  for  students  who 
can  profit  from  it.  We  believe  the  secondary  school  must  meet  the  needs 
of  this  group,  as  well  as  the  needs  of  all  other  groups.  Every  student  should 
have  what  is  for  him  a challenging  and  rewarding  intellectual  experience, 
marked  by  sound  intellectual  content,  by  appropriate  personal  and  social 
development,  and  by  preparation  for  everyday  living.  All  students  need  not 
be  taught  at  the  same  pace,  in  the  same  order,  or  to  the  same  extent,  or  with 
the  same  emphasis. 

MATHEMATICS  IN  GENERAL  EDUCATION 

In  many  secondary  schools,  only  a minority  of  the  school  population 
proceeds  to  college.  The  Commission  realizes  that  secondary  schools  must 
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serve  the  needs  of  those  students  who  are  not  bound  for  college.  Many 
aspects  of  the  Commission’s  program  can  be  adapted,  in  terms  of  general 
education,  to  this  group  of  students,  though  this  adaptation  is  a task  that 
the  Commission  must  perforce  leave  to  other  hands. 

Instruction  in  mathematics  designed  to  meet  the  needs  of  secondary 
school  students  for  general  education  should  aim  to  teach  the  student  the 
basic  mathematical  ideas  and  concepts  that  every  citizen  needs  to  know, 
and  to  explain  the  essential  character  of  mathematics — how  it  is  used  to  ex- 
plore and  describe  physical  reality,  and  how  it  is  used  to  contribute  through 
its  aesthetic  values  to  one’s  personal  intellectual  satisfaction.  More  spe- 
cifically, some  objectives  of  mathematics  in  general  education  are: 

1.  An  understanding  of,  and  competence  in,  the  processes  of  arithmetic 
and  the  use  of  formulas  in  elementary  algebra.  A basic  knowledge  of  graphi- 
cal methods  and  simple  statistics  is  also  important. 

2.  An  understanding  of  the  general  properties  of  geometrical  figures  and 
the  relationships  among  them. 

3.  An  understanding  of  the  deductive  method  as  a method  of  thought. 
This  includes  the  ideas  of  axioms,  rules  of  inference,  and  methods  of  proof. 

4.  An  understanding  of  mathematics  as  a continuing  creative  endeavor 
with  aesthetic  values  similar  to  those  found  in  art  and  music.  In  particular, 
it  should  be  made  clear  that  mathematics  is  a living  subject,  not  one  that  has 
long  since  been  embalmed  in  textbooks. 


MATHEMATICS  FOR  THE  “COLLEGE-CAPABLE" 

There  are  many  secondary  schools — usually  city  or  suburban  public 
schools  or  independent  schools — from  which  a majority  of  the  graduates 
proceeds  to  higher  education.  Whether  this  group  is  small  or  large,  in  any 
school  it  is  an  important  group  deserving  the  most  careful  consideration. 
From  the  college-trained  will  come  the  nation’s  scientists,  engineers,  physi- 
cians, lawyers,  teachers,  writers,  artists,  ministers,  and  other  professional 
men  and  women — and  probably  the  statesmen  who  will  help  shape  the 
world’s  future. 

It  is  a mistake,  in  the  American  educational  system,  to  think  in  terms 
of  the  “college-bound.”  Financial  or  other  external  considerations  too  often 
affect  the  question  of  who  is  bound  for  college.  As  a policy  in  education,  the 
nation  cannot  afford  to  do  less  than  attempt  to  recognize  and  prepare  appro- 
priately every  student  who  is  capable  of  college  work.  The  Commission 
prefers  to  call  such  students  the  “college-capable.”  Toward  this  group  as  a 
whole,  the  schools  have  a major  responsibility. 

The  program  set  forth  in  this  report  is  designed  to  meet  the  needs  in 
mathematics  of  college-capable  students  in  the  second  half  of  the  twentieth 
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century.  The  Commission  believes  that  bright,  young  minds  will  find  the 
material  exciting  and  challenging,  demanding  and  rewarding. 

If  the  Commission  is  correct  in  this  belief,  a task  of  first  importance 
faces  the  home  and  the  school:  to  see  that  students  of  college  potential  tackle 
this  program  (or  one  of  similar  caliber)  for  at  least  three  years.  The  shock- 
ing inadequacy  of  the  traditional  notion  that  aone  year  of  algebia  and  one 
year  of  geometry”  is  sufficient  college  preparation  in  mathematics  should 
be  apparent  to  all.  The  handwriting  is  not  only  on  the  wall;  it  is  all  over 
the  nation. 

Moreover,  it  should  be  emphasized  that  the  recommendation  of  three 
years  of  mathematics  for  the  college-capable  is  minimal.  Indeed,  the  Com- 
mission goes  much  further:  it  believes  that  school  counselors,  teachers,  and 
parents  have  a duty  to  see  that  as  many  as  possible  of  the  college-capable 
should  study  mathematics  in  high  school  for  four  years.  The  most  talented 
should  attempt  the  Advanced  Placement  Program  (described  on  p.  15)  if 
it  can  be  made  available. 

These  convictions  of  the  Commission  are  generally  supported  by  a state- 
ment recently  appearing  in  one  of  the  Rockefeller  Reports  and  based  partly 
on  a study  by  Dr.  James  B.  Conant  and  partly  on  the  findings  of  a confer- 
ence sponsored  by  the  National  Education  Association: 

“In  addition  to  the  general  education  prescribed  lor  all— four  years  of 
English,  three  to  four  years  of  social  studies,  one  year  of  mathematics,  and 
one  year  of  science — the  academically  talented  student  shuuld  have  two  to 
three  additional  years  of  science,  three  additional  years  of  mathematics,  and 
at  least  three  years  of  a foreign  language.  For  certain  students,  the  study  of 
a second  foreign  language,  for  at  least  three  years,  might  replace  the  fouith 
year  of  mathematics  and  the  third  year  of  science.  1 

There  are  cogent  reasons  for  urging  that  the  college-capable  student 
should  study  mathematics  for  four  years.  Young  people  in  high  school  do 
not  always  know  what  careers  they  will  follow.  What  they  should  know  be- 
yond all  doubt  is  that  lack  of  mathematical  preparation  closes  many  doors— 
not  only  doors  that  open  the  way  to  engineering  and  the  natural  sciences,  but 
also  newer  doors  that  lead  to  important  areas  of  the  social  sciences,  biological 
sciences,  business,  and  industry.  Many  a college  professor  can  testify  to  the 
frustrations  of  graduate  students  who  face  formidable  roadblocks  in  soci- 
ology, economics,  biology,  and  psychology — roadblocks  caused  by  inadequate 
high  school  preparation  in  mathematics.  Every  indication  points  to  wider 
and  even  more  striking  uses  of  mathematics  in  the  immediate  future.  It  is 
not  too  much  to  say  that  many  of  the  college-capable  will  find  their  mathe- 

1 The  Pursuit  of  Excellence ; Education  and  ihe  Future  of  America  (Special  Studies 
Project  Report  V,  Rockefeller  Brothers  Fund),  (Garden  City,  N.  Y.:  Doubleday  and 
Co.,  Inc.,  1958),  p.  27. 
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matical  needs  bounded  only  by  the  limits  of  their  talent. 

The  Commission  is  aware  of  the  importance  of  breadth  in  the  high  school 
curriculum.  Indeed,  all  of  its  members  would  deplore  specialization  at  the 
expense  of  sound,  liberal  training.  But  certain  subjects  occupy  special  levels 
in  the  scale  of  liberal  knowledge.  Mathematics  (like  a foreign  language) 
comes  easier  to  the  young.  The  study  of  some  subjects  may  be  postponed 
for  a while  without  serious  loss;  indeed,  age  makes  their  appreciation  much 
easier.  The  study  of  mathematics  is  different — for  the  young,  it  is  now  or 
never.  The  implications  of  this  fact  must  be  faced  squarely.  For  experience 
proves  that  high  school  is  the  place  where  most  of  our  great  scientists  and 
mathematicians  first  acquired  the  interest  that  spurred  them  on  to  high 
achievement. 

It  would  be  most  unfortunate  to  attempt  to  justify  the  four-year  study 
of  mathematics  solely  as  preparation  for  a wide  and  ever-increasing  range 
of  applications.  Mathematics  is  eminently  worthy  of  study  in  its  own  right: 
it  is  a vital  and  shining  example  of  mankind’s  creativity,  one  of  the  great 
cultural  achievements  of  the  ages.  Few  subjects  can  rival  its  ability  to 
stimulate  the  inquiring  mind.  Every  educated  man  and  woman  should  have 
an  opportunity  to  know  at  first  hand  something  of  the  intellectual  excite- 
ment and  deep  satisfaction  that  mathematics  can  offer. 

Two  important  points:  Two  of  the  Commission’s  premises  regarding 
mathematics  for  the  college-capable  should  be  made  clear.  First,  students 
studying  college  preparatory  mathematics  should,  in  our  opinion,  be  taught 
in  groups  with  similar  interests  and  similar  intellectual  abilities.  We  believe 
that  instruction  so  given  increases  the  challenge  to  the  student  and  the  likeli- 
hood of  his  developing  his  talents  and  ability  i ' the  full. 

The  injustice  done  to  capable  students  by  failure  to  use  ability  grouping 
is  well  pointed  out  in  the  Rockefeller  Report:  “Because  many  educators 
reject  the  idea  of  grouping  by  ability,  the  ablest  students  are  often  exposed 
to  educational  programs  whose  content  is  too  thin  and  whose  pace  is  too 
slow  to  challenge  their  abilities.”2 

In  their  programs  of  physical  education,  schools  commonly  find  no  dif- 
ficulty in  reconciling  a program  of  physical  training  for  all  with  provision  of 
more  intensive  activity  for  students  with  sufficient  Ability  to  make  school 
“varsity”  or  “junior  varsity”  teams.  We  see  no  reason  why  analogous  con- 
siderations should  not  be  considered  valid  in  intellectual  pursuits  as  well. 

Second,  college-capable  students  who  follow  the  recommendations  of 
this  report  will  not  be  exposed  to  certain  so-called  “practical  ’ courses  such 
as  consumer  mathematics,  installment  buying,  principles  of  insurance,  and  so 
•'orth.  The  Commission  does  not  regret  this  fact.  For  it  believes  that  these 
students  will  ordinarily  develop  sufficient  mathematical  power  to  acquire 

2.  Ibid.,  pp.  22-23. 
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such  information  independently  if  they  need  it.  One  must  not  assume  that 
an  individual’s  knowledge  consists  solely  of  what  he  has  been  specifically 
taught  in  school. 


DETERMINING  COURSE  CONTENT 

The  Commission  believes  that  it  is  not  the  responsibility  of  the  mathe- 
maticians and  teachers  of  mathematics  alone  to  solve  all  the  problems  relat- 
ing to  the  mathematical  instruction  of  any  individual  or  group.  The  motiva- 
tion, vocational  objectives,  interest,  and  ability  of  students  all  enter  into  the 
picture.  Hence,  the  advice  of  experts  in  educational  psychology  is  likely  to 
be  helpful  in  many  respects. 

We  submit,  however,  that  no  decision  with  respect  to  the  appropriateness 
of  including  some  particular  mathematical  topic  in  a curriculum  ought  to 
be  made  without  considering  the  opinions  of  professional  mathematicians 
and  teachers  of  mathematics.  They  must  decide  whether  subject  matter  is 
obsolete,  obsolescent,  important,  significant,  educationally  meaningful, 
likely  to  be  increasingly  important,  and  so  on.  Just  as  philosophers  and 
psychologists  must  be  heard  as  to  aims,  objectives,  learning  theory,  grade 
placement  of  material,  methodology,  and  the  like,  so  the  mathematicians 
and  teachers  must  be  heard  as  to  the  mathematical  content  of  a program. 

It  is  such  advice  that  the  Commission  has  undertaken  to  give.  Our 
recommendations  are  based  on  the  needs  of  mathematics,  on  its  uses,  and  on 
the  anticipated  needs  of  the  students  and  of  society,  insofar  as  we  can  de- 
termine them. 

The  Commission  believes  also  that  content  in  mathematics  or  any  other 
subject,  for  that  matter,  must  be  appropriate  to  the  level  of  maturity  of  the 
student.  Otherwise  there  can  be  no  meaningful  learning.  The  number  of 
questions  that  can  be  asked  with  respect  to  the  “readiness”  of  pupils  of  dif- 
ferent levels  of  intellectual,  physical,  and  emotional  maturity  to  deal  with 
particular  concepts  in  mathematics  is  exceedingly  great.  Even  for  tradi- 
tional subject  matter,  psychological  research  has  barely  scratched  the  sur- 
face. Since  we  are  suggesting  the  introduction  of  some  new  material,  the 
problem  is  compounded. 

In  these  circumstances,  the  Commission  has  taken  a middle  course  be- 
tween detailed  experimental  studies  and  pronouncements  based  on  a priori 
judgments.  We  decided  to  subject  ideas  that  seemed  valid  or  desirable  to  at 
least  limited  tests  of  their  practicality.  We  have  convened  several  writing 
groups,  composed  of  Commission  members  and  other  teachers  of  mathe- 
matics, to  write  instructional  units  dealing  with  new  materials,  or  new  pre- 
sentations of  older  materials.  These  units  have  been  taught  experimentally 
with  satisfactory  results,  indicating  the  realistic  and  practical  nature  of 
this  program  as  the  beginning  of  the  solution  of  an  urgent  problem,  work 
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toward  which  cannot  be  delayed. 

The  attitude  of  the  Commission  is  reflected  independently  in  sentiments 
expressed  in  an  article  by  Dacl  Wolfle: 

“There  are  . . . educational  changes  that  lend  themselves  to  experi- 
mental study,  but  many  of  the  current  efforts  to  improve  the  teaching  of 
science  and  mathematics  do  not.  . . . There  is  still  room  for  the  exercise  of 
good  judgment  in  attempting  to  bring  about  social  and  educational  im- 
provements. If  we  have  what  we  think  is  a good  song  to  breathe  into  the  air, 
let  us  go  ahead  and  breathe  it,  without  trying  to  fool  ourselves  by  pretend- 
ing to  be  carrying  out  an  experiment.”3 


THE  PLACE  OF  CALCULUS 

The  Commission  takes  the  position,  held  generally  in  the  United  States 
at  present,  that  calculus  is  a college-level  subject.  A reasonable  immediate 
goal  for  most  high  schools  is  a strong  college-preparatory  mathematics  cur- 
riculum that  will  have  students  ready  to  begin  calculus  when  they  enter 
college.  Such  is  the  curriculum  described  in  this  report.  At  the  same  time, 
however,  the  Commission  recommends  that  wrell-staffed  schools  offer  their 
ablest  students  a year  of  college-level  calculus  and  analytic  geometry  as 
recommended  in  the  Advanced  Placement  Program.4  It  is  essential,  though, 
that  such  a year  be  firmly  based  on  a full  pre-calculus  program,  completed 
early  by  some  form  of  acceleration.  In  the  long  run,  improvements  in  the 
curriculum  (beginning  with  the  first  grade)  and  in  teachers’  qualifications 
may  eventually  make  it  possible  to  move  such  a calculus  course  into  the 
normal  program  for  grade  12  of  most  schools. 

A few  schools  now  teach  calculus  effectively  in  their  regular  programs. 
But  schools  that  can  do  this  are  unusual  at  the  present  time.  In  regarding 
calculus  as  a college-level  subject,  the  Commission  does  not  want  to  dis- 
courage those  with  exceptional  facilities  from  attempting  exceptional  tasks. 
Rather,  it  warns  against  premature  general  acceptance  of  a curricular  re- 
sponsibility for  which  all  too  few  schools  are  now  adequately  prepared. 

The  Commission  cannot  recommend  the  practice  of  exposing  college 
preparatory  students  to  formal  calculus  for  a short  time  at  the  end  of  the 
twelfth  grade.  Such  anticipation  tends  to  breed  overconfidence  and.  Hunt 
the  exciting  impact  of  a thorough  presentation/  The  Commission’s  program 
for  grade  12  includes  some  concepts  close  to  eajculus — limit,  difference  quo- 

3.  “The  Fetish  of  Experiment,”  Science,  vol.  125,  no.  3,240  (Feb.  1957),  p.  177. 

4.  The  program  is  described  on  p.  15.  An  encouraging  fact  is  the  rapid  increase  in 
the  number  of  schools  offering  Advanced  Placement  courses  in  mathematics.  In  1956, 
45  schools  had  386  candidates  for  the  Advanced  Placement  Examination  in  mathematics  ; 
in  1959,  according  to  an  advance  estimate,  over  360  schools  will  have  over  3,200  candi- 
dates. 
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tient,  and  slope  of  a curve.  But  it  intends  that  these  should  be  taught  as 
informal  preparation  for  calculus,  rather  than  as  preliminary  calculus  em- 
ploying formal  language  and  notation  (such  as  "derivative”  and  "dy/dx”). 

THE  ADVANCED  PLACEMENT  PROGRAM 

Under  the  Advanced  Placement  Program,  which  is  sponsored  by  the 
College  Entrance  Examination  Board,  high  schools  are  encouraged  to  offer 
to  their  ablest  students  college-level  courses  in  the  senior  year.  As  has 
already  been  suggested,  the  objectives  and  philosophy  of  the  Program  are  in 
complete  accord  with  those  of  the  Commission.  The  mathematics  course 
recommended  by  the  Advanced  Placement  Program  is  a college-level  course 
in  calculus  and  analytic  geometry  for  twelfth-grade  students  who  have  al- 
ready completed  a full  high  school  program,  such  as  the  one  set  forth  in  this 
report.  The  recommendations  of  the  Commission  and  those  of  the  Advanced 
Placement  Program  are  therefore  quite  consistent. 

Many  larger  schools  will  be  interested  both  in  reorganizing  their  college 
preparatory  work  along  the  lines  recommended  by  the  Commission,  and 
also  in  organizing  Advanced  Placement  courses  for  their  ablest  students. 
The  Commission  strongly  endorses  such  a plan,  provided  that  students  ad- 
mitted to  the  Advanced  Placement  course  will  have  completed,  prior  to  their 
senior  year,  the  program  set  forth  in  the  following  chapter  at  least  to  the 
end  of  the  course  entitled  "Elementary  Functions. 


THE  PROGRAM  AND  THE  TEACHER 

The  role  of  the  teacher  is  vital:  curricular  change  must  be  accompanied 
by  effective,  meaningful  teaching,  directed  toward  the  development  of 
mathematical  power  and  understanding.  Hence,  the  Commission  has  made 
numerous  suggestions  and  recommendations  with  respect  to  teacher  edu- 
cation, both  for  the  pre-service  preparation  of  teachers  for  improved  pro- 
grams,’ and  for  the  in-service  training  that  may  produce  similar  competence. 
These’ are  set  forth  in  Chapter  5 of  this  report.  We  commend  them  to  the 
attention  of  school  boards,  superintendents,  teachers’  associations,  colleges, 

and  universities. 

The  Commission  regards  as  one  of  the  most  important  advantages^  of  its 
approach  to  curricular  revision  the  fact  that  it  does  not  demand  an  all  or 
none”  approach.  It  does  not  propose  closing  the  books  on  the  old  cur- 
riculum on  a certain  date  and  beginning  a totally  new  program  when  the 
schools  next  open,  but  rather  that  teachers  may  introduce  modifications  as 
the  way  opens,  and  as  their  knowledge  and  experience  permit  them  to  do  so. 

The  interest  of  teachers  in  its  work  and  their  reactions  to  its  progress  re- 
ports have  confirmed  the  Commission  in  its  belief  that  many  high  school 
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teachers  of  mathematics  are  aware  of  the  need  to  improve  the  secondary 
school  curriculum,  and  are  receptive  to  the  introduction  of  new  ideas,  pro- 
vided only  that  they  are  given  suitable  assistance  in  comprehending  them 
and  in  adapting  them  to  classroom  instruction. 


SUMMARY 

The  secondary  school  has  an  obligation  to  serve  the  needs  of  all  young 
people,  including  the  college-capable.  In  providing  for  this  latter  group, 
cognizance  must  be  taken  of  the  high  potential  for  worthwhile  academic 
achievement.  The  times  demand  a program  in  mathematics  that  exploits 
this  potential — a program  that  provides  for  the  full  development  of  the  in- 
dividual and  meets  the  needs  of  the  nation.  Schools  must  provide  such  pro- 
grams. Parents,  teachers,  and  counselors  must  face  squarely  the  implied 
responsibilities.  For,  as  many  as  possible  of  the  college-capable  must  be 
urged  to  study  challenging  mathematics  for  four  years  in  high  school;  none 
of  them  should  study  mathematics  for  less  than  three  years,  and  the  most 
gifted  should  accelerate  their  studies  in  mathematics  so  as  to  undertake 
the  Advanced  Placement  Program.  The  Commission  believes  that  such 
studies  are  likely  to  be  most  effective  under  some  system  of  ability  grouping. 

It  follows  that  development  of  programs  in  high  school  mathematics 
suitable  for  our  college-capable  students  in  the  last  half  of  the  twentieth 
century  is  an  urgent,  present  need.  As  a first  approximation  to  such  a pro- 
gram, the  Commission  decided  to  make  recommendations  based  on  the  judg- 
ment of  experienced  mathematicians  and  teachers,  supplemented  by  some 
experimentation.  The  resulting  program  aims  to  infuse  the  spirit  of  con- 
temporary mathematics  into  some  traditional  topics,'  and  to  include  some 
new  topics  important  to  mathematicians  and  accessible  to  high  school  stu- 
dents. Calculus  is  regarded  as  a college-level  subject,  available  in  secondary 
schools  through  the  Advanced  Placement  Program. 

The  major  demands  of  any  curricular  revision  fall  on  the  shoulders  of  the 
teachers.  In  appreciation  of  this  fact,  the  Commission  advocates  a new 
program  that  grows  out  of  the  old  in  a manner  that  makes  reasonable  de- 
mands on  teachers,  allowing  them  to  implement  the  recommendations  gradu- 
ally as  their  training  permits. 
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In  the  present  chapter,  the  Commission  sets  forth  recommendations  that 
we  believe  will  achieve  the  objective  of  implying  the  program  of  college 
preparatory  mathematics  in  secondary  schools.  Before  discussing  these 
recommendations  in  detail,  we  shall  make  some  general  comments  about 
their  nature. 

While  the  direction  of  the  proposed  changes  is  oriented  to  the  future,  the 
changes  themselves  are  not  radical.  No  attempt  has  been  made  to  uproot 
the  traditional  curriculum.  The  Commission  has  tried  to  have  new  ideas 
and  new  subject  matter  grow  out  of  the  old  through  reasonable  modifica- 
tions and  additions.  The  result  is  a revision  that  the  Commission  believes 
can  begin  at  once  gradually  and  move  forward  rapidly.  This  revision  is 
designed  to  meet  imperative  present  needs ; the  demands  of  the  more  distant 
future  in  college  preparatory  mathematics  will  require  further  adjustments. 
But,  for  the  present,  the  Commission  feels  that  its  recommendations  offer 
a goal  that  is  both  challenging  and  attainable. 

Furthermore,  the  Commission’s  recommendations  as  to  mathematical 
content  have  been  kept  flexible,  so  that  they  may  be  adapted  to  the  varying 
needs  of  many  different  types  of  schools  or  groups  of  students.  It  is  possible 
to  organize  the  proposed  subject  matter  in  a variety  of  ways.  Writers  of 
textbooks  will  undoubtedly  develop  the  program  in  accordance  with  their 
own  understanding  of  learning  theory  and  their  own  philosophies  of  sec- 
ondary education. 

This  flexibility  of  the  recommended  program  includes  its  manner  of 
presentation.  Members  of  the  Commission  would  decry  an  authoritarian 
approach  to  method  and  practice,  but  a teacher  who  believes  that  such  an 
approach  is  most  effective  may  present  this  material  in  the  same  way  that 
he  has,  presumably,  taught  the  traditional  content.  Most  if  not  all  of  the 
Commission  members  would  prefer  to  see  a developmental  approach,  which 
would  encourage  the  student  to  discover  as  much  of  the  mathematical  sub- 
ject matter  for  himself  as  his  ability  and  the  time  available  (for  this  is  a 

time-consuming  method)  will  permit. 

Although  most  of  the  Commission  would  like  to  see  the  interrelations 
among  the  various  topics  of  the  program  pointed  out  and  stressed,  no  one 
of  them  would  say  that  there  is  one  and  only  one  way  of  accomplishing  this. 
Questions  about  methods  of  teaching  and  patterns  of  organization;  ques- 
tions as  to  whether  algebra,  geometry,  trigonometry,  coordinate  geometry, 
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and  other  areas  should  be  presented  as  separate  courses  or  units,  or  should 
constitute  a single,  integrated  fabric;  questions  about  grade  placement  of 
material — such  questions  as  these  have  no  ideal  answers,  valid  at  all  times 
and  in  all  schools.  They  are  best  left  to  teachers  and  supervisors,  authors 
and  editors.  The  Commission’s  hope  is  that  many  diverse  proposals  will  be 
formulated  and  will  compete  in  the  market  place  of  ideas  as  well  as  in  the 
textbook  market. 

In  the  material  that  follows,  the  mathematics  supposed  to  have  been 
covered  prior  to  the  program  recommended  for  grades  9 through  12 — in 
grades  7 and  8,  whether  in  junior  high  or  elementary  school — is  presented 
first.  Second,  the  mathematics  recommended  by  the  Commission  for  grades 
9,  10,  and  11  is  discussed.  Recommendations  for  the  revision  of  content 
and  the  Commission’s  reasons  for  making  them  are  both  set  forth.  Although 
this  statement  is  presented  in  terms  of  traditional  subject  matter — algebra, 
geometry,  and  trigonometry — the  form  of  its  presentation  does  not  neces- 
sarily represent  the  order  in  which  the  Commission  believes  these  topics 
should  be  organized  or  taught.  Third,  the  program  recommended  for  the 
twelfth  grade  is  described. 

In  the  next  chapter,  the  Commission  outlines  a suggested  sequence  of 
topics  that  incorporates  its  recommendations  for  the  mathematics  of  grades 
9 through  12.  The  purpose  of  this  sequence  is  to  exemplify  one  possible 
course  of  study  that  reflects  the  spirit  of  the  Commission’s  proposals.  Both 
the  proposals  of  this  chapter  and  the  sequence  of  the  next  are  amplified, 
clarified,  and  elucidated  in  the  volume  of  appendices  to  this  report. 


PREREQUISITE  MATHEMATICS 

The  Commission’s  program  is  necessarily  predicated  on  certain  learnings 
expected  of  students  before  they  begin  the  program.  There  are  in  the  United 
States  a number  of  different  arrangements  of  school  organization,  commonly 
known  as  8-4,  6-3-3,  6-6,  and  7-5,  where  the  numbers  indicate,  respectively, 
years  of  study  in  each  division  of  an  elementary  and  secondary  school  sys- 
tem. Presumably,  regardless  of  school  organization,  the  mathematics  studied 
year  by  year  should  be  practically  the  same  under  all  plans.  This  is  not  the 
case,  however.  Textbooks  written  for  the  seventh  and  eighth  year  of  study 
in  an  eight-year  elementary  program  (8-4)  stress  arithmetic  more,  and 
informal  geometry  much  less,  than  books  written  explicitly  for  a junior 
high  school  program  (6-3-3) . 

The  Commission  recognizes  the  need  for  a careful  study  of  the  mathe- 
matics program  of  grades  7 and  8 (and,  indeed,  of  the  earlier  grades  as  well). 
But  this  is  not  the  task  of  the  Commission.  To  fill  this  gap,  it  must  rely  on 
other  groups  such  as  the  School  Mathematics  Study  Group,  the  University 
of  Maryland  Mathematics  Project,  and  the  Curriculum  Committees  of  the 
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National  Council  of  Teachers  of  Mathematics. 

This  much  can  be  said:  regardless  of  the  form  of  school  organization,  in 
order  to  give  students  in  grades  7 and  8 the  type  of  mathematics  study  that 
will  form  a proper  foundation  for  the  Commission  s program,  the  following 
subject  matter  is  regarded  as  essential.  The  Commission  is  convinced  that 
it  can  be  mastered  by  all  college-capable  students  duiing  grades  7 and  8. 
The  better  students  can  cover  this  work  in  one  to  one-and-a-half  years  and 
move  on  to  the  Commission’s  program  during  the  eighth  school  year. 

ARITHMETIC 

Fundamental  operations  and  numeration:  Mastery  of  the  four  funda- 
mental operations  with  whole  numbers  and  fractions,  written  in  decimal 
notation  and  in  the  common  notation  used  for  fractions.  This  includes  skill 
in  the  operations  at  adult  level  (i.e.,  adequate  for  ordinary  life  situations) 
and  an  understanding  of  the  rationale  of  the  computational  processes.  Under- 
standing of  a place  system  of  writing  numbers,  with  use  of  binary  notation 
(and  perhaps  other  bases)  to  reinforce  decimal  notation.  Ability  to  handle 
very  large  numbers  (greater  than  1,000,000)  and  very  small  numbers  (less 
than  one  ten-thousandth).  The  meaning  and  use  of  an  arithmetic  mean.  In 
addition,  a knowledge  of  square  root  and  the  ability  to  find  approximate 
values  of  square  roots  of  whole  numbers  is  desirable.  (The  process  of  divi- 
sion and  averaging  the  divisor  and  quotient — Newton’s  method  is  sug- 

g0gj^0^|  ^ 

Ratio:  Understanding  of  ratio  as  used  in  comparing  sizes  of  quantities 
of  like  kind,  in  proportions,  and  in  making  scale  drawings.  Per  cent  as  an 
application  of  ratio.  Understanding  of  the  language  of  per  cent  (rate) , per- 
centage, and  base.  In  particular  the  ability  to  find  any  one  of  these  three 
designated  numbers,  given  the  other  two.  Ability  to  treat  with  confidence 
per  cents  less  than  1 and  greater  than  100.  Applications  of  per  cent  to  busi- 
ness practices,  interest,  discount,  and  budgets  should  be  given  moderate 

treatment. 

GEOMETRY 

Measurement:  The  ability  to  operate  with  and  transform  the  several 
systems  of  measure,  including  the  metric  system  of  length,  area,  volume,  and 
weight.  Geometric  measurements,  including  length  of  a line  segment, 
perimeter  of  a polygon,  and  circumference  of  a circle,  areas  of  regions  en- 
closed by  polygons  and  circles,  surface  areas  of  solids,  volumes  of  solids, 
measure  of  angles  (by  degrees).  The  use  of  a ruler  and  protractor.  The 
student  should  know  the  difference  between  the  process  of  measuring  and 
the  measure  of  the  quantity.  Ability  to  apply  measurement  to  practical 
situations.  Use  of  measurement  in  drawing  to  scale  and  finding  lengths 
indirectly. 

Relationships  among  geometric  elements : These  include  the  concep  s 
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of  parallel,  perpendicular,  intersecting,  and  oblique  lines  (in  a plane  and  in 
a space)  ; acute,  right,  obtuse,  complementary,  supplementary,  and  vertical 
angles;  scalene,  isosceles,  and  equilateral  triangles;  right  triangles  and  the 
Pythagorean  relation ; sum  of  the  interior  angles  of  a triangle.  The  use  o* 
instruments  in  constructing  figures;  ideas  of  symmetry  about  a point  and 

a line. 

ALGEBRA  AND  STATISTICS 

Graphs  and  formulas:  Use  of  line  segments  and  areas  to  represent  num- 
bers. Reading  and  construction  of  bar  graphs,  line  graphs,  pictograms,  circle 
graphs,  and  continuous  line  graphs.  Meaning  of  scale.  Formulas  for  per- 
imeters,  areas,  volumes,  and  per  cents— introduced  as  generalizations  as 
these  concepts  are  studied.  Use  of  symbols  in  formulas  as  placeholders  for 
numerals  arising  in  measurement.  Simple  expressions  and  sentences  invo  v- 

ing  "variables.” 


MATHEMATICS 
(ELEMENTARY  AND 


FOR  GRADES  9,  10,  AND  11 
INTERMEDIATE  MATHEMATICS) 


In  this  discussion  and  throughout  this  report,  the  work  of  grades  9 and 
10  will  often  be  designated  as  Elementary  Mathematics  I and  II,  and  the 
work  of  grade  11  as  Intermediate  Mathematics.  This  work  ordinarily  will 
be  covered  in  grades  9 through  11,  but  schools  may,  of  course,  begin  the 
work  earlier  or  extend  it  later.  Indeed,  it  is  precisely  because  of  the  Uom 
mission’s  desire  to  provide  for  as  much  flexibility  in  organization  as  possible 
that  we  have  adopted  such  generalized  descriptive  terms  as  Elementary 
Mathematics,  Intermediate  Mathematics,  and  Advanced  Mathematics, 
adaptable  to  various  grade  designations. 


ALGEBRA 

The  Commission  recommends  increased  attention  to  algebra  as  a part 
of  the  secondary  school  curriculum,  but  couples  it  with  an  equally  earnest 
recommendation  that  the  point  of  view  from  which  the  material  is  presented 
be  that  of  contemporary  mathematics,  as  explained  m the  opening  chapter 
(p.  2).  The  goal  of  instruction  in  algebra  should  not  be  thought  of  exclu- 
sively or  even  largely  as  the  development  of  manipulative  skills.  Rather 
instruction  should  be  oriented  toward  the  development  and  understanding 
of  the  properties  of  a number  field.  At  this  point  it  is  probably  well  to 
digress  and  present  two  points  to  guard  against  possible  misunderstanding. 

First,  in  stating  that  the  material  of  algebra  should  be  presented  from 
the  point  of  view  of  contemporary  mathematics  and  that  instruction  should 
be  oriented  toward  the  properties  of  a number  field,  the  Commission  is  not 
advocating  the  outright  presentation  of  elementary  algebra  from  an  abstract 
point  of  view.  Nor  does  it  advocate  the  teaching  of  abstraction  before  con- 
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crete  or  intuitive  notions  have  been  established  as  a point  of  depaituie. 

Development  of  generalized  abstract  concepts  is  difficult,  too  difficult 
to  be  a point  of  departure  for  the  beginner,  but  nevertheless  it  is  absolutely 
necessary  if  any  true  understanding  of  mathematics  is  to  be  attained. . It 
cannot  be  used  as  a starting  point  until  the  proper  intuitive  foundation 
has  been  laid  and  the  students  are  ready  for  it.  Many  of  the  “laws”  of 
algebra  (the  axioms  of  a number  field)  are  easier  to  understand  and  much 
more  useful  than  the  arbitrary  “rules”  usually  found  in  elementary  text- 
books. These  laws  should  be  taught  and  used— at  an  appropriate  stage  in 
the  instructional  process.  Such  ideas  are  more  fully  set  forth  and  illustrated 
in  the  first  appendix  to  this  report,  “An  introduction  to  algebra”  (see  sepa- 
rate Appendices  volume) . 

Second,  the  Commission  fully  realizes  the  necessity  of  teaching  appio- 
priate  manipulative  skills.  Its  members  are  as  concerned  as  anyone  that 
students  entering  college  mathematics  courses  should  be  able  to  solve  quad- 
ratic equations  and  systems  of  linear  equations,  perform  the  fundamental 
operations  upon  polynomials  and  rational  fractions,  and  deal  routinely  with 
the  other  simple  algebraic  operations  necessary  for  comfortable  progress  in 
a course  in  calculus  and  analytic  geometry.  But  the  development  of  thebe 
manipulative  skills  should  not  be  the  most  important  nor  the  only  goal  of 
instruction  in  algebra;  many  college  professors  would  no  doubt  share  the 
view  of  one  who  stated  recently  that  he  would  gladly  forego  such  skills  if 
he  could  be  assured  instead  of  a genuine  understanding  of  deductive  reason- 

ing.  . 

It  is  not,  however,  an  alternative  of  either  skill  or  understanding  that 

confronts  teachers.  Both  skills  and  concepts  are  essential.  The  Commission 
is  not  alone  in  insisting  that  the  development  of  manipulative  skill  should 
not  be  the  primary  goal  of  instruction  in  algebra.  Nor  is  this  a novel  idea. 
The  National  Committee  on  Mathematical  Requirements,  writing  in  1923, 
stated:  “The  excessive  emphasis  now  commonly  placed  on  manipulation  is 
one  of  the  main  obstacles  to  intelligent  progress.  . . . Drill  in  algebraic 
manipulation  should  be  limited  to  those  processes  and  to  the  degree  of  com- 
plexity required  for  a thorough  understanding  of  principles  and  for  piobable 
applications  either  in  common  life  or  in  subsequent  courses  which  ? sub- 
stantial proportion  of  the  pupils  will  take.  It  must  be  conceived  throughout 
as  a means  to  an  end,  not  as  an  end  in  itself.  Within  these  limits,  skill  in 
algebraic  manipulation  is  important,  and  drill  in  this  subject  should  be  ex- 
tended far  enough  to  enable  students  to  carry  out  the  essential  processes 
accurately  and  expeditiously.”  [Italics  omitted.]  1 

This  statement  is  as  valid  today  as  it  was  a generation  ago  when  fiist 
written.  It  applies  with  special  significance  to  the  study  of  college  prepara- 

1.  National  Committee  on  Mathematical  Requirements,  The  Reorganization  of 
Mathematics  in  Secondary  Education  (n.p.:  The  Mathematical  Association  of  America. 
1923),  p.  11. 
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tory  mathematics.  Strong  skills  are  surely  needed;  but  they  must  be  based 
on  understanding  and  not  merely  on  rote  memorization.  Once  meaning  has 
been  achieved,  then  drill  should  be  provided  to  establish  skills — skills  that 
can  be  performed,  as  Whitehead  says,  "without  thinking.”  In  this  way,  the 
mind  is  liberated  to  grapple  w’ith  new  ideas. 

The  new  with  the  old:  In  making  its  recommendations  for  increased  em- 
phasis upon  algebra  and  for  instruction  oriented  toward  a more  contempo- 
rary point  of  view,  the  Commission  is  influenced  by  the  fact  that  algebra  is 
a subject  that  has  been  largely  transformed  by  the  mathematical  research 
of  the  past  quarter-century.  This  transformation  has  been  brought  about 
through  the  systematic  axiomatic  develops  nt  of  algebra  or,  more  accu- 
rately, of  algebras,  and  the  light  thus  thrown  on  the  study  of  mathematical 
structures.  Such  structures,  or  patterns,  have  been  thrown  into  sharp  relief. 
The  Commission  is  influenced  too  by  the  fact  that  many  recent  applications 
of  mathematics  to  areas  hitherto  regarded  essentially  as  non-mathematical 
are  algebraic  in  character. 

In  the  proposed  program,  the  mechanics  or  formal  manipulations  in  alge- 
bra are  the  same  as  hitherto  taught,  and  the  subject  matter  is  largely  the 
same.  The  difference  is  principally  in  concept,  in  terminology,  in  some  sym- 
bolism, and  in  the  introduction  of  a rather  large  segment  of  new  work  deal- 
ing with  inequalities  treated  both  algebraically  and  graphically.  Solution 
sets  of  inequalities  involving  two  variables  are  also  studied. 

The  new  emphasis  in  the  study  of  algebra  is  upon  the  understanding  of 
the  fundamental  ideas  and  concepts  of  the  subject,  such  as  the  nature  of 
number  systems  and  the  basic  laws  for  addition  and  multiplication  (com- 
mutative, associative,  distributive).  The  application  of  these  laws  in  vari- 
ous number  systems,  with  emphasis  on  the  generality  of  the  laws,  the  mean- 
ings of  conditional  equations  and  identities  and  inequalities,  is  stressed.  The 
nature  of  a function — in  particular,  the  linear,  quadratic,  exponential,  and 
logarithmic  functions — is  also  discussed. 

As  an  example  of  the  use  of  a fundamental  concept  in  illuminating 
algebra,  the  distributive  law  may  be  cited.  This  law  is  the  basic  idea  behind 
much  mental  arithmetic,  the  use  of  parentheses,  factoring,  multiplication  of 
polynomials,  and  the  manipulation  of  fractions.  If  it  is  understood,  most 
of  the  special  methods  of  handling  these  topics  can  be  eliminated. 

Deductive  reasoning  in  algebra : One  way  to  foster  an  emphasis  upon 
understanding  and  meaning  in  the  teaching  of  algebra  is  through  the  intro- 
duction of  instruction  in  deductive  reasoning.  The  Commission  is  firmly  of 
the  opinion  that  deductive  reasoning  should  be  taught  in  all  courses  in 
school  mathematics  and  not  in  geometry  courses  alone.2 


2.  As  a specific  example  of  how  instruction  in  deductive  reasoning  may  be  intro- 
duced into  algebra,  even  very  early  in  the  course,  the  Commission  has  prepared  a class- 
room booklet  entitled,  Informal  deduction  in  algebra. 
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A student  who  understands  the  nature  of  a subject  is  more  likely  to  be 
able  to  solve  problems  that  present  an  element  of  novelty  than  one  who  lacks 
; this  understanding.  The  ability  to  solve  such  problems  involves  more  than 

merely  the  blind  application  of  rules  or  techniques  to  typical  problems 
preclassified  as  to  form. 

Moreover,  in  their  ability  to  perform  algebraic  manipulations,  students 
who  study  algebra  from  the  point  of  view  advocated  in  this  report  should 
be  the  equal  of  students  who  study  more  traditional  curricula.  When  alge- 
bra (or  any  subject,  for  that  matter)  is  studied  or  taught  with  an  eye  to  the 

■ fundamental  nature  of  the  subject,  this  more  general  point  of  view  tends  to 

make  the  whole  subject  more  understandable.  Diverse  bits  of  information 
support  one  another  and  "hang  together”  so  to  speak,  thereby  promoting 
understanding  and  assisting  memory. 

| For  example,  one  sometimes  reads:  "If  the  discriminant  of  a quadratic 

equation  is  a perfect  square,  then  the  roots  of  the  equation  are  rational.” 

■ Yet  the  equation  2x2  + 2\/6x  +1=0  has  a discriminant  equal  to  16,  and 

i irrational  roots.  Wherein  lies  the  discrepancy?  A student  who  approaches 

i algebra  from  the  contemporary  point  of  view  is  accustomed  to  thinking  in 

terms  of  the  set  of  numbers  admissible  in  a particular  problem.  The  quoted 
statement  holds  only  for  quadratic  equations  with  rational  coefficients:  it 
fails  for  the  given  example  because  2^/6  is  not  a member  of  the  set  of 
\ rationals. 

GEOMETRY 

Objectives  of  geometric  study:  The  inclusion  of  geometry  in  the  high 
? school  curriculum  has  three  main  objectives. 

The  first  objective  is  the  acquisition  of  information  about  geometric  fig- 
ures in  the  plane  and  in  space.  Since  geometry  originated  as,  and  still  essen- 
tially is,  a mathematical  model  of  the  physical  world,  the  student  needs  to 
know  the  facts  of  geometry  if  he  is  to  be  able  to  deal  effectively  with  the 
world  about  him.  This  knowledge  is  important  for  the  everyday  citizen 
and  essential  for  the  prospective  scientist.  Moreover,  little  progress  can  be 
made  in  trigonometry  or  calculus  without  an  understanding  of  geometric 
E facts. 

; The  second  objective  is  the  development  of  an  understanding  of  the  de- 

ductive method  as  a way  of  thinking,  and  a reasonable  skill  in  applying  this 
method  to  mathematical  situations.  For  historical  reasons,  the  deductive 
method  has  been  emphasized  in  geometry  but  not  elsewhere  in  high  school 
mathematics.  However,  it  is  now  possible  and  desirable  to  use  the  deductive 
method  in  all  mathematical  subjects,  and  consequently  the  time  devoted 
to  it  in  geometry  can  be  somewhat  reduced. 

, Not  all  reasoning  is  syllogistic  or  deductive.  Training  in  mathematics 

r based  on  deductive  logic  does  not  necessarily  lead  to  an  increased  ability 
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to  argue  logically  in  situations  where  insufficient  data  exist,  and  where 
strong  emotions  are  present.  It  is  a disservice  to  the  student  and  to  mathe- 
matics for  geometry  to  be  presented  as  though  its  study  would  enable  a 
student  to  solve  a substantial  number  of  his  life  problems  by  syllogistic 
and  deductive  reasoning. 

Deductive  methods  are  taught  primarily  to  enable  the  pupil  to  learn 
mathematics.  Mathematics,  and  consequently  deductive  methods,  can  be 
applied  to  life  only  in  those  life-situations  that  are  capable  of  accurate 
transformation  into  mathematical  models.  These  situations,  though  of  tre- 
mendous importance,  are  far  from  frequent  in  the  everyday  lives  of  high 

school  students.  . . . , 

A third  important  objective  of  the  geometry  course  is  the  piovision  o 

opportunities  for  original  and  creative  thinking  by  students.  The  material 
of  elementary  geometry  affords  an  uncommonly  good  opportunity  for  stu- 
dents to  think  along  lines  that  are  original  for  them.  Its  elements  are  su 
ciently  simple  to  be  grasped  readily,  and  its  consequences  sufficiently  com- 
plex to  challenge  students  of  varying  abilities,  no  matter  how  high.  There- 
fore a large  part  of  the  course  should  be  devoted  to  original  exercises  in- 
volving, if  possible,  both  the  discovery  of  relationships  and  their  proofs. 

Defects  and  possible  remedies:  Geometry  must  continue  to  play  a large 
role  in  secondary  school  mathematics.  The  Commission  recommends,  how- 
ever, that  the  character  of  the  course  in  geometry  be  drastically  changed. 
Recent  developments  in  geometric  thinking  have  disclosed  grave  faults  in  the 
logical  structure  of  Euclid,  thus  calling  attention  to  the  need  for  a modifi- 
cation in  the  traditional  approach  to  high  school  geometry. 

There  are  essentially  three  defects  in  the  Euclidean  development  o 
geometry  that  make  it  unsuitable  as  the  basis  for  modern  high^school  in- 
struction. Since  these  are  discussed  at  length  in  Appendices  10  ( Some  rea 
sons  for  modifying  the  traditional  treatment  of  geometry”)  and  18  (“Order 
relations  in  plane  geometry”),  they  receive  only  brief  mention  here.  The 
first  defect  is  Euclid’s  failure  to  formulate  explicitly  the  axiomatic  basis 
on  which  the  congruence  theorems  rest.  Although  there  is  in  the  Elements 
an  extensive  argument  in  support  of  the  superposition  of  line  segments,  the 
less  obvious  matter  of  justifying  the  superposition  of  angles  is  completely 
neglected.  A remedy  for  this  defect  is  the  outright  assumption  of  the  con- 
gruence theorems. 

The  second  defect  is  the  difficulty  introduced  into  some  phases  of  the 
development  because  of  the  lack  of  an  adequate  algebra.  Today,  of  course, 
these  difficulties  can  be  avoided  by  the  use  of  coordinate  geometry  based  on 
a one-to-one  correspondence  between  ordered  pairs  of  real  numbers  and 
points  in  the  plane. 

The  third  defect  is  the  failure  of  Euclid  to  recognize  the  necessity  of 
making  formal  assumptions  concerning  “betweenness,”  an  omission  recog- 
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nized  by  Gauss  125  years  ago  and  first  corrected  by  Pasch  in  1882.  For  any 
complete  logical  formulation  of  geometry,  there  must  be  postulates  con- 
cerning the  order  of  points  on  a line  and  the  matter  of  regions  in  the  plane, 
neither  of  which  is  mentioned  in  Euclid’s  Elements.  A discussion  of  order 
relations  that  illustrates  the  kind  of  treatment  needed  to  make  Euclid  logic- 
ally rigorous  is  given  in  Appendix  18  (“Order  relations  in  plane  geometry”) . 

What  should  be  done  to  remedy  the  situation  created  by  the  foregoing 
logical  defects  in  Euclid’s  development?  One  possibility  is  that  of  developing 
a logically  unimpeachable  treatment  of  Euclidean  geometry  suitable  for 
use  in  secondary  schools.  Although  some  distinguished  mathematicians, 
among  them  D.  Hilbert,  0.  Veblen,  G.  D.  Birkhoff,  R.  L.  Moore,  and  S. 
MacLane,  have  undertaken  this  task,  the  Commission  feels  that  at  present 
no  presentation  suitable  for  high  school  exists.  The  danger  is  that  of  boring 
students  with  logical  subtleties  of  little  or  no  interest  to  most  of  them,  and 
with  proofs  of  theorems  that  seems  quite  obvious. 

The  Commission  hopes  that  mathematicians  will  continue  to  strive  for 
the  development  of  a logically  sound  basis  for  Euclidean  geometry  in  a form 
suitable  for  high  school  use.  However,  for  the  present,  it  recommends  that 
textbook  writers  and  teachers  should  feel  free  to  modify  the  Euclidean  de- 
velopment to  attain  a more  incisive  and  interesting  program. 

A mathematical  science,  when  put  in  final  form,  consists  of  a set  of  un- 
defined terms  and  unproved  propositions,  in  terms  of  which  all  other  con- 
cepts are  defined  and  all  other  propositions  are  proved.  It  is,  of  course,  a 
mark  of  mathematical  elegance  to  reduce  the  number  of  undefined  concepts 
and  simple  unproved  propositions  to  a minimum.  Moreover,  if  in  an  axio- 
matic treatment  of  any  branch  of  mathematics,  one  takes  as  an  assumption 
a proposition  that  might  have  been  proved  on  the  basis  of  the  other  assump- 
tions, the  beauty  or  elegance  of  the  structure  is  somewhat  marred.  One  can- 
not tell  whether  the  proposition  is  an  assumption  or  a theorem.  But  there  is 
nothing  erroneous  about  this  situation,  so  long  as  the  assumptions  are  con- 
sistent with  one  another. 

For  secondary  school  purposes  it  is  clearly  not  necessary  that  the  set  of 
unproved  propositions  be  reduced  to  the  theoretical  minimum;  it  is  better 
to  assume  propositions  which  seem  so  obvious  that  proving  them  seems  mean- 
ingless to  the  student,  even  though  proofs  of  them  could  be  effected  in  terms 
of  the  other  assumptions.  Furthermore,  the  geometry  course  need  not  consist 
of  a single  chain  of  deductions  from  a set  of  primitive  terms  and  primitive 
propositions  lasting  through  the  entire  course;  and  it  certainly  should  not  be 
based  on  an  axiomatic  treatment  like  that  of  Euclid,  which  without  modifi- 
cation involves  serious  defects. 

SPECIFIC  PROPOSALS  FOR  GEOMETRY 

As  has  already  been  set  forth,  it  is  felt  that  a substantial  introduction  to 
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geometry  on  an  intuitive  and  informal  basis  should  be  accomplished  m the 
seventh  and  eighth  grades.  A sense  of  geometric  form,  a knowledge  of  simp  e 
geometric  facts,  and  skill  in  simple  geometric  constructions  are  all  appro- 
priate achievements  for  junior  high  school  or  upper  grade-school  pupils. 
Deductive  proofs  will  contribute  little  at  best  to  the  understanding  of  these 
aspects  of  geometry.  In  a sense,  this  intuitive  geometry  may  be  thought 
of  as  the  physical  geometry  of  the  space  in  which  we  live,  rather  than  as  an 
abstract  mathematical  system.  These  remarks  should  not  be  taken  o imp  y 
that  deductive  thinking  is  to  be  considered  unimportant  in  geometry  instruc- 
tion, but  merely  that  it  is  not  an  appropriate  aim  for  the  introductory  course 
preceding  the  ninth  grade.  However,  it  is  to  be  regarded  as  a major  aim  o 

the  senior  high  school  program  in  geometry.  ...  , 

With  respect  to  the  latter  course  in  geometry,  the  Commission  has  seveia 

observations  to  make.  ..  . , . 

The  number  of  theorems  should  be  reduced:  It  has  been  traditional  in 
geometry  courses  for  students  to  be  held  responsible  for  the  formal  proofs 
of  a considerable  number  of  theorems  arranged  in  a precise,  sequential  order. 
Often  the  number  of  such  theorems  has  been  substantial.  The  Commission 
believes  that  the  number  of  basic  theorems  should  be  drastically  reduce  , 
and  that  the  geometry  course  should  consist  of  several  short  sequences, 

rather  than  a single  long  sequence  of  theorems. 

It  should  be  emphasized  that  these  basic  theorems  are  not  the  only 
theorems  that  would  be  proved.  All  that  is  being  said  is  that  there  would 
be  only  10  or  12  propositions  whose  proofs  would  be  required  as  part  of  an 
inviolable  deductive  chain.  All  other  propositions  would  be  treated  as 
originals.  A student  might  offer  different  proofs  on  different  occasions,  and 
order  would  be  relatively  unimportant.  Of  course,  no  teacher  would  accept 
such  circular  reasoning  as  basing  the  proof  of  two  propositions  each  upon 

the  other.  ' . 

In  making  this  recommendation  for  drastically  reduced  deductive  se- 
quences, the  Commission  is  independently  in  agreement  with  a report  re- 
cently issued  in  England  by  representatives  of  examining  bodies  and  teachers 
associations.  The  report  recommended  that  students  he  held  responsible  in 
examinations  for  only  certain  “key-theorems,”  on  the  ground  that  otherwise 
too  much  teaching  time  will  be  sacrificed  to  learning  the  proofs  of  theorems. 
The  key-theorems  suggested  by  the  group  are  only  six  in  number,  and  the 
report  comments  that  “The  proposed  list  ...  is  not  necessarily  the  best  pos- 
sible selection,  but  it  is  of  about  the  right  length  if  there  are  to  be  theorems 

all  ^ ^ 

The  sequences  of  theorems  suggested  by  the  Commission  are  set  forth 

3.  G.  B.  Jeffery,  School  Certificate  Mathematics  (London:  Cambridge  University 
Press,  1944),  p.  3. 

695 


iii 


wm 


mtstmmmmmmmmi 


mammmmm 


Prewar  and  Postwar  Reforms  (1938—59) 


in  the  following  chapter  (“Mathematics  for  grade  10,”  section  III,  p.  38; 
section  V,  p.  39).  The  objective  of  the  first  sequence,  it  will  be  noted,  is 
to  reach  the  Pythagorean  Theorem *at  an  early  stage. 

Coordinate  geometry  should  be  introduced:  The  Commission  proposes 
that  some  coordinate  geometry  be  introduced  early  in  the  geometry  course. 
An  ideal  time  is  immediately  after  the  first  sequence  of  theorems  (“Mathe- 
matics for  grade  10,”  section  III,  p.  38).  Jhe  student  will  then  be  able  to 
combine  the  geometric  facts  of  the  sequence  with  his  earlier  experiences  in 
graphical  algebra,  and  thus  have  the  satisfaction  of  seeing  two  rivers  of 
knowledge  join  to  form  a mightier  mathematical  stream.  The  student  will 
also  need  coordinate  geometry  to  deal  with  trigonometry  in  the  manner 
recommended  in  this  report.  But  there  are  deeper  reasons  for  introducing 
some  coordinate  geometry  at  this  time.  The  discovery  by  Descartes  that  the 
position  of  any  point  in  the  plane  can  be  fixed  by  an  ordered  pair  of  real 
numbers  is  one  of  the  most  momentous  in  the  history  of  mathematics.  The 
student  will  be  ready  to  use  this  idea  at  the  point  indicated,  and  the  intel- 
lectual opportunity  should  not  be  postponed. 

It  has  been  mentioned  that  coordinate  geometry  avoids  the  defects  in 
the  Euclidean  development  that  stem  from  Euclid’s  lack  of  an  adequate 
algebra.  There  are  other  advantages:  the  student  gains  new  power  because 
he  has  a general  method  for  studying  geometry;  and  he  achieves  results 
that  later  can  be  extended  to  three  and  more  dimensions.  Moreover,  he  is 
laying  firm  foundations  for  the  future:  college  work,  from  calculus  on, 
employs  geometric  material  in  analytic  form. 

Whitehead  has  underlined  the  important  role  of  coordinate  geometry  in 
mathematical  thought: 

“No  one  can  have  studied  even  the  elements  of  elementary  geometry  with- 
out feeling  the  lack  of  some  guiding  method.  Every  proposition  has  to  be 
proved  by  a fresh  display  of  ingenuity;  and  a science  for  which  this  is  true 
lacks  the  great  requisite  of  scientific  thought,  namely,  method.  Now  the 
essential  point  of  coordinate  geometry  is  that  for  the  first  time  it  introduced 
method.  ...  [It]  relates  together  geometry,  which  started  as  the  science  of 
space,  and  algebra,  which  has  its  origin  in  the  science  of  number.”  4 

Once  coordinate  geometry  has  been  introduced,  the  Commission  advo- 
cates the  use  of  analytic  (algebraic)  as  well  as  synthetic  methods  in  proving 
geometric  theorems  and  exercises.  Indeed,  certain  propositions  might  ad- 
vantageously be  given  both  analytic  and  synthetic  proofs.  Simple  examples 
of  propositions  amenable  to  such  treatment  are:  (1)  the  diagonals  of  a 
square  bisect  each  other  at  right  angles;  (2)  the  medians  of  a triangle  are 
concurrent  at  a point  that  divides  each  median  in  the  ratio  2:1;  and  (3) 

4.  Albert  North  Whitehead,  Introduction  to  Mathematics,  (London:  Oxford  Uni- 
versity Press,  1948),  pp.  83-84. 
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the  line  segment  joining  the  mid-points  of  two  sides  of  a triangle  is  parallel 
to  the  third  side  and  equal  to  half  of  it  (these  and  others  are  given  and  com- 
mented on  in  the  volume  of  appendices,  Appendix  15,  “Theorems  having 
easy  analytic  proofs”) . 

Place  of  solid  geometry:  The  geometry  course  need  not  and  probably 
should  not  be  sharply  divided  into  two  parts  on  the  basis  of  dimensionality. 
It  is  not  necessary  completely  to  separate  plane  and  solid  geometry.  On 
the  contrary,  it  is  both  possible  and  desirable  to  teach  certain  material  of 
solid  geometry  along  with  the  analogous  content  of  plane  geometry.  For 
example,  the  locus  of  all  points  equidistant  from  two  fixed  points  can  be 
considered  in  two  dimensions  and  then  in  three  dimensions.  Similarly,  the 
treatment  of  the  sphere  may  be  coordinated  with  the  treatment  of  the  circle, 
developing  new  insights  by  the  comparative  study  of  properties  in  two  and 
three  dimensions. 

Time  equivalent  to  about  one-third  of  a semester  should  be  devoted  to 
solid  geometry.  The  objective  should  be  the  development  of  concepts  of 
spatial  relations,  and  of  spatial  perception.  Mensuration  should  have  been 
covered  intuitively  earlier;  however,  lengths,  areas,  and  volumes  of  stand- 
ard figures  should  be  reviewed.  Deductive  proofs  of  mensuration  formulas 
are  not  in  order  at  this  time:  such  demonstrations  are  properly  a part  of 
integral  calculus.  Theorems  in  spherical  geometry  are  particularly  suitable 
material,  since  they  can  be  compared  and  contrasted  with  theorems  in  plane 
geometry. 

Coverage  of  solid  geometry  should  include  the  basic  facts  about  lines, 
planes,  angles,  dihedral  angles,  and  spheres.  There  is  neither  time  to  estab- 
lish all  these  facts  deductively,  nor  virtue  in  so  doing.  A clear  understand- 
ing of  the  relationships  is  essential,  however.  This  can  best  be  attained  by 
an  intuitive  approach.  An  outline  of  the  material  the  Commission  considers 
essential  is  given  in  the  volume  of  appendices  (Appendix  16,  “Outline  of  a 
unit  in  solid  and  spherical  geometry”) . 

Other  geometries : It  has  been  known  for  over  a century  that  Euclidean 
geometry  is  not  the  only  possible  geometry  of  congruence.  This  is  an  im- 
portant fact  for  students  to  appreciate.  Although  time  will  not  permit  doing 
much  about  these  “non-Euclidean”  geometries,  some  ideas  can  be  suggested 
to  students  by  using  spherical  geometry  as  a foil.  For  example,  on  a sphere 
the  sum  of  the  angles  of  a triangle  always  exceeds  two  right  angles,  and  two 
triangles  are  congruent  if  ^responding  angles  are  equal. 

There  are  still  other  types  of  geometry — such  as  projective  geometry  and 
topology — that  are  not  concerned  with  congruence.  Simple  pictorial  ma- 
terial from  these  geometries  provides  intriguing  foils  to  stimulate  the  imagi- 
nation. For  example,  on  a torus  (the  surface  of  a doughnut)  a cut  along  a 
circle  through  the  hole  leaves  the  surface  still  in  one  piece;  but  in  a plane 
a cut  along  any  circle  severs  the  plane  into  two  pieces  (see  accompanying 
figures). 
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Summary  oj  the  proposed  course  in  geometry:  In  brief,  the  program  pro- 
posed by  the  Commission  envisages  an  informal  and  intuitive  introduction 
to  geometric  ideas,  followed  by  an  informal  discussion  of  the  nature  of  de- 
ductive reasoning.  The  course  would  then  take  up  a short  but  important 
sequence  of  theorems,  studied  deductively,  culminating  in  the  Pythagorean 
Theorem.  In  the  treatment  of  this  sequence,  both  the  geometric  and  the 
logical  ideas  previously  introduced  informally  would  be  illustrated,  con- 
solidated, and  confirmed  by  more  formal  study.  Specific  postulates,  includ- 
ing in  addition  to  the  usual  assumptions  the  congruence  properties  of  tri- 
angles, would  be  introduced. 

With  the  Pythagorean  Theorem  and  theorems  about  similar  triangles 
established,  it  is  possible  to  proceed  with  coordinate  geometry.  The  essential 
topics  to  cover  are: 

1.  Location  of  points  by  coordinates 

2.  Length  and  slope  of  a line  segment 

3.  Division  of  a segment  in  a given  ratio 

4.  Equation  of  a line 

5.  Equation  of  a circle 

(For  a discussion  of  these  topics,  see  Appendix  14,  “Introduction  to  coordi- 
nate geometry.”) 

The  remainder  of  plane  geometry  can  now  be  developed  using  both  syn- 
thetic and  analytic  methods.  Emphasis  should  be  placed  on  the  develop- 
ment of  skill  in  analyzing  a situation  and  constructing  a valid  proof  of 
either  kind.  Additional  short  sequences  of  theorems  are  suggested  in  the 
next  chapter  (p.  39,  section  V,  “Mathematics  for  grade  10”). 

Since  the  scope  of  the  analytic  method  may  be  unfamiliar  to  some 
teachers,  a list  of  important  theorems  that  have  simple  analytic  proofs  is 
presented  in  the  volume  of  appendices  (Appendix  15,  “Theorems  having 
easy  analytic  proofs”) . Suitable  exercise  material  can  be  found  in  almost 
any  textbook  on  analytic  geometry. 

In  recommending  the  introduction  of  relatively  short  deductive  chains 
of  theorems  and  a mixture  of  synthetic  geometry  with  coordinate  geometry, 
the  Commission  is  aware  that  some  teachers  may  regret  the  loss  of  an  op- 
portunity to  develop  an  extended  sequence  of  theorems.  The  Commission 
does  not  share  the  regret,  nor  do  we  believe  that  any  important  loss  to  the 
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student  is  involved.  Able  students  need  not  lose  the  opportunity  for  the 
appreciation  of  a complex  mathematical  structure  derived  from  a set  of 
assumptions.  Books  in  which  they  can  encounter  this  particular  form  of 
mathematical  beauty  are  easily  available.  Moreover,  able  students,  and 
others  as  well,  will  benefit  from  the  greater  power  and  the  increased  oppor- 
tunities for  original  thinking  provided  by  the  new  organization  of  subject 
matter. 


TRIGONOMETRY 

Trigonometry  is  the  part  of  school  mathematics  related  most  clearly  to 
technical  applications.  In  the  past,  these  had  mainly  to  do  with  surveying 
and  navigation.  Therefore,  much  attention  was  paid  to  methods  of  solving 
plane  and  spherical  triangles  by  logarithmic  computation.  But  that  era  has 
passed.  Special  tables,  computing  machines,  and  other  equipment  have 
made  the  logarithmic  solution  of  triangles  an  almost  obsolete  tool.  Instead, 
there  are  more  substantial  and  challenging  applications  of  trigonometry 
now  evident  in  many  areas  of  science  and  technology — especially,  in  statics 
and  dynamics,  electromagnetic  waves,  and  vibration  problems  of  all  sorts. 

Trigonometry  must  be  reorganized  to  meet  these  contemporary  needs. 
Computational  emphasis  should  shift  from  triangles  to  vectors,  and  analytic 
emphasis  from  identities  to  functional  properties.  Of  course,  some  triangles 
will  still  be  solved  (by  direct  use  of  the  laws  of  sines  and  cosines) , and 
simple  identities  still  treated.  However,  the  vital  material  of  the  reorganized 
trigonometry  lies  in  the  rectangular  and  polar  description  of  points,  vectors, 
and  complex  numbers,  and  in  the  addition  theorems  and  periodic  character 
cf  the  circular  functions.  In  particular,  the  one-to-one  correspondence  be- 
tween the  set  of  ordered  pairs  of  real  numbers,  and  the  set  of  points  of  the 
plane,  or  the  set  of  vectors  drawn  from  the  origin,  or  the  set  of  complex  num- 
bers, provides  a superlative  example  of  the  manner  in  which  important 
mathematical  ideas  coalesce. 

In  the  sequence  outline  suggested  by  the  Commission  in  the  following 
chapter  there  are  four  trigonometric  units,  here  briefly  indicated  in  the  fol- 
lowing manner : 

1.  Rudimentary  trigonometry  of  right  triangles 

2.  Trigonometry  of  x,  y,  r,  6 — coordinates,  vectors,  complex  numbers 

3.  Cosine  and  sine  laws,  addition  theorems,  identities 

4.  Circular  measure,  circular  functions  and  their  wave  nature. 

The  first  is  an  optional  unit  at  the  end  of  grade  9,  the  second  and  third 
occur  at  the  end  of  grade  11  (about  a third  of  a semester),  and  the  fourth 
forms  the  final  part  of  the  semester  course  in  elementary  functions  in  grade 
12.  The  first  unit  might  be  anticipated  in  grade  8,  or  combined  with  unit 
two  in  grade  11. 

Mathematicians  now  put  much  stress  on  the  definition  of  the  circular 

699 


Prewar  and  Postwar  Reforms  (1938—59) 


functions  in  terms  of  real  numbers.  One  way  of  developing  this  idea  is  by 
winding  a line  around  a unit  circle.  The  Commission  recommends  that  this 
be  done  in  unit  four.  On  the  other  hand,  unit  two  treats  functions  of  angles 
(in  degrees) — the  entities  that  occur  in  direct  applications  go  physical  vec- 
tor quantities.  Radian  measure  might  be  introduced  in  unit  three,  but  it  is 
not  essential  at  that  stage.  It  is  essential  at  the  beginning  of  unit  four  as 
the  natural  means  of  transition  from  the  functions  of  angles  used  in  vector 
computation  to  the  functions  of  real  numbers  used  in  trigonometric  analysis. 
(As  a physicist  says,  the  radian  measure  of  an  angle  is  the  ratio  of  two 
lengths  and  so  is  a pure  number.) 

Treatment  of  complex  numbers  as  vectors  is  a most  important  mathe- 
matical by-product  of  the  reorganized  trigonometry.  Reinforcing  the  stu- 
dent’s earlier  contact  with  complex  numbers  in  the  study  of  quadratic  equa- 
tions, this  trigonometric  treatment  should  round  out  a good  basic  knowledge 
of  complex  numbers  in  grade  11.  At  the  end  of  unit  four,  an  informal  dis- 
cussion of  Euler’s  formula  (e1®  = cos  x -f-  i sin  x)  and  series  expansion 
serves  to  relate  the  exponential  and  circular  functions  in  striking  fashion, 
and  to  free  the  latter  from  angles  without  a shadow  of  doubt. 

It  is  also  possible  to  develop  the  essentials  of  trigonometry  (included  in 
units  two  through  four)  by  starting  with  the  circular  functions  in  terms  of 
real  numbers  and  ending  with  angles,  radian  measure,  and  degree  measure. 
Such  passage  from  “pure”  to  “applied”  trigonometry  may  have  greater 
brevity  and  mathematical  elegance,  but  it  presents  a higher  level  of  abstrac- 
tion to  the  learner.  The  Commission’s  proposed  treatment  of  trigonometry 
should  not  be  construed  as  a dogmatic  judgment  in  favor  of  angles  over  real 
numbers.  Rather,  it  reflects  the  Commission’s  decisions  to  stress  coordi- 
nates, vectors,  and  complex  numbers  in  grade  11,  and  functional  properties 
in  grade  12. 

AN  INTRODUCTION  TO  STATISTICAL  THINKING 

Just  as  mathematics  deals  with  situations  in  which  the  facts  can  be  de- 
termined, it  also  provides  ways  to  study,  understand,  and  control  uncer- 
tainty. Many  of  the  newer  applications  of  mathematics  use  the  theories  of 
probability  and  statistical  reasoning.  Increasingly,  modern  science— physics, 
biology,  social  science — makes  use  of  probabilistic  descriptions  of  phe- 
nomena. 

The  Commission  believes  that  it  is  desirable  that  material  in  these  areas 
be  introduced  into  the  high  school  curriculum.  Statistical  thinking  is  playing 
more  and  more  of  a part  in  the  daily  lives  of  educated  men  and  women.  An 
introduction  to  statistical  thinking  is  an  important  supplement  to  an  intro- 
duction to  deductive  thinking. 

This  introduction  may  well  begin  in  the  ninth  grade  or  earlier  with  a 
unit  on  descriptive  statistics  (like  that  outlined  on  p.  37,  section  X,  “Mathe- 
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matics  for  grade  9")  ; it  would  cover  numerical  data,  frequency  tables,  aver- 
ages (median,  mean) , and  simple  measures  of  dispersion  (range,  quartiles) . 
A more  formal  unit  on  probability,  designed  for  grade  12,  is  discussed  later 
in  this  chapter. 


MATHEMATICS  FOR  GRADE  12 
(ADVANCED  MATHEMATICS) 

The  subject  matter  of  a fourth  high  school  year  is  treated  separately 
because  this  course  will  not  necessarily  be  pursued  by  all  students  who 
have  completed  the  work  of  the  earlier  years.  College  entrance  requirements 
for  students  wishing  to  take  nontechnical  or  nonscientific  courses  in  college 
frequently  do  not  demand  more  than  Elementary  and  Intermediate  Mathe- 
matics. The  Advanced  Mathematics  course  will  be  taken  by  students  whose 
personal  interest  in  mathematics  impels  them  to  elect  this  course.  ..Because 
there  is  a certain  element  of  natural  selection  about  the  enrollment,  it  is 
possible  to  suggest  content  fo?  this  course  that  can  properly  be  described 
as  Advanced  (high  school)  Mathematics. 

Many  possibilities  for  topics:  It  should  be  noted  that  the  character  of 
the  study  of  mathematics  undergoes  a change  at  about  the  twelfth-grade 
level : the  sequential  aspect  of  the  study  of  mathematics  begins  to  break 
down.  In  the  early  grades,  one  can  be  reasonably  certain  about  many  parts 
of  the  sequence— arithmetic  before  algebra,  algebra  before  trigonometry, 
and  so  forth.  But  by  about  the  middle  of  the  twelfth  grade  the  student’s 
mathematical  journey  has  brought  him  to  a point  from  which  he  can  pro- 
ceed in  many  directions,  all  of  them  inviting.  Consequently,  there  are 
many  topics  that  might  be  included  in  Advanced  Mathematics,  far  more 
than  could  be  taught  in  the  allotted  time.  The  Commission  has  had  to  de- 
termine which  of  these  many  topics  seems  to  be  the  most  desirable,  and 
make  its  recommendations  accordingly.  Following  the  procedure  used  in 
the  discussion  of  Elementary  and  Intermediate  Mathematics,  both  the 
Commission’s  recommendations  and  its  reasons  for  making  them  will  be 
given. 

The  Commission  has  decided  to  recommend  a course  to  be  called  Ele- 
mentary Functions  as  the  core  of  the  Advanced  Mathematics  program.  This 
course  can  be  taught  either  for  a semester  or  enlarged  to  a full  year  by  add- 
ing a selection  of  topics  from  the  list  on  page  47.  If  Elementary  Functions 
is  given  for  a semester,  the  Commission  proposes  that  the  second  semester 
be  devoted  either  to  introductory  probability  with  statistical  applications  or 
to  an  introduction  to  modern  algebra  (fields  and  groups) . 

There  are  other  possibilities  that  could  be  suggested.  One  promising 
alternative  is  an  introduction  to  linear  algebra  and  matrices.  Indeed,  any 
serious  mathematics,  creatively  and  imaginatively  taught,  would  be  appro- 
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priate.  Schools  with  unusual  facilities  and  specially  trained  teachers  may 
wish  to  try  other  combinations  of  subject  matter.  The  prime  requisite  is 
that  such  subject  matter  be  real  mathematics,  challenging  to  the  students 
and  contributing  substantially  to  the  development  of  their  mathematical 
power. 

Some  schools  may  at  first  find  it  too  difficult  a task  to  complete  the  en- 
tire program  of  Elementary  and  Intermediate  Mathematics  by  the  end  of 
grade  11.  In  such  cases,  the  Commission  suggests  that  a minimal  four-year 
program  consist  of  Elementary  Mathematics,  Intermediate  Mathematics, 
and  Advanced  Mathematics  through  the  Elementary  Functions  course. 

elementary  functions 

The  core  of  the  proposed  work  in  Advanced  Mathematics  consists  of  a 
modification  of  the  traditional  advanced  algebra  course  with  stress  placed 
upon  the  study  of  certain  functions:  polynomials,  the  exponential  and  loga- 
rithmic functions,  and  the  circular  functions.  This  course  may  be  regarded 
as  one  that  picks  up  certain  concepts  from  Intermediate  Mathematics,  builds 
on  them,  and  deepens  their  meaning.  In  this  course,  there  is  also  a more 
formal  treatment  of  sets,  relations,  and  functions  than  that  given  in  Ele- 
mentary and  Intermediate  Mathematics. 

The  study  of  polynomial  functions  includes  an  intuitive  introduction  to 
the  nation  of  slope  of  a curve.  This  knowledge  makes  it  possible  to  draw 
graphs  of  polynomials  rapidly  and  with  increased  accuracy.  Time-consum- 
ing work  in  locating  the  real  roots  of  a polynomial  equation  can  then  be 
replaced  by  graphical  methods.  This  approach  has  the  dual  advantage  of 
being  thoroughly  practical  and  promoting  genuine  theoretical  understanding. 
The  emphasis  in  the  work  on  polynomials  and  polynomial  equations  carried 
over  into  this  course  from  the  traditional  advanced  algebra  course  is  to  be 
placed  on  polynomials  as  functions,  and  on  their  functional  properties.  Ma- 
terial on  roots  of  polynomial  equations  is  to  be  regarded  as  an  application 
of  these  properties.  As  already  indicated,  the  study  of  polynomial  functions 
is  to  be  followed  by  a study  of  exponential,  logarithmic,  and  circular  func- 
tions (for  an  exposition  of  the  latter,  see  Appendix  22,  "Circular  functions”). 
Permutations  and  combinations  and  mathematical  induction  are  included 
in  the  course  on  Elementary  Functions  and  also  in  Selected  Topics  (p.  47). 

Such  topics  as  the  solution  by  formula  of  cubic  and  biquadratic  equa- 
tions, Descartes’  rule  of  signs,  Horner’s  method,  determinants,  and  partial 
fractions  are  omitted. 

INTRODUCTORY  PROBABILITY  WITH  STATISTICAL  APPLICATIONS 

One  of  the  semester  courses  recommended  for  grade  12  offers  an  intro- 
duction to  probability  with  statistical  applications.  The  title  is  a matter 
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of  some  significance.  It  is  not  intended  that  this  course  be  a more  elaborate 
presentation  of  descriptive  statistics  than  the  optional  unit  in  Elementary 
Mathematics  I (see  p.  37,  section  X).  Neither  is  it  intended  to  be  a course 
in  which  techniques  for  gathering  data  and  similar  non-mathematical 
aspects  of  statistics  are  discussed.  This  course  is  a course  in  mathematics, 
built  around  concepts  of  great  importance  for  our  modern  technological 
society — the  theory  of  probability.  The  objectives  of  the  course  are:  (1) 
to  introduce  the  student  to  probability  concepts  and  to  the  mathematics  in- 
volved in  these  ideas;  and  (2)  to  illustrate  ways  in  which  these  concepts 
apply  to  certain  common  statistical  problems. 

The  introduction  of  this  unit  is  one  of  the  more  novel  suggestions  of  the 
Commission.  Since  the  material  is  new  and  unfamiliar  to  many  teachers,  an 
experimental  textbook  giving  a detailed  presentation  of  the  material  recom- 
mended for  inclusion  in  the  course  has  been  prepared.5  This  textbook  has 
been  undergoing  classroom  trial,  but  enough  evidence  is  already  at  hand  to 
indicate  that  the  material  is  entirely  suitable  for  students  in  grade  12.  Many 
of  them  find  it  exciting.  In  the  light  of  experimental  reports  a revision  of 
the  book  is  being  issued. 

So  great  is  the  current  scientific  and  industrial  importance  of  proba- 
bility and  statistical  inference  that  the  Commission  does  not  believe  valid 
objections  based  on  theoretical  considerations  can  be  offered  to  its  inclusion 
in  the  curriculum.  The  value  of  having  instruction  in  probability  with  sta- 
tistical applications  included  in  college  preparatory  mathematics  should  be 
recognized  immediately.  Not  only  is  there  a great  demand  in  a wide  variety 
of  occupations  for  persons  with  sound  competence  in  these  areas,  but  this 
material,  more  than  most  secondary  school  mathematics,  is  closely  related 
to  problems  of  daily  living.  Most  people,  whether  they  realize  it  or  not, 
must  frequently  make  decisions  based  upon  data  that  aie  essentially  sta- 
tistical in  character.  The  Commission,  therefore,  believes  there  will  be  gen- 
eral recognition  of  the  validity  of  its  recommendation  that  some  of  this 
material  be  taught  in  the  secondary  school;  dissent  can  only  arise,  it  feels, 
on  the  ground  of  the  difficulty  of  carrying  out  the  task.  It  is  for  this  reason 
that  steps  have  been  taken  to  insure  that  the  probability  unit  is  teachable 
in  secondary  schools.  Though  no  more  intricate  than  some  traditional 
topics  in  algebra,  the  theory  of  probability  is  tremendously  more  vital  and 
important,  and  fully  as  valuable  in  developing  and  keeping  alive  algebraic 
skills.  Since  an  appreciation  of  the  ideas  involved  requires  some  maturity, 
we  recommend  that  the  study  of  probability  be  undertaken  in  grade  12. 
The  Commission  believes  that  many  of  the  nation’s  mathematics  teachers 

5.  Commission  on  Mathematics,  Introductory  Probability  and  Statistical  Inference 
(revised  preliminary  ed.;  New  York:  College  Entrance  Examination  Board,  1959). 


703 


Prewar  and  Postwar  Reforms  (1938-59) 

will  want  to  familiarize  themselves  and  their  students  with  this  important 
subject  matter  of  contemporary  mathematics. 

Finally,  a course  on  probability  with  statistical  applications  has  an  im- 
portant contribution  to  make  to  the  mathematical  growth  and  development 
of  students.  The  theory  of  probability  is  an  example  of  a small  axiomatic 
system  that  has  remarkably  extensive  consequences:  it  takes  its  place  be- 
side the  deductive  systems  recommended  for  geometry  and  for  algebra.  More- 
over, the  theory  of  probability  provides  a natural  use  for  the  important 
notions  of  sets — so  central  to  contemporary  mathematics;  it  also  exploits 
and  brings  perspective  to  the  traditional  algebraic  treatment  of  permutations 
and  combinations.  The  binomial  expansion  takes  on  new  significance  when 
it  is  used  to  construct  mathematical  models  for  a vaiiety  of  physical 
situations. 

In  addition,  the  proposed  material  provides  the  student  with  much  valua- 
ble practice:  in  the  translation  of  situations  in  real  life  into  mathematical 
problems ; in  the  construction  and  manipulation  of  functions,  operations  with 
sets,  algebraic  equations,  and  inequalities ; in  the  use  of  mathematical  tables 
(including  interpolation  and  the  extension  of  tables)  ; and  in  the  develop- 
ment and  use  of  approximations,  as  well  as  of  bounds.  Occasions  for  prac- 
tice with  limits,  maxima,  minima,  subscripts  and  exponents,  and  with  the 
factoring  and  expanding  of  algebraic  expressions,  arise  naturally  in  the 
work. 

Apart  from  these  specific  mathematical  values,  the  student  will  meet 
in  this  course  the  same  challenge  to  his  intellectual  capabilities  and  his 
mathematical  maturity  that  is  presented  by  every  other  part  of  the  mathe- 
matical curriculum. 

INTRODUCTION  TO  MODERN  ALGEBRA 

Throughout  the  first  three  years  of  the  high  school  course  recommended 
by  the  Commission,  the  field  and  group  properties  of  the  real  numbers  (i.e., 
commutativity,  associativity,  etc.)  are  highlighted.  These  properties  are  now 
studied  in  detail  for  their  inter-relations  and  consequences.  Specifically,  the 
axioms  for  an  abstract  field  are  extracted  from  the  earlier  experiences  of  the 
student  and  other  properties  are  deduced  from  them.  The  abstract  group 
a still  simpler  system — is  treated  similarly.  The  axioms  for  real  numbeis  are 
developed  in  full,  and  the  study  of  transformations  and  their  composition 
solidifies  the  concept  of  function.  Thus  algebra  will  be  seen,  indeed,  as  the 
study  of  mathematical  structure,  and  this  final  semester’s  work  will  serve 
as  a capstone  for  much  of  the  entire  secondary  school  course. 

An  additional  virtue  of  the  proposed  course  in  groups  and  fields  is  that 
it  makes  inescapably  clear  to  the  student  that  deduction  is  not  only  some 
thing  that  is  done  in  geometry,  but  is  a powerful  means  for  organizing  the 
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subject  matter  of  other  branches  of  mathematics.  Moreover,  the  availa- 
bility of  numerous  models  of  groups  provides  a fertile  field  for  the  exami- 
nation of  dissimilar  and  interesting  systems. 

Indeed,  groups— and,  to  a lesser  extent,  fields— are  so  pervasive  in  mathe- 
matics generally  that  they  have  interesting  and  important  applications  in 
such  diverse  fields  as  quantum  mechanics,  crystallography,  aesthetics,  and 
geometry. 

The  subject  matter  of  this  course  is  of  comparatively  recent  development 
in  mathematics.  In  the  early  1940’s  the  study  of  groups  and  fields  filtered 
down  into  the  upper  undergraduate  years  from  the  graduate  school,  and 
more  recently,  into  the  lower  courses.  Still  more  recently,  carefully  selected 
material  of  this  sort  has  been  found  to  be  within  the  grasp  of  able  high 
school  students.  Experience  has  indicated  that  these  students  have  found 
this  subject  matter  both  challenging  and  interesting.  A course  in  modem 
algebra  in  the  high  school  can  serve  as  an  admirable  means  by  which  to 
bridge  the  gap  between  high  school  and  college  mathematics. 


SUMMARY 

The  major  proposals  of  the  Commission  are  outlined  in  the  following 
nine  points : 

1.  Strong  preparation,  both  in  concepts  and  in  skills,  for  college  mathe- 
matics at  the  level  of  calculus  and  analytic  geometry 

2.  Understanding  of  the  nature  and  role  of  deductive  reasoning  in  alge- 
bra, as  well  as  in  geometry 

3.  Appreciation  of  mathematical  structure  ("patterns”) — for  example, 
properties  of  natural,  rational,  real,  and  complex  numbers 

4.  Judicious  use  of  unifying  ideas — sets,  variables,  functions,  and  rela- 
tions 

5.  Treatment  of  inequalities  along  with  equations 

6.  Incorporation  with  plane  geometry  of  some  coordinate  geometry,  and 
essentials  of  solid  geometry  and  space  perception 

7.  Introduction  in  grade  11  of  fundamental  trigonometry  centeied  on 

coordinates,  vectors,  and  complex  numbers 

8.  Emphasis  in  grade  12  on  elementary  functions  (polynomial,  expo- 
nential, circular) 

9.  Recommendation  of  additional  alternative  units  for  grade  12:  either 
introductory  probability  with  statistical  applications  or  an  introduction  to 
modern  algebra 

Finally,  as  a close  scrutiny  of  the  full  report  will  show,  the  Commis- 
sion’s recommendations  embody  relatively  minor  changes  in  content,  but 
tremendously  important  changes  in  the  points  of  view  of  instruction,  and 
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major  changes  in  teaching  emphases.  None  of  these  changes  is  simply  for 
the  sake  of  change.  The  Commission,  as  stated  before,  has  tried  to  produce 
a curriculum  suitable  for  students  and  oriented  to  the  needs  of  mathematics, 
natural  science,  social  science,  business,  technology,  and  industry  in  the 
second  half  of  the  twentieth  century.  This  has  been  the  overriding  objective. 
Whatever  of  the  old  has  disappeared,  whatever  of  the  traditional  yet  re- 
mains, whatever  of  the  new  appears,  is  in  or  out  of  the  curriculum  solely  to 
effect  necessary  modification  and  improvement. 


